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Rapidity distributions for bvo-particle inclusive reactions are calculated from the nova
model which has been successful at reproducing the single-particle distributions. Particular
attention is given to the 2z correlations in x p and pp collisions for which data are available.
Good agreement with data provides further evidence for a strong clustering of secondaries in
particle production at present machine energies, a feature inferred previously from the anal-
ysis of single-particle distributions. We stress the importance of measuring the energy de-
pendence of (n(n-1)), the quantity which normalizes the two-particie distribution. A number
of other features of correlation experiments are discussed. General properties of particle
production are emphasized in reviewing the nova model.

I. INTRODUCTION

Inelastic processes represent approximately
80% of the total strong-interaction cross section
at high energy. However, the large number of po-
tentially important kinematic variables necessary
for a complete description of these processes has
hampered progress toward their understanding.
Finding good ways to display available data is a
fascinating challenge. Advent of the inclusive ap-
proach' ' has simplified matters somewhat. Sin-
gle-particle inclusive cross sections may be de-
scribed by only three kinematic variables, but
even here, a particular choice of a given set must
be made. These complications make it hard to ap--
proach particle production without some preju-
dices, even though one would wish to remain open
to all suggestions obtainable from an unbiased con-
templation of data. Fortunately, a motivated in-
terest in one or a few variables may be rewarded
by some insight and suggest further investigations.
This has certainly been the case with the single-
particle distributions, where rapidity y and trans-
verse momentum squared P&' distributions of one
specific secondary are measured, ' with everything
else summed or averaged over. Single-particle
distributions are quite accessible experimentally,
and they appear to provide tests of asymptotically
expected scaling properties. ' ' Asymptotic limits
and the approach to scaling have both been con-
fronted in Begge theory' and its associated phe-
nomenology. ' The next phase of inclusive phenom-

enology is a study of two-particle inclusive distri-
butions and possible correlations among produced
secondaries.

A number of features of single-particle inclusive
spectra encourage the attempt to identify some
dominant production mechanisms, which could
serve as a basis for analyzing reactions in more
detail. ' Focusing on specific production mecha-
nisms could be useful for the complicated problem
of two-particle correlations. Although such an ap-
proach risks loss of generality, it is clear that de-
tailed calculations are necessary if progress is to
be made. General arguments based on the use of
sum rules' have been developed, but their implica-
tions for data are as yet very weak, in particular
for slow pions in the center-of-mass frame, where
the cross section is largest. Energy-momentum
conservation alone imposes little constraint on
shapes of single- and two-particle distributions.
Because data on two-particle distributions are ac-
cumulating rapidly, ' " it should be extremely use-
ful to have explicit model predictions from which
to view the data.

Asymptotic predictions for two-particle correla-
tions have already been studied in the framework
of Regge, dual, and diffraction models. " " In
these models correlations are expected to decrease
with increasing rapidity difference (Ay ) 2), but
some models require a very large center-of-mass
energy before detailed study is possible. This is
especially true of models which postulate relatively
weak corre18tions among secondaries originating

2580



CORRELATIONS IN HIGH-ENERGY PRODUCTION PROCESSES 2581

TABLE I. Average values for n'P at 18.5 Gev/c.
Data are from Ref. 9. All numbers are computed with
respect to 0,~. Specifically, elastic two-prong events
are subtracted from c2 before calculation of (n ).

Th Exp Th Exp

(n (n —1))

1.35 1.34 + 0.05 2.37 2.20 + 0.06

1.31 1.27 + 0,05 3.49 3.55 + 0.10

from different clusters along a multiexchange
chain. One may also use the Feynman gas anal-
ogy, ' "applicable when the rapidity distribution
has become asymptotically uniform. In the gas,
clustering fluctuations may occur which will lead
to short-range correlations, and a definite corre-
lation length in &y. A problem in applying this
analogy to present machine energies is that in
several interesting cases the number of "gas mol-
ecules" involved, on the average, equals one to
two (see Table I). In spite of the value of asymp-
totic approaches and formal analogies, presently
available data must also be studied along different
lines.

A glance at the single-pion distributions already
provides some model-independent expectations for
two-pion distributions. Figure 1 shows the n dis-
tributions in 18.5-GeV/c n'p and n p collisions. '
The shape in rapidity is narrow and Gaussian-like.
In addition, a strong leading-particle effect is
present in the m p reaction. Whatever the reason
for the Gaussian-like shape, the narrowness of the
rapidity distribution indicates that the two-particle
distribution will have its maximum when both ra-
pidities are small, and hence, when the rapidity
difference is small. The experimental evidence is
for a prominent maximum at zero rapidity differ-
ence in the two-m system. ""The double distri-
bution' "d'o/dy, dy, peaks nea. r y, =0 for any fixed

y, with the maximum shifting only lightly as a func-
tion of y, . Thus d'o/dy, dy, displays much more
information' "than do/d(Ay), which shows only a
deceptive maximum near Ay=0. A very interest-
ing problem is to account for the narrowness of
both the one- and two-pion distributions.

The observed strength and distribution of the
leading-particle effects in mP and PP collisions in-
deed provide some understanding why the single-
pion rapidity distributions are so narrow. ""In
many events, one of the initial particles is quasi-
elastically scattered and carries off a sizable
fraction of the energy. " The energy left to be
shared among the remaining secondaries is small
enough that produced pions tend to cluster at
small rapidities. This is the weak inelasticity
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FIG. 1. Single-particle inclusive rapidity distribution
for ~'p(7I ) at 18.5 GeV/c. Data are from Notre Dame
(Ref. 9). Solid curves are nova-model calculations de-
scribed in the text. Calculations are normalized to the
z+p inelastic cross section: 21 mb. The relative nor-
malization of the two distributions is a prediction of the
model. The difference between the two sets of data at
large negative rapidity (proton fragments) is due to
charge-exchange effects not included in our model cal-
culation. We also did not include some p production
obviously effective at large positive rapidity.

