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We calculate the amplitude for the annihilation process pp = K*K~7*nr~, and the differen-
tial rate for pp — K*K~n*n~, normalized to the pp — K*K ™~ rate, in the soft-pion limit, for
annihilation in flight at vanishing momentum. The computation uses the formalism of cur-
rent algebra and PCAC (partially conserved axial-vector current); of particular interest is
the use of Low’s soft-photon theorem to evaluate the isovector photon term. The final re-
sult is expressed as the pp — K*K~n*n~ rate, differential in all five independent kinematic
variables, chosen for their symmetry and their utility in comparing with experimentally
determined spectra. The integral of this expression yields the branching ratio pp
— K*K~r*t1™/pp — K*K~ = 2.25, in reasonable agreement with experiment.

I. INTRODUCTION

It is well known that one can, in principle, ex-
press the amplitude of any process which involves
emission of soft pions in terms of the amplitude
of the same process without soft pions.! These
theorems have been demonstrated at one time or
another in the last few years within the framework
of current algebra and PCAC (partially conserved
axial-vector current),® chiral symmetry,® or phe-
nomenological Lagrangians.? It has been shown
that, whichever formalism one uses, the actual
results of any computation are the same?®; the lit-
erature is rich in reformulations of the general
computational schemes. Applications to explicit
calculations of specific processes were begun in
the important early work of Weinberg € and Callan
and Treiman’ on K-decay form factors and pion
scattering lengths. More recent applications of
the current-algebra—-PCAC methods have included
pion production by two photons ® and by electron-
positron annihilation.®

We justify the presentation of yet another soft-
pion calculation on the following two grounds. We
apply these methods to annihilation of a baryon-
antibaryon pair, an intrinsically interesting and
inadequately understood process. Secondly, we
present our result, before integration, in a form
fully differential in all independent kinematic vari-
ables. We adhere strongly to the point of view,
stressed especially by van Hove recently,® that,
lacking a complete theory, one must present ex-
perimental information in the most differential
form available and compare it with theoretical
schemes that also predict an equally detailed dif-
ferential form, rather than consider distributions
with most, or all, of the independent variables
integrated over, whereby most of the complicated
behavior of transition amplitudes is lost.

K<)

Specifically, we have calculated the amplitude
of the annihilation process, pp -K*K-r*7~, and
from this the rate, differential in all five kine-
matic variables, normalized to the pp ~K*'K~
total rate, in the soft-pion limit for anrihilation
in flight at vanishingly low momentum. The inte-
gral of this is the branching ratio

pp=K'Km'*n~
pp~K*K~

The calculation proceeds within the formalism
of current algebra and PCAC. As is well known,
such a soft-pion calculation involves three steps —
deriving an identity that is valid at all four-mo-
menta, taking the low four-momentum limit of
this expression, and translating this unphysical
result into a statement about pions with low phys-
ical four-momenta on the mass shell. We begin
with the matrix element of the time-ordered prod-
uct of two axial-vector currents. Contracting this
twice with pion four-momenta results in an identity
in which appear three new matrix elements. One
is a 0 term which we neglect. The second is a
commutator of two axial-vector currents which,
evaluated by current algebra, yields the matrix
element for the emission of an isovector photon;
an early theorem of Low!! relates this intermedi-
ate result to the process without pion emission.
The third term is the amplitude for the emission
of two soft pions. The original term itself (matrix
element of two axial-vector currents contracted
with two pion momenta) vanishes in the soft-pion
limit, except for those contributions which result
from the attachment of the axial currents to ex-
ternal baryon lines.

We set up the above formalism in Sec. II. In Sec.
III we deal with the isovector photon term by Low’s
soft-photon theorem, and in Sec. IV we compute
the pole terms in the matrix element of the two
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axial-vector currents. When these separate parts
are put together in Sec. V, we arrive at a relation
between the amplitude of the process pp — K 'K n'n~
and of pp—~K*K~. From this one obtains, after
some kinematic manipulation, the final expression
for the pp -K*K~n*n~ rate, differential in five ap-
propriate kinematic variables, normalized to the
pp~K'K" rate, in the soft-pion limit, for an-
nihilation at vanishing momentum. In Sec. VI we
integrate over all kinematic variables and obtain
the branching ratio

pp—~K'K-n'm~

Ep - K+K..

