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We investigate the invariant and helicity amplitudes for A +B—C +D, where A, B, C, and
D are JP =}* particles. New variables are introduced to simplify the otherwise complicated
expressions for the regularized, parity-conserving helicity amplitudes in all three channels.
Simple algebraic methods are used to derive the equivalence theorems and the Fierz trans-
formations for four spinors. The reduction of this general formalism to describe hyperon-
nucleon scattering (e.g., ZN— AN, TN —ZN) is immediate.

I. INTRODUCTION

The study of hyperon-nucleon scattering is a nat-
ural extension of the old and thoroughly studied nu-
cleon-nucleon problem. For example, one might
like to see a strange (virtual) bound state similar
to the deuteron in the low-energy region. Also, at
high energies, a Regge-pole and/or -cut analysis
may be appropriate; hence more experiments with
high-energy hyperon beams are welcome.

There exist good review articles on hyperon-nu-
cleon scattering.! It is clear that the kinematics is
fairly complicated. On the other hand, the problem
of anomalous thresholds,? which do occur in the s
channel of ZN— ZN and ZN-~ AN (but not AN—~ AN),
must be settled, in view of its potentially important
effects on the low-energy parameters.

In this first part of two articles on hyperon-nu-
cleon scattering, we try to standardize the invari-
ant and helicity amplitudes for a general 3 +3— 3
+% (all positive parity) scattering,® by examining
their relations in all three (s, , and «) channels.
The reduction of the eight independent invariant
amplitudes to six for elastic scattering (e.g., =N
- ZN), and to five for NN— NN, is well known. It
also emerges quite naturally in the helicity formal-
ism.

Invariant amplitudes are most suitable for a dis-
persion-relation approach. The absence of kine-
matic singularities in the invariant amplitudes can
be directly “proved” by examining the explicit s-,
-, and u-channel helicity amplitudes (h.a.). Helic-
ity amplitudes, in addition, are feasible for a par-
tial-wave decomposition in both the direct and the
crossed channels, which is necessary for a full
phenomenological analysis in the low- and high-en-
ergy regions, respectively.

When evaluating the s-channel h.a., say,

[7( pz)u(pl)][ﬁ(kz)u(kl)], in the center-of-mass
(c.m.) frame of p, (p,) and k, (k,), the resulting
expressions are very messy. Two reasons are re-
sponsible for this complexity: (i) p, (k,) and p, (k,)

6

are not collinear, and (ii) they do not have the
same magnitude of momentum.* The situation
changes completely in the f{-channel c¢.m. frame of
k, and -k, (to evaluate [@( p,)v( p,)|[T(k,)u(k,)]), as
well as in the u-channel c.m. frame of k, and -p,
(to evaluate [#@(k,)v( p,)|[( p,)u(k,)]). These latter
circumstances therefore simplify the algebraic
manipulation greatly. This fact makes possible an
algebraic derivation of the equivalence theorems®
and the Fierz transformations,® by means of the ¢-
and u-channel h.a., respectively.

In Sec. II we evaluate the s-channel h.a. in terms
of eight invariant amplitudes for a general A +B
- C+D. The specialization to hyperon-nucleon
scattering can be easily made. In Sec. III the h.a.
in the ¢ channel are calculated. As has been men-
tioned, the resulting expressions are simpler due
to the collinearity in the momenta. This allows for
a simple algebraic derivation of the equivalence
theorems for four spinors. The same observation
leads to another algebraic derivation of Fierz
transformations using the u-channel h.a. in Sec. IV.
The correctness of these u-channel h.a. (as as-
sured by yielding correct Fierz transformations)
serves to check the algebra of the complicated s-
channel h.a. (Sec. II) via the “crossing symmetry”
between s and . A summary is given in Sec. V.
Finally, the Appendix lists the definition of the
eight regularized, parity-conserving h.a. in all
three channels.

