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Phase shifts for ~-~ and K-vr scattering are obtained from a model satisfying analyticity,
exact crossing symmetry, and approximate unitarity up to v s - 1.3 GeV. Low-energy elas-
tic as well as low- and high-energy total cross sections are calculated. The results are com-
pared with available data on m-7t and X-m scattering, as well as general restrictions on n-x
models.

I. INTRODUCTION

Ne shall present, in the following, self-consis-
tent solutions to g-g and E-p scattering, that widen
the scope of applications of a model of meson-
meson scattering' which satisfies

(1) Mandelstam representation,
(2) crossing symmetry,
(3) resonances in all nonexotic channels (mass

spectrum),
(4) Regge behavior in all channels, and
(5) approxima, te unitarity.
The solutions are obtained by a partial-wave

analysis of the n-m amplitude, satisfying the above
conditions (1)-(4), a.s well as the Adler condition,
and by imposing the unitarity constraints on the
partial waves. The mass spectrum is predeter-
mined in the amplitude, and is very little affected

by the unitarization procedure. The exact cross-
ing symmetry of the amplitude ensures that the
partial waves satisfy the m-~ crossing constraints. '
This method yields partial-wave solutions to z-z
scattering in the region from threshold to Ws-1.2

GeV, as well as the elastic cross sections. Total
cross sections are obtained from the amplitude for
all energies.

The K-p amplitude is formulated in terms of the
m-x amplitude' almost uniquely (up to ma. ss spec-
trum). This amplitude is then used to determine
the phase shifts and cross sections for K-m scat-
tering up to vs -1.3 GeV. The total cross sections
are determined to all energies.

In deriving these amplitudes, it was found that
the diffractive part of the amplitude plays a sig-
nificant role in the unitarity constraints. The
model for the Pomeranchukon amplitude differs
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from the one developed in Ref. 2, and is, in fact,
a modified version of the model described in Ref.
1.

II. DETERMINATION OF THE AMPLITUDE

1f', (s) =
2

dcos 8 f'(s, 8)P, (cos 8),
-1

where

(2.2)

A (s, t, u) (for w-w scattering)
1 I

16m s
f', (s, 8) =( (2.3)

A (s, t, u) (for K-w scattering)
1 I

8m s

We shall use the kinematical conventions of Refs.
1 and 2. The total amplitude for w-m and K-w scat-
tering is defined by

A'(s, t, u) =Epsom(s, t, u)+P'(s, t, u), (2.1)

where F and F„+denote the isospin amplitudes,
corresponding to the purely nondiffractive (reso-
nant) contributions to s-v and K-s scattering, re-
spectively, while PI denotes the Pomeranchukon
amplitude. The detailed forms of F~, F~~, and P
are given in the Appendix.

Although there are quite a few parameters in the
definition of the amplitude, these parameters are
not aLL arbitrary. The physical solutions are re-
quired to satisfy unitarity (at least approximately
in the sense described below}. Thus, the search
for physical, unitary solutions of the model severe-
Ly restricts the parameters in the modeL.

To determine the solutions, subject to the above
constraints, we project out the partial waves

amplitude determined by this method is almost
completely defined by the unitarity constraints, so
that the experimental properties (phase shifts,
cross sections} are predicted from the model.

III. RESULTS FOR m-m SCATTERING

The inelasticity parameters for m-n scattering,
determined by the above procedure for the princi-
pal partial waves, are shown in Fig. 1. It is seen
that the violation of the unitarity bound in the I =0
S wave and the I =1 P wave is less than 10% below
1.2 GeV. Also shown are the estimated absorption
parameters from Baton et aL.' It is clear that
agreement of the predicted absorption parameters
with experimental results, rather than nonviolation
of the unitarity bound, is the sufficient condition
for unitarity to be satisfied. In that sense, viola-
tion of unitarity in these partial waves is greater
than indicated above (if the experimental results
are correct).

Figures 2-4 show the phase shifts for the princi-
pal partial waves. The predicted I =0 $ wave is
the "between-up" solution (cf. Morgan and Shaw' ).
The fit to the data of Baton et al. ' is reasonable
below the p mass, but diverges above this energy.
The phase shift goes through 180' quite rapidly,

~ BATON et ol.

l.2-
'g 1.0~

0.8—
0.6—
04—
0.2—

are the scattering amplitudes. ' The phase shifts
are determined from the relation

f1(s) (q1 s2I 6 ] )
1 I

2
~ (2.4)

@i=I I+2tfq&( )sl. (2.5)

The physical solutions to f', are then restricted by
the requirement that q, =1 in the elastic region,
and q, & 1 in the inelastic region.