In addition to the philosophical preference men-
tioned before, such an integration is highly prob-
lematic since it includes contributions from re-
gions of high pion momentum, far from the “soft-
pion region.” Nevertheless, reasonable agree-
ment with experiment is achieved.

II. SOFT-PION FORMALISM
Consider the reaction
i= f+n%k,) +18(k,),

where 7 and f are arbitrary multiparticle hadronic

states, such as pp or K*K~. The pions have mo-

menta &, and k,, and carry isospin @ and B.
Define the quantity

Mﬁtuﬁ :if dix d‘*y e ik1xg —ikgy

X(fIT(AG), AJiy 2.1)

where the operators A are axial-vector currents
with the specified Lorentz and isospin indices.
If we contract M5 with %} and %y, three kinds of

o

terms result:
(i) The time-ordered product of two axial-vector

current divergences,
(fFIT(" Af(x), "A(W)E) -

We replace the divergences of the axial-vector
currents by pion field operators through PCAC,

OHAL(x) =c, pr(x), 2.2)
where

- Mylg,
T gr KNN"(O)
My is the nucleon mass; u is the pion mass; g, is
the rationalized, renormalized pion-nucleon cou-
pling constant (g,%/4m ~14.6); K¥¥7(0) is the pionic
form factor of the nucleon [K¥¥"(~p?)=1]; g, is
the renormalized axial-vector coupling constant
(g4~1.2).

(ii) The commutator of the time component of

an axial-vector current with the divergence of the
axial-vector current; this is the o term,

8 (g =X FI[AG(x), 9"AD(M)]|¢) .

Following standard practice, we neglect this term.'?
(iii) The commutator of two axial-vector cur-
rents,

o (xo —%)(fl[Ag(x), AE(’y)] ,z> .
This is evaluated by the commutation relations of
SU@)XSU(2),

8 (xy =y )[AS(x), Aﬁ (] =¢d%(x —y)eaByVZ(x) .
By repeating the contraction with the order of %,
and 2, reversed, combining with the original ex-

pression, and using the three results above, we
have the following identity:

c

R0 = —ic,? [ dix dy e~ e= e £ [T(65), 62 (D)

+3i€0g, (s —kl)de4x dy e=irrre =29 54 (x —)(FIVIX)]E) . v (2.3)

We perform the trivial integration in the second term on the right-hand side and insert the Klein-Gordon
operator in the first. Next we take the soft-pion limit of the expression, letting both k, and k, approach

zero, and obtain the “soft-pion amplitude theorem,”

BREM 0 = S5 [t aty o-thure =t (12— 0, (02 - L T(05(0), S3ONID)

sy, (&, —kl)"fd“xe"“kl”‘z”‘(fIV{(x)li) .

(2.4)

In this expression the first term on the right-hand side is, to within a numerical factor,® the amplitude
for the process i - f +7%(,) +7° (k,), and the second term is similarly related to the amplitude for the pro-
cess i— f +isovector photon; the left-hand side does not vanish since Mf,‘,? has contributions from terms of
order 272, In the next two sections we see that both the isovector photon term and the term on the left-
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hand side can be expressed in terms of the i - f amplitude. As it stands, the entire expression is valid in
the unphysical region 2{=0 and 2/=0, i.e., with the pions off the mass shell. It is assumed that the same
relation remains valid if we extrapolate from zero pion four-momenta to low momenta on the mass shell.!*
Hence, we will arrive at an expression for the amplitude for ;- f +two soft pions in terms of the amplitude

fori—f.

III. LOW-ENERGY THEOREM FOR PHOTON
EMISSION

In the soft-pion limit, #,~0 and k,-0. The mo-
mentum of the isovector photon, discussed above,
is k =k, +k,; therefore, in this limit also 2-0,
and we may make use of any low-energy theorem
for photon emission.