II. s-CHANNEL AMPLITUDES

Consider the process

A(pu 7\1) +B(k1, Hl)"’c(pzy )\2) +D(k2, Hz)y (1)

where A, B, C, and D are J¥=3" particles with
momenta and helicities (p,, X,), (B, 1y)y (Do Ap),
and (k,, u,), respectively. The s-channel scatter-
ing amplitude T° can be decomposed into eight in-
variant amplitudes:
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with
0,=191, 0,=Y® 75,
Os=7u® vy, 0=ty ®ivs7y,

05=30,,80,,, Os=iy:K®1-18iy-P, (3)

O,=v5ty " K® ys+v;® vs¢v* P,

Og =5ty " K® v5 = ;@ v5iy * P,
where P=%(p,+p,) and K =3(k, +k;).> The second
set O] of spinor covariants is related to the first
set 0; by
0} =0;, i=1to 6,
04 =5(0,+0g) =vsiy "K® v,

(4)

and
Oé :%(07 - Os): 7’5® Ysiy ‘P,

It will be shown later that F; and Fj are more con-
venient than F, and F, from the point of view of
s+ u crossing, when A =C (or B =D).

To evaluate the helicity amplitudes in the c.m.
frame [Fig. 1(a)], we use the phase convention of
Jacob and Wick.® The typical spinor for A(p,, A,) is

ualp )= 2m (B m 25104 (6)
where m 4 is the mass of particle A,

E =(s+m 2 -mg?)/2sY2, (6)
and

pa2=ls=(ms-mpPlls—(m +mpPl/as. (7)

The other three spinors can be obtained from (5) by
performing proper rotations and by multiplying
with suitable phases.

Because of the unequal-mass kinematics, a
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FIG. 1. c.m. frames for the s, ¢, andz channels.

straightforward calculation of the h.a. with (2) and
(5) is rather awkward. We therefore introduce the
following quasivariables between a pair of collinear
particles (A and B, C and D, in the s channel);

E;; :%[S "(mi _mj)z]llz,

my;=E(m;+m;)/s"?, @)

pis=3ls = (m;+m;P]V2,
Ay =pis(my—my)/s'?,

which reduce to E;, m;, p;, and zero, respectively,
when m ; =m;. (Note that A;; =-A;;.) Although just
E g, Pany Ecp, and pqp should be enough, we add
M 45, Aaps Mep, and Ay to facilitate easy manipu-
lation in the actual calculation. It also eliminates
the explicit s dependence of the h.a., and maintains
a high symmetry in the resulting expressions.

The eight regularized, parity-conserving h.a.
(see the Appendix) thus read

f1==F(PapPcp+BapAcp)=Fa(Papbep=2anlcp) +2F3(2pap Pep— A s Acp) = 2F (2D 45 Pop+ A 45 Acp)
+6Fspapbep +Fel PaEsnAch+PcAspEcp+W(PasBep+Bapbep)]

