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In a recent paper an argument was given that the conservation of dilation current (vanishing
of the trace of the stress-energy tensor) implied that all single-particle states have zero
mass. The form of the dilation current was subsequently criticized. In this note it is shown
that with a quite general form of dilation current the result is unchanged.

In a, recent article (hereafter referred to as
BM)' we have argued that for a relativistic quantum
field theory for which (a) there exists a suitable
energy-momentum tensor 9&„(x) such that the en-
ergy-momentum operators P& are related to 9»(x)
as (A l 1d'x9, „(x}I &) = -i(A IPp I 8) IA)»d I &) be-
longing to a, certain dense set of states; and (b) a
dilation current J, (x) =x "9„,(x) is conserved
(i.e. , 9„"=0); all particles must have zero mass
even if the dilation invariance is broken spontane-
ously. There has been some criticism' of assump-
tion (b} when the dilation invariance is broken
spontaneously. In particular it is argued that in
this case the (conserved) dilation current should
be written

Z, (x) = x ~T„„(x)+y,(x),

where T„,(the Belinfante tensor in Ref. 2) satisfies
(a) also but is not traceless, and g„ is a local four-
current, i.e.,

Before proceeding with the proof, it is interest-
ing to note that a current of the form (1) does, in

fact, interpret as a dilation current. (In all that
follows the notation of BM will be used. ) First
define

DR= JOX d X.
fxt (R

It follows, from a"J„(x)=0, that

[[D,P ],A]=-i[T (f ),A]

(2)

for all g greater than some large g, which depends
upon the local Wightman polynomial, A. Equation
(3) is the same as Eq. (56) of BM. It is the infini-
tesimal form of the property stated in Lemma I
of Ref. 3 which might be taken as the defining
property of dilation.

In BM the argument about the vanishing of single-
particle masses was based on the relation

[J.(x), P„]= i. sg.(x)
»m(A

I [Ds P~]IB) =i(A IP„ I» (4)

We show in this note that the argument of BM,
slightly modified, still implies that all particles
have zero mass even when the dilation current has
the form given in Eq. (1).

This note is confined to answering the specific
objection of Ref. 2 to BM. However, it must be
made clear that the conclusion that all particles
have zero mass rests on an assumption, namely
that a single-particle state of finite mass behaves
like a, quasilocal state (see BM, p. 2968). There
exist model field theories which, when solved in
the tree approximation, appareritly violate our
conclusion. We do not know whether the tree ap-
proximation is at fault or whether our assumption
is at fault.

lim (0 l[D„,P„]A l 0) =0
R~~

(5)

for arbitrary local %'ightman polynomial A. Thus
to prove Eq. (4) for local states it remains for us
to prove Eq. (5) The remainder of this paper is
devoted to this task.

Let us first recall' that assumption (a) implies:

whose validity was proved from assumptions (a)
and (b). In Eq. (4), lA) and lB) are arbitrary
quasilocal states. In this note we shall prove that
Eq. (4} continues to be valid even when assumption
(b) is replaced by a dilation current given by Eq.
(1). From the discussion in BM, we know that
Eq. (3) will lead to Eq. (4), for local states, pro-
vided that

(0l[T..(x),A) l0) = du' d'y &(x-y, x., u') ol. (~', y)+ d~' d'y ~(x-y, xo, p,') o,'„(~2,y)
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together with the following condition on the Fourier transform 5",„(p', 0) for k = 0:

1
5',.(V', 0) =

(2,)&
d'y~&. (u', y) =o.