There exists, conveniently, just such a low-
energy theorem, due to Low,!! which relates the
first two terms in the series expansion, in powers
of the photon momentum, of the photon emission
amplitude to the amplitude of the process without
photon emission. We follow Low’s procedure in
a straightforward way, adapting it to the process
we are discussing, the annihilation at vanishing
momentum, pp-~K*K~. (Until now we did not have
to specify the initial and final particle states in
the soft-pion amplitude theorem of Sec. II, but
must do so now since the details of Low’s pro-
cedure depend on the spins and charges of the
particles.?)

Consider the above annihilation accompanied by
photon emission, pp —K*K~ +photon; the amplitude
for this reaction can be divided into two parts:

M, =MD +MJ . @8.1)

M(ul) consists of the sum of all diagrams where
the photon is emitted from an external line. In
this reaction, photon emission can take place
from the two charged K lines, but not from the
initial proton-antiproton state, since this is a
neutral state of two antiparticles at rest, with no
net charge and no higher moments of the charge;
hence, there is no net contribution to M "’ from
pp to lowest order in photon momentum. See Fig.
1.

FIG. 1. Lowest-order diagrams contributing to M (D .

—

M? consists of all diagrams not in M, that is,
diagrams where the photon emerges from the in-
teraction “blob,” rather than from the external
lines. See Fig. 2.

As k-0, we see below that M’ ~%~!, and M®
~ constant.

Calculating M " from the diagrams of Fig. 1
(omitting temporarily the magnitude of the cou-
pling constant), we have immediately

s, (29, +R)te
MF e, (@, +RP+ @, +k,q,|M|P)

(2g, + k) ey
- M 42 V7 P
@,,49,+k|M|P) @y +RP + 2 3.2)

where the matrix elements of M are the invariant
amplitudes of the process without photon emission
with the momenta of K* and K~ as shown in { |; P
is the momentum of the pp system. Neglecting %2,
and noting the transversality condition, kte, =0,
we have

qU
ME® = 2 @1+, 4 |MIP)

u
-L 4 ,q,+kM|P). (3.3)
a4,k ,
Writing the invariant amplitude M as a function of
relativistic invariants (in this case just the squares
of the momenta),

i
MFO = q——l——q_k M(-4M,?, -m®+2q, -k, =-m?)
1

u
-qq.k M(_4MN2’ _mz: -m? +2q,° k).
2

(3.4)

Now M’ is not gauge-invariant, but M, is; hence,

FIG. 2. Lowest-order diagram contributing to M .
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kEM =0,
and (3.5)
(2) _ @)
REM P = —kEM ) .
Now
REMG) =8,M2q, -k = 8,M2q, k,

where 8,M and 8,M are the derivatives of M with
J

respect to its second and third arguments, re-
spectively. Since M‘j’ no has no singularity as
k-0, one can combine the last two expressions

and solve for M,
MM = _2qt0, M +2qL0,M . (3.6)

Expanding M "’ itself to zeroth order in &, and
letting # - 0 in the arguments of M, one finds

m B B B
MR %M(-4MN2’ -m?, —mz)_&_:]_?zM(_‘lM”z’ -m?, —m?) + Zj—%azqul' B —&%Zastqz'k . 3.7

Adding M" and M?’, the derivative terms vanish,
and one obtains

_[ 4% a5 2 2 2
ML((;X—'LE_Z?—E)M(-AMN , =m?, -m?). (3.8)

This is the result we sought; it relates the in-
variant amplitude ** of the process pp ~K*K~ (pp
at rest) to the invariant amplitude, M, of the
same process accompanied by emission of a pho-
ton of vanishing momentum. We can insert the
coupling constant now, noting that the coupling of
the isovector current is to the isovector charges,
which for K* and K~ are +5 and —5. Since Low’s
procedure refers to a physical, uncharged photon,
we restrict the isospin index of the vector current
in the soft-pion-amplitude theorem of Sec. II to
that of a neutral photon, i.e., the isospin index is
3. Having noted these two points, as well as
keeping track of numerical factors, the result
above can now be used to evaluate the isovector

term in the soft-pion-amplitude theorem, Eq. (2.4)

of Sec. II.
IV. POLE TERMS

We must now consider the left-hand side of Eq.
(2.4), namely, k{EiM?. This term will also be
related to the pp — K*K~ amplitude in our approxi-
mation. Recalling the definition

Mgp =i [ atx dty emhie =R 7| AR W), ARG,

4.1)

since we are calculating the amplitudes to zeroth
order in pion momenta, it is necessary to identify
and retain only those parts of M ;ff,ﬁ that go like &2
for small 2.

