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Under the assumption that the time-ordered products are given by Feynman rules with
Bogoliubov's renormalization scheme, it is shown that the operator forms of Euler-La-
grange equations of motion and Noether's theorem for a wide class of perturbation Lagran-
gian theories for scalar fields are valid. Ward-Takahashi identities for currents in Noe-.
ther's theorem are also proved without recourse to equal-time commutators, and current-
algebra results follow naturally in a subclass of Lagrangian field theories. Covariant
Schwinger terms are present in these identities and their nature is determined.

I. INTRODUCTION

The usual text-book Lagrangian field theory' is
formulated in terms of products of field operators
at equal space-time points, which, because of the
distribution nature of fieM operators, are not well
defined. The Euler-Lagrange equations of motion
and Noether's theorem are not only relations be-
tmeen ill-defined products, but also their deriva-
tion rests on the use of formal functional deriva-
tives on these products. Therefore, the usual
theory is not much better than a prescription for
the scattering matrix. We say "not much better, "
because this formal theory has proved to be a use-
ful guide' for constructing symmetry currents and
generators of symmetry transformations. A not-
able example is the free-quark model from which
the theory of Gell-Mann's' SU(3)x SU(3) current
algebra is abstracted. The usual prescription is
that we "quantize" the fields, the Lagrangian den-
sity, the currents, the equations of motion, and
Noether's theorem of a classical field theory, but
me do not quantize the classical derivation of the
equation of motion, nor that of Noether's theorem.
We will call this kind of field theory formal. From
the quantized current occurring in Noether's
theorem, one then shows formally that the canon-
ical commutators imply that the spatial integral of
the zeroth component of that current is a generator
of the corresponding transformation. Renormali-
zation is then nothing but a further prescription in
the scheme to bring some otherwise infinite
quantities finite. Hence the relationship between
the scattering matrix and the Lagrangian density
is, at best, formal.

Eimmermann' has shown that, if normal products
are defined properly in the A theory, then the
Euler-Lagrange equation of motion is a conse-
quence of Bogoliubov's renormalization. ' ' The

proof bears no resemblance to that in the classical
theory at all. Lomenstein' further advanced the
power of this renormalization by showing that
quantization of the classical energy-momentum
tensor in the same theory, when properly inter-
preted with regard to the subtraction scheme,
yields operators with appropriate properties. In
this paper, we will show that, in a wide class of
Lagrangian field theories for scalar particles,
Bogoliubov's renormalization scheme provides a
justification for the prescriptions and consequences
of the formal theory. Not only do the Lagrangian
and current operators exist, but also their rela-
tionship in the classical theories (such as the
Euler-Lagrange equations of motion, Noether's
theorem, and how the currents are constructed
from the Lagrangian) have their exact counterparts
rigorously valid in operator form.

The "products" of field operators at equal space-
time points will be formulated in terms of objects
called vertices, which can be likened to generali-
zations of Zimmermann s definition of normal
products. 4 Vertices will be defined purely

algebrai-

callyy for scalar particles in Sec. II, and their
space-time derivatives and functional derivatives
will also be introduced algebxaica/ly. In Sec. III,
Bogoliubov's renormalization will be sketched for
Feynman amplitudes of vertices, and two funda-
menta1. identities of Feynman amplitudes will be
stated in Sec. IV. Then on assuming that Feynman
amplitudes are time-ordered products of a quan-
tum field theory in a limited sense (Sec. V), these
identities are transformed into Ward- Takahashi
identities, 9 which under suitable conditions yield
generators of transformations on the physical
Hilbert space. The energy-momentum tensor
operators and the angular momentum current op-
erators will also be similarly derived in Sec. VI.
Section VII mill show that current-algebra Ward-
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Takahashi identities follow naturally under cer-
tain general conditions.

II. VERTEX: DEFINITION AND OPERATIONS

We will begin by introducing the concept of a
basic field. Let there be a finite-dimensional
representation of the Lorentz group decomposable
only into scalar subspaces. Generalization to in-
clude Dirac's spin--,' subspaces will be obvious,
but a slight complication necessitates its defer-
ment to a later communication. Let
—=Q&', . . . , »j» "}be a set of basis vectors of this
representation. A member of S is called a basic
fieLd. A formal .derivative" s„,~ ~ ~ 8„»j» of a basic
field P of any order n is called a field, and let the
set of all fields be f.

Next the concept of excess subtracti-on function
will be introduced. As its name implies, it will
play an important role in specifying the number of
subtr actions in Bogoliubov's renormalization pro-
gram. ' ' Let I denote the set of all non-negative
integers, and define I„=(1, 2, . . .—, N} for any posi-
tive integer ¹ For N=O, define Io—= »2», the empty
set Als.o define S„=(U:UC-I„} for each NCI. A
Q1applng

@-=[&,0]. (2.1)

is called an excess subtractio-n function of order
N if it satisfies the following two conditions:

(i) RCSCI„~ »». (R)& c»(S),
(ii) a(S) =0 if S is either empty or has only one

element.
A simple vertex is then defined to be the ordered

pair [f, n], where f is a (possibly empty) sequence
of N fields f, C F, and where»». is an excess-. sub-
traction function of order N. N is also called the
order of the simple vertex. A simple vertex is
said to be trivial if f is empty, and it will be de-
noted by 1. If f has only one element P, we will
simply denote"

For each j C U»„define a sequence (I»»»~, . . . , I»»s»~,„,)
by replacing f& (which is g) in the sequence f with
the entire sequence g:

f»
g,(i) = g i-g+ x~

f -»+»»1&

1 ~& i ~& j —1

j &i &j+M —1

j+M&i &N+M -1.
(2.2)

Also for je U&, define an excess-subtraction fuDc-
tion y~ of order N+M —1, which mainly carries
the information of e and P but which also has a
"memory" of the ejected f& (=g), as follows. . Let
I' ~ and Q ~ be two mappings that map elements of
f and g occurring in b" to their original positions.
That is,

F (i)=(/) ~ ~- for 1 ~&i &j —1.

i -M+1 for j+M &i &N+M

and

G'"(i)=i —j+1 for j&i &j+-M l. —

~(j) ~o~Let S~ and XP be their domains. Then for
R C I„,„„y"(R) is defined by

The set of all simple vertices will be called 'U.

