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We have investigated the possibility of an anomalous effect in muon-proton scattering due
to the exchange of a scalar meson. This model for an anomalous effect differs from most
others in that the effect cannot be described simply as a muon form factor depending on
momentum transfer, but is strongly energy-dependent. The effect is largest at muon ener-
gies of a few hundred MeV and vanishingly small at the high energies of present experiments.
It would thus be an appropriate experiment for the high-intensity, low-energy muon beams
possible at meson facilities such as the Los Alamos Meson Physics Facility (LAMPF). We
have also investigated limits on such an interaction obtained from muon g-2 and muonic x-ray
measurements. For a sizable range of scalar couplings and masses a 5% effect in scattering
appears to be easily possible without conQicting with other information.

I. INTRODUCTION

The question of the difference between muon and
electron has been a long-standing puzzle. In spite
of a large number of precise experimental tests no
real differences have been found other than the
mass difference and effects directly traceable to
it." There have been, however, several recent
experiments' ' measuring muon-proton scattering,
both elastic' ' and inelastic, ' at high energies and
large momentum transfers which contain some

hints of possible deviations from results predicted
on the basis of electron-proton scattering. At
present such deviations appear to be most easily
explained in terms of normalization uncertainties
between the e-P and p. -P experiments, although a
possible interpretation of the differences could be
the presence of an anomalous muon interaction.

As the new meson facilities become operational,
and it thus becomes possible to produce intense
low-energy muon beams, a new realm of experi-
ments becomes feasible. That is, one can then do
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do(s)
dt ep

do'(s)

Rosenbluth

= [G„(t)l'

(1.1)
where G&(t) is interpreted as a muon form factor,
i.e., a form factor at the yp, p, vertex. This rep-
resentation for 8 is particularly convenient as it
summarizes the kind of effect one would observe
as a result of a number of different physical mech-
anisms violating the usual ideas of quantum elec-
trodynamics and producing an anomalous muon in-
teraction. For example various photon-propagator
modifications, a photon mass, the exchange of a
vector meson, a finite muon size or other vertex
modification all lead to a ratio R which is a func-

very high-precision muon scattering, at least in
the low-energy (few hundred MeV) and low-mo-
mentum -transfer region. Such experiments have
in fact been proposed for the Los Alamos Meson
Physics Facility'(LAMPF) and should allow one to
check the equivalence of p, -P and e-P scattering to
a new level of precision.

It thus becomes important to ask whether or not
there exist any models of an anomalous muon in-
teraction which predict effects large enough to be
observable at low energies, without violating lim-
its set by high-energy, high-momentum-transfer
experiments. Perhaps the central result of this
paper is that there exists at least one such model,
namely, an anomalous p, -P interaction mediated by
the exchange of a scalar meson, which predicts
effects of reasonable size at low energies, but so
small as to be totally unobservable at the energies
of existing experiments. Such scalar -meson-ex-
change models were suggested long ago' and vari-
ants of such models have since been considered by
a number of authors"0 in a number of different
contexts.

Before looking at the details of such a model we
should review briefly the present status of p. -P
scattering experiments and the standard techniques
used for comparing p. -p and e-P results. As noted
before there have been both elastic p. -P experi-
ments' ' (at muon energies of 6, 11, and 17 GeV)
and inelastic ones' (at energies of 10 and 12 GeV).
For comparison with e-P scattering, results are
usually presented as a ratio of the experimental
cross section [do(s)/dt], „~, where s is the square
of the total center-of-mass energy and t is the
square of the four-momentum transfer, to
[do(s)/dt]„, „»„th. The latter is the cross section
which would be obtained in the one-photon-ex-
change approximation (Rosenbluth formula) using
the nucleon form factors F, and F, (or the appro-
priate generalizations, 8', and W„ for inelastic
scattering) as obtained from electron scattering.
This ratio is usually written as a function of t as

tion of t alone and is given in terms of a G„(t)
which formally can be interpreted as a muon form
factor." Usually G„(t) is written as"

G(t)= (1 ——,) (1.2)

where t& 0 for scattering and A' is a parameter
which can be bounded using experimental informa-
tion on R. Implicit in this parametrization is the
assumption that the effect is expected to be largest
at large t and hence most easily observable at high
energies.

The difficulty with Eq. (1.2) however is that it
predicts a fairly rapid variation of R with t. This
is in disagreement with the high-energy experi-
ments which show an effect more or less indepen-
dent of t. (The p-P cross section is consistently
about 6% below the e-P results. ' ') Thus motivat-
ed, Perl' has suggested a different parametriza-
tion for G„(t),

G„(t)=1—b, , 0 &b &1.t
(1 3)

II. CALCULATIONS AND RESULTS

To begin, we postulate the existence of a scalar
meson, which we shall call a 0 meson, which cou-

For large t, ( t~»A', and b of the order of 0.02—
0.04, this gives R =(1 —b) which is indeed inde-
pendent of t and looks like a few percent normali-
zation uncertainty. Even for

~
t~s A', which prob-

ably corresponds more closely to present experi-
ments, G&(t) is a sufficiently slowly varying func-
tion of t that within statistics it would probably ap-
pear as a constant.

The interesting point about the scalar-meson-
exchange model is that it leads to a parametriza-
tion of the form of Eq. (1.3), with one extremely
important difference, namely, in this model b is
a function of both s and t. Furthermore, for large
s, b-1/s. This means that at the relatively high
energies of present experiments b, and thus the
anomalous effect, is vanishingly small, much
smaller than at the relatively low energies acces-
ible to meson facilities.