In the diagrams for M’ the axial-vector current

vertices may be attached (i) to an internal line,
(ii) to a terminating external pion line, and (iii) to
a nonterminating external line. Only the terms of
this last type are of order #~2. Furthermore, the
insertion of A into a pseudoscalar-meson line is

—
forbidden by parity. Thus, for pp -K*K", there
are no insertions in the K lines, only in the p and
p lines.

The diagrams to consider are shown in Fig. 3.
We write down their contribution in a straightfor-
ward way, using Feynman rules; p, is the proton
momentum, p, the antiproton momentum; %, and
k, are the momenta carried by the axial-vector
currents, and « and g3 their isospin indices. The
central interaction we write out explicitly in terms
of relativistic invariants, M=A +By- @, where
@ =9, -q,. Several points should be noted. Since
we are dealing with annihilation at vanishing mo-
mentum, we retain only the large components of
the Dirac spinors; for that reason the coefficient
of A vanishes and only terms proportional to B re-

FIG. 3. Diagrams of order 272 in M ;‘,",,B. For isospins
corresponding to emission of 7t and 7~, only diagrams
(a), (b), and (c) contribute.
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main. We retain only the lowest-order terms in diagrams of Figs. 3(a), 3(b), -and 3(c) contribute.
pion momenta in k;‘k”M::,B, that is, zeroth-order Evaluating in the pp center-of-mass frame, for
terms. We specialize to isospins corresponding definite spin states s and 7, the sum of these

to 7* and 7~ emission; for that case only the three three terms of Fig. 3 is

Lpv +-_._ZBg 253(p) Ofn)e . . o . . 0 (s . . . . .
kRikoM v = 0, 2,017,020 [kj_(')’ kz?’ kl'}’ Q=-y kz'}’ QY k1)+k2(')’ Qy k27 kl"')’ kz'y QY k1)
(k1+k2)k1k2
+ikiky (v Ry Q =y Qv Ry +y kyyt @ =y Qv ky)u"(p,). 4.2)

This expression is proportional to B. Now, using M =A +By*Q, the invariant amplitude for the annihila-
tion pp ~K*K~ at rest is itself also proportional to B,

M,, =BT (M,)y+ Qu (My) . 4.3)

V. pp~>K*K n*n~ AMPLITUDE AND RATE

We have evaluated separately all the terms in the soft-pion~-amplitude theorem, Eq. (2.4). Putting to-
gether all three terms, and keeping track of numerical factors in the various amplitudes, 13 we have the
invariant amp11tude for soft-pion emission in pp ~K*K-n*n- at vanishing momentum,

2
M;;'— 2 B—S(M ){mﬁ%‘%ﬁ)[kg(')"kzy'k17'Q‘V’kz')"QY'Ih)

+RJ(y - Qy Ry ky—v kyy Qv ky)
+ikRS (Y Ryy @ — v Qy Ry +y-kyy Q@ =y - Qvek,)]

1 q '(k -'k) qz'(kz"'k) . r
Z[qi (kz+k11) g (k2+k5]y Q}u (My), (5.1)

where B is the constant in the corresponding invariant amplitude for pp ~K*K~ in Eq. (4.3), which has
been explicitly used above. Equation (5.1) is an important intermediate result of our calculation, and
forms the basis of all subsequent results.