A finite formal linear combination'2 of simple ver-
tices is called a vertex:

W= abo'+ ~ ~ ~ + aV",
where the w's are simple vertices and where the
a's are called coefficients and a. re polynomially
bounded infinitely differentiable functions of
x& (p =0, 1, 2, 3). Note that apart from the pres-
ence of excess-subtraction functions, a vertex
resembles a polynomial in fields. We will intro-
duce operations on vertices which will further
illustrate this analogy.

Let w =[f, c»] and v =[g, P] be two simple ver-
tices of order N and M, respectively. Let P be a
field and define

I

a(F"'(Rnnr )) if Rnn" =g
yO (R) —= P(G (RA 5) )) if RAG =g

n(E»'(R A 5&r ) U (j})+p (G»''(R A S )) otherwise .
(2.3)

The substitution for simple vertices w and v and
field g is the vertex U = a'b~ v' (2.5)

(2.4)
The functional derivative of Wby P is then simply
defined as

For vertices W=ga»a»nwd V=+,b»v», the sub-.
stitution is

iiW (iiW i) (2 6)
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and the sPace-tkne derv'ative of W is

B~W= Q Bpg +Q(spo )w
If)CO'

(2.7)

[t,a]

A transformation vertex A is a sequence of M
vertices A' (a =1, . . . ,M), where M is the total
number of basic fields. Given any vertex W, the
variation of W under A is

Oo 5W

So )y )k
(2.8)

An infinitesimal translational vertex t„ is a trans-
formation vertex with components

tw —8 ylx (2.9) FIG. 1. A typical Feynman graph.

and an infinitesimal Lorentz rotational vertex o 8
in the aP plane is defined by i 6 S"~f",C y. We define the symbol

o'„()=X„B—a(I)' —XBB (2.10) n"(r) -=o"(&") (3 3)

where X„ is the function X„(x)=x„. These defini-
tions are consistent with the transformation of
scalar fields under the generators of the Poincarh
group.

III. FEYNMAN AMPLITUDES OF UERTICES

5 'g'" =X„e 2'"' —X 8 g'"' (3.1)

Given n nontrivial simple vertices ze', . . . ,zv", the
vertex d"( determines a set $(w', . . . ,w") of
Feynman graphs. Each graph consists of n ex-
ternal points (in one-to-one correspondence with
the w's) and a number of internal points (each cor-
responding to a nontrivial simple vertex in ig'"')
Fields of different simple vertices are paired so
that none is left alone. Each pair is joined by a
line. Different pairings give rise to distinct
graphs. Figure 1 is a typical Feynman graph.

Given a connected Feynman graph I', the unre-
normalized integrand Ir((l), q) is obtained as usual,
except for a slight modification of the propagator
(due to Zimmermann") which is

t(2)7) '[t' —m'+is( I'+m')] (3.2)

Here l is the 4-momentum carried by the corre-
sponding line, and m is the mass of the particle
for this line. As usual, a derivative 8& of a basic
field appearing in a simple vertex introduces a
factor il„, where l is the 4-momentum carried by
the corresponding line away from the vertex.
Every simple vertex carries a factor (2w) .

Bogoliubov's renormalization program ' will
now be sketched. Let y be a subgraph' of F and
let v = [f",n"] be a simple vertex contained in y.
Then there is a unique set S" of integers such that

Let g'"' be a vertex with constant coefficients and
let Z'"' transform like a Lorentz scalar:

To this subgraph y we assign a subtraction num-
ber

&(y) =d(~}+ Z ~"(y), (3.4)

where d(y) is the dimension of y (obtained by a
simple power counting of momenta, including
those of integration). More transparently, one
determines 5(y) by finding all the fields in y and
reading off their contribution to 5(y) from the ex-
cess-subtraction functions. Hence the name ex-
cess-subtr action function. This marks our depar-
ture from Zimmermann's normal products, ' where
c("(y) is only dependent on v." A xenormalization
past of I' is a one-particle irreducible subgraph
(of I') whose subtraction number is non-negative.
A 1 forest U is a sequence U„.. . , U of renor-
malization parts of I' such that i& j implies either
U;( U,. or U;&U& =P. Then the renoxmalized
Eeynman integrand is defined to be

@ir(I & k, ~) =- g [-t'"'l. [-t'""]ir
k

U~% (r)
(3.5)

where k arh the n —1 independent external mo-
menta, $ are the integration momenta, %t(I') is
the set of all F forests, and t&I is the sum of the
first 5(y)+1 terms of the Taylor series of I in the
external momenta variables of y. ' This Taylor
series is expanded around the point where the ex-
ternal momenta of y are zero. Then the integra-
tion of the renormalized Feynman integrand over
integration momenta $ yields (in the limit c-0}a
well-tempered distribution E~ over test functions
of momenta k', . . . , k"

k~(w', . . . , w";k', . . . , k" ')-=lim fd(SI~(kk, a). ,

(3.6}
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Multiplying this by 5(gk) we obtain Fr as a distribution over test functions of momenta k', . . .,k":

n

» „(w', )) ';. . . ; u", 0) -=I!' Q ).")P„(w', . . . , w"; k', . . . , ):" ') .

Its Fourier transform is
" tl

Pr(w x~' w x)=— g 4
ei» Fr(w k~' 'w k).

i =1 h2&)

(3.7)

(3 3)

If r is disconnected, say I'= U,I', where I', are connected, then 5', is defined to be the product of the
connected components:

~r =II &r. . (3 9)

Summing over all graphs in $(w', . . . , w"), the Eeynman amPlitude is

F(w', x';. . . ;w", x")=- g Sr(w', x';. . . ; w", x"),
Q(&» y ~ ~ ~ f8 )

(3.10)

if none of the simple vertices w', . . . , w is nontrivial. Although the summation over F in $(w", . . . , w")

may not converge, we will assume that it does. If some of the simple vertices in m', . . . , se" are trivial,
F is defined as before, but only on the nontrivial simple vertices in sv', . . . , so" and their corresponding x's.