This procedure was found to be very sensitive to
changes in the parameters. To obtain a reasonable
solution over a large range of energy, the param-
eters were determined almost uniquely. Thus, the

where q', are the inelasticity parameters, 0 ~ q', ~ 1,
and ql, = 1 in the elastic region (4m, ~ a s ~ 16m, for
v-s). Here 6f is the (real) phase shift for isospin
I in the tth partial wave. Inverting (2.4), we have
the following relation for the inelasticity param-
eters:

l.2—
I.O

0.8—
0.6—
0.4—
0.2—

l.2

l.o~
0 0.8-

0.6—
0 4—
0.2—

I
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I I I I I I I

0.5 0.6 0.7' 0.8 0.9 I.O I.I l.2
~s (GeV)

FIG. 1. Absorption parameters (g, ) predicted for n-m

scattering. Data are from Baton et al. (Ref. 3).
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thus giving a relatively narrow e width. Vfe find
that

m, = V50 MeV, 1, =140 MeV.

The data points seem to show a flattening out above
the p mass, thus giving a wider e:

0 BATON et al. elastic

& SCHARENGUIVEL et al.
~ with absorption

260—

m, = 736 MeV, F, =181 MeV. (3.2) 180-

The work of Baton et al.' seems .to have settled the
up-down ambiguity below the p mass, giving a
unique (between) solution. However, above the p
mass the ambiguity has not yet been resolved (down
solution to S wave not shown in Fig. 2). A theoret-
ical evaluation of the z-m phase shifts by Bennett
and Johnson' seems to show a preference for the
resonant solution to the S wave with m, = 760 MeV,
when the inelasticity at -1 GeV is taken into ac-
count.

The I=1 P-wave phase shift fits the data of Baton
et al.' and Scharenguivel et al.e Also shown in Fig.
3 is the phase shift of Baton et al.' including ab-
sorption, which agrees with the model calculation
above the p mass. The mass and width of the p (F
being the energy interval between the points where

o BATON et al.
4 CLI NE et al. (up solution )

~ with absorption

200—

180—

160—

140

60-

20—

I I I

0.9 I.O I.I

~ BATON et al.

a WALKER et ol.

+ CO LTON et al.

I I I

0.3 0.4 0.5 0.6 0.7 0.8
~s (GeV)

FIG. 3. Phase shift 6&. Data of Baton et al. (Ref. 3)
and Scharenguivel et al. (Ref. 6). Data are shown with
and without absorption.
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FIG. 2. Phase shift 6& (notation 6,). Data of Baton
et al. (Ref. 3) and Cline et al. [University of Wisconsin
report, 1969 (unpublished)] (only up solution shown). Data
are shown with and without absorption. The solid line is
the model prediction.

I

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 I. I lg
Js (GeV)

FIG. 4. Phase shifts 60 and 62. Data of Baton et al.
(Ref. 3), Walker et al. and Colton et al. (Ref. 7).
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5,' goes through 45 and 135') are

mp = 765 MeV, Fp =125 MeV

compared to those of Baton et al. :

m =766 MeV, F =127 MeV.

(3.3)

(3.4) ao/a~ = -5.9, (3.8)

It is seen that a, is smaller than the Weinberg'
current-algebra value of a, = -0.06m„-', and leads
to a large value of the S-wave scattering-length
ratio

The predicted I = 2 S wave is consistent with the
data of Baton et al. ,

' Walker et al., ' and Colton et
al. ' It should be noted that the phase-shift data are
extracted from the cross sections assuming qo 1
everywhere. Since 50 is small in magnitude, this
assumption can lead to considerable deviations in
the estimated phase shifts when q', deviates from 1

by even a small amount. In the model, q', goes
down to 0.9 at 1.2 GeV. The phase shift reaches a
minimum of -9' at v s =750 MeV and decreases in
magnitude for increasing s. It is to be noted that
due to the small phase shift in this partial wave,
unitarity violation in the elastic region is greater
than the deviation of q', from 1 would seem to indi-
cate.