In Sec. II we describe the scalar-exchange model
and the detailed calculations leading to estimates
of the size of the anomalous scattering. Section
GI is devoted to a number of comments regarding
possible variations of the model, other exchanges,
quantum number restrictions, and the effects of
muon spin. In Sec. IV we investigate possible lim-
its on such a scalar interaction obtained from oth-
er processes, in particular the very accurate
measurements of g —2 for the muon and informa-
tion on energy levels in muonic atoms.
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ples both to nucleons and to muons. The possible
existence of such a scalar meson is of course mo-
tivated by similar mesons which have been sug-
gested, for example, in analyses of pion-nucleon,
nucleon-nucleon, and pion-pion interactions, "in
u models of various kinds, '"and in work of Gam-
mel. We should emphasize most strongly however
that, for our purposes, we treat the mass and cou-
pling constants of the cr as free parameters and
simply ask what ranges of parameters will produce

a measurable effect. Thus the scalar meson we
consider may or may not be related to the scalar
mesons which have arisen in other contexts.

Given the existence of such a scalar meson, one
must add to the usual one-photon-exchange de-
scription of p-p elastic scattering [Fig. 1(a}ja
contribution from the one-a-exchange diagram,
Fig. 1(b). This leads to a matrix element for p(k, )
+p(p, )- u(k, )+p(p, ),

Mf, = — Fq(t) (uk )2qy(uk, )u(p, ) F,(t)y" + F,(t)o"'k, u(p, ) — " " " " u(k2)u(k, )u(p2)u(p, ),t-rn 2

(2.1)

where k"=(p, -p )", k'= t, e2/4v=o =+, x =1.79
is the proton anomalous magnetic moment, and m
and m are, respectively, the proton and v mass-
es. The coupling constants at the o p, and oN ver-
tices are g,„and g,„, while the corresponding
form factors at these vertices are F,„(t) and
F „(t) E„(t}i. s a possible muon electromagnetic
form factor and F,(t) and F,(t) are the usual nu-
cleon electromagnetic form factors. For conve-
nience we define a coupling strength X —=g,„g,„/e'.

do 1 m m~ I2
dt vX(s, m~m ') 4 (2.2)

where m, is the lepton mass, X(x, y, z) =x'+y'+z'
—2xy —2xz -2yz, and where the factor —,

' comes
from an average over initial proton and muon

spins.
The nucleon electromagnetic form factors F,(t)

and F,(t) are given by the standard expressions

GE(t)+7Gu(t) G„(t) —Gz(t)

Thus X= 1, which will be used in most numerical
examples, corresponds to a o-meson coupling ef-
fectively of electromagnetic strength. Our nor-
malization is such that

(2.3)
where r = t/4m' -For nu.merical work we used
the scaling hypothesis and the dipole form

P p
l

kl

(a)

p P
2

k 2

Gz(t) = Gz(t),

G„(t)=(l+e )Gs(t),

Gz(t) =0,

G"„(t)=K"Gs(t),

t -2
Get = 1—0.71 (GsV/7)')

(2.4)

I

l
o 7(' k

I

I

p p
I

FIG. 1. Contributions to muon-proton scattering:
(a) one-photon-exchange diagram; (b) one-a. -exchange
diagram.

The muon electromagnetic form factor F„(t) was
taken to be unity, as we are really investigating a
different kind of anomalous interaction here than
that used to generate a F„(t). The real problems
of course are the unknown form factors F,„(t}and
F,„(t) or, more precisely, the combination
E,„(t)F,„(t), which is all that appears. Clearly
some sort of form factor must be included. Other-
wise the ratio of the one-a-exchange to the one-
photon-exchange contribution becomes extremely
large for large t because the one-photon-exchange
contribution is strongly suppressed at large t by
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its form factors. In the absence of concrete infor-
mation on these form factors we examine two al-
ternatives:

Model A. F,„(t)-F,„(t)-Gs(t). This is a fairly
conservative guess and corresponds to saying that
there should be a form factor at every vertex and
that all form factors are more or less like the
electromagnetic dipole.

Mode/ J3. F,&(t)F,„(t)-Ge(t) Th.is is a some-
what less conservative hypothesis and leads to a
larger anomalous effect. This model would be

realized in the case that the photon and 0 meson
were assumed to couple in the same way, i.e., to
a proton with spatial structure, but to a pointlike
muon.

Given these preliminaries it is a straightforward
procedure to square the matrix element of Eq.
(2.1) and obtain the cross section. As noted above,
the relevant quantity is R, the ratio of the cross
section with both one-photon and one-0 exchanges
included to the one-photon-exchange cross section.
We find for R

R =1+X%(t), ' (s —m' —m, ' —2m'r) +)P[F(t)]', (1+v)(m' r+ m, '),

where

1 G 'tt)+TG '(t));=, *' " [X(s,m', m, ')+4m', ' —4 '
( —,'ll+4 ' G„'(t)(2m' —,')) (2 8)

F0„(t)F,N(t )
F„(t)Gs(t) (2.8)

This expression for R contains two contributions,
a ~ term from the one-photon-one-o interference
and a A.