For vertices W' = Q, a'~w'~, the Feynman amplitude has a straightforward extension:

P(w', x', . . . ; w", x")=-Q Q Q a"&(x')) P(w'", x';. . . ; at"", x").
J„Ei=j.

The Feynman amplitudes are readily seen to be invariant under simultaneous permutation over
(W', . . . , W") and (x', . . . , x"). Another simple property is Lemma 1:

8
- S(W' x' W" x")=V(W' x' S~W' x';. . . ;W", x").

Xp

(3.11)

(3.12)

This is analogous to Lemma 1 of Ref. 8, and will be proved in Appendix A. Because Z'"' is a Lorentz
scalar, F is Lorentz-invariant:

n

Q S(W', x';. . .; V. ,W', x';. . . ; W", x")=0,
i=z

if the 8"s have constant coefficients.

(3.13)

IV. FUNDAMENTAL IDENTITIES OF FEYNMAN AMPLITUDES

Noether's theorem in classical field theory is a simple identity that follows directly from the Euler-
Lagrange equation of motion. In our formulation, neither exists as yet, but we will show that our formu-
lation is such that their analogs are valid. For this purpose we will develop two identities on Feynman
amplitudes.

First of all, let us introduce the full Lagrangian vertex Z. It is of the form

z=z,~+z '"+z&',

where

gi(i)) —'Q [(s y s)iy ) 0]
a

&- -=--,'Z(~')'He', y'), ~-l,
and the excess-subtraction function of the mass term is defined by the condition

n~(1,) =2

(4.2)

(4.3)

(4.4)

2 ' has constant coefficients, as described in Sec. III. Apart from the excess-subtraction functions, the
analogy of the Lagrangian vertex to classical Lagrangian density is most obvious. It is also readily seen
that 8 is a Lorentz scalar:

g = X 86g —Xg8o ~ n 6 B n (4.5)
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The fir st identity of Feynman amplitudes is

(4.6)

where ao andthe v's are simple vertices and )is abasic field. The proof of this identity willbe reserved for the
interested reader in Appendix B. We will convert this to a more useful form. Repeating it I times, one
for each ~' of a transformation vertex with constant coefficients, we obtain the second identity:

8
P(J„,x; V', y';. . . ; V", y")

= 6'(6 Z, x; V', y';. . . ; V", y")

ig 6 (x--X') F( V', 0 ';. . . ; 6A V', &';. . . ; V", E")

S=l ?'=1 Px Pa

(4 7)

where

)„s+1 t 6Z
r+1 ~i t'~~6s&s "~ ss=o r =o ~s

is called a transformation current vertex, and is defined for each transformation vertex ii.

(4.8)

V. TIME-ORDERED PRODUCTS AND WARD- TAKAHASHI IDENTITIES

It is usually assumed that the renormalized Feynman amplitudes are the vacuum expectation values of the
time-ordered products of a local quantum field theory. By virtue of their definition, the time-ordered
products are undefined at equal-time points. However, there are two compelling reasons why it is desir-
able for them to be well defined everywhere: (1) The power of the Ward-Takahashi identity' of time-
ordered products in quantum electrodynamics lies on those terms defined at equal space-time points; (2)
Ruelle" and Steinmann" have shown that if the time-ordered products are well defined everywhere and are
Lorentz-covariant, and if the analytic continuations of their vacuum expectation values in momentum space
satisfy certain generalized unitarity equations (Steinmann's relations), then they define a local quantum
field theory of which they are the time-ordered products. Hence we will assume that the time-ordered
products are well defined everywhere and are Lorentz-covariant.

Now the Feynman amplitudes are well defined everywhere and they are Lorentz-invariant. Whether they
satisfy Steinmann's relations or not is beyond the scope of this communication. So we will assume that
they are the time-ordered products of a field theory, but only in a limited sense. To be precise, let'V

be the set of all simple vertices containing at most mth derivatives of basic fields, and let 8 be the set
of those vertices which are formal linear combinations of only simple vertices in . Vertices in 9o are
said to be nonderivative. Then for any vertex V in 9, we assume that there is a vertex oPerator V,~(x)
which is a local operator-valued distribution on the Hilbert space K of physical states, and that the vacuum
expectation value of a time-ordered product of vertex operators V,'p(x'), . . . , V,"~(x") is

&0~ T[ V.', (x') "~ V.",(x")]~0)= 6'(V', x';. . . ; V", x"). (5.1)

The more general assumption that this equation is valid for P's belonging to 8 with nz & 1 will be shown to
be inconsistent with the previous assumption that the time-ordered products are well defined everywhere.

Letting all vertices but one, say V', in Eq. (5.1) be basic field simple vertices, the usual Lehmann-
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Symanzik-Zimmermann (LSZ) reduction formula" then determines the matrix elements of V,'~(x') between
in- and out-states. And so we find

8—-„V, (x) =(B„v), (x) for VE9,
~X

(5 2)

and

(X& V),~(x) =x&v,~(x) for VE. Q, . (5 3)

Let us make the further restriction that the Lagrangian 2 belongs to 9,. Then every term in the second
identity (4.7) can be translated into the language of time-ordered products:

&o I T[J„'., (x) v'.,(y')" V.",(y")] I o&

n

=&017'[(5.&).p(x) V.'p(y') "V."y(y")]10&-i Z5'(x —y')&01T[v.', (y') ~ ~ ~ (5,v').,(y') . v.",(y")]10)

i

+i+a&i (x —)") 7 )4()"),A' (3P) ),p()'") 0)1=1 () ()P
(5.4)

for a nonderivative transformation vertex A with constant coefficients and for vertices V', . . . , V"g 9,.
[Note that, under our restrictions, J„, 5AZ, and 5A V' belong to Q„so that J)„~, (5AZ),~, and (5~V'),~ are
well-defined operators. ] Since ZE Q„

(5.5)

in complete analogy with Noether's current of classical field theory. 5~2 is also analogous to the classical
variation of under an "infinitesimal" transformation A. To bring this equation to a more familiar form,
let all V' be basic fields and apply the LSZ reduction formula. " We then find that in (5.4) those terms in-
volving 5 functions do not survive; therefore

for any in-state 4 and any out-state 4. Hence we have the operator identity:

s~J„'., (x) =(5,Z).,(x). (5.6)