+F7[‘PAm aBDPcp+PcPapMep +D(PapBop=Ayp pcn)]
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+Fo[=paEapBcop+boBDapEco=W(papAcp=Aasbep)l
+ €080, { F(Exp Ecp+m apmcp) +Fo(Egp Ecp—m qpmecp) +2(F3+F)m gpmcp+2F,E pEcp
+F6[PAAABECD+1’CEABACD +D(Egpmcp+m 45Ecp)]
+Fo | pabasMcp=—Pom apbop+W(E spmep=m 45 Ecp)]
+ Fol p484pEcp=PcEapBAcp—D(Epmcp=m 45 Ecp)l},
fe=F(EspEcp+m apgMcp)+Fo(E pEcp=m qpMcp) +2F3(2E 4p Ecp =M gpM cp)
—2F,(2E4pEcp+m apMcp) = B8FsE pEcp +FelpaAasEcp+PcEaplcp +D(E pmcp+m 4p Ecp)l
+ Pl pabasmep—pemasbep+W(E 5mcp—m 45 Ecp)]
+Fol padapEcp—PcEspAcp—D(Egmcp=m 45Ecp)]
+c080,{ =F,(papPop+DasAcp) = Fo(PapPop—BapAcp)+2(Fs+F)A g Acp—2F; pap Pop
+Fo[paEspBcp+bcBanEcp+W(PanAcp+A4nbep)]
+Fol =pam 45 pep+PcPanMep+D(PasBcp =D apbep)]
+Fl =paEapBcp+PcAanEcp=W(papAco—Assden)l},
f3=F\(EqpEcp+magmcp)=Fo(E pEcp=m apMcp)+2(F3+F ) E g Ecp+2Fsm qgMcp
+Fo[paBapEcp+pcEapBop+D(Epm cp+m a5 Ecp)]
+F [ =pabanmep+Pcm anbop=W(E 45mcp=m 45Ecp)]
+Fs[ ~PaBasEcp+PcEapAcp+D(E pmep—m 45 Ecp)l, 9)
Fa==F(bapbcp+BapBcp) +FoPapPop=ABaplcp) +2(Fg+F,) panpep—2F58 45 A0
+F6[pAEABACD+pCpABECD +W(PasAcp+A 4p o)l
+F [ pam apPop =D PasMcp=D(PasBcp=BapPep)]
+ Fol paEapBcp=PcBanEcp+W(PpanAcp—Ausen),
fe==F(Ep pmcp+m g5 Ecp) +Fo( Eqpmcp=m 4pEcp) = 2(F, +E4)Eaamcu —2F;m 4 pEcp
+Fq —PaBapMmcp—DPcmapBAcp—D(E 4 Ecp+m apmep)l
+FlpabasEcp+PcEapPep+W(E sz Ecp=m gzmep)]
+Fa[pAAABmCD +Pcm 4B ACD—D(EABECD_mABmCD)]’
fe==F(papAcp+BapPcp)+FoPapBep=Bapbep) +2(Fg+F ) papAcp—2F;8 45 Pcp
+F [ paEspbep+PcbanEco+W(Pasbop+8a58cp)]
+F [ pamapBop+peBapMop—D(Papbep=Basbep)
+Fo[ paEapbcp+bcPanEco+W(panbop—AasAco)l,
fa=F(Eapmcp+ M apEcp)+Fo(EqpgMcp =M 4p Ecp)+2(Fy+F )M 5 Ecp+2F Esgmep
+Fol paAagMep+pcm 45 Acp +D(E 5 Ecp+m 4pmcp)]
+F [ papanEcp+PcEapPop+W(E 43 Ecp—m s5mep)]
+Fa[PAAABmCD +pcM 4pBop=D(E 5 Ecp=m 4pmep)l,
fe=F(bapAcp+BapPcp) +FoPanBop=BapPop) =2(Fs+F)ByupPop+2FspapAcp
+Fl =paEanPcp—PcPasEcop~W(PasPop+BapAch)]
+F [ pamspAcp+DcAapMcp=D(pasPop=Baslcp)]
+F[ paEspbep+DcasEco+W(PasPop—AssAch)],

where
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W=3(E s+ Ep+Ec+Ep)=s?, (10)

D=3(E s+ Ec=Eg=Ep)=5(m 2 +m%—mz?—mpy2)/s"2, (11)
and

cosf, =[s(t—u)=(m 2 =m2)m2-mp))/4sp,pc - (12)

To describe AB—~CB (e.g., ZN- AN), we simply put D =B [not to be confused with the D in Eq. (11)].
There remain eight independent amplitudes. To arrive at elastic scattering AB~AB, in addition to putting
C=A and D =B in (9), we must also include time-reversal invariance. It requires f,=-f, and f =~f,,
which in turn rules out F, and F; (not O, and Og). Finally, for the case NN- NN,” we have all A;; =0 and
fs==f¢=0 (spin conservation). The last condition eliminates Fi.

