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fixed a priori and, wherever possible, sum rules were
used to determine the residues y; and y;. The attempt
here was to see primarily whether the overall features
rather than the details of different experiments can be
understood from complex poles.
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The (6,6*)® (6*,6) representation o1 JU(3) ® SU(3) is presented and its use in breaking
chiral symmetry is discussed in terms of its contribution to meson masses, pion-pion
scattering lengths, baryon masses, and the nucleon ¢ term. We include singlet, octet, and
27-plet SU(3) pieces in the symmetry-breaking Hamiltonian, and also discuss the possible

SU(2) ® SU(2) classifications of the Hamiltonian.

I. INTRODUCTION

Recent experimental evidence on the s-wave
pion-pion scattering lengths™? seems to indicate
the need for a chiral-symmetry-breaking Hamil-
tonian which transforms in a way other than (3, 3*)
® (3*,3). In order to produce a large isospin-zero
s-wave scattering length, the original Weinberg
analysis® must be modified to include isospin-two
contributions to the 0 commutator. This in turn
requires the symmetry-breaking Hamiltonian to
contain pieces which belong to an SU(3) ® SU(3)
representation which has isospin-two components

in its reduction to SU(3) and hence to SU(2). It is
also possible that a large value of the nucleon ¢
term would require these other terms, but this
conclusion is not definitely confirmed. Indirectly,
a recent analysis of the hard-pion Ward identity
approach to the pion-pion scattering problem*
which enforces unitarity within certain smoothness
approximations also requires isospin-two o terms
for the optimal solution. This result is, however,
also rather uncertain because of the many assump-
tions involved.

Assuming that such additional pieces are neces-
sary in the Hamiltonian, it is natural to investigate
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the consequences of the simplest possible choices.
In order to have isospin two we require at least
the 27-dimensional representation of SU(3). The
two smallest SU(3) ® SU(3) representations contain-
ing this are (8,8) and (6,6*)® (6*,6), which reduce
under parity and SU(3) as 1*'® 8*'® 27*® 8- @ 10~

© 10~ and 1*® 8*® 27*® 1-® 8~ ® 27", respectively.
The consequences of using the former have been
discussed by several authors.>®? In this paper we
shall explore the latter possibility.

Although both of the above symmetry-breaking
mechanisms have been suggested on the basis of
simplicity, no dynamical model has been proposed.
If we use the quark model where the triplet belongs
to (1,3)® (3%,1)® (1,3*%)® (3, 1), then a Fermi-like
coupling could induce either of the above breaking
mechanisms. For (8, 8) one could also have a
three-point coupling to an octet of vector gluons.
However, neither of these mechanisms is attrac-
tive from a theoretical standpoint.

We shall develop the (6,6*)® (6*, 6) representa-
tion in analogy to the (3,3*)® (3*, 3) case.® In Sec.
II we review the (3,3*)® (3*, 3) development, and
then in Sec. III we present the (6,6%*)® (6*,6) rep-
resentation. Section IV is a discussion of the pos-
sible forms of the symmetry-breaking Hamiltonian
in terms of its SU(3) and SU(2) ® SU(2) properties.
In Sec. V we apply this Hamiltonian to the calcula-
tion of the symmetry-breaking contribution to
meson masses, pion-pion scattering lengths,
baryon masses, and the nucleon ¢ term. We dis-
cuss these results in Sec. VI.

II. REVIEW OF (3, 3*%)& (3%, 3)

The 3 and 3* representations of SU(3) are defined
by the commutation relations

[Fo, Ti1=3T A5 for 3 (1)
and
[Fa’Wl] =

where the 1{; are the eight 3x3 matrices of the

three-dimensional representation of SU(3). (In.
this section Greek indices run from 1,...,8 and
Latin from 1,...,3.) They satisfy

~IA\W; for 3%, (2)

AE =S,
[Aq: 7‘6] =2llfaﬁ'yhy’
and
AP} =2d,5, 07 +3 5,41

From the above we write for (3, 3*) in SU(3)
®SU(3)

[Fo Tyl =305 Ty

- 3
[FOUTU]:%A%:TQ: ( )

and for (3%, 3)
[F, Wil = =323y,
[Fo, W) =305 Wy,

where F}=4(F +F53) and F,=5(F, - F%). Since
T{, transforms like (3%, 3) we can parity-double
our decomposition by requiring

-1 _pt
PT;P'=Tj

so that T,; is now said to transform under (3, 3*)
@ (3%,3).