' term from the square of the one-0-ex-
change graph. The ratio of X' to X contributions
is

m (1+T)(m'r + m, ')
t —m~' m, (s —m' —m, —2m'T) '

For large s this goes as -At&(0)mm, /m, 's as t- 0,
and as XF( s)s'/Sm-m, (s+ m '}as t- -s. Thus for
sufficiently small t the ~ term dominates and the
~' term can be neglected, provided of course that
& is not large. For large t (i.e., at large angles},
however, the X' term dominates unless F(-s) falls
sufficiently rapidly with s (or unless (). is very
small}. For our model A, P(-s)-s ' and for mod-
el B, 5(-s) -1; and we in fact found that for model
A the X' term was quite small, but for model B it
was comparable to the A. term even at relatively
low energies. Hence we keep both X and A.

' terms
in further discussion.

A number of qualitative features of this kind of
anomalous muon interaction are immediately evi-
dent from the formula for R. In the first place,
observe that the sign of the effective ap, -oN cou-
pling ~ is unknown. Thus the anomalous effect,

is related to the Rosenbluth formula for nonzero
lepton mass by

(
d(x 4vn' [F(t)]'

( ),
dt a,„„b[„(h X(s, m', m, ') t'

(2.7)
and where we have lumped the form factors into a
function f(t) given by'

R —1, may be positive or negative or in fact may
even change sign as a function of s or t for those
values of the parameters for which the A. and X'

terms are comparable. This is in contrast to the
usual parametrization, E(ls. (1.1) and (1.2),
which predict R& 1 for all values of s and t.

For fixed s, the over-all t dependence of R is
determined by two factors, the t/(t —m, ') factor
from the ratio of 0 to photon propagators and the
form-factor combination S(t) The prop. agator
factor ranges from zero at t = 0 to

[1+m, 'sA '(s, m', m, ')] ',~ (1+m, '/s) '

at the maximum va. lue of
~
t ~. This factor is al-

ways less than unity and is largest for large
~
t ~.

The form factor term P(t) enters only for model
A which has F(t) -Gs(t) and produces a drastic
suppression of the anomalous effect at large I, .

Another important feature can be seen by looking
at R for fixed t as s —~. Since Z -s' the X term in
R goes as s ' while the ~' term goes as s '. This
is simply a result of the fact that we are compar-
ing the amplitudes for spin-zero and spin-one ex-
change which in field theory have leading terms
differing by one power of s. More formally con-
sider R in the limit s»

~
t ~, m', m,

' and
~
t ~- m'

+& m, '. This corresponds to the conditions of the
experiments so far performed, i.e., the energy
and momentum transfer are large, but the scatter-
ing angle and hence t is still small compared to
the maximum value allowable. In this limit

A P(t ) t 4m' —t 4mm
t —m, ' 4m' —t(1+K)' s

P(t)t ~ 4m' —t t(t —4m'}
t —m, ' 4m' —t(1+ s)' 4s'

(2.10)
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FIG. 2. The magnitude of the anomalous effect, jR-1(,
as a function of the-laboratory energy of the muon,
EIab ~b + Pg

g ), for models A and 8 and for labor-
atory scattering angles 180' and 10'. We took A, = +1
and ng~ = 700 MeV.

which clearly shows the s dependence. This means
that the anomalous effect vanishes as 1/s and thus

may be expected to be much smaller at the very
high energies of present experiments than at the
much lower energies accessible to the meson fa-
cilities.

Before looking at detailed numerical results we
should give one further special case of Eq. (2.5),
namely R evaluated at 180'. This formula can be
easily obtained by substituting for t in Eq. (2.5)
its maximum value, t = -&(s, m', m, ')/s. In the
limit of large s we obtain

F(-s) 4mm» 5(-s}s
R =1+X» +««, ' (1 ~ «)' ««, ') 2(l ~ «)' '

(2.11)
Since the X term goes as 1/s while the X' term
goes as unity for large s, it is clear from this
formula that, as we noted above, the A.

' term will
eventually dominate the X term, unless F(-s) falls
sufficiently rapidly with s.

Thus, armed with a qualitative understanding of
the kind of features to expect, we now look at some
detailed numerical results as obtained from Eq.
(2.5). For purpose of example we take

~
A I= 1 and

m, = 700 MeV. In Fig. 2 we show the magnitude of
the anomalous effect, ~R -1I, plotted versus the
total laboratory energy of the muon,

Ebb (&lab ™t)

for models A and B and for two different laborato-
ry scattering angles 180' and 10 . At low energies
one can hope to be able to actually reach 180',
whereas 10' is an angle comparable to or slightly
larger than the maximum angle attained in the ex-
isting high -energy experiments.

From these figures we see that for both models
A and B the effect peaks in the muon energy range
200-250 MeV, reaching, for A. = 1 and m, = 700
MeV at least, the fairly sizable values of 26% and

33%, respectively. As the energy increases,
IR —1

~
drops rapidly, especially for model A

where the form factor F(t) is very important. To
actually compare current high-energy experiments
with the proposed low-energy one, we should com-
pare the 10' curves at -10 GeV with the 180'
curves at -200 MeV. We thus see that the low-
energy experiment is 2 to 3 orders of magnitude
more sensitive to this kind of anomalous effect
than the high-energy experiments. One could of
course do better at high energies by going to larg-
er angles, provided, as in model B, that form fac-
tors are not too important. However, because of
the extremely strong forward peaking of the Cou-
lomb cross section, the magnitude of the cross
section to be measured soon becomes so small that
the measurement becomes impossible.