If we recall that J~A,~ and (5~2),~ are the analogs of the classical Noether's current and the classical varia-
tion of Z under A, it is evident that this identity is the operator analog of the classical Noether's theo~em.
The analogy to classical field theory does not stop here. If the transformation vertex A has the particular
form t' = I and t'=0 for ass, then (5.6) reduces to the operator analog of the Euler-Lagrange equation of
motion:

(5.7)

Returning to (5.4), let us substitute 9"J&,~ for (5Ag), , and obtain a generalization of the Ward Takahashi-
identity:

&o I
T[J„'.,(x)v.', (y') "v.",(y")]

I o&

~ ~ ~
~

~ ~ ~ ~ ~

n

J) op(x)V.'p(y') V."p(y") o —' Z5(x-y')&0IT[vp(y ) ''(5AV'). p(y') Vp(y")]Io&

6V'
+i r 8„6(x-)") 0 T 'V.', (i') . A' (i') V.",(y") 0&.

t=l )) OP

(5.8)

We will also call this the Ward- Takahashi identity.
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It is well known that the formal theory based on equal-time commutators" also yields (very simply)
similar identities, with the important difference that there the Schwinger terms" (terms proportional to
spatial derivatives of 5 functions) are noncovariant. This is to be expected, because the time-ordered
products in the formal theory are defined with the aid of the step function of time, and hence the time-or-
dered products are noncovariant. Although the existence of Schwinger terms can easily be demonstrated"
in the formal theory, their nature is very much undetermined. " So for practical purposes, they are usual-
ly assumed to be absent from covariant time-ordered products (cancellation with seagull terms which are
also noncovariant). However, in the identity (5.8), terms proportional to derivatives of 5 functions are both
covariant and completely specified. We will call them covaxiant Schrodinger teems. In operator form, they
are

z8„5(x-y), . A' (y),
5V

p OP

and the corresponding vertex

depends only on V and A.
For g invariant under A, that is,

O,Z =0,

then from (5.6)

(5.9)

8 "J„',p(x}=0, (5.10)

and Ref. 23 shows that an operator G(J,~} can be rigorously defined on the physical Hilbert space if there
are no massless particles. G(J~p corresponds to a refined definition of the usual integral fd'xJ o~(x) in the
formal theory. After Lowenstein, ' we can further show that under the condition (5.10) the Ward-Takahashi
identity (5.8) requires G(J,~) to be the generator corresponding to the transformation vertex A:

[G(J, ), V, (x)]=-i(5 V)„(x), (5.11)

for any vertex VE 9,.
Now, the description of symmetry is clear. Let there be a Lie group of linear transformations on the

set S of basic fields. This group determines a Lie algebra of linear transformations on S. For each ele-
ment of this algebra, one constructs a transformation vertex, which in turn determines a transformation
current operator. The Ward-Takahashi identity for this transformation current operator then describes
how vertex operators transform under this element of the algebra. If the Lag'rangian vertex is invariant
under this element End if there are no massless particles, then the corresponding current operator deter-
mines a generator. If furthermore the Lagrangian vertex is invariant under the entire Lie algebra, then
these generators generate a representation of the Lie group on the physical Hilbert space.

We will now end this section with a discussion on why (5.1) cannot be assumed to be valid over a wider
class of vertices. Suppose that Feynman amplitudes are time-ordered products of vertices in 9,. Then
Lemma 1 and the Ward-Takahashi identity (5.8} say that

~ ~ ~ ~ ~

I

0 T Jq,p(x) V,'y(y') ~ ~ ~ V,"~(y"} 0 = 0 T Jq,p(x)V,'q(y') . . V,"v(y") 0
I

+ covariant Schwinger terms.

However, the time-ordered products are assumed to be well defined everywhere; hence a contradiction.

VI. ENERGY-MOMENTUM AND ANGULAR MOMENTUM TENSOR OPERATORS

To study the energy-momentum tensor, we obviously consider the infinitesimal translational vertices
t„[Eq. (2.9}]. Now t'„5 90; hence we cannot make use of the Ward-Takahashi identity of Sec. V. So we
return to the second identity (4. 'I) and obtain

8 g

tt

F(J„'~—g„,Z, x; V', y';. . . ; V",y") = -i Q 5(x —y') 6:(V', y';. . . ; s„V',y';. . . ; V",y") .

Note that J„'~ and Z belong to 9„and so (J„'&},~ and g,~ are defined. Let V'E 9„' then V,'~ and (s„V')~ are
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also def ined. Hence

n

&oIT[e„,(x)V.'„(y')" V.",(y")] lo&=-i g5(x-y')&0IT[V4(y') "s,V'', (y')" V.",(y")]lO&,
8Xp

where

e„„(x)=- (Z„").,(x) —Z „.&.,(x)

is the energy mome-ntum tensor oPerator. Equation (5.11) then shows that the operators

(6.1)

(6.2)

P, -=G(e„„)

satisfy

[P„V.,(x)] = -is, V.,(x) ~ VC 8..
Hence P„are the energy-momentum operators and generate the group of translations. This implies a
wider range of validity, " that is,

[P„,O(x) ] = -ia, O(x)

(6.3)

(6.4)

for any local operator O(x).
Let us next study the infinitesimal Lorentz rotational vertices [Eq. (2.10)], and see how they will lead

to the angular momentum operators. Recall that 2 is a Lorentz scalar [Eq. (4.5)]. Hence

J&6 =J~a
n 8

which also implies that the energy-momentum tensor is symmetric,

e„s(x)=e~„(x) .