property which dominates production processes at
present machine energies. " It finds a rationale in
several theoretical approaches. Moreover, the
rapid scaling of the invariant pion distributions at
intermediate values of I@I strongly suggests that
pions which reach these intermediate values of
IxI come from energy-independent production of
low-mass clusters. Very little more than this is
needed for understanding single-particle distribu-
tions and, as discussed here, the correlation data.
Since the mass of a cluster which gives tzvo w

must be relatively large, one would expect d'o/
dy, dy„ to be narrower than do/dy. It is possible
to construct a rather general model based on these
features because the distribution of secondaries
from each cluster is quite independent of reaction
and particle type, a feature suggested by the near-
ly universal Pr' distributions observed experimen-
tally. We emphasize that the general behavior of
the correlations can be accounted for by these ex-
perimental features of particle production. With
only a few more assumptions they are easily incor-
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( n(n —1))o,.„„= dy, dy, ,
cEJ~QJ2

(n) o. „=)
—dy .GO

(1.2)

One of the most revealing and sensitive quantities
which model calculations must account for is the
energy dependence of the ratio (n(n —I})/(n) for
secondaries of a specific kind. "

Calculations of m m distributions are described
in Sec. G. Strong correlations, already suggested
by the single-particle distributions and observed
in analyses of exclusive channels, are realized by
associating most of the time the two observed
pions with the excitations of either the beam or
target particle into a resonancelike state (nova)
which decays subsequently by pion emission. The
nova model" is reviewed briefly in the course of
setting up the two-particle inclusive calculation.
Specific predictions of the model agree well with
available correlation data. Calculations of the
~ P(m, v ) distribution" at 18.5 GeV/c, which have
already been reported elsewhere, "are discussed
in more detail. Those results showed deviations
from data for large differences of rapidity where
cross sections are small. This discrepancy mea-
sures the obvious double-excitation correction to
the dominant single-cluster picture. %e find
that data are well accounted for if V0% of the in-

porated into a specific model such as the nova mod-
el."

The object of this paper is to show that a model
which incorporates the key features already rnen-
tioned, and thus reproduces the single-particle
distributions very well, "can also account for the
two-particle distributions. ""The shapes are
basically those expected from the observed small
inelasticity, the interpretation of the rapid scaling
at intermediate

~ x~ found in the model, and the
general behavior of the p~' distributions. " The
very general clustering effect already inferred
from the analysis of single-particle distribution is
enough to explain the two-particle correlation re-
sults now available. Two-particle data therefore
provide further tests for some ideas which were
less well probed by the single-particle distribu-
tions, especially some of the details of particle
production, but do not suggest specific additional
effects.

In this paper, we also emphasize the gr at value
of obtaining experimental information on the ener-
gy dependence of a quantity which actually normal-
izes the two-particle distribution, namely
(n(n —1)). The analogous quantity in the single-
particle case is the mean multiplicity (n) of the
observed particle type:

elastic cross section is associated with single ex-
citation, and the remainder comes. from events in
which both beam and target particles form clus-
ters. (In defining such a ratio, we arbitrarily con-
sider most heavy novas as due to single excitation.
In this case there is neither a neat kinematical nor
a clear dynamical separation between single and
double excitation. ) A 7/3 ratio was also found"
to lead to a good representation of PP(n, a ). The
ratio of single to double excitation is tested by the
reaction w p(m, w ), where d o/dy, dy, is extreme-
ly sensitive to the presence of leading w 's. Re-
sults are presented here for pp(o, m ) (Ref. 12)
and for ~'p(m, v }.'

Normalizing to 0. „, we find that our model re-
produces correc;ly the normalization of the two-
particle distributions. Results of our calculations
are compared with data in Figs. 1, 3, 4, 5, and 6
below. The agreement with experiment provides
evidence that the pion secondaries are indeed
strongly correlated at present machine energies,
but in a well-understood way. Correlations from
final-state interactions are minimized by the
choice of w m, for which no strong-resonance ef-
fects should mask correlations resulting from the
production mechanism. It is therefore fortunate
to see that the charge configuration which is most
easily amenable for experimental study turns out
to be of particular theoretical interest.

As reported previously, "for m production in
pp collisions our approach reproduces correctly
the values and energy dependence of (n), (n(n —1))
[and f, = ( n(n —1)) —(n)'] over the momentum range
10-30 GeV/c. Further exploration of production
mechanisms would follow from a measurement of
the ratio (n(n —1))/(n)' at high energies, since
models differ widely on the energy dependence of
this quantity. ""The success of our model in the
10-30-GeV/c range does not imply solid predic-
tions at National Accelerator Laboratory (NAL) or
CERN Intersecting Storage Rings (ISR) energies.
High-mass excitations become more important at
these very high energies. Checking that the mean
multiplicity (n) increases logarithmically with en-
ergy may not be a strong enough requirement.
Predictions for the single-particle distributions
are safe, since their normalization is determined
by the already established slow increase of multi-
plicity. " The normalization of d'o/dy, dy, in-
creases in proportion to v s in fragmentation
models. Predictions for MAL energies are given.
These points are discussed in Sec. III. Moments
higher than (n(n - 1)) would, of course, also be
interesting in the NAL-ISR energy domain. Cos-
mic-ray results provide some hints of what to
expect.""

In Sec. IV we close with a few general remarks
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with small inelasticity, decay by pion emission,
the average decay distribution is approximately
isotropic. " Another consequence is our assertion
that the average number of decay pions n(M) is
linearly proportional' to the nova mass ~.

(3) A third important feature of single-pion in-
clusive spectra is the observed rapid approach to
scaling" (energy independence) for intermediate
values of

~
x( ( ~

x~ = 0.2 to 0.6). These energetic
secondary pions, still short of being leading par-
ticles, tend to result from decay of fairly low-
mass novas. High-mass clusters, which can be
excited with increasing energy, populate small
values of ~x~. Rapid scaling is thus achieved if
our excitation spectrum p(M) is energy-indepen-
dent and emphasizes small values of M. Weak en-
ergy dependence at small M is supported by the ob-
served" near constancy of 04 over the momentum
range 10 to 500 GeV/c; o, is the four-prong ex-
clusive cross section.