The threshold parameters are determined from
the partial waves' to be

a0=0.19m, ',

ao = (0.18 + 0.01)m, ',
a, = -0.04 m, ',

in reasonable agreement with (3.5).
We find that

(3.7)

(3.8)

I =6(2ao —5a, )m„

has a value of 0.09, and the relation

(3.9)

as compared to Weinberg's value of -3.5.'
It is to be noted that the present model does sat-

isfy the rigorous crossing-symmetry conditions
(as it is constructed to do) as discussed in a, pre-
vious paper (II) (see also Ref. 9).

A recent calculation by Carrotte and Johnson"
of m-m partial-wave dispersion relations, using the
inverse-amplitude method, yields the scattering
lengths for the S waves

a~ = -0.032m, ',
a, =0.028m, '.

~ BATON et ol.

~ CASO et ol,

I 10

IOO

90—

(3.5)

~ 4vrX'(g+4)

(2ao —5a~) m, = 18m, 'a, (3.10)

o BATON et al.I20—

I IO—

IOO—

is satisfied to the extent that one would expect,
namely, the left-hand side has the value 0.540,
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FIG. 5. Elastic cross section for x+x as function of
c.m. energy'. Data of Baton et al. (Ref. 3) and Caso et al.
(Ref. 13). Unitarity limit for S+P waves is also shown.

I

0.4 0.5 0.6 0.7 0.8 O.g I.O I.I l.2
Js {6eV)

FIG. 6. Elastic cross section for 7(. 7t. . Data of Baton
et al. (Ref. 12). Unitarity limit for P wave is also shown.
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6OO(m~) —6,'(m~) = s(40",",o), (3.12)

whereas the right-hand side has the value 0.525.
Another consistency check on the S-wave phase

shifts at low energy is derived from K' decay. In
the decay K~ -2g, the branching ratio

(3.11}

yields the result

1.3 GeV.
The predicted total cross section for m m' is

shown in Fig. 9, and compared to the data of Baton
et al." Since the S wave does not contribute to
this process, the g meson appears as an enhance-
ment at vs =1.63 GeV. The mass and width of the

f and g, estimated from the total cross sections,
are

where m~ is the kaon mass. "
Qur phase shifts are

mz ——1300 MeV, Iz -—130 MeV,

m, =1630 MeV, I~=150 MeV,
(3.16)

6O(m~) = 27' and 60(mr) = -6',
so that

6', (m, ) —6', (m, ) = 33',

(3.13)

(3.14)

which are consistent with the experimental values"

mf -—1269+ 10 MeV, I& = 154 + 25 MeV,
(3.17)

m, =1660+20 MeV, 1;s 200 MeV.

consistent with the experimental results.
The elastic cross sections for n'm and m m' are

calculated from the partial-wave decomposition,
summing over the principal partial waves, 2 and are
shown in Figs. 5 and 6. The agreement with the
data of Baton et al.""and Caso et al." is reason-
able, except in the case of m'm below 600 MeV,
where the deviation of q,'from 1, combined with
the small phase shift, gives a small cross section.

The charge-exchange cross section o(w+w —s'wo)

is shown in Fig. 7, as compared with the data of
Deinet et al. ' and Sonderegger and Bonamy. "
This cross section is generally small compared
with the data, although it is consistent with the
data of Sonderegger and Bonamy above the p mass.
The charge-exchange cross section is typical of
between-up solutions for the S wave (cf. Morgan
and Shaw' ), with a small cross section below 600
MeV. As is well known, the experimental analyses
of the n-n charge-exchange cross section are
plagued with large-background problems, and we
must await further experimental development be-
fore we can expect this issue to be settled.

By means of the optical theorem, the total cross
section for a given initial configuration is deter-
mined from the imaginary part of the scattering
amplitude in the forward direction as'

The predicted cross sections o(g'm') and cr(v'w')
are shown in Fig. 10. The data of Alitti et al. ,

"
Sc&.mitz, "and Colton ef al. ' for o(w'w') are also
shown. The predicted cross section is consistent
with the data, especially the data of Alitti et al.
The cross section o(w'v') is purely I =0 and I = 2,
and is therefore dominated by the e and f'. There
are no reliable data on this process. The total
cross sections become small at -2 GeV, and then
rise asymptotically to the value of 15.4 mb. This

~ DEINET et Ol.