B Starting from expression (9) for the f; one is able to write down kinematic-singularity-free amplitudes
fi- These f; are linear functions of the F; with coefficients that are just polynomials in s, ¢, and the
masses. For example, f, reads, in terms of s and the four masses,

Fo=tls = (mp + m P25 = (mg + m p] 257172

X{=F(m g=mg+mg=mp)=Fy(my=mg=mc+mp)+2(Fy+F ) me—mp)

_2F5(mA—mB)+2F6[s_%(mA_mB_mC +mpY]

—Fr,%(m,ﬁ' Mp=Mg=mp)My—Mpg=m;+ mn)+2Fs[S —i(my—mg+mg 'mo)z]}- (13)

Clearly fq= fsSY2/pasbop is free of all kinematic
singularities if the F; are. This can be done for
the other f;’s in an analogous fashion. One then
finds that the kinematic-singularity-free ampli-
tudes f; are given by

f1=Ff1SbasPcp, F2=F2SEasEco,
Js=F5S/EapEcp, Fu=fsS/Pasbons (14)
Fs=f58"/EspEcp, Fo=fcS"?/Pasbcns
F1=F15"2/EasEcp, fa=Fs8"*/Pasbon-

That one is able to factor out of the f; a term con-
taining all the s kinematic singularities partly
“proves” that the F; are the correct invariant am-
plitudes. (A complete proof would require that the
same procedure is possible also for the {- and u-
channel h.a.; this will be discussed later.)
However, one has to be careful and realize that
the expressions (14) for the f; are true only for the
general case in which all four masses are differ-
ent. When a pair or more of the masses become
equal, the expressions for the f,- will assume, as
is well known, a different form. This is because
some of the kinematic singularities in (9) are auto-
matically removed if some of the masses are
equal. Also one must set F,=F;=0 for elastic
scattering, no matter what coefficients they have
in (9). In all these mass-degenerate cases, there-
fore, the best way to proceed is to investigate the
properly reduced f;, and then extract the correct
f,; directly therefrom, rather than modifying (14).
A partial-wave expansion for the f; is trivial, if
use is made of the d functions.® The partial-wave
amplitudes are used for analyzing experimental

—
data in the low-energy region. Inversion of the F;
in terms of the f; then incorporates the experimen-
tal data in the invariant amplitudes F; for phenom-
enological analysis. The inversion is not easy, un-
fortunately.

At high energies, the asymptotic behavior for the
F; can be deduced from the Regge-pole model
(Secs. III and IV). If the conjecture of s-channel
helicity conservation® is assumed (for diffractive
processes), all but F,; and F, will decouple from
the leading trajectories. All eight F; then satisfy
unsubtracted dispersion relations. Furthermore,
only F, would survive asymptotically,® if there is
asymptotic helicity independence, i.e., (++|T%|++
o (4= | TS| +=).

In a perturbative calculation, one often faces the
problem of developing covariants such as iy ‘K
®iy+-Pand iy K®1+1®iy+P, etc., in terms of
the eight standard O;. These are called the equiv-
alence theovems.® An algebraic derivation is pos-
sible, namely, by invoking the eight independent
equations obtained by evaluation of the various he-
licity “matrix elements” for, say,

8
l')/'K® i'}"Pz Eaioi (15)
i=1

on both sides, and solving for the eight a;. This
method is not practical here in the s channel, be-
cause none of the coefficients of the a; are zero,
as is evident from (9). It turns out that, if we con-
tinue Eq. (15) etc. to the ¢ channel, many of these
coefficients in the continued equations do vanish.
We shall come to this point in the next section.
Likewise, for a u-channel exchange diagram, it
requires a Fievz transformation® to bring the am-
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plitude to the eight standard O;. Again an algebra-
ic derivation of the Fierz transformation is possi-
ble with less effort if we employ the same trick.
We shall see that we will gain more if, instead of
the ¢ channel, we go to the # channel (Sec. IV).

Before closing this section, we would like to re-
mark that, although the formalism to be used be-
low for describing the {- and #-channel amplitudes
does not differ much from the s-channel one, the
physical content of each channel is certainly differ-
ent. As a result, we deal with each channel sepa-
rately.

III. :-CHANNEL AMPLITUDES

By ¢-channel [ D(=ky, 113) +B(Ry, ;)= C( by, Ay)
+ A(~p,, A})] amplitudes we mean

(bDas N3 =Dy M| T | =gy g3 oy 11y
8
== E [Ec(pzy )\2)0(&1)”.4(91: )‘{)]
i=1
X (D kg, 13)0P up(Rry 11)IF (s, 1)
(16)

with the same F;, 0{”, and 0® as in Eq. (1).