By definition (4.8) the current vertex for g„8 is

J'~8=X+'s —X J'"
v v ~ ]

and so for nonderivative vertices V', . . . , V", the second identity (4.7) yields

8 P(Z„'"8,x; V', y';. . . ; V",y") = 6'(Z„'8 —Js +X 882 —Xss 2, x; V', y';. . . )ax

(6 5)

(6 6)

(6.7)

Then making use of (6.5),

-i +6(x-y')6'(V', y';. . . ;6.„,V', y';. . . ; V",y").
)=1

&olr[ „„,(x) V.', (y') "V.",(y")] lo& =-f g5(x-y')&0 tr[V'.,(y') ~ .~ (5. ,V').,(y') V.",(y")] lo&,

(6.8)

where

Z „„8(x) —= x„e„l(x) —xse~„(x)
/

is the angular momentum current oPerator. The angn/ar momentum operators

M„8=G(Z~„8)

(6.9)

(6.10)

[M„„V.,(x)] = -i(5. , V).,(x) .
%e wish to stress here that the energy-momentum tensor operators and the angular momentum current

operators are specified by the Lagrangian vertex. Attempts have been made to alter the energy-momen-
tum tensor in the formal theory for the purpose of symmetry, ' or to improve" it so that its trace is soft.
To achieve this, terms are added that contain second derivatives of fields. The corresponding procedure
here is therefore to add to the Lagrangian vertex extra vertices that contain second derivatives of basic
fields; but then Z wiD no longer belong to 8,. That also takes the transformation currents J

&
out of 9,.

(6.11)

are therefore generators of Lorentz transformations on the Hilbert space, and for any nonderivative ver-
tex operator V,»
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Therefore we can no longer define Z,~ and J&,~, and the nice connection between Lagrangian, currents,
energy-momentum tensor, etc. , will be lost. In other words, our Lagrangian vertex cannot simply be
altered.

VH. CURRENT-ALGEBRA WARD- TAKAHASHI IDENTITIES

The current algebra of Gell-Mann' is usually formulated in terms of equal-time commutators of pairs of
currents which correspond to a basis of the Lie algebra. Since equal-time commutators may not exist, we
have to look for an alternative description of current algebra. It is well known that nearly all results of
current algebra follow from the intermediate step: the current-algebra Ward- Takahashi identities. We
have seen that Ward-Takahashi identities follow naturally from the Lagrangian and the transformation
vertices in our formulation. Therefore we will investigate when our formulation yields those identities
for current a,lgebra.

Let us introduce some notations and a lemma. The sum of those simple vertices in Z that contain de-
rivatives of basic fiel.ds is a subvertex, which we shall call S~ '~'. Let A and II be two nonderivative
transformation vertices. We define their commutator" [ll, Aj (which is also a transformation vertex) by

(7.1)

(7.2)

Lemma 2 If
(1) all basic fields are Bose fields,
(2) the Lagrangian 2 has at most first derivatives of basic fields,
(3) 2 '""' has only zero excess-subtraction functions,
(4) A and F are two nonderivative transformation vertices with constant coefficients and zero excess-

subtraction functions, and

(5) 5 g derivative
O

then

JI Jhl, Aj
v (7.3)

This lemma will be proved in Appendix C.
Lemma 2 precisely specifies the condition for current algebra. An algebra 8 of transformation vertices

is defined to be a set of nonderivative transformation vertices with constant coefficients and zero excess-
subtraction functions such that it is closed under the commutator (7.1). For each AE 8, there is a cur-
rent operator J&~,&. If g~ "'""' has zero excess-subtraction functions and if it is invariant under the alge-
bra 8, i.e. ,

~ gamvatf e 0

then Lemma 2 says that the Ward-Takahashi identities for these currents are

&o17 [z„'., (x)J„".,(y) v.', (z') " v.",(z")] 1o)

0 T J„, xJ", V, z 'V," z" 0 -&~&—p 0 & J~"', V, ' V," z" 0
I

— Q 5(» - z')&o
1 &[&." b) vl, (z'). (5 v').,( ) .v.,(z")11»

+is„t)(x-y)(0 T .zi A' b)'v'. ,.(z') ~ )'.", (z") D

n

+i Q s„5(»—z') 0 T J'„", ()')v,' (z'), A' (z') (," (z") 0).f-1 58 „((t)',i)
('7.5)

The only difference between these identities and those of the formal theory is that here the Schwinger
terms are again both present and covariant. In order that current-algebra Ward- Takahashi identities for
a particular Lie algebra, say SU(3) x SU(3), be valid, the basic fields must be a basis of a realization
(linear representation included) of the algebra, for then an algebra of transformation vertices can be
constructed from this realization. The details for SU(3) x SU(3) will be described:. in a forthcoming paper.
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VQI. SUMMARY AND DISCUSSIONS

The vertices introduced in Sec. II are analogous
to products of fields at equal space-time points,
but with information contained in the excess-sub-
traction functions on how subtractions are made in
their Feynman amplitudes in Bogoliubov's renor-
malization scheme. ' ' They are generalizations
of normal products. 4 Instead of formulating a La-
grangian quantum field theory by starting with an
ill-defined Lagrangian density operator and de-
riving from it the Feynman rules for time-ordered
products (and hence of the scattering matrix), we
have made the following four assumptions:

Assumption (I). Any vertex in 9, determines a
local vertex operator.

Assumption (2). Feynman amplitudes converge
as sums over all allowed Feynman graphs, and
S ' is used for constructing Feynman graphs.

AssumPtion (3). A Feynman amplitude for a set
of vertices in 9, is related to the time-ordered
product of their respective vertex operators.

AssumPtion (4). The Lagrangian vertex belongs
to 8~ and satisfies the restrictions of Sec. IV.

From the above assumptions, follow these con-
sequences:

(1) The Euler-Lagrange equations of motion are
valid in operator form.

(2) Any nonderivative transformation vertex de-
termines a transformation current operator,
which satisfies Ward- Takahashi identities, but
with covaxiagt Schwinger terms. " From this
follows the operator form of Noether's theorem.

(3) The energy-momentum tensor and angular
momentum current operator can be similarly ob-
tained, and they in turn determine the generators
of the Poincarb group.

(4) If g '""'""' has only zero excess-subtraction

functions, and is invariant under an algebra of
transformation vertices, then the current-al geb~a
Ward-Takahashi identities for this algebra are
Valid.

Note that nowhere are equal-time commutation
relations required. Yet without them, we have
obtained, by graphical means, interesting con-
sequences that, in the usual formal theory, follow
from equal-time canonical commutation relations.