These three crucial features of machine-energy
collisions are systematized in the nova model,
where either the beam or target particle is quasi-
elastically excited into a superposition of reso-
nance states which subsequently decay by sequen-
tial emission, with an isotropic decay distribution
in the nova rest frame. The mean P~ of the pion
distribution is related to the multiplicity of pions
obtained from a nova mass M; this in turn fixes
the normalization of do/dy. Although a few addi-
tional specific technical assumptions are made in
setting up the nova-model" calculation (as must be
true in all approaches, even weighted phase space),
the general shapes of predicted distributions do
not depend sensitively on these assumptions. The
crucial assumptions are those stressed above. In-
sofar as energy dependence is concerned, the way
in which we formulate the model leads to strong
predictions for (n(n —1)) in the NAL and ISR ener-
gy ranges. Energy variation is discussed in Sec.
III, but seems immaterial for discussion of d'v/
dy, dy, in the momentum range 10 to 30 GeV/c.

Although perhaps obvious, we stress that the
model is not built upon what would be called funda-
mental theoretical postulates. Rather, we abstract
simple observed features from single-particle in-
clusive spectra and then imbed them in a frame-
work which is convenient for further phenomeno-
logical analyses. Detailed calculations of shapes
of single-particle distributions are correct. Inter-
esting tests are possible at the duo-particle in-
clusive level, where we can study whether addi-
tional dynamics is present, beyond that abstracted
from the single-particle spectra. Similarly, our
attitude toward single versus double excitation re-
mains phenomenologically based" and not a matter
of principles.

B. Parametrization

Relevant diagrams are sketched in Fig. 2. A
nova is characterized by three quantities: its ex-
citation spectrum p(M), the mean number n(M) of
decay pions, and the average decay distribution
dD/d'P in the nova rest frame I.n addition, when
considering leading pion effects, we must specify
the momentum transfer squared (f} or transverse-
momentum (Pr) distribution of the leading particle.
The t or P~ distribution of the whole cluster is ir-
relevant when we examine pions which are decay
products of a cluster. Because of the small value
of the pion mass and small Q value in the decay, "
the convolution of P~ distributions for production
and decay is controlled entirely by the decay dis-
tributions. "" We discuss leading-particle effects
in Sec. IIE. Here we concentrate on parametriza-
tion of single-nova-excitation graphs Figs. 2(a)
and 2(b}.

For reasons given above, the average pion de-
cay distribution in the nova rest frame is chosen
to have the symmetrical form

dD a P'
d~p (2.1)

n(M) = 2.1(M —Mo) . (2.2)

This is understood as an implicit average over all
decay chains; M, is the ground-state mass of the
nova. Although the factor 2.1 was determined for
proton novas, Eq. (2.2) is also used for our pion
and kaon nova calculations. Looking for key fea-
tures, we minimize the number of parameters.

In addition to Eq. (2.1), other forms for dD/d'p

Here &u=(p'+g')"' is the energy of the secondary
w in the nova rest frame; P' =P~'+P~'; and p. is
the pion mass. The parameter K is chosen to re-
produce the correct average single-particle P~'
distribution. ' ' We determine a value K = 0.45
GeV/c, which corresponds to a typical Q value of
330 MeV at each step in the sequential decay of
the nova. The distribution is normalized to unity
by a.

It will be noted that in Eq. (2.1) the same param-
eter K controls both longitudinal and transverse
momentum spectra, a result supported by our com-
parisons with data. The form of the decay distri-
bution specifies a fixed average energy release
per decay, so that the total number n(M) of decay
pions is linearly proportional to the excitation
mass" (M -M, ). The proportionality factor is also
related to the value of K, with reasonable values
determined to lie in the range of 2.0 to 2.5 GeV '.
After adjusting results to reproduce the correct
mean multiplicity" in PP(m ) at 21 GeV/c, we find
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are possible. We also tried the expression"

p2
dsp =K+ exp -Kga ]I (2.3)

This differs from Eq. (2.1) in that the factor &u
'

is absent on the right-hand side. Here K'=0.33
GeV/c is different from K, for obvious reasons,
but average quantities remain the same. Numeri-
cal calculations were performed with both Eqs.
(2.1) and (2.3), and agreement was found, indica-
tive of the fact that results in rapidity are not over-
ly sensitive to the exact form for dD/d'P. All
specific results reported here were done with Eq.
(2.1). Neither Eq. (2.1) nor (2.3) provides a per-
fect representation of da/dPr'. To achieve better
agreement, we should perhaps use a sum of Gaus-
sians on the right-hand side of Eqs. (2.1) and
(2.3). The wider transverse-momentum distribu-
tion at large P ~' can be associated with "long
jump" decays, which are ignored in this paper.
Results in rapidity are insensitive to such preci-
sion; it is important but sufficient to reproduce
the average behavior of do/dp r'.

Rewriting Eq. (2.1) in terms of rapidity, we ob-
tain

exp —~ exp

(2.4)

where y, is the rapidity in the nova rest frame and
mz, '=Pr'+ p, '. (Here we use the relations Pl, =mr
xsinhy, and ~=mr coshy, .)

For reasons given above, values of P~ are es-
sentially identical in the center-of-mass and nova
rest frames. To transform rapidities, we use
their convenient properties under Lorentz trans-
formations. We write

y=y, a Y(s, M) . (2.5)

Here y is the center-of-mass rapidity. The (+)
sign is taken for beamlike (e.g., meson) novas and
the (-) sign for target novas. Nova rapidity Y is
calculated from

sinh F= (2.5)

where Q„ is the center-of-mass momentum of the
nova:

„=[s' —2s(M'+Mq') + (M' —Mp')'] '~'/2 v s

(2.7)

Here M~ is the mass of the "spectator" initial par-
ticle or recoil particle.