Finally observe that we have plotted results for
both A. =+1. The difference between the two curves
measures the importance of the A.

' contribution.
For model A the A. term dominates and thus R-1
has the same sign as A.. For model B, however, as
the energy increases the A.

' term becomes com-
parable to the X term and then eventually domi-
nates. If A. & 0 the A. and A.

' contributions destruc-
tively interfere and eventually lead to a zero in
R-1, the position of which depends in a very com-
plicated way on A., m„ t, Ej,b, and the particular
choice of form factors.



2Q8 HAROLD F EARING

gure 3 shp
scag . 8 I&-1~ ve

'er»g angle
'sus the labor

incident
« the muon fo

oratory

ent energies.
r several d

relativel
~ In genera] th

&ffere

e y flat for
ese curv

the 180
or large angle

rves are

results we h
g es which ind

sentative f
ave given h

cates th

the ba k
result

ould be

c ward he
s over a w'd& eran e

repre

for tho . misphere. A
g of angles

se circumsta
gain a cus a

destructi . ances when th
p appears

»nterfere T pare high

IOO
I I I I

MODEL A

IR-il 0' =

o-4

IO
I II I I I II

low-ener

6

perime t
c

nswe
u»e essent

must cp

xis with
ly at th

p rethe1

at

e interce t

0 & cpsbl b
Me V curve

p w&th the le

P
-1. A ai

over the brpa

n
magnitud

g "we see th e 2 and 3
rPad range

Finall
age pf the 1

orders pf

a y we have i
ow-energy e

Sect ver
given in Fi 4

eperiment

For large m

nomalo

"ie f» m

~1Ilg esge~t
llmve

is much m
ew hundred M

p gator,
ma in the fe

P» a

»e nearl
MeV ran e

, we have seo summarize

the seal
a, sizable ano

east for

a ar-exchan
nomalous eff

a nge model at
ffect from

M V At th
b 1 sof ma gi la

y observable usin1 gg
n acilitiess, which

n . Low ener
accuracies o

n . ~.es however
a vanta, e

er have ano

tl
o the paramet

m actors do
meters. In

and the A. t oth to
bo t IR-1

xperime en one with
xr y unambigu ousl

a null re-
igu y interpreted in

IO

IOO =
I I I I

MODEL 8

IO

IO

IR-&I

IO )R-)) Io

IO

Oe8

I I I

04
I I I I

- 0.4 -08

IO

COS 8

FIG. 3. The m ag
c con of the

e anomalo
e laboratory c

m elsAandB
ng e of the

, short-dashed
ye x entm uon energi

es

e, SQQ MeV
es in

e, and 11 Gep.

IO

O. I

I I I I I II
I.O

m~ (GeV )

I I I I i I I I

IO.O

FIG. 4. The m agnitude of the
c ion of the m

e anomalou
c con mass m of thG

curve
ashed curves). Th

to A- +1



POSSIBLE ANOMALOUS INTERACTION IN MUON-PROTON ~ . . 209

terms of values of, or limits on, the parameters
~ and m . In contrast a null result in a high-ener-

gy experiment, even if one had been successful in

attaining high accuracy at large angles, would be
ambiguous because of the extreme sensitivity to
form factors and because of the sizable regions
depending on A., m, and t, where the X and A.

'
terms destructively interfere so that no effect
would be expected.

It is interesting to ask whether or not the appar-
ent effect, R-1= -0.08, observed in high-energy
experiments' ' can be explained via this scalar-
exchange model. Because of the suppression at
large s we need a large X to get an 8% effect at the
energies of interest (F10 GeV). To get a negative
effect, however, ~ must be negative and suffi-
ciently small that the A.

' term is negligible. Thus
it turns out that at these energies it is rather dif-
ficult to get R-1 both negative and as large as 8%

except at very small t (which also suppresses the
X2 term). Hence, attributing to normalization un-
certainties all or most of the effect observed in
existing experiments still seems to be the most
attractive possibility.

Finally we should emphasize that experiments
at high and low energies are really complementary.
If there exists an anomalous effect depending only
on momentum transfer as in Eq. (1.1), then re-
gardless of the particular choice of Eq. (1.2) or
Eq. (1.3) or something else for the form factor,
one would expect to see such an effect most easily
at high energies, which allow large momentum
transfers. On the other hand, an anomalous effect
due to scalar exchange, as has been discussed
here, could be seen only at relatively low ener-
gies. This means that one can rule out an anoma-
lous effect in muon-proton scattering only by ob-
taining a null result in both high- and low-energy
experiments.

III. COMMENTS AND GENERALIZATIONS

Having given some representative numerical re-
sults for A. =+1, our next major task is to investi-
gate what limits on X have been set by other ex-
periments. Before doing that, however, we di-
gress to make a number of observations and com-
ments regarding the calculation so far and to dis-
cuss possible generalizations of the model con-
sidered here.

{1)We have averaged over muon spins, i.e., as-
sumed an unpolarized muon beam, in calculating
the cross section, whereas in practice, available
muon beams are usually strongly polarized. One
can show however by explicit calculation that when
no other spins are measured the cross section for
polarized beams is the same as that for unpolar-

ized ones. Alternatively we simply note that the

possible terms which can be formed from only one

spin all violate parity or time reversal, both of
which are conserved in the scalar exchange model.