Another significant deviation from the usual
theory is that we have used here iS ', instead of
-iX ', for constructing Feynman graphs, even
though S may contain derivative couplings. Our
use of ig ' has two ad'vantages: (1) Lorentz co-
variance is guaranteed, and (2) we can prove
Ward- Takahashi identities, and the operator form
of Euler-Lagrange equations of motion and
Noether's theorem. Hence if we require the equa-
tions of motion to be valid in operator form, we
naturally will. have to use iS ', and not -iK '."

If modifications on Feynman amplitudes can be
found, which can be analytically continued to some
domain in the space of complex momenta, and
which satisfy Steinmann's relations, "then these
modified Feynman amplitudes define a quantum
field theory of which they are the vacuum expecta-
tion values of the generalized retarded products.
Then assumptions (1) and (3) become consequences,
and will be no longer needed as inputs. The Ward-
Takahashi identities then may also be expressed
in terms of these generalized retarded products.
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APPENDIX A

To prove Lemma 1, it is sufficient to show that for w = [(f„.. . ,f„),n], v~ =[gj, P~], and a connected
graph I' in u(w, v', . . . , v"),

N

i k„Fr(w, v', . . . , v; k, q, . . . , q ') = QEr((w', v', . . . , v'; k, q', . . . , q" '), (A1)

where w' =[(f„.. . , s&f;, . . . ,f„),e] and I"' is obtained from I' by replacing f, by s&f,. For this purpose
we will first state Lemma 3:

Let u =[(g„.. . ,g, ), c(] be a simple vertex, let y be a connected graph in 5)(u, v', . . . , v") such that 5(y)
~ 0, and let G((l/) be a function of all the internal momenta (I]. of y. For i = I, . . . , r, define y' in
&(u', v', . . . , v"), where u' =[(g„.. . , 8„g,, . . . , g„),a], by replacing g, in y by s„g;. Then

Qt ~"' G( ())= {(Q )t ~~~G)({()),
k=1 i=1

where I„' is the momentum carried by g,- away from u. For the proof, note that 5(y') =5(y)+1, and that
Q", ,I'„ is an external momentum to y.
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We will now prove Lemma 1.
Let U =(U„.. . , U„) be a I' forest, and define a set R of integers by the relations

i E R i]-]f i C U~ .
Then for iER and for j=1, . . . , m, 5(U,.) is independent of i. Therefore in the expression

g[ tbUJ]. . . [ tb(U )]tii
i(=-R

g(p i gg 5)
we can bring the summation sign Q, ,a across [-t (U~] ~ ~ ~ [-t@U2)], and then, applying Lemma 3 to the

resulting expression, we obtain

P [ tb(UL)]. . . [ t b(U()] ti I g [ tb(Ug]. . . [ tb(U])] ti [ tb(Ui)]I
isR icR

Since for i(ER, l'„ is not an external momentum to U,', and since 5(U',}=5(U,),

lpIp=lpt lIT for $QB.

From this and (A2'), we have

(A2)

(A3)

Q[-t '"']" l-t"'i'1 I'I, = Q[-t "~]" [-t"' ') t'„[-t"'i'li, .
5=1 i=1

(A4)

Since (U„.. . , U ) is also a I' forest, by repeated application of (A4) we find

N N

g[ t""&] -[ t"4]i'z =-gt' [ t" '] -[ 'i-"'']i = gi )m'
i=l i=1 i=1

(A6)

for a I' forest (U„.. . , U„).
Next, .we will enlarge the notion of a forest. Let Z(I') be the set of all one-particle irreducible subgraphs

)[. of I' such that (1) 5()].) = -1 and (2) at least one f,FX. An ex.tended I" forest U is a sequence (U„.. . , U )

satisfying (1) for a =1,. . . , m, U, either belongs to Z(I') or is a renormalization part, (2) a&5 ~ either

U, ( U~ or U, AU, =]z[, and (3}there exists an integer C such that (a) UUGZ(I") and (b) U, cZ(r) ~ U. Z U, .
Then for any extended I" forest U, there is a set RU of integers satisfying ieRU ~f, g Uc (where Uc is de-
fined as above); therefore for such i C RU, (U'„. . . , U') is a I' forest.

Consider the expression

[ tb(U~)]. . . [ tb(U~)] t i I
ieR

for the above extended I' forest. By the same argument leading to (A5), we find that this is equal to

g [ tb(UJ]. . . [ tb(UU)] Ii [ tb(UU g)]. . . [ tb(U )]I
ieRp

Again we find 5(U'„), . . . , 5(Uic) are independent of i. Therefore we can bring g;,„across the factors
[-t@U~] ~ [ t(Uc)], an-d, realizing that g„„ I'„ is an external momentum to Uc and that 5(UU) =0, we find

that the Taylor series t@ c of one term only is zero; that is,

[ tb(UJ]. . . [ tb(Uj~)] I f I ()
icR g

for any extended I' forest U =(U„ . . . , U ).
Finally, it &Ir is the unrenormalized integrand Iri for (w', v', . . . , U"), so that

N N

[ tb(UQ] . . [ tb(Ui)] tiI
i=l V~Z(ri)

p I

Defining 'Ob(1') to be the set of all extended I' forests U with RU = S, then

N 6Vi Sger, ]=i g g + g g g [-t'' ]" [-t'"']I'I, .
i=1 Ve'll(l) S(= SN U6'QS(r) i &S

(A6)

(A'r)

By (A5) and (A6) we therefore obtain
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N N

+6Vrs i—— Qlq (RIr,
i=I i =I

from which follows (A1).