In order to reduce this representation under
parity, we define

Py; =Ty +T;i (4)
and
ij =i(Til - T;i) ’

so that
PP,P*=Py, P[;=P;,
PM Pt =-My;, M};=Mj.

The SU(3) content can be made manifest by writing
1
Py 7—-— Uobys + 75 Mila

and

1
M“ = —ﬁ Voéii +—ﬁ 7\;“ Va‘

We can invert these relations as

(5)
V0=¢__3'Mii7

1
Va=7§—)&§",M,-,,

where the U’s and V’s are Hermitian scalar and
pseudoscalar fields, respectively. They satisfy
the well-known commutation relations® [from Eq.

(3]
[Fy Uol=[F;, V,]1=0,
[Fo Ugl=ifusy Uy,
[Fo Vel=ifupy Vy,

which identify U, and V, as SU(3) singlets and {U}
and {V,} as SU(3) octets. Also,

[ng Uo] = "2.('2')”z Vou

[F, v,]=i(®"U,,
[FZ, Uﬂ] Zdocﬁy —l( ) aBVO’
[F%, Vel=idygy Uy+i(3)26 45U, .
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For calculations involving (3, 3*)® (3%, 3) it is
customary to work directly with the U’s and V’s,
since their commutation relations are simple and
the properties of f 5, and d,g, are well tabulated.®
However, as we shall see, for more complicated
representations it proves simpler to work directly
in terms of the analogs of the T;;. Thus, for exam-
ple, instead of writing the perturbing Hamiltonian
asm

H*'=CgU, +CsUsg
we could as well use

1 1
H'= 73 CyoPyi + 72 Cssh?,P{, .

This latter approach reduces calculations such as
those in Sec. V to trace calculations with the {A*}
matrices.

III. THE (6, 6*)® (6*, 6) REPRESENTATION

We develop this representation in analogy to
Sec. II by writing the commutation relations
[Fo Ti1=3T,S5; for6
and
[Fo,W,]=-3S3W, for6*,
where the Latin indices now run from 1 to 6 rather
than the 1 to 3 in Sec. II. The eight 6 X6 matrices,
{S“}, are the representation of the SU(3) generators
in the 6 representation of SU(3). Inthe Appendix
these matrices are explicitly presented using the
phase conventions of Behrends et al.* They satisfy
Si* =S5
and
[s?, SB]=2if 4,5
For (6, 6*) we write

[Fo Ti;] =5 SE Tay
_ 6
[Fa Tyl =4 ST, ©
and extend this to (6,6*)® (6*,6) by introducing
parity via PT;;P~ =T, as before. The parity
content of this representation is reduced by

Py =T +Tj;,

M =i(Ty; =T},

as in Eq. (4).

Now, however, the SU(3) decomposition is slight-
ly more complicated due to the presence of the 27-
dimensional representation. We write

3211

1 1
Py =75 8:Uo+ 735 SiUa+TiiUe»
My =75 Vot ""'msftva*'l}? Vo,

where © is summed from 1 to 27. The matrices
5, {S°}, and {T°} satisfy
Tr(66) =6, Tr(58%) =Tr(5T°) =0,.
Tr(§%s%)=106,5, Tr(S*T®)=0,
Tr(T®T®) =6e- ,
We can explicitly construct the {T®} by writing the
Clebsch-Gordan series for 6Q@6*=1® 8® 27, We
do not present the general result, since we shall
need only 737 (corresponding to the I =Y =0 member

of 27) in our subsequent calculations. It is given
by

1000 0 0
0100 00
o= 0010 00
473 {[000-300]|"
0000 -30
0000 O 3

Using the trace relations, we invert Eqgs. (7) as

1

1
Uo"'ﬁpm Vo=T§'Mu:

. 1 1
Ua=‘/—1;68f§P“, Va=\/—-—1é6'-S?,M”, 8)

Ve=THM; .