We consider the crossed channel (by means of a
boost plus analytic continuation) mainly in order to
deduce the high-energy behavior for the F;, rather

than to actually study antihyperon-nucleon scatter-
ing. If the latter is the case, we should directly
start with

A(p,)+B(k,)~C(B,) +D(ky), 1

with p,, %,, b, and %, having nothing to do with p,,
ki, by, and k, in (1).

The evaluation of the h.a. in the c.m. frame of
the ¢ channel [Fig. 1(b)] is expedited again by in-
troducing eight quasivariables E;;, m;;, p;;, and
A,;, which now read

Eyy =[t=(m; —mj)z]l/z s
myy =Ey(my+m;)/t"2, (18)
piy=[t = (m;+m, ]2,
Agy=pyy(my—m,)/t/2,
where ij = AC or BD.'® Using for the antiparticle
D with helicity p, the spinor
vp(Rys 13) ..
= (=1)V2H8[2m o (E p + m )] V2 ( ;DiD::LzD> ,
(19)
the eight /-channel regularized parity-conserving

h.a.! are given, in the notation of (16) and the
Appendix, by

81=F pacPpp—F3BacBpp—Fe3[(Ex—Ec)pacAsp=(Ep=Ep)A e Papl
+cosé, [FsmACmBD +F E cEpp=Fo(paPac™Mpp =DM sc PBD)];
8 ==F3EqxcEpp=F mcmpp~(Fy+Fg)5(Eg—Ep)M g Epp— (Fy = Fg)3(E .= EC)E scMpp

+coso, [F4AAC App=Fspacbpp = (Fr+Fg)pgAacEpp— (F'r —Fg)paE s ABD]’

g3=F3E c Egp+Fsm o Mpp,
84=Fy4bacPep=FsDucBpp,

8= —F3mgcEpp—FsEscMpp+FcPpaPacEpp,

86=—FyBacPrp+FsbacBpp+(Fqe=Fg)paEscPaps

&1=F3EpcMpp+Fsm yc Egp+FoppE 40 Paps

&e=F,Paclpp=FsBacPpp=(Fr+Fg)papacEnp,

where
E =(t+m 2 —-m?)/2t2, (21)
pa2=[t=(mo=mPl[t = (m,+m ) /4t, ete.,
(22)
and

cos,=[t(s —u)+(m 2 —m2)(mg%-m2)| /4t p, ps .

(23)

(20)

Obviously Eq. (20) is much simpler than Eq. (9).
The simplicity is essentially due to the collinearity
of p, and p, in [7:(p,)0 v (p,)] and of &, and &, in
[7p(ky)0P us(k,)]. Thus even for a general DB~ CA
with four different masses, the task of inverting
the F; in terms of the g; now poses no problems.
This result is quite useful.

The reduction of (20) to describe hyperon-nucle-
on scattering is also tremendously simplified.
First, although we still need eight amplitudes for
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BB -~ CA (e.g., NN~ AZ), a simplification already
occurs because Az, =Agzp=0. For the reaction
BB~ AA (e.g., NN-3Z) one has Agp=A,;=0 as
well as C invariance. The C and P invariance to-
gether require gs=g,=0, so that (F, - Fg)=(F,+F,)
=0, or F,=Fy=0. The well-known NN- NN, in
addition, acquires an extra condition g,=-g;; con-
sequently F¢ also needs to vanish.

By definition the g;’s are free of the kinematic
singularities in s. If the F; are invariant ampli-
tudes, we can factor out of the g; in (20) the terms
containing the remaining kinematic singularities in
t, and obtain the regular amplitudes g; as follows:

&= &itbPacPps 8= &lEacEpp,
Z3=8sl/EscEpp, Z4=8:l/Pacbsps (24)
Z5= 85t "*/EacEsp, Bo=&t"*/bacPsp,
Z7=8:2"?/EscEpp, o= 8t "*/Pacbsp-

That we are able to define these g; is the second
part of the proof that the F; have been correctly
chosen.