After integrating Eq. (2.4) over pr, we obtain

dD a p sinhy, ~'

dy, cosh'y, K (2.8)

The form is approximate because in practice the
integral must be cut off at finite P&, in keeping
with energy and momentum conservation. We de-
fine A(M, y) to be the normalized nova decay dis-
tribution in rapidity in the center-of-mass system:

A.(M, y) =
d (y+ Y) .dD

cfpo
(2.9)

We turn next to the parametrization of our third
quantity, the nova excitation spectrum p(M). This
quantity is the differential cross section da/dM,
integrated over momentum transfer, for produc-
tion of a nova of mass M. Choice of a functional
form for p(M) is necessarily somewhat ad hoc."
However, because of the averaging (integration)
over M required in calculating meson distribu-
tions, the distribution of secondary pions coming
from nova decay is insensitive to details of p(M).
Our form for p(M) rises from threshold (M =M, ),
peaks at =1 GeV above threshold, and falls in pro-
portion to (M -M, )

' for large M. As long as this
general rise and fall of p(M) is maintained, distri-
butions are not modified greatly. When dealing
with baryon inclusive distributions, with practi-
cally at most one relevant particle originating
from each cluster, one must be more careful. "

The asymptotic M ' behavior is suggested by
Regge theory. " Given our determination that
n(M) ~M, the M ' behavior is also required in
order that the mean pion multiplicity grow in pro-
portion to lns. This logarithmic property is al-
ready enough to guarantee a reasonable phenome-
nological description of single-particle spectra
near x= 0." However, two-particle distributions
are sensitive to high-mass excitations; therefore,
our estimates of high-M behavior are not guaran-
teed to account correctly for normalization of
d 'o/dy, dy, .

The form for p(M) is different in general for
baryon and meson novas. The specific form we
choose is"

p„(M) = (M M„) 'ex—p[ P~/(M —M-„)]. (2.10)

The values p~ =2 GeV for proton excitations and
P„=2.4 GeV/c for pion excitations are found to
give good agreement with both single- and two-
particle inclusive spectra in PP(w, m ) and
m'P(v, m ). We normalize our calculation to the
observed total inelastic cross section at a given
energy. This introduces normalization constants
C„. In addition, to reproduce the fact that second-
aries tend to follow the incident meson (an ob-
served asymmetry of single-particle distribu-
tions), we set C,/C~ = 2, as in Ref. 21 and 22.
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If only single-nova excitations contribute to
vP(m) [e.g. , Figs. 2(a) and 2(b) onlyj, then the in-
elastic cross section is given by

and

o,.„'„=C, "p~ M dM+2 p„M dM
mp /mr

(2.11)

v!'(, (n)' =(i ( )I 'n~(M)p~(M)dM
P

+2 n„M p„M dM
mr

(2.12)

s
p (M)n (M)A(M, y)dM,

3 ~- I 4

(2.13)

d 2(i)
p~M n~ n~ —1

g

xA(M, y, )A(M, y2)dM . (2.14)

These equations were used to obtain distributions
presented in Ref. 22 for v'P(v, g ). As remarked
in that paper, the fact that both n are always as-
sociated with the same nova results in a marked
tendency for d'o/dy, dy, to peak at positive values
of y, when y, is positive. To the extent that this
strong feature is not observed directly in data for

Note that (n), the average number of pions, is
independent of C,. As already stressed, "our keep-
ing the same expression all the way to phase-space
limits is purely phenomenological. It enforces the
correct multiplicity but should not be given a dy-
namical significance. Our crude spectrum ignores
low-energy resonances (p", b '). They do not con-
tribute to the m yield, but we lump into single-ex-
citation cases in which the w(P) recoils as a p(&)
while exciting the other particle.

The quantity n(M) gives the average number of
pions which decay from a nova of mass M. These
pions must be apportioned among the three possible
charge states, a procedure detailed in Sec. III.
Here we denote by n„(M) the average number of
negative pions expected from the decay of an n
nova. of mass M. We introduce (n„(n„—1)„, which
is twice the average number of pairs of m expected
from decay of an n nova of mass M.

The contents of this subsection are summarized
in the following expressions for the single-nova
contributions to do'/dy and d'o/dy, dy, for m pro-
duction in M, M, (7), m ):

large values of
~ y, ~, it is obvious that ~De two ob-

served m sometimes originate from two different
clusters. In a configuration such as that shown in
Fig. 2(e), the two novas may decay with pions
being emitted in a back-to-back fashion. In the
next subsection, we discuss our parametrizations
of Fig. 2(c).

C. Double-Nova Production

If we insist that one m is produced with large
~ y ~, kinematics suggest that it originates from a
light fast nova. Because the probability is small
for a nova with small M to give two n, it is likely
that if a second w is observed, it will have come
from a different cluster, moving in the opposite
direction from the first. Two-particle distribu-
tions d'o/dy, dy, with one y large are sensitive to
this type of double-nova excitation (as previously
remarked"). It remains, however, that single-
nova excitation (one nova per event) is dominant. "

The width (or dispersion) of do/dy is determined
by low-mass novas, which can seldom produce two
pions of the sa.me charge. Heavier novas, which
can give two m, are restricted by kinematics to
relatively small values of y. Thus, decay pions
from heavy novas also occupy the small y region.
To the extent that single-nova effects dominate,
d'o'/dy, dy, will be more narrow than da/dy. This
is supported by the data in Fig. 3, for small values
of y, . However, viewed as a function of y„d'u/
dy, dy, at large y, is as broad as d&r/dy, as ex-
pected if two cluster contributions are now sig-
nificant. Our physical picture then is one in which
dominant single-nova effects supply the bulk of the
distributions, particularly at small y. Their con-
tribution is supplemented by double-nova .effects,
whose role is particularly important in d'o'/dy, dy,
when either or both y are large.

When two clusters are formed in a given event,
it is not obvious that we should describe their ex-
citation and decay in the same way as we handle
the. single-nova case. However, to the extent that
the masses of the clusters are small, their pion
yields should be similar to those of novas formed
in a single-excitation configuration. We therefore
adopt the same p(M), n(M), and so forth.