(2) If an anomalous effect is actually observed,
then one can perhaps learn about the quantum num-

bers of the exchanged meson by comparing cross
sections on neutrons and protons or by comparing
p.
' and p. scattering. Specifically if one assumes

that the o meson couples strongly to the nucleons
so that isospin is conserved, then the coupling to
the neutron will have the same or different sign
than the coupling to the proton, depending on the
isospin of the o. For "free" neutrons the A. term
vanishes since, as can be seen from Eqs. (2.5)-
(2.8), it is proportional to Gz which is zero. Thus
for "free" neutrons one could never learn the sign
of the coupling to neutrons. In nuclei, however,
interferences among contributions of various nu-
cleons can give terms linear in the neutron-a cou-
pling. Thus in heavy nuclei one might expect to
see significant differences depending on the iso-
spin of the v. In particular if I, =O, so that neu-
tron and proton couplings have the same sign, one
could expect the effect to be enhanced by roughly
the number of nucleons, whereas for I = 1, so that
neutron and proton couplings have opposite signs,
there presumably would be large cancellations.
Similarly if the o-p. coupling is charge-conjuga-
tion-invariant, then a comparison of p,

' and p,

scattering determines the charge conjugation prop-
erties of the o.

(3) One could consider possible generalizations
of this model. For example suppose the anoma-
lous interaction is produced by vector-meson, in-
stead of scalar-meson, exchange. ""This would,
however, lead to a ratio R of the form of Eq. (1.1)
which is independent of s, since both photon and
vector meson are spin-one. Thus we would lose
the distinctive 1/s behavior of the scalar-exchange
effect which makes low-energy experiments im-
portant. Another possibility would be a pseudo-
scalar meson. One can show, however, simply
by looking at traces, that if the meson couples to
muons or nucleons with a simple y, coupling, then
the interference with the one -photon-exchange
term vanishes. Thus the entire effect would come
from the square of the one-meson-exchange dia-
gram which, as we have seen, is usually not very
important in the kinematic regions of interest
here. Thus it appears that the scalar-meson ex-
change we have considered would be the most
probable candidate for producing an anomalous
effect observable at meson facility energies.

(4) We have emphasized muon-proton scattering
only; one could also consider muon-nucleus scat-
tering. " There is a great deal of information on
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electron-nucleus scattering, and a comparison with

muon scattering on the same nucleus would be a
valid test of muon-electron universality. Even
though an effect observed on nuclei would be ex-
tremely difficult to interpret theoretically, nuclear
targets might be advantageous because they pre-
sent certain possibilities for enhancing the magni-
tude of the effect. For example by neglecting all
nuclear structure effects and just naively counting
nucleons we find the effective ~ for nuclear scat-
tering to be X(A/Z) if I = 0 or X(N —Z)/Z if I, = 1,
where A, N, Z are, respectively, the number of
nucleons, neutrons, or protons. This gives an en-
hancement of a factor of 2 for I, = 0, but of course
a strong suppression if I = 1.

One might also consider scattering from a spin-
zero nucleus, as there is then no magnetic scat-
tering and we know from electron scattering ex-
perience that the elastic Coulomb scattering van-
ishes in the backward direction, which should thus
lead to an enhancement in the relative size of the
anomalous effect. However, "vanishes" really
means "is proportional to the lepton mass, " and

since the muon mass is roughly comparable to the
energies of interest we might not expect a large
effect. We actually calculated the ratio ~R-1~ for
muon scattering on a spin-zero "proton. " The
maximum effect is roughly a factor of 2 larger
than for a spin-one-half proton, but occurs at a
higher energy, -500 MeV, and is thus just out of
reach of the meson facilities as now planned. At
200 MeV ~R- 1 ( is essentially the same for the two
cases. Of course in all of these considerations one
must include nuclear structure effects, which may
be quite important.

(5) The original motivation for a scalar meson
was to explain the difference between muon and
electron, and so it presumably coupled only to mu-
ons. If such a meson exists, however, one cannot
rule out a priori the possibility that it may also
couple to the electron and perhaps produce an ob-
servable effect in electron-proton scattering.
Since the X term in Eq. (2.5) is proportional to
m, one might guess that the effect is small in e-P
scattering. However, near threshold, Z - m, as
well. We in fact found that for A = 1, m, = 700 MeV
one could obtain a maximum effect of about 1% for
electron energies of the order of 20-25 MeV. In
the electron case, of course, scattering from a
spin-zero nucleus would lead to a relative anoma-
lous effect greatly enhanced in the backward direc-
tion.

tromagnetic strength, which was simply a conve-
nient choice which produces an observable effect.
The ratio R-1 simply scales with X in the regions
where the interference term dominates or can be
calculated from Eq. (2.5) for other values of A in

regions where the A.
' terms are also important. If

such an anomalous interaction exists, however, it
should produce effects in other places and the ex-
tent that such effects have not been seen sets lim-
its on the value of A.. We have in mind particularly
the g-2 value for the muon and the transition en-
ergies in muonic atoms, both of which have been
measured quite accurately and both of which are
reasonably well described by standard quantum

electrodynamics.
Consider first the muon g-2 value. The leading

contribution to z„=—~(g —2) is o/2w and comes from
the diagram Fig. 5(a) involving one-photon ex-
change, although calculations through sixth order
in e have been made. " If a v-p, coupling exists
however a diagram such as Fig. 5(b) with one-o
exchange could contribute as well. The contribu-
tion of such a diagram has been given by Brodsky
and de Rafael" and is