For the mass-degenerate reactions, BB~ CA,
BB~ AA, and NN~ NN, the limit in (24) (obtained
by putting D =B, C=A, etc.) may not yield the cor-
rect regular amplitudes g; for the desired process.
This point we have explained in the previous sec-
tion. The correct procedure to follow is to make a
pertinent reduction in the original g; [Eq. (20)] and
factor out the explicit ¢ singularities from these
mass-degenerate g; directly.

Reggeization of the g; at fixed ¢ yields the asymp-
totic behavior for the F;: F,, F,~s*® F  F,F,,
Fg, Foy Fg~s%9~1 The number of subtractions
needed in a dispersion approach for each invariant
amplitude can thus be inferred. It also allows for
investigations such as the conjecture of asymptotic
s-channel helicity conservation, in which case all
F; would satisfy unsubtracted dispersion relations
(Sec. 1II).

The inversion of the F; in terms of the g; is nec-
essary anyway, to examine kinematic constraints
such as conspiracy, evasion, and so on. Since the
inversion of Eq. (20) is really feasible, we are able
to make some applications. That is, we are able to
derive the equivalence theorem and the Fierz
transformation for four spinors by an algebraic
method.

Continue, say, both sides of Eq. (15), i.e.,

8

l’}"K@lY'P‘: Ea,—O,-’ (15)
i=1

|o»

to the ¢ channel, so that u,(p,, A,) becomes

v4(P1y Ny), Tplk,, 1y) becomes Tp(k,, 113), and p, (k,)
iand p, (k,) are collinear [Fig. 1(b)]. We obtain
eight new independent equations, the right-hand
sides of which are the same as those in Egs. (20)
with (—F;) replaced by the g;. If we denote the
left-hand sides by L;, clearly we can first solve
for a,, a;, and ag from L., L,, and L, simulta-
neously. The rest can then be easily computed,
one by one, with the other L;. We find

a,=0,

ay=5(m o +me)(mpg+mp),

ag=5(s —u),
a4=§[(m4—mc)2+(m3 —mD)Z—t], (25)
aszi(ma_mc)(ma—mn):

ag=0,

a;=3(=m 4 +mc—mp+mp),
ag=5(my=mg-mpg+mp).

The same procedure, when carried out for

4 8
W, + Zbioi,
atmpgtme+mp ;o

iy K®1+1®iy-P=

(26)
yields
b,=-i(s—u),
by==i(s—u),
s=i(m+me)(mp+mp),
e=ilmy=mc)mp—mp), @7)
s=4t,

6 —i(my+me —-mp—mp),

e==(my=mc+mp-mp),

(Sl R~ R
1l

g=—(my—mc—mp+mp).

While this kind of derivation for the equivalence
theorvems may not be the most general one, it is
clearly a bonus in the course of evaluation of the
t-channel h.a. Moreover, we realize that, due to
the correlations among the ; (or b;) to yield an
acceptable result like (25) [or (27)], any mistake
made in the computation of the O; in (16) and (20)
can be detected easily.

It is true that a Fierz transformation

[ﬁn(kzy lJ-z)O(iS)uA(Pp 7\1)][—120(172, hz)o(i‘l)uB(kp lv’-l)] = ji_? C“[ac(pz, 7\2)051) uA(Pp M)][ﬂp(kz, y.z)ng")uB(kl, N-;)]

(28)
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can be also derived with the same trick. The left-hand side of (28), however, has nothing to do with the
t-channel h.a., and is not readily available. A better way is to go to the u channel (Sec. IV).

IV. u-CHANNEL AMPLITUDES

The u channel is taken as C(=p,, \j) +B(ky, p,)~ A(=p;, M) +D(ky, 1,), with the amplitudes given by!°