The U’s and V’s are scalar and pseudoscalar
fields, respectively; and {U,} and {V,}, {U,} and
{vy, and{Uo} and {Vy} transform as singlet,
octet, and 27-plet representations of SU(3), re-
spectively.

The commutation relations of the U’s and V’s
are easily written down from Eq. (8) in analogy to
Eq. (5). However, it is more convenient to use the
relations for P;; and M;; directly. These are found
from Egs. (6) to be

[Fos Py =3 8% Poy = 3 S5Pix»
[FouMU] Z%S?D*Mkj - %S%Mk H
[Fo Piy] ==3iS{ My - 34 S5 My

[FS, M ]=3iS5¥ Pyy + 39S Py

Uo=THP;;,

©)

IV. HAMILTONIAN FORMS

To construct a suitable symmetry-breaking
Hamiltonian for the strong interactions, we wish
‘to include terms which conserve parity, isospin,
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and hypercharge. Thus, we can include compo-
nents proportional to U, (singlet), U, (from {U}),
and U,, (from {Ug}), i.e., we write

1 1
H'= 76 CeoPys + 710 CesS3iP;i;

+Cg 27T?}Pi]‘ . (10)

Two special cases of this general form may be of
interest. If we set Cq,,=0, then H' contains only
singlet and ooctet pieces and thus represents an
octet-dominance-type breaking which will, for
example, lead automatically to the Gell-Mann-
Okubo mass formula for the meson and baryon
states.

It is also interesting to ask how H' transforms
under the subgroup SU(2)® SU(2), since the (3, 3%)
@ (3*,3) symmetry-breaking scheme seems to in-
dicate that the breaking term may be approximate-
ly in a (0,0) representation.’® [We use the conven-
tional notation of labeling SU(3) representations by
their dimension, but SU(2) representations by their
spin content.] It is easy to see that if we are to
induce isospin-two components in the ¢ commuta-
tor, then we have to include an SU(2)® SU(2) piece
from the (1, 1) representation [the highest repre-
sentation contained in (6,6%)® (6*,6)]. Thus, the
two most interesting cases are the (0,0) and (1,1)
representations contained in (6,6%*)® (6*, 6).

Because we have parity doubling, we have both
a (0,0)* and a (0,0)". Also, for (1,1) we have two
cases which reduce under SU(2) as 0°® £~ @ 1* and
0-® 3*® 1-, respectively. From these, clearly
the (0,0)* state and the 0* member of a (1,1) are
the suitable candidates for forming H'. By using
a group-theoretic reduction or simply by examin-
ing the commutation relations directly, it is easy
to see that P, transforms like (0,0) with respect
to SU(2)® SU(2) and has positive parity, and
> 3., P,; transforms like the 0* [SU(2)] member
of a (1,1) representation of SU(2)® SU(2). Examin-
ing the general form, Eq. (10), for H', we see
that the choice

Ceo :Cess:Cs 37~1:T—g—:—% (11)
implies H'~(0,0)" in SU(2) ® SU(2), and

-

Coo :Ces 'Ce 27~ 1:% :% (12)
implies H'~(1,1) in SU(2)® SU(2) (the I=0* mem-
ber). Note that each of these separately requires
a 27-plet piece in H!, but the mixture,

Ceo:Ceg:Cq 37~ 1:V5:0, removes this dependence
while maintaining a mixture of pure (0,0)® (1,1).