(o)

IV. LIMITS ON X FROM OTHER EXPERIMENTS

So far we have given results for A. =1, i.e., for
an effective anomalous interaction of roughly elec-

FIG. 5. Leading contributions to the muon g —2 value:
(a) one-photon-exchange diagram; (b) one-o.-exchange
dlagl am,
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6x„go/ ' z '(2 —z}dz
e ' „, z ' + (1 -z) m, '/m„'

g&yp mp m(y 7 mp 4

The current experimental value" Kp"

=(1166160+310)x10 ' differs from the best theo-
retical value" x„'" = (1 165 848 + 46) x 10 ' by only

312 x10 ' or about 1 experimental standard devia-
tion. Taking this as the upper limit for an anoma-
lous contribution to 5x„we obtain, for example,

g „&0.06e for m =700 MeV and g „&0.20e for
m = 3 GeV. Thus the excellent agreement between
experimental and theoretical values of g-2 sets
very stringent limits on the strength of a possible
0-p. coupling. This however does not rule out a
possible effect in muon-proton scattering but sim-
ply requires that in order to get X = g,„g,„/e' = 1
we must have g „»e, i.e., the o-nucleon coupling
must be more like a strong than an electromag-
netic coupling. This of course fits in nicely with

the kinds of scalar-meson-coupling strengths fa-
vored in many theories' "which consider the rr

as a strongly interacting particle.
To obtain information about the product coupling

X, which is the relevant quantity for muon-proton
scattering, we can look at data obtained from
measurement of muonic x-ray transitions in heavy
elements, in particular, lead. These transition
energies, which are typically of the order of sev-
eral MeV, have been measured extremely accu-
rately, in many cases to uncertainties of only
fractions of a keV." To understand these energies
theoretically, one assumes a particular nuclear
charge distribution p(r} and solves the Dirac equa-
tion for a muon bound in the Coulomb potential
generated by this distribution. The parameters
of the charge distribution are then adjusted to ob-
tain a good fit to the transition energies. A num-
ber of corrections must be considered" including
vacuum polarization, which is the largest, and ef-
fects of nuclear polarization which are perhaps the
most uncertain, involving quoted uncertainties of
a few keV. ' It should be clear from the very na-
ture of this process, since it involves a certain
amount of parameter fitting, that one cannot ob-
tain strict limits on the presence of an anomalous
interaction which have the same degree of validity
as the limits obtained from the g-2 value. What
one ean do however is to say that all experimental
information can be fitted to a high degree of ac-
curacy with certain simple charge distributions in-
volving only a few parameters, and thus to this
level of accuracy an anomalous interaction is not
needed, even though it may be allowed if one as-
sumes a more complicated charge distribution.

Currently an accuracy of 5-10 keV in the energy
of the 1s level in the lead isotopes is claimed for
these fits.""We should perhaps note in passing
however that Dixit et al."have recently reported
extremely accurate measurements of a number of
high-level transitions, which should be essentially
independent of the nuclear charge distributions,
and have found relatively large discrepancies when

compared with theory. Thus conceivably our theo-
retical understanding of muonic x rays may not be
quite as good as generally believed.

In any case, however, if a scalar meson coupling
to both muons and nucleons exists, then there
would be an effective one -o -exchange potential
which would produce a shift in the energy levels
and hence in the x-ray transition energies. It is
thus of interest to determine the range of m and
X which would produce energy shifts comparable to
present uncertainties in fitting the transition ener-
gies, even though we cannot consider such values
as unequivocal limits on the presence of an anoma-
lous interaction. To actually carry out such a cal-
culation one should really add the one-o-exchange
potential, properly averaged over the nuclear
charge distribution, to the Coulomb potential and
solve the Dirac equation using the combined poten-
tial. Such a calculation is beyond the scope of this
paper. We ean however make a very simple per-
turbation theory estimate of the energy shift to be
expected, which we now proceed to do.

To begin we assume, in analogy with the usual
procedure for treating the Coulomb interaction,
that the muon can be considered as moving in an
average potential generated by the sum of the two-
body muon-0-nucleon potentials. Thus we write
for this average potential

V(r„) =
Jl

d'r p(r)V, (r„—.r)

d'rd'bp r e' ' 'v (4 2)

~ = J) d'r„~ 4„(r„)~'V(r„), (4.4)

where P„(r„}is the unperturbed muon wave func-
tion. The remaining task is to calculate the Fou-
rier transform V,(d), which we do following the

where V,(r„-r) is the two-body muon-nucleon po-
tential generated by v exchange and V,(Z) is its
Fourier transform. Assuming spherical symme-
try and carrying out the angular integrations gives
us for the potential

V(r„) = d&r dr V, (~}p(r}sinAr sin~r„.
(4v)'
1p

(4.3)

The energy shift produced by this potential is thus
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(-,
' n'+ m p')'"(-,'Z'+ m')'"

Z'+ rn, 2

-A.~
2v (mm )' '

xF, (-7'}F„(-Z'). (4.5)

It is not exactly clear how to handle the form fac-
tors, as the nucleon form factor, which measures

method of Partovi and Lomon. " Thus we begin
with the momentum-space representation of one-
o exchange as given in the matrix element of Eq.
(2.1) and make a reduction to two-component form.
The result is expressed in the center -of -mass
system in terms of t=(p, -p, )'= -n.' and Q
=(p, +p,)', and in accordance with the arguments
of Partovi and Lomon" the terms in Q' are
dropped. We also neglect all spin-dependent
terms. This gives

the spatial extent of the nucleon, has already been
included when we assume a smoothed-out charge
distribution p(r). For numerical calculations we

replaced F,„F,„by 5:(-Z'}which in some sense
measures the difference between the form factors
for the electromagnetic and a-exchange processes.
The choice is unimportant however as P(t) = 1 or
Gz(t ) lead to bF. 's which differ only for large m,
and then only by 5% or so.