For the double-excitation contribution to o. „,
we write

o';„)„=jt p, (M, )p2(M, )R(M„M,)dM, dM, . (2.15)

Here I, and M, are the masses of the two novas.
The function R(M„M,) scales the double-excitation
cross section as compared to the single-excitation
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FIG. 3. Two-7t inclusive distributions observed in 7t p (x, 7r ) at 18.5 GeV/c. Data are from Notre Dame (Ref. 9).
d o/dy& dy2 is plotted versus y2 for the following intervals of y&. On the left-hand side, (a) -0.2 & y& & 0.2, (b) —0.6
& yg & —0.2, (c) -1.0 & yg & -0.6, (d) -1.4 & y( & -1.0, (e) -1.8 &yg & -1.4, (f) -2.2 &yg & -1.8, and (g) —2.6 &yg &-2.2.
On the right-hand side, (h) 0.2 &y& &0.6, (i) 0.6 &y& & 1, (j) 1&y& & 1.4, (k) 1.4 &y & 1.8, (l) 1.8 & y& & 2.2, (m) 2.2 &y&
& 2.6, and (n) 2.6 & y& & 3. Solid curves are obtained from the nova model with 70% of Ome~ associated with single-nova
excitation [Figs. 2(a) and 2 (b)]; the rest is double excitation [Fig. 2(c)] . Only some of the curves have been drawn.

contribution, Eq. (2.11). We find it adequate to take a constant value for R, followed by a sharp cutoff
(R=O) if squared momentum transfers t(M„M, ; s) are larger than 1 (GeV/c)'.

For the double-excitation contribution to (n), we derive

s;„„(n) = f (M, )pp, (M, R( IM,M)ln, (M,)+n, (M, jdM, dI, . M

For m'P(m ), pp(v ), K'p(m ), therefore,

(2.18)

(n)h)o(i) + (n)h)oh)
qn g=

inel
(2.17)

where o,„„=oI'„'„+o~.'~„. The corresponding double-excitation contribution to do/dy is

do"'
p, (M, )p, (M, )R(M„M )dM2, dM, [ (Mn, )A, (M„y) + n, (M2)A, (M„y)] . (2.18)

The decay functions A;(M, y) are the same as those discussed previously [Eq. (2.9)], except that in the ki-
nematics the spectator mass is now that of the bachelor nova. The two terms appearing in Eq. (2.18) rep-
resent the fact that the observed n may originate from either of the two clusters formed in the event.

For d'o/dy, dy„we have three terms, which refer to our associating the two observed m to two different
clusters or to the same one. Specifically,
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Cf 0'

p, (M, )p, (M,)R(M„M,)dM2dM,
cfy jly2

x(n2(M2)n, (M,)[A2(M„y, )A,(M„y,) +A.,(M„y,)A, (M„y,)] + ( n, (n, —1))„A,(M„y,)A,(M„y,)

+(n, (n, —1))„A,(M„y,)A, (M„y,)) . (2.19)

Furthermore,

n „(n(n —1))™= f p(M ) p( M)R( M„M)d M d M(2n , (M )n (M ) + (n (n, —1))„+( n (n, —1))„). (2.20)

D. Normahzation and Calculated Distributions

The necessary ratio of c /a ' [cf.Eqs. (2.11) and

(2.15)] is determined by fitting shapes of distribu-
tions for w'P(w, w } shown in Fig. 3. The essential-
ly perfect agreement with data is obtained with the
value c' /v' =3/7. As mentioned above, the dou-
ble-excitation "correction" to dominant single
clustering is needed in order to reproduce the
width of d'o/dy, dy, when one rapidity is kept
large.

The single-particle distribution dc/dy for w'P(w }
at 18.5 GeV/c is shown in Fig. 1. Again, agree-
ment is excellent. Given our determination of

/&, we normalize our calculation to the ob-(2) (i)

served inelastic cross section of 21 mb. Thus,
normalizations of da'/dy in Fig. 1 and d'v/dy, dy,
in Fig. 3 are predictions of the model.

A similar procedure was pursued" for PP(w, w ),
a cleaner process to analyze inasmuch as only pro-
ton novas contribute and the single-particle distri-
bution dv/dy is symmetric about y= 0. Again, a
7/3 ratio of single to double excitation was found
to provide excellent agreement with the Michigan
State PP data. Results from Ref. 12 are repro-
duced here as Fig. 4. Also shown in Fig. 4 is the
explicit contribution from double excitation to
d'o/dy2dy, versus y„ for y, = 2.0. The pp calcula-
tion is normalized to the observed PP inelastic
cross section of 30 mb at 21 GeV/c; normalizations
of d'o/dy, dy, are predicted correctly. "

Two-particle distributions are more narrow than
single distributions, and thus give obvious indica-
tion of strong positive clustering (correlation) of
secondary m 's. However, this effect simply re-
flects the fact that d'o/dy, dy, receives contribu-
tions from heavier nova events yielding at least
two w (six prongs or more in PP or w'P), whereas
dv/dy is populated by a larger sample of events.
Over the momentum range10to30 GeV/c, the four-
prong cross section (only one w ) is particularly
large. In terms of the model, production of two

requires relatively heavy clusters, thus narrow
distributions in y of the decay pions. From a pure-
ly experimental point of view, the same conclusion
may be reached by comparing the width of d'&/

I

dy, dy, to that of do/dy limited to events in which
at least two m are found. Widths are then com-
parable. "

Another interesting way to examine clustering
i.s to define an associated multiplicity' ' '

cf0'„cf6'
( n(y) —1) = g n(n —1)

0'

cfy tfy:

Cf0'

dy
' (2.21)

I I I I I

PP = W-m-X 2l GeV/C yI=

)
)

)
)

a
b

Ola
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-2
I

0
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FIG. 4. Experimental distributions and nova-model
calculations for pP (~, 71 ) at 21 GeV/c. Data and theo-
retical curves are from Ref. 12. Double distributions
are plotted versus y2 for values of y~ in the intervals
indicated. Good agreement is obtained with the same
7/3 ratio, used for vr+p (n, x ). The dashed curve rep-
resents the double-excitation contribution which is ob-
tained for 1.6&y& &2.4 with 7f in a back-to-back con-
figuration.
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Because the averaged double distribution is nar-
rower in y than the single-particle distribution,
Eq. (2.21) should have a maximum near y=0. Re-
sults of our calculations are compared with Notre
Dame data in Fig. 5. Agreement is excellent.
This again indicates, through a slightly different
test, that our description of the clustering effect
is enough to explain observed positive correlations
among m 's. The observed effect, particularly
marked between distributions requiring only one
versus those requiring at least two m, is due to
the relative importance of low-mass novas. This
effect disappears slowly with increasing n, when
one compares distributions limited to multiplicity
with more than n and n+1 m 's, respectively.