APPENDIX B

Let

~mass (I )

For a simple vertex

~=[(f„,f ), n],
define the notation

(Bl)

(B2)

FIG. 2. A graph I in g) (x, u, y, ...,z).

r =—8& w — 8&w

=[(f„.. . ,f„,8'0), x],

where A. satisfies

(B3)

6lf, , =-m' g g [-f'&»], ', f.
U~gg ~) y~U l ~™

Now (B4) and (B8) imply

~(r) =&(r') &r~I'.
It can easily be seen that

(B9)

if N+16 g
n(R-(N+I)) if N+1 eR (B4)

Let I' be a graph in $(r, v', . . . , e"). For general-
ity, we will not distinguish between internal and
external simple vertices. So let the simple ver'-
tices in I' be x, u, y, . . . , z. Without loss of gen-
erality, assume O'P at r is joined by a line I. to
the simple vertex u. Let k be the external mo-
mentum at x and let l be the momentum carried
by L, away from u. See Fig. 2. Then the unrenor-
malized integrand of I' has the form

~(r') =(v': fjg~(r)),
whereas t y and t y act on the same momentum
variables. Therefore

6lf, -did„= -f g g [-f''»]f. (Blo)
Ue&P) yeU

Before proceeding further, we need two lemmas.
J epyg ppgg 4: Let I' and L E I' be defined as before,

and let a renormalization part p, of I' be such that
p. A wag'and L[LAuog, but I.f p, . See Fig. 4. Then
if Z„(I') is the set of all I' forests each containing
p, p

ZI~=-l 2, I,l2 —m (B5) g [-f'&»]f=o.
UeZpP') ye U

(B11)

where we have omitted the infinitesimal term in
the propagator.

The renormalized integrand is

(B8)

/

,"k
L

0 S

Let

(sa-
W =-PB (BV)

where A.
' satisfies

if N+1% B
n(R-++I])+2 if N+1C R

' (B8)

From I', define'a I'C K)(s, u, y, . . . , z) by changing
s'p to m Q in I'. See Fig. 3. For ycl', define
y' similarly. So FIG. 3. Derived graph F'in g) (S,u,y, ..., g).
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p /

I
where E, is the momentum carried in L„and 6 is
a function of momentum variables other than l„
this contribution is

[-t'(y &]" [-t »'] G[1-t ( &],', . (815)
1

Now t C' acts on the external momenta of a; there-
fore

~C~)

z 1

and hence (815) vanishes. Q.E.D.
Returning to our original objective, we find

that if F satisfies the restriction of Lemma 5,
then (810}reduces to

FIG. 4. Particular renormalization parts p and ~ of p.
SIp -SI~g =0. (816}

Proof. », , =—», u jL} is also a renormalization
part. The forests of Z&(1') can be partitioned into
disjoint pairs of the form (U, U, ) where p. , (E Ubut

p z 6 Uz and otherwis e U is identi cal to U, . Then
the proof consists of showing that the contribution
of such a pair to the left-hand side of Eq. (811)
vanishes. In fact this contribution is

where y, = p, and (y', . . . , y") = U. k+ l is an exter-
nal momentum to p, . Let the rest of the external
momenta be p„.. . ,p, . Then

(")[-t~ y4-i)]' ' ' [-t~ y~)] I

For I' not satisfying the restriction of Lemma 5,
then Lemma 4 and (810) yield

(817)(Ri, -Ni„, = -t g g [-t'(»] I,
Ue%LzCI ) y& U

where%. ,(I') is the set of all I-' forests, each not
containing any renormalization part p. as de-
scribed previously and shown in Fig. 4. For each
yc F, define y" by removing the line L, and com-
bining r and u into one simple vertex. See Fig. 5.
Let us consider the following restrictions of 2 '

and v', . . . , v", in order of increasing generality.
(1) If there is only one g and no 8&,P in u, then

for F not satisfying the restriction of Lemma 5,

is a polynomial in 0+3, P„.. . ,P, of degree 6(p},
that is, a polynomial in k, p„.. . ,p, of degree
6(p, }. Now the external momenta to p, , is k,

P„.. . ,P, and 6(p, ,) ~ 5(p, } (because of the nature
of excess-subtraction function). Therefore,

[1 —t (" )] [-t (")][-t'(y*-')]" [-t'(y~)]1= o

and so (812) vanishes. Q.E.D.
Lemma 5: Let F and L6 F be defined as before,

but under the restriction that there is another line
I,,GF also joining r and u. Then

and

I=Iptt
&

~(r) = ~(r") .

~q+a
I

(818)

(819)

g [-t'(»] I= 0.
Uc. 'PP") y c U

(818)

Pyoof. Let o be the subgraph consisting of I
and I,, only. Then its degree 6(v) ~ 0. ~(1') can be
partitioned into disjoint pairs of the form (U, U, )
where o. E U, but U and otherwise Uis identical
to U, . Like the proof of the previous lemma, we
will prove this one by showing that the contribution
from any such pair to the left-hand side of (813)
vanishes. In fact, writing

2I= 2~G,
z

(814)
FlG. 5. Derived graph I'".
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The last equation is valid because of the excess-
subtraction function of a substitution. Again t~~»

and ~'~y"~ act on the same momentum variables.
Also, %L(I"'}=(U": U6%,,(l"}). Therefore the
right-hand side of (B17) is simply

dpi'

ga y

(B20)

that is,

6' - (RET i = -i 6''r n (B21)

If 2 and v', . . . , v" do not contain derivatives of

P (but each may have more than one P), then for
each graph I'6 &(r, v', . . . , v "}either (B16) or
(B21) is valid. On summing over all graphs. in

S(r, v', . . . , v"), we therefore obtain

FIG. 6. Graph j. for u containing 8&$.

gg int

P(r s, k-; v, q;. . . ; v", q "}= p~ 'N, ~; v, q;. . . ; v, q
6

(, , (6v'-f g 6:
]

v', q';. . . ; ]
zo, 0+q';. . . ; v", q" I.