In order to obtain a simple estimate for AF. for
the 1s level in lead we made a number of approxi-
mations. In particular we have assumed a uniform
charge distribution p(x) of radius Ro= 7 fm, ~' have
assumed that P„(r„)= constant over the nuclear vol-
ume, "and have cut off the integral for ~E at r„
=Ao. This gives

x +ma ~0
(4 5)

where C= —,
' (Ref. 24) is the integral of ( g„(r„)~'

over the nucleus and A.'~ is the effective number
of nucleons, presumably N+Z if the 0 coupling has

the same sign for neutrons and protons or N —Z if
the sign is different.

We show some of these results in Fig. 6 where

) i ) ) I

O. l

O.OI O. l I.O IO

FIG. 6. Values of A. and m~ which produce a given effect in muon-proton scattering and in the muonic 1s level in lead.
The region below the curves marked 0.05 and 0.02 corresponds to those values of X and m leading to an anomalous ef-
fect in muon-proton scattering greater than 5' and 2/0, respectively, for E&b=200 MeV. The region above a given ~
curve corresponds to values of A, and m~ producing an energy shift in the 1s level in lead in magnitude less than AE.
Curves for somewhat larger values of AE, which as discussed in the text are not ruled out by experiment, can be
easily obtained using the relation 8 E -A/m~ . Values of A. and m in the region above the curve marked g —2 lead to
a change in the muon anomalous magnetic moment ~& oi less than the current experimental uncertainty under the as-
sumption g~&2/4~ = 14.5. We have used model A and assumed A. & 0 so that b E & 0 and R —1 & 0, although A, & 0 gives
almost identical curves, as does model B.
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we have plotted in the A. —m plane lines corre-
sponding to constant AE or a constant value of
~R —1( in muon-proton scattering. We have taken
A. &0 which gives LE&0 and R-1&0, although es-
sentially identical curves hold for A.& 0. The re-
gion above the line bE = -10 keV corresponds, for
example, to those values of A. and m which pro-
duce less than 10 keV energy shift in the 1s state
in lead. The region below the line [R-1~=5% cor-
responds to a greater than 5% effect in the scatter-
ing. We see that for A =N-Z there is a sizable
region of overlap where a &5/0 effect could be ob-
served in p-P scattering while producing a ( nE )

& 10 keV. On the other hand, for A' =N+Z one
needs a 2-3% scattering experiment to get much
of an overlap. Finally, the region above the curve
marked g -2 is that allowed by the muon g-2 re-
sults under the assumption that g,„/4v= 14.5.

We should reemphasize that the curves in Fig.
6 cannot be considered as strict limits, derived
from muonic atoms, on a possible anomalous in-
teraction. This is the case for a number of rea-
sons. In the first place we have made a number of
fairly crude approximations, e.g. , uniform charge
distribution, to actually calculate ~. There is
also some sensitivity to parameters in that for
large mhE - XA'"C/ m' R,', and so depends par-
ticularly on the ratio C/R~'. In addition there is
the more subtle approximation that we can consid-
er the muon as moving in an average central po-
tential. This amounts to neglecting nuclear polar-
ization corrections which are small for the Cou-
lomb case but unknown for our case. More im-
portant however is the difficulty of principle men-
tioned before, namely, that we must fit a certain
number of parameters of the charge distribution.
Thus in principle we can choose a different charge
distribution, for example, p(r)- p(r)[1+ XPa j;(r)],
and solve the Dirac equation for the combined
Coulomb and o potentials. Given enough param-
eters a; the finite number of transition energies
can be fit as me11 as before for arbitrary strength
of the anomalous interaction. Of course electron
scattering information puts certain constraints on
the charge distribution and those, together with
the fact that the standard simple distribution fits
the data so well and that the charge distribution
must be "reasonable, "probably mean that it would
be impossible to accommodate a large anomalous
interaction. However at the level of a few times
the present uncertainty of 10 keV it would seem
fairly difficult to rule out an anomalous interaction
without much more detailed calculations than those
made here.

Thus in summary we see that the range of cou-
pling strengths and 0 masses required to produce
an easily observable (5%) effect in muon-proton

scattering leads also, within fairly large uncer-
tainties, to energy shifts in muonic transitions
comparable to current discrepancies. Thus at
present it would seem that muonic atom studies
neither require nor prohibit an anomalous inter-
action at the level we have been considering.

The muon anomalous magnetic moment and muon
transition energies which we have just discussed
certainly provide the most stringent tests for the
presence of an anomalous muon-proton interaction,
simply because our knowledge, both experimental
and theoretical, of these processes is so precise.
In addition, effects should in principle be present
in other reactions, a few of which we want to men-
tion in these final paragraphs. None of these, how-
ever, seem to rule out an interaction of the type
and magnitude considered here.