8
(=P1s M3 gy g | T =gy M5 sy 13 = = 23 [T 2y 2)0P 0 4( D1, M) [Fpllezy 15)0P un(les, 1))IF (s, 8, w). (29)
im1
By now we can evaluate the h.a. in a straightforward way. We obtain!! [cf. Fig. 1(c) and the Appendix]
hy==F(papPrc =AapBpc)~Fo(PapPpc+AapApc) = 2F3(2p 4p Ppc +B apApc)
~2F (2D4pPsc =D apBpc) = 8Fs papPac = Fel=PaE apBnc +PsAapEpc = W(papBac = Aapbsc)]
+F[=psEapApc—PsAapEsc = W(PapBbac +A 4p Psc)]
+Fol pam apPrc — D5 PapM e +D(PapBpc +B4pPpc)l
+0059u{F1(EADEBc + M gpMpc) +Fo( EgpEpc =M gpMpc) — 2(Fg = F)m gpmpc ~2FE 4 p E g
~Fel paBapEsc—PsEapApc +D(E spmpc+m 4pEpc)]

+F7["PA AypEpc —ppE apApc+D(E pMm pc "mADEBc)]

+Fol=papapmpc +bam appac =W(E4pm o =m ap Epc)l}, (30)

where

Ei;=3lu=(my =m; 12, my; =E;(my +my)/u'?, 1)

biy=slu=(mg+m P12, Ay =pyy(my —my) /w2,

W=3(E ,+Ep+Ec +Ep)=u"?, (32)

D=3(E +Ec—Eg—Ep)=3(m 2+ mc® —mg® ~m ) /u"'?, (33)

cos0, =[u(t = s)+(m 2 —m 2)(m g2 =m ) /4up,ps, (34)
with

Ea=lu+m 2 -m2l/2u"?, etc., (35)

pa2=lu=(my=mpPllu-(m,+mp)l/4u, (36)
and

p2=lu—(mg=moPlu—(mpg+mc)Pl/4u. 37
A comparison of 2, and f, shows that &, is the same as f, if a formal substitution

(Fiy Foy Fo, Fyy Foy Fo, Foy Fo)~ (F, Fyy —=F 4, Fyy =F s, ~F ¢, Fg, F.) (38)
and an explicit replacement

(m 4yme, 8)=~ (me,m 4, u) (39)

are made in f,. In fact, a detailed calculation shows that this is true for all z;. Many of the properties of
the f; discussed in Sec. II can thus be carried through for the #; without change. It is worth noting from
Egs. (38) and (39) that one may prefer to use the second set O} and O} than O, and O, for s-u crossing.

Due to the analogy between the 7; and f; it is clear that we can find ; free of s and u kinematic singular-
ities. Combining this with the other proofs made in the s and ¢ channels we finally conclude that the F; are
invariant amplitudes.

Reggeization of the %; at fixed u reveals that all F; behave as sow-1 asymptotically. Since the inversion
of the F; in terms of the %; is as difficult as with the f;, an investigation on the Regge constraints in back-
ward scattering will be more involved.

Had we chosen in (2) and (4) the equally acceptable spinor covariants

[_ﬂu(kz, Mz)oi'(s)uA(Pn M)][ﬁc(Pz’ 7‘2)05(4) ua(ku “1)] (40)
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where 0/®®20/9=0}, with
0/=0} fori=1to 6,
—O_'; = 7/57:}/ '%(pz +k1)® Vs

—O-é :Y5® Ysi')’ * %(kz +P1) ’

|o»

(41)

the resulting 7; would be as simple as the g; in (20), because k, (p,) and p, (k,) are collinear in the u chan-
nel. Now (2) is related to (40) by a Fierz transformation

8
[ﬁC(sz Az)oil(l)uA(Pv Al)][ﬁb(km ”2)01{(2)1"3(121, “1)]= Z; dij[ap(kz3 “2)0;(3)744(?1, Al)][ﬁc(pzy 7\2)0;(4)7"3(’31’ lJ-l)] .
i=1

(42)

The coefficients d;; can be readily computed if we continue (42) to the u channel,

8
[50(1)2’ Aé)of(l)vA(Pv A{)][ﬁu(kz» #z)of(z)ua(ku I—h)] = jZ) dij[au(kz: “2)011(3)UA(171: 7\;)][170(1)2’ 7\;)0;(4)145(181, lh)] ’
=1