do'~ 1 dp(M, ) (2.22)

M,' = s —2v s m r sinhy+ p, ', (2.23)

with

'ffIz =Pz + P,2= 2 2

For phenomenological reasons we have taken

The center-of-mass momentum is denoted by k;
and M„ the recoil nova mass, is readily evaluated
in terms of y and P~' as

, = p(M)B exp( —BPr')
dpT

(2.24)

E. Leading-Particle Contribution

1.2

1.0—

0.8—

0.4 —.
m+ p m -X I8.5

0.2—

0.0 I

-2
I

0

F&G. 5. Associated multiplicity, as defined in the
text, computed for 7( production in z+p collisions at
18,5 GeV/c. The curve is a prediction of the model.
Data points are from H,ef. 9. The agreement thus met
contributes to show that the clustering effect, already
inferred from the analysis of single-particle distribu-
tions, is enough to predict the observed correlation
effects.

If one of the observed secondaries can be a quasi-
elastically scattered particle, as in v P(s ), an
additional corresponding term should be added to
the single and double distributions. The leading
particle rapidity distribution is obtained in terms
of the excitation spectrum of the recoil nova; it
reads

with B= 4 GeV ' independent of M.
At fixed y, different values of P&' correspond to

different values of M. Since y depends very strong-
ly on P~' at fixed M, no prominent quasielastic
peak is obtained (Fig. 1). In order to see the peak
clearly, one has to consider separately small Pr'
intervals. "

Keeping only single-nova excitation and normal-
izing the calculated distribution to the total inelas-
tic cross section we obtain too strong a leading-
particle contribution. " This is another indication
that some double excitation is also present. Grant-
ing only 70/p of,„„to single excitation (as for w'P)

we decrease the calculated value of the leading-
pion distribution and obtain a good agreement with
the data shown on Fig. 1. Our estimate of the lead-
ing-particle effect could be an overestimate. " The
ratio o /o' which we used is a compromise which
could be modified were the shape and normalization
of the leading-particle contribution to change with
more accurate data. " As already emphasized" it
would be very interesting to examine data on the
slow proton recoil distribution which should offer
the most reliable determination of the actual
strength of single excitation.

To obtain dc/dy for v p(v ) we add three con-
tributions, from Eqs. (2.13), (2.18), and (2.22).
Our calculation for m P(v ), shown in Fig. 1, is
normalized to & „(v+p). The relative normaliza-
tion for m'P is a prediction of the model. The dis-
crepancy with the data seen for y &0 (for v P) is
related to charge-exchange effects neglected in
our calculation. " Such effects which should fall
with increasing energy (a,s opposed to the la.rge
difference found at low positive y) are much larger
for m p than for w'P processes.

The leading particle also contributes to double
distributions. Indeed for y, & 2, the observed m is,
in general, the quasielastically scattered m . One
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finds

' g~(Mo)A~(y„Mo)dPr'
d'cr kWs dp(M, )

dy, dy~ Mo

+ (1—2), (2.25)

where A~(y„M, ) is the pion distribution obtained
from the proton nova and n~(M, ) is the average
number of m from a proton nova of mass ~p De-
pending on the magnitude and sign of y„only one
term in (2.25) may be significant in the double dis-
tribution.

Upon including contributions from Eqs. (2.14),
(2.19), and (2.25), we obtain results presented in
Fig. 6. Although over-all agreement with data is
less spectacular than for m'P and PP, results are
acceptable for y & -0.8. For y & -0.8, normaliza-
tion difficulties are particularly evident. However,
these can be traced to the problem which we ex-
perienced for y&0 in do/dy, and which we dis-
cussed above. Improving parameters was not at-
tempted.

Our results for n'P and PP processes show that
the simple features we abstracted from single-par-

ticle inclusive data and imbedded in the nova
framework are fully sufficient for reproducing
more detailed information provided by two-particle
inclusive reactions. The clustering effect (small
inelasticity) inferred from single-particle spectra
plays an especially significant role at the two-par-
ticle inclusive level. This is an important result,
but, at the same time, we may conclude that be-
yond confirming features of single-particle data,
Present data on d'o/dy, dy, do not reveal any new

specific dynamic phenomenon.

F. Correlation Function

It may seem practical to summarize the informa-
tion which is contained in the double distributions
in terms of a correlation function C(y„y,). How-
ever, its interpretation may not be too transparent
at energies where the mean multiplicity of the ob-
served secondaries is 1 or 2. Consequently the
shape and normalization of the correlation are
quite sensitive to its definition. The conventional
definition is

20.0

l.0
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FIG. 6. Distributions for x p(vr, ~ ) at 18., 5 GeV/c. Data from Notre Dame (Ref. 9) are plotted for the following
interval ofy&. On the left-hand side, (a) -0.2&yg & 0.2, (b) -0.6&yg & -0.2, (c) -1.0&yg & —0.6, (d) -1.4&yg & —1.0,
(e) -1.8&y& & -1.4, (f) -2.2&y& & -1.8, and (g) -2.6&y~ & -2.2. On the right-hand side, (h) 0.2&.y& & 0.6, (i) 0.6&y&
&1.0, (j) 1.0 &y& & 1.4, (k) 1.4&ye& 1.8, (1) 1.8&y~ &2.2, (m) 2.2&ye & 2.6, and (m) 2.6 &ye&3.0. Theoretical curves
are drawn for y&= 0.4, 1.2, 1.6, 2.0, 2.4, and 2.8 on the right-hand side, ind for y& =0, -0.8, -1.2, —1,6, -2.0, and
-2.4 on the left-hand side. Discrepancies can be related to charge-exchange effects as already evident on Fig. 1.
Normalization as well as shapes are predictions of the model.
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value n(M} relative to fluctuations arising from
production of (w's ) or (sos') pairs, which affect
n (M) directly

For low multiplicity (small M), charge effects
are relevant. Proton and m' novas produce fewer
s than Eq. (3.1) s.nd s novas give correspondingly
more. For positively charged novas, reasonable
interpolations are

and

(n (n —1))„=v(N 1)(N--3) .