V. CALCULATIONS

In this section we shall employ the most general
form of H* [Eq. (10)], and use it to find the (6,6%)
@ (6*,6) contributions to (A) meson masses, (B)
pion-pion scattering lengths, (C) baryon masses,
and (D) nucleon ¢ terms. In A and B we shall use
the soft-meson approximation, but this is not
needed for C and D. We shall also neglect the
possible effects on the breaking of scale invari-
ance by a scalar meson,'®® effectively assuming
our symmetry-breaking H' to have dimension 7=3.
Additional factors due to such effects'® can easily
be included in our results. We shall use the sim-
ple assumption that H is given by H, +H* where H,
is invariant under SU(3) ® SU(3), does not contrib-
ute to meson masses, and gives a uniform mass,
M,, to the baryon octet.

A. Meson Masses

Using the usual soft-meson reduction, the meson
mass is given by

(B 1) == 3 OLFE, 15,11 0),

where to this order we assume that the PCAC
(partially conserved axial-vector current) con-
stants are all equal,”® F =F,=F,=F, i.e.,,

BrAL =m PF¢~.
We also write
1
<0|Pu|0>=ﬁ 6{]'(0,U0I0>’

neglecting any possible contribution from (0|U,|0)
and (0|U,,|0). With these assumptions,

U LA [C—fg Tr(s%s%) + S Tr($°5°5%) +C, 27Tr(T2"S°‘S°‘)] ,

<I~‘La|H1lua>= F2 \/’g \/'_

which yields
V3 2V6

. -5
maz = 3F2 0 ' U, [0) [Cso + g—ﬁ Cegdgoa * 5 Ce zvgfa

where

I (13
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f—zooooooo—\
0200000 0
0020000 0

P 000-100 00
808"973 | 00 0 0-10 0 0
0000 O0-100
00000 O0-10
0000 00 0-2)

and
~ N
100000 00
010000 00
00100000
o 1 000-300 00
£a63736 | 0 0 00 =3 0 0 0
0000 0-300
00000 0 -30
0000 0 0 009

Note that although the traces involved in finding Eq. (13) can be derived by using commutator identities, for
the calculations involved here it is simpler to compute them by hand using the explicit form for {S%}

given in the Appendix. We also remark that dg,s and % are the standard matrices obtained from coupling
8®8 to 8ym (/=Y =0) and 8x8 to 27 (=Y =0), respectively.®

B. Pion-Pion Scattering Lengths
In the soft-meson limit, the s-wave, isospin-zero scattering length is given by'

__1  54+16m2/F
%" 96 My

and

@z 0 __3  my
%" =5 % (207) F?°’

where aé” is the s-wave, isospin-two scattering length. In the case where the ¢ commutator has no iso-

spin-two piece, A =m,?/F% In general it is given by

A== 5 OI[FL, [FL IR, LR, BT [0),

where 7=1 or 2 or 3 (no sum). A more general isospin decomposition of the fourfold commutator involves
L, and L,, which measure the relative isospin-zero and -two components of the ¢ commutator. In terms
of these,

A=5Ly+3L,,

but L, and L, are also constrained by a Jacobi-identity relation!” -which yields

2
m
2L,-5L,=6 -F+ .
Thus, L,=0 implies L,=3 m,?/F?, which yields A =m ,%/F® for the pure isospin-zero case.
Using our form for H', we find

a=- 2 U%I0 {—CJ% Tr[(8)7] + 58 Te[$(5 )]+ Cp 1 TrlT¥(s 1)‘*]}

17 31 13
=‘§'I‘;TZ<OI%IQ>(Cw+mcas+ﬁcsz7>- (14)
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C. Baryon Masses
With our neglect of scale-symmetry-breaking considerations, we write simply

My =M, +{By|H'|By) .
Now we must clearly keep (N|U,|N), (N|Ug|N), and (N|U,,| N} all nonzero. We denote these by No., Ny,
and N,,, respectively, and we let D(F +D =1) be the mixing parameter in (B,|U;| B,). In this notation

<N|Uo§N) =<A’U0|A>=<2on'E>=(E|Uo,E)=N03

& U, |3y = ——3?—)Na,

1T, |8 = 72755 Mo

CIIALE —(1:%’-’)—Na,

ZUnHz) =-3 Ner s
(A|Uzp | A) = =31y,
(E|Uyq!|E) =Ny .
Thus,
My=Mgy+CgoNy +CggNyg +Cq 3Ny, (15)