L SONDEREGGER and BONAMY

20

o

0

b IO

4m
o...(s}= —lmf (s, 0) .

q
(3.15)

The total cross section cr„,(m'w ) for w'v scat-
tering is shown in Fig. 8. Shown for comparison
are the data of Caso et al."for the total cross sec-
tion, estimated on the assumption that the ampli-
tude is purely imaginary above 1.2 GeV. Also
shown are the elastic cross section for w'w of
Baton et al. ,

"as well as the elastic cross section
calculated in the model. The p and f mesons are
prominent in the cross section, whereas the g
meson at vs =1.63 GeV is not evident, due to the
violation of unitarity in the I = 0 S wave above

I I I I I

0.3 0.4 0.5 0.6 0.7 0.8 0.9 I.O I.I l.2
~s (GeV)

FIG. 7. Charge-exchange cross section 0(7I.+ti —n m ).
Data of Deinet et al. (Ref. 14) and Sonderegger and Bon-
amy (Ref. 15).
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I40-

~ BATON et al. elastic cross section

x calculated elastic cross section

CASO et al. total estimated cross section

v CASO et al. elastic cross section

I20-
E

I IOO

80-
I-
O

bl- 60-

(
II

I q)

40

20- ~) x
X

x
I I I

0.2 0.4 0.6 0.8
I 6 l

I.0 l.2 l.4
~s (GeV)

I

l. 6

cr {(O)-l5.4 mb

1 I I I I

l.8 2.0 2. 2 2.4 2.6

FIG. 8. Total cross section for x+m as a function of c.m. energy. Also shown are elastic cross sections for z+z
from the model and from Baton et al. (Ref. 3) and Caso et al. (Ref. 13), as well as the estimated total cross section of
Caso et al. (Ref. 13) above 1.2 GeV.

o BATON et al. ELASTIC CROSS SECTION

x CALCULATED ELASTIC CROSS SECTION

l40-

l20—

IOO-

80—

60-
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bl-
40—

zo — t 0. {(0)-15.4 mb

l l I I I

1.8 2.0 2.2 2.4 2.6
x

I I I i I I

0.2 0.4 0.6 0.8 I.O I.2 l.4 l.6
~s (GeV)

FIG. 9. Total cross section for 7r m . Also shown is the calculated elastic cross section and the data of Baton et ai.
(Ref. 12) for elastic ~ 7r scattering.
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ALITTi et ol.
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~ COLTON et ol.
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l f

2.0 2.2 2.4 2.6

FIG. 10. Total cross sections for 7r m and for 7I+Vr+. Data of Alitti et al. (Ref. 17), Schmitz (Ref. 18),
and Colton et al. (Ref. 7).

2/ (3.18)

which gives a value of 0 „,= 14 mb. "
In Fig. 11, we show our prediction of the for-

ward-backward asymmetry for z'z on the mass
shell obtained from the equation'

agrees favorably with the asymptotic value of the
n-n cross section obtained from faetorization:

Predictions for the ratios of cross sections

R, = a(s's -s's')
a(s's' - s's')'

R2=
v(w's —~'s')
v(s's —s's }

(3.20)

are shown in Figs. 12 and 13, together with the

Z-a 3Re[f,(s)f,*(s)]
++&

I f0(s)I'+3I f,(s)I' ' (3.19)

~ CLI NE et ol.
in which we neglect the D and higher waves. The
data of Scharenguivel et al. ' are shown for com-
parison.

a {7r+ 7r ~7r 7r )R}=
cr {vr+ 7r+~ 7r+ 7r+)

I .0-

0.8
CD
+

0.6

CQ

0.4

I.O

0,2

I I I I I I I I I I

4 6 8 IO I2 l4 l6 IB 20 22 24
5/IT) ~

0 I-
0.4 0.6 0.8 I.O

~s {GeV}
l.2

I I I I

l.4 l. 6
FIG. 11. Forward-baclavard asymmetry parameters

(E -B)/(E'+B) for 7I+7r on the mass shell. Data of
Scharenguivel et al. (Ref. 6).

FIG. 12. R~=o(x+n. moro)/0(n x+ —m n'+) as a function
of c.m. energy. Data of Cline et aE. (Ref. 20).
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data of Cline et al." Of course, these predictions
depend sensitively on the form for the charge-ex-
change cross section. If, following Cline et al. ,"
we use R, and g~ at threshold to determine the ra-
tio of the $-wave scattering lengths, we find from
g, that

a,/a, = -5.8, (3.21)

in agreement with the phase-shift calculation, but

g, gives too small a value (by a factor of 2).