(3.3}

(3.4)

n (M) = ~(N+2) (3.5)

&6—0
Cfl

CL
CL 4—
I-
Ch

4J
R

~ MSU

+ ECHO LAKE

x SERPUKHOV

c3 ISR pp = yX

Comparisons with some explicit decay chains show
that these approximations are quite decent. In cal-
culations of w P(s, w ) and PP(s, s ) reported in
Sec. II, Eqs. (3.3) and (3.4) were employed.

For negatively charged novas, one extra w

should be added to the right-hand side of Eq. (3.3),
a result obtained most simply from a consideration
of charge conservation. Thus, for the number of
w from w novas, we use

(n (n —1))„=v(%+3)(N- I) . (3.6)

Our estimates are crude, but from an examina-
tion of explicit decay chains, we estimate a 20/o
reliability in (n(n —1))„for ¹6,adequate for our
purposes. Inasmuch as all quantities of interest
are computed averages over n(M)p(M) or
(n(n —1))„p(M), a more refined approach is not
justified until p(M) is given a more exact form.

As described in Sec. II, Eqs. (3.3) to (3.6) lead
to good agreement with shapes and normalization
of do/dy and d'c/dy, dy, at fixed s. We now turn
to the energy dependence of (n) and (n(n —1)),
quantities which normalize «/dy and d 'o'/dy, dy,
[cf Eqs. (1.1) and (1.2), respectively]. The quan-
tity (n(n —1)) is more model-dependent than the
shapes of spectra.

1.2— ~ MSU

1.0 — x SERPUKHOV

0.8- H ECHO LAKE

0.6—

0.4—

0.2—

B. Energy Dependence

Our calculated values of (n) and ( n(n —1)) are
compared with 18.5-GeV/c s'P data in Table I.
Calculated values of (n) and f, = [(n(n —1)) —(n)']
are compared with PP data in Figs. 8(a) and 8(b).
Agreement with s P and PP data in the 10 —30-
GeV/c momentum range is quite respectable.

As remarked in Sec. II, our model is constructed
to give a mean multiplicity (n ) which grows log-
arithmically. Indeed, at asymptotic energies, we
predict (n )-0.Vins. For (n(n —1)), the nova. mod-

I I I I I I I
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PLAs {GeVic)
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I

-0.2—

-0.4—

I 0 20

s -+-
100 200 500 1000
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FIG. 8 (a) Mean number of ~ for inelastic pp collisions as a function of laboratory momentum. Data are from
Michigan State (Ref. &2), Serpukhov (Ref. 43), Echo Lake (Ref. 26), and ISR (Ref. 45). For both Serpukhov and
Echo Lake, we use (n ) = 0.5 ((n'") -2) snd for ISIt we take (n ) = (n ), assuming that all y rays come from 7t

decay. The solid curve is a prediction of the nova model as described in the text. The mean multiplicity is severely
determined by the pz and y distributions. (b) Quantityf 2

——(n (n —1)) —(n ) as a function ofp&b. Both numbers
refer to inelastic collisions. The solid curve is a prediction of the nova model. Echo Lake and Serpukhov points are
derived from prong cross sections. Were our disagreement with Echo Lake considered serious, it may mean that the
pion yield of a very large nova cluster ceases to be linearly proportional to the excitation mass as we assumed it to
be.
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el, in common with all the diffractive fragmenta-
tion models, ~"predicts an asymptotic increase
with energy of the form (n(n —1)) ~ v s. [In our
model (n(n —1))„p(M) goes to a constant at large
M; thus ( n(n —1)) u fd M = Ws.]

By contrast, in multiperipheral"' "and other
weak correlation models (n(n —1))~ lns, or ln's. '

Referring to our discussion of the nova model in
Sec. IIA, we observed that the prediction (n(n —1))
~ v s is actually not demanded by our phenomeno-
logical input. Beginning with the fact that symme-
try in the nova decay frame suggests n(M) ccM, we
chose p(M) ~M ' to guarantee (n) ~ lns (and an as-
ymptotically energy independent u. „). However,
symmetry is almost forced on us by small inelas-
ticity and the universal P& dependence only for
reasonably small p„b (&100 GeV/c), i.e., for M
not infinitely large. We have no way of knowing
whether n(M) ~ lnM [and p(M)-M ' (lnM) '] would
be more appropriate at very large M." This form
would be suggested if the "decay" takes on a one-
dimensional character" in the nova rest frame,
as might be appropriate at very large s where
(P~)»(Pr). (If this is true f, would increase log-
arithmically after an initial sharper rise. )

For reasons of phenomenological simplicity, we
stick to p(M) ~M ', for all M at all values of s.
Thus, we are able to make predictions not only
for asymptotic s dependence of (n) and (n(n —1)),
but we can also give sPecific values for these quan-
tities in the ISR and NAL energy ranges. Some
support for the relevance of fragmentation models
at ISR energies comes from the observation that
in PP collisions the large (w /m ) ratio is consis-
tent with being energy-independent at 0.25 & x& 0.3
between 24 and 500 GeV/c. ""This observation
has, however, very little implication for multiplic-
ity growth. It is remarkable that "asymptotic"
forms such as (n) —lns and (n') -v s are actually
obtained from our medium-energy numerical
calculations.

Predicted values for (n) and (n(n —1)) for v'P
at 100 GeV/c are given in Table II. Here n always
refers to m production. For PP collisions, results
given as a function of energy in Figs. 8(a) and 8(b),
are contrasted with available data. " Note that our
predicted multiplicity distribution, which is nar-
rower than Poisson (f,& 0) in the momentum range
p„„&30GeV/c, has become broader than Poisson(f,
&0) by 100 GeV/c. This occurs for both pp and
7r'P.

In Fig. 8, our values for (n) and (n(n —1)) are
in reasonable agreement with recent Serpukhov
data. " For (n), we are 1 to 2 standard devia-
tions too high in comparison with Echo Lake
data"" and too low in comparison with ISH
data. " However, both experiments are subject

TABLE II. Predicted values for w'p at 100 GeV/c.