Zp
My =My +CgoN, - (Lfl_)‘)‘ CesNy —3 Ce 27Na7

etc., with the obvious replacements for A and =,

D. Nucleon ¢ Term
The nucleon ¢ term is given by
oy =(N|[Fs, [FL, BT N) ,
where i=1 or 2 or 3 (no sum). To evaluate this we again need Ny, Ng, and N,,;. To perform the projection
we write symbohcally
(N,Pu,N>" 511No+7'—=ana+TnNz-u
which yields

=C _EQ_ 1gQl _Eg_ 1ol 2711}
Oy ﬁ?[m Tr(SS)+mTr(SBSS)+N2.,Tr(T S*s?)

+ %& { =L Tr(s*S's?h) 2 T_ﬁ- [Tr(ss°S™s") + Tr(S®S*S®SY) ] + & N,, [ Tr(SeT?"ss?) +Tr(s’s‘s‘“sl)]}
+CS 27 {% Tr(T27slsl) +_;_ Vq% [Tr(88T27slsl) +Tr(88slsa7sl)] +_;_N27[Tr(T27T27slsl) +Tr(T27slT21sl)]}

7 1 K 17 11
=3 N, (Cso'*‘ 578 Ces +m Ce z'r)"‘ 375 Ng <cso+ 775 Ces + Tﬁ'gce 27>

13
\[- Nzq (Ceo +7E 75 Cos + 75 Cs 27) (16)

Note that even if H' has no 27-plet component (Cs 2,=0), Eq. (16) still will include contributions from N,q.

VI. DISCUSSION Weinberg prediction® (A =1). For A =1, ¢{®~0.16/
m, but increases rapidly with A. For example,
Evidence from the K;, decay™® seems to favor i A= 10, a{”=~0.5/m,. The experimental data

a value of a® which is larger than the original indicate a value of a\” of order 0.5/m,. Howeve,
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one must also realize that there are theoretical
corrections to the soft-pion predictions. In a re-
cent theoretical calculation which included unitar-
ity corrections,* a value of A~% was found. How-
ever, in the same calculation, an effective value
of A =% would be needed, in the simple soft-pion
formula for 4%, to produce the calculated scatter-
ing length. Although this calculation may not be
quantitatively reliable, it does indicate that uni-
tarity corrections can enhance the effective value
of A. In view of this we may conclude that even
though the experimental evidence favors A>1, it
may not have to be as large as A ~10 which the
simple soft-pion formula would indicate.
However, a simple estimate using the meson-
mass formula [Eq. (13)] and our calculation of
A [Eq. (14)] indicates that the use of (6,6*)
@(6*,6) alone for H' is not reasonable. To make
this estimate we set Cg ,; =0, although a similar
result holds in any case. Let N=(0|U,|0)/F? and
a=Cq43/Cq- Then from Eq. (13)

7
m,,2=—§N(1+-5—7%—> ,

Ta
2-_5 _
My =3 N<1 1ov_5> ’
from which we find

_ 10V (1 —-m 2/mg?)
T 2+m 2 myd)

and
N=-35(m, 2+2m,%).
Using these we can calculate A from Eq. (14):

_ (24m2-143m. ) m?
A=-"gg@ =~ O

Such a large negative value is clearly ruled out

by the experimental data. We might note that pure
(8, 8) breaking would also produce a negative
value for A.