(43)

just as we continued (15) or (26) to the ¢ channel. It turns out that all d;; are either pure numbers, or de-

pend only on the four masses.
An inverted expression for (42),

8
[T‘D(kz; “2)05(3)744(?1; Al)][ﬁc(pz: Az)oé(q)us(kv “1)] = Z) c:{j[—u_c(pw )‘2)0;(1)74.4(?1, Al)][T‘D(kzx “2)01’(2)743(’31: #1)] ’
i=1

(44)

is more useful for the u-channel exchange diagrams in a perturbative approach. The cj;, which are re-
lated to the d;; merely by relabeling the masses, are displayed as follows®:

1 1 1
1 1 -1 -1
, [r, o 1
cij:[ra I":]’ ra:Z 4 -4 =2
b e 4 -4 2 =2
6 6 0

1 S(mp+my—mec—mpg) —Mmp=ms+met+myg
I‘c=§

—2mp+2my—mc+myg 2mp=-2my—me+mp

The ordering (D, A, C, B) on the left-hand side of
(44) is kept in T, for convenience.

That we make an analytic continuation to the u
channel with (42) rather than continue (44) or (28)
to the ¢ channel follows from the simple fact that
the left-hand side of (43) has already been calcu-
lated in (29). In particular, a compact result for
ci; like (45) checks also the correctness of (30) and
(9), if a Fierz transformation itself involves only
simple coefficients.

We believe that our cj; are more reliable than
those obtained with other methods, because had we
made a mistake in the z; or in some of the already
calculated c/;, the progression from one step to the
other for the next coefficient would be catastrophic.

V. SUMMARY

We have examined the invariant and helicity am-
plitudes for a general process A +B—~C + D (all

~Mp=M o+ Me+mpg
~Mp+My=2Mc+2mp —Mp+M4+2mMc=2Myg Mp=m4—2mMc+2my

1
1 [0 2-2

01, Ti=5| 1 1 1], (4)
0 -1

1 1

0 -2

Jmp+my—mec—mpg) —mp-m+me+mp
Mp=ma+2Mc~2mp mp—m,

—2mp+2matme—my 2Mp=2Mu+Mc—iMg Mc—Mp

four particles having J¥ =5*), and the analytically
continued D +B~C +A (f channel) and C +B— A + D
(# channel). The full formalism can be immedi-
ately applied to describe typical hyperon-nucleon
scattering such as TN—- AN, ZN- ZN, etc., for
which experiments at higher energies will soon be
possible.

Due to the unequal-mass kinematics, the relation
between the c.m. helicity amplitudes and the in-
variant amplitudes is necessarily complicated.
Since we need both of them for a complete descrip-
tion of the process, we have introduced quasivari-
ables like E;;, p;;, m;;, and A;; [Eqgs. (8), (18),
and (31)] to expedite the manipulation of the alge-
bra. The reduction from the general A +B-C+ D
toA+B~C+B, toA+B~A+B, andtoA+A
-~ A + A is natural and can be easily carried out.

When the momenta of a pair of spinors are col-
linear, e.g., ﬁx(-f))Ovu(-—f)), many of the helicity
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“matrix elements” are zero in different configura-
tions (i.e., Ap =++,+—, —+,—=). We have exploit-
ed this property to derive the equivalence theo-
rems and Fierz transformations by an algebraic
method. Not only is the result reliable (because
many correlations are involved), it also checks
the correctness of the otherwise ugly ¢- and u-
channel h.a. [Egs. (20) and (30)], and, through s-u
crossing, the s-channel ones [Eq. (9)] too.
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APPENDIX

The eight regularized, parity-conserving, x-
channel c.m. helicity amplitudes for a general

2+~ 3 +3 scattering are defined in standard no-

tations as

(Hy Hy) = 5L (o4 T [+4)(+, =K== T [+4)],
[slrlen Gl

1+cos6, 1 -cosé,

(HS’H‘l)

(Hs;H6)=%[<++ITx l +_>(+’ -)<_ —|Tx|+—)]/sin6,,
(Hop Hg) =3[+ =|T*| ++)(=, + X=+|T*| ++)]/sin6,,

where + stands for +3. In the text,
fi=4M?H; for x=s,
g;=M?*H; for x=t,

and
h;=4M*H, for x=u,

where

M?=(m gmgmomp)2,
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