100 GeV/c

(n (n —1))

2.31

6.86

3.27

11.33

to some systematic error. Our most obvious
disagreement with present data is seen clearly in
Fig. 8(b), where we are a factor of 5 or 10 stan~
dard deviations too high in comparison with Echo
Lake results4~ on f, at 200 GeV/c. If these Echo
Lake data are correct, they would seem to rule
out absolutely the predicted s dependence (n(n —1))
cc v s. As remarked above, this would eliminate
all pure fragmentation models, ' "unless they
abandon claim on present machine energy results.
Our quantitative predictions for (n(n —1)), based
on specific fragmentation model which reproduces
data in the 10-30-GeV/c range very well, under-
score the crucial importance of early measure-
ments of (n(n —1)) at NAL and ISR.""More im-
portant than statistical accuracy is the obvious
need to avoid systematic bias for cross sections
with large prong number, a bias which could sig-
nificantly raise or lower (n(n —1)).

IV. OTHER CORRELATIONS AND DISCUSSION

n& (M) =0.06+0 014(M —M.,z),
(4.1)

The general ideas and specific procedures de-
scribed in Secs. II and III can be applied easily to
other cases to check if the picture of particle pro-
duction which has been incorporated into the nova
model is generally applicable. We therefore com-
ment on a number of different correlation experi-
ments.

Our detailed study of two m correlations was
motivated by the availability of experimental in-
formation and supported by the special interest
offered by an exotic system. There are no strong
final-state interactions superimposed on the pro-
duction process proper. This latter point would
also apply to K'p(K', v ) reactions. The relatively
low yield of K' from proton novas, compared to
K' novas, causes the distributions to be shifted to
positive kaon rapidities but, otherwise, many fea-
tures, already found in two w correlations, should
also be met. We have calculated double rapidity
distributions for the reaction K P(K', v ) at 16
GeV/c and present them in Fig. 9. We have used
the equations of Secs. II and III. The number of
E' obtained from K' and proton novas, respective-
ly, are taken to be"

0
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Io)
K+p = K m-X l6GeV/c
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FIG. 9. Double rapidity distribution calculated for the
reaction K+p (K, n. ) at 16 GeV/c. The quantity d 0/
dy~dyz is plotted versus y~ for four different values of
yz. These distributions are presented as an illustration
of the trend which should be observed, since our treat-
ment of kaon production from a proton nova involves
extra assumptions. The transverse motion of the nova,
no longer negligible here, should also give some extra
effect on the kaon rapidity distribution.

where M,„ is the threshold mass for decay of a
proton into a K' and Z' system. The kaon excita-
tion spectrum is assumed to have the same gener-
al shape already used for pion and proton excita-
tions. Just as for pion induced reactions, the
ratio Cx/C~ is 2. We present this calculation in
order to stimulate a more detailed comparison
with possible data. Hypercharge exchange should
provide relatively larger correction terms than
those met with pion-induced reactions (Fig. 1).

Correlations for m'm or K m systems would be
interesting. They should show some resonance
effects but confirm the main features already
found for two pions with the same charge. At
present machine energy n'm double distributions
will be normalized at a much larger value. Cor-
relations between final baryon and meson (or two
baryons in PP collisions) would also be extremely
useful. They would in particular provide further
insight on the leading-particle effect.

The use of rapidities instead of the Feynman
scaling variable x has some obvious kinematical
advantages since the peak at small rapidities is
compressed into an even sharper peak in an
(x„x,) distribution. On the other hand, the x vari-
able is better for examining leading-particle ef-
fects because of the more accurate determination
of the nova mass for fixed x, expected after aver-
aging over P2'. In any case the strongly peaked
shape of the two-pion distributions in x, and x,
may show directly some interesting features. " Be-
cause of our success with the rapidity distribution
we expect an equally good quantitative representa-
tion of the main features when displayed in terms
of x, and x2. In particular, we may draw contour
maps in x„x2 for a 3-dimensional presentation of
the logarithm of the inclusive double distribution.
It is remarkable that at 16-20 GeV we obtain an
approximately pyramidal structure at relatively
low x values with roughly planar surfaces in the
separate quadrants (x, ~&0; x, &&0).

Our model does not predict dynamical correla-
tions between the transverse momenta of the sec-
ondaries (two w in Sec. II). The nova decay is
statistical and the inclusive distributions approxi-
mately factorize in y and Pr'. As a result d'o/
dPr 'dPr ' should generally peak at Pr ' = 0 for any
small value of P~,'. Nevertheless, if we associate
secondaries with large P&' to long jump decays, "
some correlations could show up. Since long jump
decays are relatively infrequent down each decay
chain, the P~

' distribution at fixed and relatively
2

2
large P~ should be narrower than when averaged

1
2over all observed P&, values. In general, how-

ever, little correlation is expected besides that
imposed by momentum and energy conservation.

Correlations in P have been studied in several
cases already: K'p(K', m ),"K p(K', w ),"and

PP(v, m ).""In all reactions little correlation
in P has been observed beyond that expected from
phase- space considerations. Reported results
are in agreement with what was expected from the
nova model. " This may test our sequential decay
picture but the observed features are presumably
even more general.

As P~' is increased, the distribution should fall
more rapidly in y, at least in the range of validity
of Eq. 1 [Pr'&0.3 (GeV/c)']. Thus, the rapidity
correlations restricted to larger Pr' [Pr'&0. 1
(GeV/c)'] should be much stronger (fall off more
sharply with y) than those for smaller Pr'. This
expectation is almost obvious from the single-par-
ticle rapidity distribution as a function of P& .
This effect is observed experimentally. '

In conclusion, it appears that the small inelas-
ticity, rapid scaling, and universal P~' distribu-
tions observed at present accelerator energies are
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adequate for understanding the key features of cor-
relation data. No further dynamical feature seems
to be of any relevance within present accuracy.
The nova model, which embodies these features and
provides a practical calculation scheme, appears
successful. As already stressed, measurements
of (n), and in particular of (n(n-1)), performed
with increasing energy would provide extremely
useful information. The strong clustering effect,
ascertained at present machine energy, may con-
tinue to hold at NAL energy or gradually disappear
into a multiclustering mechanism with weaker cor-

relations which could become dominant at much

higher energies.
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