Since we are dealing with the proton and antiproton both at vanishing momentum, we can introduce non-
relativistic Pauli spinor notation; in that notation we have

M;;-= 2 xs{4n[(k° R (k,xk,) Q+i (R0 +k)k, - k,5-Q
'ikgiz' éa'il —ikgEl'é-&'Ez]-r%if(q,k)G' 6})(7 ) (5.2)
where
g4 7@, n)=2 (b =F) _ dp (kg=F;)

= Rk @I+ ED) 4y oy +Ry) ~ qy (y+ey)

From Eq. (5.2) we compute the absolute square of the amplitude, |[M|?, averaged over initial and summed
over final spin states,

(2, = LB Q26 g (B, XK - QF + (0 + 92 (R, - 702 4 (02 (B, - QPR

+ ®2(k, - Q2K 2 - 2 (B9 + (192 + k%I (K, + k,) (k, Q) (K, Q.
+anf R +R[(k, k) Q2 - (X, - Q)(k, Q)] +1/28?) . (.3)

The differential rate is given in terms of (|M|?),, by the usual expression,

(27") d3k1 d3k2 ds‘h dsqz
@y p b3 v 2k 2k3 2q7 2q;

Of the twelve kinematic variables for a four-particle final state, energy-momentum conservation elimi-
nates four; the arbitrary direction of one vector and the arbitrary orientation of the entire system about
this vector provide three additional trivial integrations. Hence, five independent variables remain. We
choose the following particular set of five such variables that are useful for comparing with experimental-

d2?w = 5(P By =ky—q, =g, )}|M|? (5.4)
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ly determined spectra:
2
Mgy’ My.2, cosb,, cosb, o,

where m,,%=—R? is the invariant mass of the dikaon system (R=gq, +q,); m,,?=~K ? is the invariant mass
of the dipion system (K =k, +k,); 0, is the angle in the dipion rest frame between pion 1 and the negative of
the total momentum; 6, is the angle in the dikaon rest frame between kaon 1 and the negative of the total
momentum; ¢ is the relative azimuthal angle between the decay planes of the two-pion system and the two-
kaon system. This set of variables possesses attractive symmetry, and makes calculation easier since
the variables are not kinematically restricted, except in a simple way, i.e.,

2p42my smy g+ My, <Mg,, 0<6,<m, 0<60,<m, 0<¢p<27.
A straightforward calculation yields the expression for the rate, differential in the new set of variables,
5, = 2 2 (2m)* 2 2
d>w =dm, .° dmy d(COSGﬂ.)d(COSGK) do W (IMI )av ‘W

Xt [(My52 + iy 0® = e ®) = &Mys 2 P) Ty o ® = A1 2 m® — 4y *) 2 (5.5)
My e My g
In order to normalize our final answer to the pp -~ K*K~ rate, we must first calculate the pp - K*K~ rate.

This is done easily; since

M,, = Bo°(My)y * Qu" (M),

one finds
_ B® (M,?—m,2)3?
wpp-K'K~)=5— ~—H—K | (5.6)
(Bp TR

Thus, one obtains the final result, the differential rate of pp — K*K-n*n~, normalized to the total pp - K*K~
rate:

So0(Dh — KXK =t 7=
Lw(pp~ K K117) _ gy 2 a2 d(cosd,) d cosby) dd

w(pp~K'K~)
1
X e (= 42 O™ = Ay (Bys® + 1m ® ™) =AMy 2y P2
wm KK
1 ngNNﬂ(o))‘l -
X (477)5%55(%52 - 4””1{2)3/2 < ga IM‘ ’ (5‘7)

where [M|? is the bracketed part of (|M|2) in Eq. (5.3); explicitly
(8712 =320 (k3 +£Q)? (K, XK, QP + (R +£? (K, - k,)2 Q2% + (R2(K, - QP K 2
+ R9P (i, » Q2 — 2 ()% + (R + BRG] (k- k) (K, - @) (K, - )}
+477f(kg +k3)[(E1' 1—;2)62 - (E1 . 6)(§2 - 6)] + %fzéz . (.8)
|7 |? must of course be expressed in terms of the preferred set of variables, Myy®, Mm% cos6,, cosb,,
and ¢. We express the variables appearing in Eq. (5.8) in terms of Lorentz-invariant variables, and then
write these in turn in terms of the preferred set. These conversion formulas are tabulated in Eqs. (A3)-
(A21) in the Appendix.

Our final expression, Eq. (5.7), is differential in all five independent kinematic variables. Although this
is a relatively complicated expression, we feel it is important to work, if possible, with such fully differ-
ential expressions, before integrating to obtain the branching ratio.