It is clear from the preceding remarks that
(6,6*)® (6*,6) symmetry breaking cannot be the
only contribution to H'. On the other hand, since
all of our results in Sec. V are linear in H!, these
calculations can be used to discuss more general
schemes™!® which involve using (6, 6*)® (6*, 6)
breaking in addition to some other contribution
to H'. Classification of H! pieces under the sub-
group SU(2) ® SU(2) (Ref. 18), as discussed in
Sec. IV, may provide a tractable approach to this

problem. We shall present several alternatives
for combining (3, 3*)® (3*,3), (6,6*)® (6*,6), and

(8,8) in a subsequent article.
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APPENDIX: THE 6-DIMENSIONAL
REPRESENTATION OF SU(3)

We use the phase conventions and notation of
Behrends et al.’ to construct the representation
of the eight generators of SU(3) on the six-dimen-
sional representation. In terms of a spherical
basis set, these are

Hy= 25 I1(1=13)(31) + 5 (19(41-15)(5]),

Hy =3 (1)1 +2)(2[+]3)(3])
=3 (|9)¢4]+15)(5]) - (16)(8]),

E,= 75 12431+ 1D+ 75 (195]),
E,= 75 1961+ [1(4)+ T (12 6)),

Ey= 75 (19614135 )+ 75 (14D,

and E_; =E|. The states {|1), |2), |3)} form an
isotriplet; {|4), |5)} form an isodoublet, and {|6)}
is an isosinglet. We transform to a Cartesian
basis by writing

S,=6(E,+E_,),

S,=-iV6 (E,-E_,)),

S;=2V3H,,

S,=VB(E,+E_y),

S,=-iV6(E,-E_,),

Sg=V6(E;+E_g),

S;==iV6(E;~E_;),

Sg=2V3H,,

such that [S;, S;]=2if,,,S,. These matrices form
the 6-dimensional representation of SU(3).
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Using SU(2) x SU(2) current algebra and pion-pole dominance, we derive from the Ward
identities an exact crossing-symmetric expression for the mr scattering amplitude. We make
approximations which are suitable at low energy for those three- and four-point functions of
the problem which cannot be determined from the constraints of current algebra. We para-
metrize these functions in terms of propagators and polynomials exhibiting the correct anal-
yticity properties. Form factors, analytic in the cut plane, are expressed in effective-
range form, and the s- and p-wave amplitudes are constructed in terms of them. The exis-
tence of resonances in the 7m system is not assumed, and soft-pion estimates are not used.
Instead all the parameters are free to be varied. We determine all the free parameters of
the problem self-consistently by imposing the constraints that follow from elastic unitarity.
The scheme predicts all the features of low-energy w7 scattering, the only input parameters
being m, and F,, the pion mass and decay constant. Among our principal results are the
s- and p-wave scattering lengths, the corresponding phase shifts, and the determination of
an important parameter which measures the isospin T'= 2 component of the o commutator,
g% . The details of the method predispose scattering lengths to be small. We find that
unitarity prefers the T'= 2 component of 0% to be small relative to the 7= 0 component.

As a consequence, our scattering lengths are in excellent agreement with those obtained by
Weinberg. The 7'=J =1 phase shift exhibits a p resonance around 915 MeV with a width of
210 MeV. The T =2, J=0 phase shift is small and in agreement with experimental results.
The T = J= 0 phase shift displays acceptable behavior at low energy; we offer physical argu-
ments to say that its higher-energy behavior is less reliable than that of the p wave at the
same energies. We discuss our results and analyze the predictive power of the method
presented. Finally, we suggest some improvements on our calculations, including possible

applications to related problems.

1. INTRODUCTION

For more than a decade, the problem of deter-
mining the amplitude for n7 scattering has pre-
sented a challenge for theoretical physics to solve.
In the absence of a fully developed theory of had-
rons, an ultimate solution continues to be an over-
ly ambitious goal. Many approaches to an approxi-
mate solution have evolved, and contributed to the
unfolding of several features of the problem. The

principles of S-matrix theory (including Lorentz
invariance, analyticity, unitarity, and crossing
symmetry) are cornerstones of hadron dynamics?
and have long been advocated as the means by
which a self-consistent solution to the nw problem
may be found. I hadronic theory is to include, in
addition, the content of the algebra of vector and
axial-vector currents,? then any treatments based
purely on S-matrix theory are to be viewed as part
of the prehistory of the problem. The low-energy