After elastic scattering, the next most compli-
cated reactions involving only muons, photons, and
nucleons are photoproduction or electroproduction
of lepton pairs or bremsstrahlung by leptons, all
in the Coulomb field of a nucleus. ' The experi-
ments done with muons' have so far been at very
high energies and/or small momentum transfers
where the particular kind of anomalous effect we
have discussed would presumably be suppressed
by energy or propagator factors. They therefore
would not be expected to give much information
about a scalar-exchange anomalous interaction.
Clearly, however, if the discrepancy in elastic
scattering proves to be real and if one wants to
consider the scalar-exchange model seriously, one
must do a complete analysis of these reactions to
see exactly which kinematic regions lead to the
largest effect and exactly how large that effect can
be. Such a detailed analysis is much more compli-
cated than the present one because of the extra
kinematic variables and so does not appear to be
particularly profitable at present.

In principle anomalous effects could also be
present in decay processes involving muon pairs,
e.g., K- p. 'p, or q- p, 'p, . Such processes in-
volve couplings other than the simple 0-nucleon
coupling and thus are not necessarily directly re-
lated to the considerations here. One can make a
connection via particular models however. Several
such models have been recently considered by
Chen, Kawarabayashi, and Shaw' and by Barshay. '
In particular, one model due to Barshay' involves
scalar mesons. He proposes to explain the K~- p, 'p, puzzle2' by first assuming CP violation,
which leads to a large amplitude for K~- p.

'
p. ,

"
and then assuming that this large amplitude is gen-
erated by a 2w intermediate state. This leads to
an effective coupling of two pions to a muon, which,
for an I = 0 scalar meson which couples to two pi-
ons, gives an effective 0-muon coupling. With g,„
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= g,„, m = 750 MeV, and the e width about 300
MeV, Barshay obtains an effective value of ~
= 0.07, which may however be enhanced by form
factor effects. From Fig. 6 we see that this mod-
el then leads to an effect in scattering consistent
with, or somewhat smaller than, that we have been
considering.
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and the Colliding-Beam Inclusive Reactions*
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A unified representation of v W2 and 8& for both electroproduction, e + N e + anything,
and the colliding-beam reaction e++ e N+ anything is presented. We then generalize the
model to the case of detecting one more hadronic final-state particle, and obtain formulas
for all four structure functions for both the reaction l + h& l + h2+ anything and the reaction
l +I h& + h2+ anything. The explicit formulas further unify the generalized Bjorken sca-
ling law with the Feynman scaling law. We then discuss the fragmentation of the target had-
ron, the fragmentation of the heavy virtual photon, the two triple-Reggeon limits, the two
pionization (nucleonization) limits, the "four-Reggeon" limit, the "fixed-angle" limits, and
the generalized threshold behaviors of Bloom and Gilman. The pionization region again
shows a universal cutoff of exp(-4p~2) in the transverse momentum, and predicts the aver-
age multiplicity distribution (n) = a+ b lns, where s is the square of missing masses. For-
mulas for all structure functions for further generalization to an arbitrary number of de-
tected final-state particles are also given.

I. SUMMARY OF THE PHYSICS AND THE
MATHEMATICS OF THE PARTON

DUAL-RESONANCE MODEL

In the construction of the parton dual-resonance
model' for electroproduction, e +N-e +any-
thing, and the colliding-beam reaction e'+e —N
+ anything, we have made the following physical
assumptions:

(a) The hadron is made of tightly bound partons.
(b) The parton is characterized by its pointlike

coupling with the heavy virtual photon.
(c) The high-energy parton decays into low-en-

ergy partons by bremsstrahlung through a parton-
parton interaction.

(d) The parton which absorbs the high-energy
virtual photon must suffer very strong final-state
interactions with the remaining partons inside the
hadron, so that no parton can be observed experi-
mentally.

Assumption (d) takes into account the final-state
interaction among the partons and resolves the
puzzle why the parton is not observed experimen-
tally. By virtue of assumptions (b) and (d) a
heavy virtual photon is naturally pictured as a
parton-antiparton pair svhenever it participates in

the strong-interaction processes.
The idea of the parton, in this model, is defined

to be the unobserved field that mediates the elec-
tromagnetic interaction with the strong interaction.
Being a mediator, the parton possesses both the
properties of the electromagnetic interaction and
the strong interaction. The electromagnetic prop-
erties that the parton possesses are (i) the funda-
mental coupling to the heavy virtual photon is
pointlike and three-legged, (ii) the parton is an un-
observed field-theoretical particle having an off-
mass-shell Feynman propagator. The strong-in-
teraction properties that the parton has are best
stated by saying that the parton leg can be regard-
ed as one of the legs in the n-point Veneziano
formula, i.e. , two partons (or a parton-antiparton
pair) can form a tower of resonances in the same
sense as in the ordinary dual-resonance model.
[This is due to the physical assumption (c).]

The physical picture of this model can be visual-
ized as follows. To the heavy virtual photon's
eyes, the target hadron is a complicated, extended
object, composed of infinitely many tightly bound
partons, and so the heavy virtual photon interacts
at a point constituent (the parton) inside the had-
ron. After the interaction, the constituent absorbs