If we assume that the current 8„(x) is local with respect to the basic fields of the field theory, then it fol-
lows quite generally" that

&01[&.(x),A] I o) = d ~' d'y &(x -y, x., u') P„(u') 5'( y)+ P',,(u', y)

+ dv' d'y &(x-y, x., v') P..(v')5'(y)+ P2. (v', y)
0

In the above Po, (a=1, 2) are functions of compact support in y. Let us now consider the consequences of
the conservation of dilation current 8 "J„(x)=0. Obviously current conservation implies

— (0)[J,(fR),A](0) =0, ft) some Ro
XQ

which [via Eqs. (1), (2), (6), and (8)] in turn implies

and

d~'[p, (V )+(2v)'5,', (~', 0)] V»n(x, q) =0
0

(10)

d p, 'p„(p, ') cos(x, p) =0,
0

where v,', (p.', 0) denotes the Fourier transform of a,', (p,', y) and repeated indices imply summation. Hence

p,o(p.') =0 (12)

p,o(p')+(2v)'52, (p', 0) =c5(p,'). (13)

It is easily seen from Eqs. (1), (2), (6), (8), (12), and (13) that

lim(0~[D, A] i0) =c. (14)

Thus if ce0, we have spontaneous breakdown of dilation symmetry. Equation (13) now says that massless
particles are present in the spectrum and that the current Z, (x) connects these states to the vacuuin. This
is the statement of the Goldstone theorem, for the present case. It is well known that in this case the
limit R-~ of DR does not exist. If, on the other hand, c =0, then we have the conventional realization of
the dilation symmetry, and the limit R- of D„does exist. It is well known that in this latter case all
single-particle masses must be zero.

We are now in a position to prove Eq. (5). From Eqs. (1), (2), (6), (8), and (12) we get

~1m� ( llD„Po„]A l )~fd0'xx du'd y"a".'(x —'y, x„p') s,'„(g', y)
(+) 2 B

R~~ 0 P Bgg

+2, xx dp. d p 6 x —g, go, p. 0&„p. , y
40 BXp BXO Bpg

+s d x dP. d$ 6 & —/~&Dye.
0 V

B B (+) B
+i d'~ dp. d y ~ x —p, x»p

9 8 (15)



2306 S. K. BOSE AND W. D. Mc GLINN

By partial integration and the use of explicit representation of Ld'(x, x„]L(') we cast the above into the form

(im(0][o, a„]A]0]=x (2w)' dg f'd ((.„(, ir,' (g', k]e" H(k )II'(()((((. ' —]k]' —p')
B~ oo 0

+i d p' d k k& k, koo,'o(l], , k) e'"o"o 8(k, )5'(k)5(ko' —
1k 1' —p')

0

oo

-f 2 kx k 2 2 2-i(2m)' dp' d kk„k, 5,', (p', k) e'"o o8(ko)5(ko —lkl —p );5'(k)
0

+S dP d „k; 00'2. P, Ok05 0
— —P g 5

0

I oo

+(2v)' dp d kk„k, P'o(((].', k) e'"o o8(ko)5(ko' —lkl' —p, )5'(k)
0

+i d((J, d k k„k;koP2o(P, ', k) e'"o"o8(ko)5(ko' —
1
k

1

—(u )5'(k)
0 I

dP.' 20 P,
' d'k k k0e'"0'00 k0 6 k'0' — k ' —P (16)

It is straightforward to see that the term multiplying x, as well as the penultimate term in Eq. (16) vanish.
Similarly, it is seen that the term involving cr,&(p. , k) vanishes due to Eq. (7). The remaining two terms in
Eq. (16) are seen to vanish individually whenever the index p, takes up values 1, 2, or 3. Thus, finally,

lim(011&z P„]A10)=5qo(27()' dp d'kk;ko'5, ', ((L(', k) e'"o"8(ko)5(ko —l~l' —p'); 5'(k)
R~~ 0

-5„, d p, 'poo(((J. ')d'k k, ' e'"o'o8(k, )5(k,' —1%1' —p, ') 5'(k)
0

= ——,'5](o d('-('[P»(p. ') +(2v)'5,';(p', 0)] p, e'"'" .
0

From Eqs. (13) and (17) it now follows that

lim(01[6» I'„]A10)=--,'5»c d p.'5(p')pe'"o"
g~ oo 0

=0. Q. E.D. (18)

Thus Eq. (4) is valid for local states It is s. traightforward now to extend it to quasilocal states.
One might ask, "In light of the result that all masses are zero even if the dilation is broken spontane-

ously, might there then not always exist a conserved and integrable current for dilation symmetry'" This
question is being investigated.
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