IV. RESULTS FOR If'-m SCATTERING

The K-w scattering amplitude is formulated in
terms of the m-g amplitude, already calculated,
as described in the Appendix. Imposing the uni-
tarity condition on the partial waves determines
the over-all coupling constaat and the Pomeran-
chukon coupling constant. The Pomeranchukon
coupling constant required turns out to be the same
as for g-m scattering, while the over-all coupling
is consistent with the value derived from broken
SU(3) symmetry. " In fact, the p coupling to rv is
determined to be

1.2-
I.O

0.8—
~l~ 0.6-

0.4-
0.2-

1.2—
1,0

0.8—
leap~o 0.6-

p4
0.2—

1.2—

0 0.8—
0.6-
0.4—
0.2—

y „a/4m=2. 28,

whereas the K* coupling to K-g is found to be

yr wr, a/4w = 0.91;
so that their ratio is

rp. .'/yg*x. '=2 M.

(4.1)

(4 2)

(4.3)

I 1

0.6 0.7 0.8

~ MERCER et 01.

gBINGHAM et ol. (up solution)

I

0 9 1.0 I.I 1.2 1.3
~s (GeV)

FIG. 14. Absorption parameters predicted for K-71
scattering as function of c.m. energy.

1.0

~ CLINE et al.

(~+ &-~770 VO)
R)=

cr (m+ vr ~~+ m )

200

180—

160-

140—

cu
—0

120—

O.l-

0.01
Q 4 0.6 0.8 1.0

~s (GeV)

I I I I

1.2 1.4 1.6

20-
Il

I I I I I 1 )
0.6 0.7 0.8 0.9 1.0 I.I 1.2 1.3

~s (GeV)

FIG. 13. ft&-—o(z+w —a~w )/o(a+a —a+z ). Data of
Cline et al. (Ref. 20).

FIG. 15. Phase shift 60 . Data of Mercer et al. (Ref.
22) and the up solution of Bingham et al. (Ref. 23).
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These are very close to the experimental values
and to the calculation in SU(3):

2

=2.13+0.15 [SU(3) value 2.13], 30-

o MERCER et al.

=0.832+0.007 [SU(3) value 0.824), (4.4)
20

—,=2.59.
~it. *rc~

The absorption parameters in our K-g solutions
are shown in Fig. 14. The violation of unitarity up
to 1.3 GeV is never more than 10%.

The I = & S wave is resonant (Fig. 15), predicting
a mass and width for the z meson of

N 00 Q
GQ

-IO—

m, = 880 MeV, I'„=45 MeV. (4.5)

The phase-shift data of Mercer etal. "and of
Bingham et al.2' (only the up solution is shown) are
shown for comparison. The agreement with the
data is quite good.

The I = ~ P-wave phase shift is shown in Fig. 16
and compared to the data of Mercer et al.' The
agreement with the data is excellent. The mass
and width of the E* are

I I I I I I I

0.6 O. 7 0.8 0.9 I.O I. I I.2 1.3

~s (GeY)

FIG. 17. Phase shift 630 . Data of Mercer et al.
(Ref. 22).

m~. =895 MeV,

as compared to the experimental values"

(4.6)

mrs = 893 MeV, I"r~ = (50.1+0.8) MeV . (4.7)

TRIPPE et al.

200 — ~ MERCER et al.

l80— 9Q-

l60—

I40

n l20-
a

——IOO-
oo

80—

E
70

+&
60

+~
50

b

80-

60— 30

4Q— 20

20- IQ

0
0.6 0.7

I I I

0.8 0.9 I .0 I. I I.2 I.3

~s (6eV)

I I I I I

6 50 700 750 800 850 900 950 IOOO I050

~s (Mev)

FIG. 16. Phase shift &0 . Data of Mercer et al.
(Ref. 22).

FIG. 18. Elastic cross section for K+7I . Data of
Trippe et al. (Ref. 25). A1so shown is the unitarity 1imit.
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60 —~ TRIPPE et al ~

threshold parameters to be

a„2 = 0.13m„',

a3/2 = -0.078m, ',
(4 9)

which are consistent with the current-algebra val-
ues

a„~ = (0.13+0.02)m

a„,= -(0.0'l + 0.01)m, ' .
(4.9)

6

30—
+

The consistency of the m-~ and K-z threshold
parameters can be checked by the sum rule24

(4.10)

20—

IO—

0 I I I I I I I I

650 700 750 800 850 900 950 IOOO l050
~s {MeV)

FIG. 19. Charge-exchange cross section 2o(K ~
K m' ). Data of Trippe et al. (Ref. 25).

The f = z $ wave is small and negative (Fig. 17)
and is consistent with the data of Mercer et al."
The higher partial waves are found to be very
small below 1300 MeV, including the I = -', P wave.

From the partial waves, we determine the

which is derived in the current-algebra limit. The
model yields 0.208 for the left-hand side and 0.211
for the right-hand side.

In Fig. 18, we show the predicted K'g elastic
cross section and compare it to the data of Trippe
et at." The agreement with the data is good be-
low 900 MeV, above which the inelastic effects be-
come important. Figure 19 shows the predicted
charge-exchange cross section cr(K'v -K'v').
This prediction is also consistent with the data of
Trippe et al. ,

"although the errors on the data are
quite large.

The predicted total cross section for K'g is
shown in Fig. 20. The K* resonance is quite prom-
inent, as is also the enhancement at m~, = 1400
MeV, which corresponds to the K„resonance at
1420 MeV with I = 2, J~ = 2'. The predicted width
(estimated from the total cross section) is I'z„
-100 MeV, which is consistent with the experimen-
tally quoted width I'~ = 107+ 15 MeV. ' The cross
section increases to an asymptotic value of 15 mb,

l20—

100-

I

I-
bl- 60-

40

20 a. () ~l 5mb

I

0.6 0.8
I I

I.0 l.2 l.4
I t ) l I l l I

l.6 l.8 2.0 2.2 2.4 2.6 2.8 3.0
~s (GeV)

FIG. 20. Total K+~ cross section as function of c.m. energy.
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which is consistent with the value of =12 mb ob-
tained from

Em cKNcrN~cNN x

based on factorization. "
(4.11)

&. CONCLUSIONS

We have succeeded in finding solutions for p-m

and K-m scattering in a model satisfying Mandel-
starn analyticity, exact crossing symmetry, and

approximate unitarity up to -1.2-1.3 GeV. The re-
sults are in good agreement with most of the data
available on the two processes, and total cross
sections are reasonable to all energies. It remains
to solve the phase-shift problem between 1.2 and
2 GeV, above which unitarity effects become neg-
ligibIe. Thus, given the mass spectrum, we can
now claim that we have an approximate solution to
meson-meson scattering over a fairly wide range
of energy. We found that the unitarization of the
scattering amplitudes placed severe restrictions
on the parameters; from this it would appear that
if unitarity could be imposed exactly, then, with
the exception of the mass spectrum, the model
would be completely determined. However, it is
very unlikely that the form of the amplitude is
unique; this is true of any model of this kind —in-
cluding the Veneziano model. " But the phase-shift
solutions may indeed be unique. Thus, the only
solution in the mode1 for the I=0 S wave in m-w

and the I = & S wave in K-7r is the resonant solu-
tion, corresponding to fairly narrow c and a me-
sons. There is, as yet, no clear settlement of the
experimental ambiguity between the "down-up" and

"down-down" solutions for the S waves (above the

p and K* masses), particularly in view of the
sensitivity of the data analysis to the absorption
effects above the p and K* masses, a fact of which
we were continually reminded in our search for
solutions.

We have solved a model which is unitarized in a
phenornenological way, is exactly crossing sym-
metric and possesses satisfactory analyticity
properties, but only at the price of assuming the
mass spectrum at the outset; whether or not it is
possible to obtain a model in which the mass
spectrum is also predicted is unknown. Most boot-
strap calculations have not been entirely success-
ful, for one reason or another, and we are a long
way from a consistent, self-contained theory of
hadron dynamics. The 1atter circumstance is of
course reflected in our semiphenomenological
method of unitarizing the model. Any "honest"
approach would tackle the many-body aspect
"head-on. *' But, at the very least, we learn from
model calculations of the kind presented here that
there do exist solutions, consistent with the basic
premises of the analytic S-matrix theory, which
appear to be in fair agreement with the present
data. It is difficult to say to what extent these ef-
forts will. help us find a theory of strong interac-
tions, because it is always possible that the true
theory will take an entirely A'&&erent form.
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APPSND~X

In the following, we shall describe in detail the amplitudes and parameters used to solve the model. The
derivation of the physical scattering amplitudes and physical observables was done in detail in Ref. 1, and
will not be repeated here.

For z-n scattering, the resonant amplitude I is given by

Ep(s, t) =-yp(s)X'(1 —ap(s))(u)p(t} o ''+[d, +d [1 —a (s)]+d [2 —a (s)][1—a (s)]}w, (t)~n '
+ d, [1 —ap(s)] u, p(t) ~" ')+ (s —t), (A1)

including the first three satellite terms. The tra-
jectory a (s) is given by the real analytic function

bs —cp(4m„' —s)'"
[1+[(4m ' — )/a]'"] ' (A2)

The parameters of the p trajectory are determined
from the spin of the p, Rea (m ~) =1, the Adler
condition a (m, ') = —,, and the widths of the p and
fo mesons, to be

az =0.509, b =0.849,

c =0.109, W4 =100

in GeV units. Then y (s) is given by

a,(s}—g
yp(s) =y

[1 ( )]ass

x exp f-g„[a (s}—a (0)]']. ,

where

y, = 159, g„=1.45,
and

(AS)

(A4)
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xp(s) = (4m, ' —s)"'/Wa .
Moreover,

wp(s) =A +Bs+C(16m,' —s)'",
w, ~(s} A, +Bs + C(16m, ' —s)'",

where

(A5)

(A6)

4m '-s
A~(t, s}=yI(t) ln 1+

0

where

x[w~(s}~s'&"+ d],

The Porneranchukon amplitude is given by

(A9)

A 2e72y Ag 2o28p

B= -b, and C = 0.086

in GeV units.
The sate llite coefficients are

and

d = -0.345, s, = 1/ ) B~ i,

w~(s) AJ, +Bps+CJ (16m,' —s)'".
(A10)

d, = -3 —0.45 exp (-1.1[f(s) —f(1.4)]'},

d, = 2.5 exp(-0.4[f(s) —f(1.75)]'],

d, = -3 exp (-0.4[f(s) —f(2.00)]'},

d, = -8 exp{-0.4[f(s) —f(1.75)]'},
where

S2

(1+[(16m ' —s)/a]'"}' '

(A7)

(A8)

Here,

A~ =0.35, B~ = -1, Cz =0.02

The trajectory is given by

with b = 1. Then,

(A11)

y~[o,~(s) —oem. ')1 xp(-Z~[~As) —~~(0}]'}
r~(s) =

(16m '-s)"'
2A

(A12)

where

y~ = -24, g~=2v 6 (in magnitude),

A = b (in magnitude) .
The significance of the constants A, B, and C in (A6) and (A10) was described in Ref. 1. We recall that

a~(+~) = o'j (+~)= -bb, so that y (s) -0 and y~(s)-0 as s-+ ~. The asymptotic properties of the Pomer-
anchukon were discussed in Ref . 1.

For the K-w amplitude, we have

Es*(s, t}=-yx*(s)I'(1 —nx~(s))[w, (t) x"'+d,u „(t) x*" ']

-yp(t)I'(1 —np(t))[wry(s) ~t" +d,w, x*(s)"&&'& '],
where d, =-3.45. The trajectory ox*(s) is defined by

bs —cx*((mx + m, )' -s]'"
(1+{[(m + m, )' —s] /4}'")' '

where aug = 0.314, gz* = 0.061 in GeV units. Also,

[a (s) ——)exp(-gx [a&~(s) —uzi(0)) }rx~(s) =rx, (1+x )"~ y
K+

(A13)

(A14)

(A15)

yK„= 124, xx*(s)=([(ms+ m, }'-s] /6}"' . (A16)

The functions wzq(s) and w, xs(s) are

wry(s) A+Bs+C[(ms+2m, } —s]", w, ,(s) =Z, +Bs + C [(m, + 2m. )' s]'", — (A17)

where ~, &„B,and C are the same as in (A6). The pomeranchukon amplitude for K-s scattering ts
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(A18)
2 — 1/2

A~(t, s) =y1, (f) ln 1+ " [w~(s) I'"l +d].
0

Here yz(t) is the same as in (A12), apart from the threshold factor, and the constants are the same as
for g-z scattering. Moreover,

w p(s) =A p+ B~s +C ~ [(m~ + 2 m, )' —s]'I',

where A.~, B~, and C p are the same as for m-z scattering.

(A19)
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