1

VI. REMARKS which occurs in the Low procedure and subse-
quently in Eq. (5.1), which expresses the pp
- K'K~#*n~ amplitude. This term is zeroth order
in %, and &, ; yet it nonetheless depends on &, and
k,, i.e., on which pion is soft. This is reminis-
cent of a similar term in Weinberg’s result for
the K,, form factor,® which is present because both

Certain aspects of our result deserve comment.
The first specific point is the presence of the fac-
tor

Zl;(kz_kl)_qz'oez"'kl)) T T .
(ql' (kz +k1) q,- (, +k1) X (pp~K'K amplitude),



pions are simultaneously taken off the mass shell
in the calculation.

As we emphasized in the Introduction, although
the resulting expressions are cumbersome, there
is merit in computing theoretical expressions, and
presenting experimental data, in fully differential
form. Our final result, in its present form, in-
cludes a large quantity of information about the
reaction, pp-K*K-n*n~, and predicts a spectrum
in the five independent kinematic variables. The
process of pp annihilation has had increasing ex-
perimental study,!® and sufficient data are begin-
ning to emerge to allow detailed comparisons of
spectra, although at present one cannot yet make
a full comparison in the five kinematic variables.

The simplest comparison of course is with the
branching ratio; if one integrates over all five ki-
nematic variables one obtains the branching ratio
(B.R.)

pp—~K'K-ntn~

Ep _.K+K..

for annijhilation at vanishing momentum. This in-
tegration is highly problematic, since it includes
all allowed pion momenta, including values up to
735 MeV/c, whereas the theory applies only for
low momenta, ideally for unphysical zero four-
momenta. Nevertheless, we obtain

pp—~K'K-m*n~ _
B.R. —W =2.25
for annihilation at vanishing momentum,® in rea-
sonable agreement with experiment.
Experimentally, KK (mn) final states are com-
monly observed for those events in which at least
one kaon is neutral!’; thus data are lacking for
pp—~K*K-r*r~. Typical branching ratios of spe-
cific final states, compared to all final states,
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arels
BR.(pp~K*K~)=(1.1£0.1)x10"3,
B.R.(pp~K K9 =(0.71+0.10)x10-2,
B.R.(pp~K K r*n~) = (2.19+0.42)x 10",
B.R.(pp~K K In*7~) = (4.66 +0.60)X10-3,

We expect that B.R.(pp - K'K-n*7~) is comparable
to the last two numbers listed. For comparison,
from the above numbers, one finds

ey 077 O+, =
B.R.22ZEK KT "
pp—~KiK,

The proton-antiproton annihilation reaction has
lent itself to a calculation of soft-pion emission
since even for annihilation at vanishing momentum
there is enough energy to produce the desired
final states; at the same time, in this limit useful
computational simplifications occur.

The annihilation process itself has attracted rel-
atively little theoretical interest, due to its com-
plexity and lack of detailed experimental resulis.
Some proposed models have included production
and decay of two or three vector mesons,!® rear-
rangement of three quarks and three antiquarks,?2°
and direct-channel interference of massive bo-
sons.? We have confined ourselves to a relatively
straightforward application of soft-pion theorems
to pp annihilation; a similar procedure is being
applied to soft-pion emission in pp - KKKK .2

=4,
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APPENDIX

In Eq. (5.8) the term |7]? is given by the expression

017 =320 {63 + P (R, XK, - Q7 # (0 + 9% (, - K, Q7 + (OF(K, - @7,

->

+(£2(R, QP K,2 - 2] &2)? + (£9? + k%Y (K, - k) (k, - Q) (K, - Q)}

ranf @9+ (K, §) 87 - (5, DR, D]+ 17°Q, A1)
where
Eh s fig k)= DR Gt g k)

T RO (0 ED)

qy (oy+ky) gy (ky+Ry)

We express the variables occurring in IM |? first in terms of Lorentz-invariant quantities, and finally in
terms of the preferred set, m,,>% m, % cosf,, cos,, ¢, defined in Sec. V. Define the following variables:

K=k, +k,, A=k;-k,, R=q,+q,,

Q‘_‘ql"’qz’

A2)

and form the invariant quantities, @K, Q% @-A, R%, R*K, K%, R-A, A% Interms of these, the vari-

ables in |[M|? are given by
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K2+K*R+A-R
k0= —— (As)
! -2M,; '
K2+K*R~A*R
k==, (a4)
2 -2 M,;
=%(K+A)2+4 1 sK*+K*R+A-R)?, (A5)
M5
CLK~AP+ s (K2+K-R-A-RY, (A6)
M,z
E1'§2=§U(2—A2)+41V1[_2(K2+K'R+A'R)(K2+K-R-A-R), (An)
bp
= K-Q)
Q%=@*+ (A8)
- Myz® 7
K, Q=3 -Q+a Q)+2M 5(K2+K R+A"R), )
k, Q=-Q-a Q)+2M 5K +K-R-AR), (*10)
- e > 1
(k1><k2-9)2 v —75 (€00 A"KVQ R, (A11)
_oR"AQK —Q-AR'K)
ST R K - QK a12)

In turn, the invariant quantities are expressed in terms of the preferred set through the following relations:

e a13)
o (a14)
R K =3 (my > +myg®~M,5°), o
Q% = myy® —4my?, o
st A1)
A*R= g%%% (M ® = 4UP) 2 (g 24 myey® = Mys®F = dmy Py 312 (A18)
QK= _(23)11_185_;L (mgy® 4m1{2)1/2l[(m7r P My ® = My PP = dmy P P12 A19)
5@ = — 4, 7 4mK2)1’2[cos¢ sind. sing, + 2( i 2_)92_:%21%-17-2- c0s6,-cosd ] (A20)

(€uv Ao APKUQ)\RO)Z :% (nlln‘ﬂ2

— 412 (g = dm ) dmy Py = (MR + g —M,5%)?] sin®¢ sin6, sin®0

(A21)
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Using the empirical fact that the dominant low-energy resonances are peripheral (i.e.,
they satisfy the relation jg + 3 =kR~ 1RVs), the imaginary part, Ay(s, ), of the low-energy
amplitude is written in the factorized form F(s)J O(RV'-TE). The resonance contribution to
F(s) near the resonance position is ~(2j, + 1), which is ~s i 2, and thus the well-known value
for the vector-tensor trajectory intercept of ~% follows simply from peripherality. From
finite-energy sum rules the residue of the trajectory is = Jj (RV=%). The quantity Ay(s,?),
which in the ¢ channel corresponds to a fixed pole at j, = 4, through the multi-Regge itera-
tion gives rise to a moving pole; and the imaginary part of the total mm amplitude A(s, ¢)
w1th I, =1 satisfies the dual absorption result, s*Jy(RvV=¢). A crude estimate gives (0)

N 1+ (Ty/mp) (=0.6) and @’(0) ~ (T ,/my)R% (=1.0 BeV~? for R =1 F). Thus, for non-
d1ffract1ve processes the multl-Regge (or multiperipheral) model is consistent with the
absorption picture and as a consequence an approximate bootstrap solution is obtained.

The physical interpretation in terms of j-plane cuts is discussed.

I. INTRODUCTION

It is an empirical fact that the dominant low-en-
ergy resonances are peripheral. This is true of
meson as well as baryon resonances.! By periph-
eral we mean that the angular momentum j; and
the energy of the resonance in the s-channel sat-
isfy the relation

Jo+h=kR% RVS, (1)

where £ is the c.m. momentum and R is the radius
parameter which turns out to be of the order of

the radius of interaction, e.g., 1 F. The impor-
tant consequence of this is that the Legendre poly-
nomial, P,(cos6), associated with individual reso-
nances can be expressed as follows:

Pjs(cos 6)= Jo((2f5+ 1) sinz6)
= Jo(RV =), (2)

where ¢ [= —2k*(1 — cos6)] is the momentum trans-
fer. The contributions of the different resonances
will, therefore, vanish at the same value of £. Of
course, the lowest resonance (e.g., p meson) will
have only the first zero; the next one, perhaps,