E~
(B22)

(2) If there is only one derivative S&$ but no P in u, then the line I, connects Bsg of the simple vertex
u to O'Q of r (Fig. 6), and Ir has the form

N

I~= —l', , i!~A~=-l', , l
Q~Q'8 —~'k~)A~,)'-m' )2-rn' (, ,

where Q', . . . , Quare the momenta carried by f„.. . ,f„wayafrom r See F. ig. 2. Now

(B23)

8-l 2 2 aQSA
E -nz

is the unrenormalized integrand of a graph Ats (Fig. 7) in

6u
&l [(f„,ssft, ,fN, 8'44~1,

l

�68
8
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2 ~ 8-l 2 2Al -m

is the unrenormalized integrand of a graph lid (Fig. 8) in

r 6u
(68 8

So by applying (B21) to Xjtt s and Xiii separately, we obtain

N

(RIr-Nlrr = -i Q Q[6U~t&" —ik86IIiid»].
t=x 8

(B24)

If 2 and v, . . . , v contain at most first-order derivatives of p, there will be additional terms in (B22) due
to graphs in which 8 Q is joined to 8 &Q of another simple vertex, and these additional terms are given by
our last etluation. Therefore, on summing up all graphs, we have a generalization of (B22):

g gint g giilt

6 68 it

iF -~ v', q';. . . ; tv + (8&-ikd)tv, q'+k;. . . ; v", q"
~
. (B25)

(3) In general, where the order of derivatives of p in 8 ' and v', . . . , v" are not restricted, Etl. (B25)
is easily further generalized to

F~ 6 (8„ - ik„ )~ ~ ~ (8„ - ik„ )ttr , k; v', q '; . . . ; v ", q "
~

-i Q FI vtr q;. . . ; (
(8~ -ik~ ) ' '(8„-ikp )to [, k+qi;. . . ; v", q"

)

=0,

(B26)

whose Fourier transform is the first identity (4.6).

APPENDIX C

We present here the proof of Lemma 2.
Assumptions (1) to (3) of Sec. VII imply that 2 ' ' ' has the form

N
gd riteievevg 8 pat, » 8 rtranFPt ~ ~ 'Itn (y)n, a~. ~ an

n= 2
(Cl)

where E's arepolynomialsofbasic fields P. [Because of assumption (3), a vertex can be written as a poly-
nomial of fields without confusion. ] For integers i and n satisfying 1 & i &n & N, define

Qtit —Fnl'"&t lit&i'"nn -t(rt )8 +bi ~-~ ~ 8 gbn-i
na n;bl" ~ bg yabi -bn law It n j.

Then for any set of integers I„.. . , I„such that 1 &In& n,

N
@derivative g 8 yaalntt

p na
n-2

Hence assumption (4) implies
N gAa

gdetlvetlve g 8 ybglnit 8 ya 6 ~ tr

n 2 W

Combining this with 5rtC "'~'=0 [assumption (5)],

GAG "=— G for 1&i&n&N.6A
na 5pa nb

By assumption (2) and the definition of transformation current vertex,

(C2)

(C3)

(C4)
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n

(JI )P= g g Gigra
n=2 4=I

and we find

(C5)

5,(J")i'= Q g [(5,G'~)r'+ G* i5,r'].
n=2 i =1

Vsing (C4), this becomes
N n phd a N n

5A(Jr)" = Q Q — G'(r' G's A' = Q QGis[r A]a (Jf . l)i'
n=s;=g
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2~W. -K. Tung [Phys. Rev. 188, 2404 (1969)] has shown
that such terms exist in a Ward-Takahashi identity
for the simple current gy& g in the Feynman graph theory
of the gluon model. .
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2 In some theories [e.g. , I. S. Gerstein, R. Jackiw,
B. Lee, and S. Weinberg, Phys. Rev. D ~3 2486 (1971)],
it can be shown that the use of i 8 in evaluating Feyn-int

man amplitudes is equivalent to the use of -iX~t to-
gether with some appropriate noncovariant propagator s.

PC
' means the interaction Hamiltonian density. )

2~The notation Q {s,u, ...z) is the set of all Feynman
graphs with simple vertices (internal or external)
s~u) 0 ~ ~ jzt
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In a class of Lagrangian field theories for Dirac spin-2 particles, the Bogoliubov-Parasiuk-
Hepp renormalization scheme provides a proof of the operator forms of Euler-Lagrange equa-
tions of motion, Noether's theorem, and Ward- Takahashi identities. Time-ordered products
for some derivatives of Dirac fields can only be defined with special care in terms of Feynman
graphs. Current-algebra Ward-Takahashi identities are obtained if 2 '" '"' is invariant under
the algebra; however, Schwinger terms are absent from these identities.

I. INTRODUCTION

In the preceding paper, ' we described perturba-
tion theory for scalar fields in terms of objects
called vertices and employed the Bogoliubov-
Parasiuk-Hepp' (BPH) renormalization scheme to
prove Ward- Takahashi identites, ' which led to
operator forms of Euler-Lagrange equations of
motion and Noether's theorem. They also enabled
us to construct the energy-momentum tensor, an-
gular momentum current operators, and internal-
symmetry currents and generators. Assuming
that the derivative part, 2 '""' "', of a Lagrangian
was invariant under a symmetry algebra, we
could prove current-algebra Ward- Takahashi iden-
tities. This is rather interesting, as the main
bulk of current-algebra' results that agree with
experiment comes from these identities.

The purpose of this paper is to extend these
results to Dirac fields, which call for some mod-
ification. We will assume that the reader is fa-
miliar with Ref. 1, on which we will rely exten-
sively.

The basic fields here are basis vectors of Di-
rac's representation' of the Lorentz group. They
are g' (a =1, . . . , 4) and their complex conjugate
g'* for each Dirac spin- —,

' particle. The generator
of Lorentz rotation in the u-P plane is the spin
matrix

sas=-, [ya t Xs]t

satisfying the commutation relation

8'= a'm'+ ~ ~ ~ + a"zo", (1.3}

where the coefficients a' are polynomially bounded
infinitely differentiable functions of space-time
coordinates. Because of Fermi statistics, the
notion of substitution needs a little modification
which consists of inserting appropriate Fermi
signature factors to every term in Eg. (2.4) of
Ref. 1. Thus for simple vertices ut—:[f, n] and
v=—[g, P] and any field Q, the substitution is

(1.4)

Denoting the sequences of Dirac fields in the two

rows above by A. and A. ', the signature factor' is
defined by

(1.5)

where r is the number of transpositions of Dirac
fields required to permute the sequence & to A.'.

[saet slav]=g'avsap+&Spsav &ass av -g'Svsap .

(1.2)

Repeating from Ref. 1, a simPle vertex is the
ordered pair [f, o.], where f is a (possibly empty}
sequence of fields' and n is an excess-subtraction
function (see Ref. 1 for definition). A vertex is
a finite formal linear combination of simple ver-
tices:


