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Higher-order corrections to the leptonic processes such as muon decay and neutrino-
lepton scattering are investigated in order to study the problems associated with the renor-
malization of the Weinberg theory of weak interactions in the unitary gauge. It is shown

that there are definite ways to carry out the renormalization programs and the residual di-
vergences (quadratic as well as logarithmic) cancel out systematically. As a result we find
that the higher-order corrections to these processes and the neutrino charge radius are all
finite. As a by-product, we find that the logarithmic residual divergences in the elastic
v-v scattering also cancel out.

I. INTRODUCTION

. Some time ago Weinberg' proposed a unified the-
ory of weak and electromagnetic interactions and
suggested that it might be renormalizable. Re-
cently, several studies" have indicated that var-
ious models of the same general class as Wein-
berg's actually are renormalizable in the R gauge
(renormalizable gauge). However, it is not at all ob-
vious that the theory is renormalizable in the uni-
tary gauge. This is because if one tries to calcu-
late the higher-order S matrix in this gauge, one
encounters the following problems: (i) Since in
general the S-matrix elements are complicated
functions of the two unrenormalized coupling con-
stants, there seems to be no clear-cut way to
carry out the renormalization programs (ii) The.
divergences arising from the weak and electro-
magnetic interactions are usually mixed uy.
(iii) There are divergences which cannot be ab-
sorbed into the renormalization constants. These

problems manifest themselves especially in the
higher-order corrections to the leptonic processes
such as muon decay and neutrino-lepton scatter-
ing. It is the purpose of this payer to show how to
deal with these problems by studying these lep-
tonic processes.

In the case of nondiagonal leptonic processes
such as muon decay, things become a little sim-
pler because problem (ii) above does not arise.
We find that the conventional renormalization pro-
gram can be carried out and all the residual di-
vergences cancel out. We refer to the residual
divergence as the divergences which still remain
even after the renormalization. Thus it yields a
finite result of higher-order weak and electro-
magnetic corrections to the muon decay in Wein-
berg's theory.

In the case of diagonal leptonic process such as
the neutrino-electron scattering, all the problems
mentioned above are present. To see how to deal
with them, we note that one can unambiguously de-
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fine the renormalized neutrino-Z-boson coupling
constant in the process of v-v elastic scattering
discussed by Weinberg, ' where it was shown that
the quadratic residual divergences canceled out
(as will be shown later, so do the logarithmic re-
sidual divergences), while in the process of muon
decay the renormalized lepton-W-boson coupling
constant is properly defined. We observe that
once they are defined in these processes one has
to stick to these definitions in other physical pro-
cesses as well, such as neutrino-lepton scatter-
ing, if the theory is actually renormalizable.

Guided by the above observation, we find that
the S matrix for the fourth-order elastic neutrino-
lepton scattering in the unitary gauge can be sep-
arated into three distinct parts. The first part is
associated with the neutrino charge radius. The
second part is similar to that in v-v scattering
while the third part is similar to that in p, decay.
The conventional renormalization programs ean
then be carried out separately in these three parts.
It is shown that after renormalization the residual
divergences eaneel out in each of these three parts.
As a result, we find that the S matrix for the
higher-order neutrino-lepton scatter ing and the
neutrino charge radius are all finite.

The paper is organized as follows. In Sec. II,
we first discuss the higher-order corrections to
the muon decay and show that the conventional re-
normalization program can be carried out and the
residual divergences cancel out. In Sec. III, we
discuss the higher-order neutrino-lepton scatter-
ing where for convenience we take the lepton to be
the electron and the neutrino to be v, . It is shown
that one ean renormalize the v-Z coupling con-
stant and lepton-W coupling constant in the same
way as discussed in the v-v elastic scattering and
p, decay, respectively. In See. IV, some relevant
points are discussed.

FIG. 1. The lowest-order diagram for p, decay.

intermediate vector bosons Z, and massive neu-
tral scalar mesons Q as well as photons A. . There
are two fundamental coupling constants g and g'
and one spontaneous symmetry-breaking param-
eter A. . The electric charge e and Fermi coupling
constant G are related to these three constants as
follows:

(2.2)

while the vector-boson masses (to zeroth order
in the fine-structure constant) are

+r 2)Z/2

w 2 ~ z (2.3)

where q is the momentum of the charged W boson
and M 8 is defined by

M„B = u(k, )y (1+y,)u(p)

2

~ w(P')~g(( ~ r, ) U((' j(q~q (2.5)

To the lowest order ing, the decay matrix ele-
ment M, for (2.1) is given by the contribution of
the diagram in Fig. 1,

(2.4)

II. MUON DECAY

In this section we shall discuss the second-order
weak and electromagnetic corrections to muon de-
cay in Weinberg's unified theory of weak and elec-
tromagnetic interactions. "

A. Notation and Kinematics

(a)

We consider the decay process

p, -e+ v, + v&. (2.1)

The momenta of the muon and electron are de-
noted by p and p', respectively, while we use k,
and k, to denote the momenta of v, and v„, respec-
tively. In Weinberg's theory of weak and electro-
magnetic interactions of leptons, there are
charged intermediate vector bosons W, neutral

(c)

FIG. 2. Higher-order skeleton diagrams. The wavy
line in {a) means either Z, A, or P, while in {b), {e),
and {d) it stands only for Z.
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From the conservation of momentum, we have

q = p -k2= p'+ k, . (2 6)

The next-order corrections to the decay matrix
element M, are given by the skeleton diagrams in
Fig. 2 and all possible self-energy and vertex in-

sertions to the diagrams in Fig. 1. All these dia-
grams are divergent. %e are going to show that
some of these divergences can be absorbed into
the renormalization constants, while those diver-
gences which cannot be lumped into the constants
cancel each other out.

B. Contributions of the Skeleton Diagrams

Since the neutral g boson can couple to neutral and charged leptons, there are four skeleton diagrams
due to the exchange of a g between leptons as is given in Fig. 2. However since photons and massive neu-
tral scalar mesons interact only with charged leptons, there are two more skeleton diagrams of the type
given in Fig. 2(a), due to exchange of a photon or a Q between two charged leptons. Let us first consider
the diagram in Fig. 2(a) due to the exchange of a Z between the muon and the electron, and denote its am-
plitude by B~ which reads

(g/2U2), „ t d k -g"'+k" k'/m~' -g ~+ (q —k) "(q —k)8/m~'
16 ~ +~ J (2!T)~ k'-I '

(q -k)'-m '

&& u (k, ) 0 ), , y (a + y, ) u (p )

p'+ m'-k
x~(P')y, (a+ y, ) (, k), „o,v(k, ),

where m and m' are the masses of the muon and electron, respectively,

0 =y„(1+y,),
and

4gf 2

0=1-8'+g

(2.'f )

(2 6)

(2.9)

Introducing the Feynman parameters n, , n„n, , and o., to combine the terms in the denominator and

making a translation of the dummy variable k, we obtain

g 3! 2,2 d kd Q!d G2d ot3d Q~f(B!+!(X2+G3+ o4 —1)
16 ~ (2w)'(k' —C)'

(k+ d)"(k+ d)"
Z

(k+5, )"(k+k, )8

&& M(k, ) 0 (-g, + m —P)y (a+y, )u(p)u(p')y„(a+ y, )(-g, + m'-t!() Oav(k, ), (2.10)

where

and

d =—Q2q+ Q3p+ (M&p,

br=—d q

h, =—d -p,
h3=—d -p',

C = Q~mg —&~ (q —B1~ ) + d

(2.11)

After some algebra, we find that B~ becomes

!
)

"dkdo . da~6(o +a+a +o!—
(2~)4(k' —C)'

, k'g ~ —(a+1)',+, k4g'!!-(a+ 1)'
4mz'm
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a+ 1 'k'
l'p2, z mw

+ [-' (h" h 8 + h,ah,")+ -' d"d 8 —-'
(q 'd 8 + q Bd") - -' d p 8 —-'p '"d 8](a+ 1)'k'

Z W

a' —1 k4 ,+ [-'(h q'+h'q )-z2(q d'+q'd )+-,'(q p'+q'p'")-h", q'-h, 'q ]
Z W

(a —1)'k'+, , q q I
& + convergent terms,

B2z mw
(2.12)

where M
&

is defined in (2.5). Let us denote the ultraviolet divergent terms in Bz to be Bz. Upon carry-
ing out the integration in (2.12), we get1, „(a+1)' z i

Bz = —(g'+ g")» g zM„B —,A'

1, „(a+1)' »» ~ (a+1)' q "qa 2(a —1)
+ (g + g ) 2 2 [ 3(mz + mg ) 3q ]g M(yz + 2 g M(yz 2 2 q q M~84mz2m z w 3 Vlz mw

(2.13)4mz'mw' 16~'

where A is the cutoff of the integral. The first term in Bz is quadratically divergent, while the rest of the
term is logarithmically divergent.

Similarly one can get the ultraviolet-divergent parts for the diagrams in Figs. 2(b), 2(c), and 2(d), which
are denoted respectively by Bz Bz, and Bz. Since the calculations are similar, straightforward and a
little tedious, we do not bother to write them down but simply state the results:

b 1 , „ 4 ~g -l
B =16(g+g') 4 g Ms

2 /2 2 2 I 2 CXB
4 qq' -l 2+16(g+g)4[3(m+m)sq]gMQ+423z 16mz mw mz mw

(2.14)

1, „2(a+1) 8 -i
z —16(g +g )4 z zg Maz 162mz mw 77

1, „(2(a+1)»» „& 2(a+1) q qs
+ —(g'+ g'-')q, , [-3(mz'+ m~') ——,'q']g "zM„z+, , M 8(4mz m mz

and

z mw 16~2

1, „2(a+1) „8 i-
16 'g ' g 4m ' ' g " lez'

(2.15)

4mz mw m'm' 3

mz mw 8 16'
Summing (2.13)-(2.16) and making use of (2.9) yields

Bz = Bz+Bz + Bz + Bz

1 ng~
4m 'm ' g'+ g" 8 16m'

g
I ( 3 1 1

g'
4~ 2 2 2 /2L & z + w I 3q JR cx8 2 2 2 t2 3 expmz mw g+g mzmw g+g

(2.16)
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mz'mw g2+ g 4mz'rnw' g'+ g" Il
(2.17)

N ow let us proceed to calculate the contributions of the skeleton diagrams due to the exchange of a pho-
ton or a, (t) between the electron and muon, denoted respectively by B„and 8@. The explicit expression for
B~ and B& can be readily written down as

g ', ' d'k (-g"") -g '+ (q -k)"(q —k)8/m~'. (2~)' k' (q-k)'-m '

x u(k,)O, , y u(p)u(p')y„, , „OI)v(k, ), (2.18)

g 'mm' ~' d'k 1 -g 8+(q-k) (q-k)8/m '
(2,)4 k2 (q k)2

&& u(k,)O„, , u(p)u(p'), , „O,v(k, ).
-+ f12

~
— + nfl

(2.19)

Both of these integrals are logarithmically divergent. Let us denote B~ and B@ to be the divergent parts
for B~ and B@, respectively, They can be easily gotten by calculating the k4 terms in the numerators of the
integrands. Thus we have

2e ~8 -2 2B„=- 2 g M~8, 2 lnA
fPg w 16@

yyz=, i7():,)(f —y, )M(p)ii((i')() —y, )ii();,),)iiA')

2g o. g 2

~ « ~-8 )6 ~ »A
~W 6m

(2.20)

(2.21)

where use is made of (2.3) and (2.6).
7hese divergences certainly cannot be absorbed into any renormalization constants. However we are

going to see that they will be canceled out by the divergences arising from the self-energy and vertex cor-
rections.

C. Wave-Function Renormalization and Self-Energy Corrections

Since the couplings of W, Z, A., and (t) to the leptons do not depend upon the momenta of the coupled par-
ticles, aQ the divergences arising from the self-energy insertions on the external leptons are taken care
of by the wave-function renormalization constants just like that in pure quantum electrodynamics. So are
the divergences in the self-energy of 8' due to the lepton loop. However, it is quite different for the self-
energy of W due to Z, A, or P. In this case only part of the divergences can be absorbed into the wave-
function renormalization constants. To see this, let us first look at the self-energy part I ~ of 8' due to
Z as given in Figs. 3(a) and 3(b). The diagram in Fig. 3(b), however, need not be considered here be-
cause it is taken care of by the mass renormalization. So we get

g' t
d'k -g'"+ (q -k)"(q-k)'/m ' -g8"+ksk /m '

g + g J (2'II') (q k) —mg k m~

x [(k+q)„g„&—(2k-q)„g z
—(2q -k)8g ][(k+q)„gz&—(2k -q)~g,,&

—(2q —k)&g„~]. (2.22)

Introducing the Feynman parameters n, and n, to combine the terms in the denominator of the integrand
and making a change of variable of integration by replacing k by k+ n,q, we get

(a) (b) (c)

FIG. 3. The diagrams of
the self-energy of the 8'
boson and the self-energy
correction to p, decay. The
wavy line means either Z,
A, or (I).
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I ~=
g~ " d4kd n, d n, 5(n, + n, —1)

g'+ g" J (2]T)' (k' —C,)'

x, [--,'k'g„;--,'k'(n, ' —2n, )(11g„,+3q q, ) =,k'(5Z, +3q q, ) —(a4, —4o.,'+4(].', )q'g)„(]
'PAW

, [--,'k'g
q

——,'k'a, '(I i~g) „[;+ 3q„q[;)+ —,'k'g
(;

—((].', ' —1)'q'g„(, ]
mz

2

, q'g, e + eq'g, e gg, e v gq„qe +2(o,' —o)(q, e ~ Bq, qe)I ~ convergent terms, (2, 23)4m, m

where

and

2 2
Co O.imW +~2mZ + n (2.24)

2
gng = O' Rng —&OQg ~

After carrying out the integrations and performing the mass renornaaiizatio, we arrive at

('t ™m )g r
—'t q qe -r n,

)
g (BlZ + m(tr ) [ (

4 4) g ] [(q lWIV )gus q qaq6]
g2+ A/2 4~ 2~ 2 l W oQ n QJ

Z W Z

1 mz2 mw' 5 1 1
+ 2 + g 2 qaqg g + g [(q -~)g )gn(] q qgtqsl4 PP2w PBz 6 vl w ~z

(2.25)

+ ~ [g4( w'+mz')+. 4 &w'+Smz'][(q'- w')g ~-q q~]
W

~, [nt (m '+ m ') + gm„' t sm '[[(q' —m 'lg
e

—q-
qe]Iv convergent terms.

mz
(2.26)

Because of the self-energy insertion, the W-boson propagator becomes D~&(q'), which reads

gy g -g ~+q q~/1%)]r -g +q q /B2@ -g~ +q~q /Bl~
'W W W

We define the wave-function renormalization constant g3 w for the W boson conventionally as

q~q~
Zg gr

—g ~+ 2
= Ilm (q —t1l)gr )D ~ (q ) .

W q2~ mW2

Denoting Zg~ ~ to be the contribution to Z, ~ due to Z, we find from (2.26) to (2.28) that

(2.27)

(2.28)

4 2
z ~ 2m -z
3 W g2+ g/2 4~ 2~ 2 16~2Z W

+,[~ (m '+ m ') + et m '+ Im ']+,[g (m '+ m ') + Im '+ em '], ton') .
Pl W

'mz 16m

(2.29)

The divergent terms in (2.26) are momentum-dependent. It is clear that if q' is not on the mass shell,
the divergence in (2.26) then cannot be entirely taken care of by the wave-function renormalization. As a
matter of fact, with (2.26) and (2.29), the divergent part H~ of the contribution of the diagram in Fig. 3(c)
can be readily written down as

Hg ——(Z g @
- I )Mo +H~, (2.30)

where Hz is the divergent term which cannot be absorbed into the wave-function renormalization constant,
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z w' z w z lv

1 m~' m~')q "q' 1 q "qeI -i
4 m' m'jm 2m4I e 16m'z 8' W'

(2.31)

Similarly we can find the divergent contributions H~ and H@ of the self-energy corrections to the muon de-
cay due to A or (t), respectively, which cannot be taken care of by the wave-function renormalization,

and

gtxB ] q &q8 g

4 ~8 g62»A'
m~ mg

2

H@= ~q qM 8 ~lnAg n 8 -2
mp 16m

(2.32)

(2.33)

D. Vertex Renormalization and Vertex Corrections

Since the couplings of W or g to the leptons do not depend on the momenta of the coupled particles, all
the divergences in the vertex corrections in Figs. 4(a) to 4(d) can be entirely absorbed into the vertex re-
normalization constants just like those in pure quantum electrodynamics. However, things become quite
different for the vertex correction in Fig. 4(e), because the W-Z coupling is momentum-dependent. Let
us denote I'e to be the contribution of the diagram in Fig. 4(e). Its explicit expression reads

g' (* d4k -g"" +k"k "/mz' -g""+ (q —k)~ (q —k) /m~' P -I]]+m

4 (2 )' k'- '
(q -k)'- '

(p —k)' nP-
x[(q -k+q)cygne (2q 2k q)eg u (2q q+k)ng e] 1 (2.34)

where the lepton momenta are taken to be on the mass shell. Applying the same techniques that we used
in calculating the divergent part of an integral in the last two sections, we find that

g' -(a+1) „3 1 1
4 4 2 2 ~ 8 4 2 2 8 ]z 8' z w

2

, ((a+1)(-(m. '+ m ')+-,'q'] —qm']0 A„a, laA')
mz SZQ 16''

2

, (2(a+1)]((--,' (m '+m ') —2m'+ aq']02 —*,mqa(( —y )] 12 ~ »A')

2

, (2(a+I)]([—-', (m '+ m ')+ yyq']02 —-mqa(1 —y,)],1aA')
1 Qrn, z w 6 8 3 8 5 y6&2

, m'Oe+2mqe(1 —y,)],lnA' (2.35)

(a) {c)

l'e ve P I'

(e) (() (g) (h) (])
FIG. 4. The diagrams of the vertices and vertex corrections to p decay. The wavy line in (e)-(g) means either Z, A,

or Q, while in the rest of the diagrams it stands only for Z.
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As usual, we define the vertex renormalization constant inverse g, as one plus the coefficient of 08 in
u (k))F&(q')u(p) with q' = m~'; i.e.,

-(a+1), 3 1 1 -i
1 -'--4g

4 2 2 W -4 2' 2 16 2
Z W Z W

2 2

, ((a+()(—(m '+m ')+ —,'m ']—2m) (8, InA')16rnz Z W 3 W 16+2

[-—,(m~ + m~ ) —2m + —,m~ ],lnA
2g'(a+1). . . , „, -i
16rnw' 16~'

2g'(a+ 1) 3, 2 ~)
g i -& m'g' 1 1 -i[-2(m, ™,)+ . , ] 16, ln —,—, , lnA' .16mz 16m 8 rnw' mz' 167'

(2.36)

With (2.35) and (2.36), we find the divergent part V~ of the vertex corrections to the p, -decay matrix ele-
ment due to the Z boson as given in Fig. 4(f),

V~~ = (Z, ' —1)MO+ V~f,

where Vz represent those divergences which cannot be taken care of by the vertex renormalization,

(2.37)

g'(a+ 1)
z 4m 2m 2

Z W

g 0+1 mz+mw g 3g +mw g +

2m' „, (a+1) 11 8 0 (f (a+1)»
2 2 g 4 2 3 g 2 4 2 3 g

Z W Z W W
2

mw J

, 1A2 . (2.38)

Similarly we find the divergent contributions Vz, Vz, and Vz, which cannot be absorbed into the vertex
renormalization constants, for the diagrams in Figs. 4(g), 4(h), and 4(i), respectively, to be

2

8mz'mw 8 16~' (2.39)

2

Z 16 2 2g ()'8 16 2A 4 4 2 2[(mZ ™)()g 3((f '™)))g +3'V 'V ]16mz mw 6m m, m

4m 2 3g m 2 4~ 2 3g

(2.40)

v,'= vz. (2.41)

Summing up (2.38) to (2.41) and making use of (2.9), we obtain the total divergent part V~ of the vertex cor-
rections to the p. -decay matrix element due to the Z boson which cannot be taken care of by the vertex re-
normalization,

v, = vz~+ v,'+ v,"+ v,'

ng~ A2
g2+ g~2 4m 2~ 2 g o'8 16g2Z 'W

~ [(mz ™)))g 3(Q + m(( )g + r~(f 0 ]

+, ——,g +, +, ——",g —,M~8 2 lnA'

1 n g 2Q' 9' 2g g -g-g ~ 2(m+m )g —
2 2+„4 Mg, 2lnA

Bm, 4mz mw ~%7w z6g
(2.42)
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(2.43)

(2.44)

Similarly we find the total divergent parts V~ and U& of the vertex corrections to the p, -decay matrix ele-
ment due to A. and Q, respectively, to be

V~=, ——",g —,-- M 8, lnA'

-2g g
—2

vl w 16m

E. Cancellation of Divergences

%e now group together those divergences which cannot be lumped into the renormalization constants and
show that they cancel out. First let us consider the divergent higher-order corrections due to the Z boson.
With (2.3), we note that terms like m~'/m~' in the self-energy correction H~ in (2.31) can be written as

(2.45)

2 -s.
Z Z W

With (2.45), the sum of the divergences B~"' in (2.1V) and H~ in (2.31) becomes

B"t+H = 2 g ~Z
Z Z 4~+ 2 ~ 2 g2 + g/2 g n8 16+2

g4 16m '+m '
g +g 12 ~zmw

a'(a'+ g")+»», (m+m )g
rnZ nZW g +g 16m

+4 2 2 2 i2 ~&Mns 1621n

Using (2.3), (2.42) can be rewritten as

(2.46)

4
ngM

Z 4 2 2 ~2 &2 g ns 16 2mzmw + +g TI'

2

~ ~~ ~

~

~

~
~

~ 2
~

2 n ~ ~ ~I 2 2 n ~ ~~
3

n ~ 2~
~~

~
~ 4 2

~
I 2 n ~

~~
2

22 n 8 4

4 . ~. .. I-l(m '+~ ')8"-l(~'+ I)8 "+4'q'j-, , „ I„, ', 1nA')

~ +~ 2 i2 k" + 2 2, „g"g I„ lnA'

Comparing (2.46) to (2.47), we get

or

Bz.t+Hz+ Vz =0. (2.48)

Summing up (2.20), (2.32), and (2.43) yields

5 ns g g Q 11 na Q' g 2H 'V =e
6 'g ' 2 '+6 'g '2 ' 816, 1nA
6 mw 7r

=0

Also summing up (2.21), (2.33), and (2.44), we find

0 9' 9' 9' 29'0n 8 n 8 n 8
2B~+H@+V@ g 4 2+ 4 2 4

W W ~W 6n

(2.49)

(2.50)

So we see from (2.48) to (2.50) that the divergences arising from the skeleton diagrams and self-energy
corrections just cancel out those from the vertex corrections.
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III. ELASTIC NEUTRINO-ELECTRON SCATTERING

A. Scattering Amplitude

We consider the process

v, + e- v, +e. (a) (b)

The momenta of the neutrinos in the initial and
final state are denoted by k, and k„respectively,
while p and p' denote the corresponding momenta
for the electrons in the initial and final state. To
the lowest order in the coupling constants, the $-
matrix in the unitary gauge is given by the sum of
diagrams in Fig. 5. We note that to this lowest or-
der the v-v scattering amplitude is given by the Z—
exchange diagram similar to Fig. 5(a) and the p.—

decay amplitude is given by the 5'-exchange dia-
gram similar to Fig. 5(b). To fourth order in the
coupling constants, the scattering amplitude is giv-
en by the sum of diagrams in Figs. 6 —10 and a num-
ber of other diagrams not drawn here (self-energy
and vertex insertions to Fig. 5) which dci not gener-
ate residual divergences. ' It is clear that contri-
butions of the diagrams in Figs. 6-10 can be di-
vided into three distinct groups. The first group

FIG, 5. The lowest-order diagrams for neutrino-
electron scattering.

is given by the contributions of diagrams in Fig. 6
and the part of th'e contributions of the diagrams in
Figs. 7(a)-7(c) associated with the charge radius
of the neutrino.

The second group is given by the contributions
of the diagrams in Figs. 7(a)-7(c) excluding the
part associated with the charge radius of the neu-
trino and of the diagrams in Fig. 8. They are simi-
lar to those in the elastic v-v scattering. 'The

third group includes all diagrams in Figs. 9 and
10. They are almost identical to those in p, decay.
We are going to show in the next three subsections
that the renormalization programs can be carried
out separately in these three groups and that the
residual divergences all cancel out in each of them.

B. Neutrino Charge Radius

The mean-square charge radius of the neutrino is usually defined to be proportional to the first deriva-
tive of the neutrino electromagnetic form factor at zero momentum transfer. At first glance, one tends
to think that diagrams in Figs. 7(a)-7(c) have nothing to do with it because it seems only weak interactions
are involved. This is not at all so. To see this, let us first calculate the contribution V~ of the diagram in
Fig. 7(c):

2 pp p l/ 2 4 &2

+ R'

yern + yS'
Z Zp

(a) (b) (b)

W 'tIIf

"e'III

(c) (c)

FIG. 6. Diagrams with one virtual photon exchange
which contribute to the charge radius of the neutrino.

FIG. 7. Self-energy and vertex insertions to the
diagram in Fig. 5(a).
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e&( &P'g

(a) (b)

(b)

(c)

FIG. 8. Skeleton diagrams with two Wor two Z ex-
changes.

where

FIG. B. Skeleton diagrams with one 8" exchange and one
Z, A, or p exchange. The wavy line in (a) represents
either Z, A, or y, while in the rest of the diagrams
it stands for Z only.

~=P -P

Vz =-e'u(k, )t'„u(k,), 2
~ u(p')y, u(p),q' -rnid'

pU+ It v 2
V~~= —,'g'u(k, )t"„u(k,)—, , ~ u(p')y„(1+y, )u(p),q' -mz'

(3.3)

(3.4)

g " d k -g +k "k~/m~ -g8&+(k-q)8(k-q)&/m 2
P +/+ m

2~3 ~ (2~)' k'-m. ' (k-q)'-m ' ~"' '(k+k )'-m

V„~ =k„g 8 --ka g„+ (k q)„g„~-—(k-q)„g„a+q„g„a-q8g„ (3.6)

Og -=yg(t+ ys) .

(a) (b) (c)

(e)
FIG. 10. Self-energy and vertex insertions to the diagram in Fig. 5{b). The wavy line in (a)-(e) means either Z, A,

or Q, while in (d) and (e) it represents Z only.
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Of course, in (3.3) we have used the relation between the electric charge e and the coupling constant@ and
/ ~

(g2 ~ gq2)1/2 (3.8)

From (3.3), it is then clear that the part V2™in V2 does contribute to the charge radius of the neutrino.
%e are going to show that the charge radius of the neutrino is finite. To see this, let us first calculate
the divergent part in I'„. Introducing the Feynman parameters n„~„and n, to combine the terms in the
numerator and changing the variables of integration, one finds that

g
' " d k 2 (h (q, + q, + a., —1)dtkdq, dq, m (k+d)'(k+d)(, qx (k+h)q(k+h)))

x[(k+d) g„s —(k+d)sg +(k+k) g„a —(k+k) g 8+q„g 8-qag ]O&()II+f2+if)O&,

where

d = A2q —CV3k»

h =d —qq

C = (o., + a2)m~2 —n2q2+ o2m, 2+ d'.
After some algebra, we obtain

g (( d kdo]kdQ2d &25(&1+@2+Q2 —1)
21]2 (21[) (k'- C)'

k k'
x + (d'+kk, d) q'+, [--,'k +k: ( '—-: d".+gq-d —qh -hd+q-k]-kk'ID„

mgf Nl gp 'W

+ convergent terms.

Introducing the cutoff A and performing the integrations we And the divergent yart I'„ in I'„ to be

2 2 3 2I'„=8g
4 ~q O~+ 20„1 2A

w Pl gf r

(3.10)

(3.11)

(3.12)

(3.13)

Let us define the vertex renormalization constant by setting q' in (3.13) to be on the Z-meson mass shell
so that we have

Z1 '-1=8g'
4 4+ 2 16 2A

(3.14)

With (3.14), (3.13) can be rewritten as

r„= (Z, -' —1)O„+D„O„,

where D~ is the residual divergence given by

(3.15)

2 rn2D„=-',g' (q' —m '), h' + —,'g' [(km '+ m, ')(q' —m ') ——,'(q —m )]—,* )nh') .
SZ gf 7T Vl gf PÃgf 77

(3.16)

With (3.3), (3.15), and (3.16), the residual divergence VP in V~ then reads
2

4m~4
(3.17)

where K„„is defined to be
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N„, = —,
'-g'u(k, ) O„u(k, )u(p')y, u(p).

Similarly we find the contribution V„of the diagram in Fig. 6(a) to be

PU

V„=e'u(k, )I'„u(k,), u(p')y, u(p).1 q2

With (3.13) and (3.19), the residual divergence V„ in V„ is readily found to be

2 2

(3.18)

(3.19)

(3.20)

Summing up (3.17) and. (3.20) yields
2 2'

2mz e
Vz '+ V~=

1 4, g""X„„ I6. 2-lnA.
Nl'W

(3.21)

Now let us. go. on. to calculate the contribution. H„of the sum of diagrams in Figs. 6(c) and 6(d). Its ex-
pbcit. exyressi;on can. be read;ily written down as

up a p:: 2. ps:
H„=-,'g'e'u(k, )G. u(k,):, ,

' e II„, ,', u(p'')y„u(p),q2-mz gv. q2'. ll (3.22)

where H„,, is the seU-energy: insertion of. the W' loop~. , Its- divergent part Il„, is calculated in the Appendix
and given by the expression. in (A7),

2. 2' 2: 1 4 2 & 2 ~ 2 i ~22II„„= 4qg„, ;A'.+ ~q'g „- 4q g„,+, (—,m~q„q„-6q g„,) ~ $„,-2q„q„, lnA
m 6n '

I -m~ mW, mW m

(3.23)

Using (3.22) and (3.23)„one finds that after. renormalization the residual divergence H„ in H„reads

2 2, 2 2 n8 2H"=4 4g K„e162A —
12 '(q+m'z)+ 2eg N„81 2lnA

RgW 7T ' MgP W;W 6w

Similarly the contribution He of the sum of diagrams in Figs. 7(a) and 7(b) can be written down as

q —SPAZ Z

Hem +HwZ Z~

where

(3.24)

(3.25)

(3.26)

q -mz q -m (3.27)

Thus we see immediately that there is a part of Hz, namely Hz, which is associated with the neutrino
charge radius. Using (3.23) and (3.26), we find that after wave-function renormalization the residual di-
vergence Hz in Hz reads

2

Hz =- g 8 ~ A +,(q+2mz)+ 2 eg &S,lnAem 2e ~8 4 2 2 2 2 7 2 +8
4mw 16m

W 3mw 16m

Summing uy (3.24) and (3.28) yields
2

H~+Hz —— e g N 8 lnAem mz 2 &8

2mw 16m

Since o' and P are dummy summation variables, the above equation can be rewritten as
2

cm Z 2 pu 2H +H'
12 'e gv Np" 16 ' lnA

mw

(3.28)

(3.29)

The total divergence associated with the charge radius of the neutrino is just the sum of V~ Vz Hg and
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H~™. From (3.21) and (3.29), we find that

2 2—em —
em

—2 wz 2 ~g 2 -2
V„+ V, +8, +H," 12 ' 12 ' e~ ~„'16,lnA'

=0 (3.30)

Thus we see that all divergences associated with the charge radius of the neutrino cancel out. So in Wein-
berg's theory of weak interaction, the neutrino charge radius is finite .

C. Renormalization of the p-Z Coupling Constant

(3.31)

where M„B is defined to be

Now let us go on to calculate the contributions H~~ and Vf of the diagrams in Figs. V(a)-V(c) put aside in
the previous section, which belong to the second group. From (3.4), (3.15), and (3.16), the residual di-
vergence V~~ in V~~ can be readily written down as

2g' ~& -& 2» 2 2 2m, ' 8 ~8 . -2
V, =—,g M, , A —,g, (q, )- ', , g M„,

VE gf m mgf PEgp jj

M„8 =- —,
' g'u (k, )0 u (k, ) u (p' ) 08 u (p) . (3.32)

The residual divergence V' of the contribution of the diagram in Fig. 3(d) can be similarly calculated and
is found to be equal to V~~, i.e.,

t7~ 17.w
Z ' (3.33)

Using (3.23) and (3.2V), we find that after performing the wave-function renormalization the residual di-
vergence II~~ in II~~ reads

—
g

8' na 2 & 2 2 O(8
—2 2

(q +2m )+6 g Ms 1B2gf Vl gp PBgf 7r
(3.34)

Next let us calculate the contributions of the skeleton diagrams in Figs. 8(a), 8(b), and 8(c), denoted re-
spectively by B„B„andB, . The explicit expression of B, is readily written down as

g ' " d4k -g"8+k ka/m~' -g~'+(k-q)t'(k —q)"
„(2v)' k' -m~' (k —q)' -m~'

&& u(k, )O, ,' ', OBu(k, )u(p')0„, O„u(p) .
l e

(3.35)

Introducing the Feynman parameters o, , n„e, , and a4 to combine the terms in the denominator and
changing the variable of integration yields

g ' " d'kdn, dn, dn, dn, 5(n, + n, + n, + n, -1) „8 (k+d)"(k+ d)8
2v 2, (2v)' (k' —C,)' m~'

(k +k)" (k+0)"
2~gr

where

&& u(k, )O,(k'+ d+k', )Oqu(k, )u(p')O„($+ d -p)O„u(p), (3.36)

d = A3p + Q2Cf —CV4k'~ ~

A=d-q,

Co = (n~+ n~)m~ —n2q —n3me + n4me + d

After some algebra, we get

g
~

d kdn~' ' 'dn~5(n~+n~+n~+n4 —1)
(2w)~ (k' —C,)'

4
x 4k'+, d-p ~ d+k, +-,'d'--,'p d+-,'m, '+-,'0, ~ d, —,k' g

W W'

+ convergent terms.

(3.3V)

(3.38)

(3.39)

(3.40)
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Denote B, to be the divergent part of B, . From (3.40), one immediately finds that after introducing the
cutoff A and performing the integration, B, reads

2 2

a8 16
+

8 4 24~ i

8C ™n816
I

Summing up (3.34) and (3.41) yields
2

gp g (xs 2 2 1 2 2 2 2 2 me 8 0, 8
—l+B,=2 g" M„,A --,g (q +m )- ', +, g M„, lnA

SZgf Ir fP2gf 1V
jr

Using (3.31) and (3.33), the above equation becomes

Hz~+B. =-Vz'- V'

(3.41)

(3.42)

(3.43)

H~+B + Vz~+ V' =0 (3.44)

So, we see that the sum of the divergences arising in the skeleton diagram with two-W exchange and in
the self-energy corrections just cancel out those in the vertex corrections.

Next w'e are going to show that the divergence in B, just cancel out those in B, . The explicit expression
of B, reads

,» " d~k -g ~+0 "k~/mz' -g~'+ (k -q)~(k -q)"/mi'

xu(p')y (a+y,), ', y (a+y, )u(p)u(k, )O„—', Osu(k, ).
e 1

(3.45)

(3.46)

Introducing the Feynman parameters e, , a„~„and n4 to combine the terms in the denominator and
changing the variable of integration yields

d4kdn, dn,. 5(n, + n, + n, +n —1) 8 (k+ d) (k+ d)8 „, (k+k)~(k+5)'

x u(p')y&(a+ y, )(p -g+g+ m, )y„(a+y, )u(p} u (k, ) O„(p+p, + g) Osu(k, },

where

C|= (ni + n2) mg —n2q + d

while d and k are given by (3.37) and (3.38), respectively. After some algebra, one finds

d kd ni' ' 'd n45(ni+ n2+ n3+ n4 —1)
a

= '
(2n)4 (k2 C|)4

x ~ 4(d —p) ~ (d+k, ) —
~ (d'-p d+ m, '+k, d)+, g"8M)8+ 4 g 8M„'84' em

+ convergent terms,

where

M~8 = (& ) (g + g")' u (k2) O~u (k, )u (p') y &
(a'+ 1 + 2ay, )u (p ),

M'8 =(~)'(g'+ g")'(a' —1)u(k,)y.u(k, )u(p')y&u(p).

Performing the integration in (3.48), we obtain the divergent part B„in B„
1 Ot8 S 2 FPlg 3 Q '

Qf g Sg 8 ~g,B~= —
4 ~g M~8 &6

A
4 4 2 24 4 Z "8 '44" ~~8 &, lnA'

mz m, z z mi mz

From the diagram in Fig. 8(c) we find that B, reads

,», ' d4k -g""+k"k'/mi' -g~8+ (k -q)"(k -q)8/mi'

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

xu(p')y„(a+ye) 2 '2 y~(a+ys)u(p)u(k2)O„}208u(k, ).P-k'+ m.
e

(3.52)
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Using steps similar to those leading from (3.45) to (3.46), one finds that

, », "d kdn, . ~ .dn~5(n, +n, + n, + n4 —1) ~, (k+8, ) "(k+d,)' » ("+"2)"( +"2

where

x u (p
'
)y (a + y, ) (p —d, —p + m, )y „(a + y, ) u (p )u (k2) 0„$2—g~ —p ) 08 u (k,), (3.53)

d, = n q+ esp+ +4k, ,

h, =d, -q,
C, = (n, + n, ) m~' —n,q'+ d, '.

After some algebra we get

d kdn~ ' dn45(n~+ n2+n~+ n4 —1)
(2m) (k' —C,)

x ~ + 4 (p -d, ) ~ (k, -d, )+ ~(d, '-p d, + m, '-k, .d,)-, k' g"~M'„8
I 1, , 2

(3.54)

(3.55)

(3.56)

4 g M'z +convergent terms.k4m, '
mz

(3.57)

Performing the integration in (3.57), one finds that the divergent part B, in B, reads
2 2 21 0|8 2 2 m 3 q g(8 g m ~8 g g'

B,= g M&, A + ' —,—,g MR — ' g M& lnh (3.58)

Comparing (3.51) to (3.58), we immediately see the cancellation of the divergences in B, and B„ i.e.,
B5= -B

B~+B =0. (3.59)

Thus we have shown that residual divergences in this second group all cancel out. Those divergences al-
ready contained in the renormalization constants in this group are used to renormalize the v-Z coupling
constant v'g'+ g" just like what happens in the case of v-v elastic scattering.

We note that the cancellation of the residual divergence in this group is independent of the value of the
mass of the external particle. Since the diagrams in the higher-order elastic v-v scattering are similar
to what are discussed here, we find as a by-product that the logarithmic residual divergences in the elas-
tic v-v scattering all cancel out. Weinberg4 has only shown that the quadratic one cancels out.

D. Renormalization of Lepton- V Coupling Constant

Now we come to the third group, the sum of the diagrams in Figs. 9 and 10. Comparing these diagrams
to those appearing in higher-order p. decay one finds immediately that the contributions of these diagrams
can be easily obtained by simply replacing the muon mass in what is found in Sec. II by the electron mass.
It is found that the residual divergences in higher-order p. decay all cancel out, independent of the value
of muon mass. So we see that after renormalization the contributions of the sum of diagrams in this group
are finite. The renormalization of the lepton-W coupling constant g can be carried out in exactly the same
way as was done in the case of muon decay.

IV. DISCUSSION

Summing up what we have obtained in the last two sections, we find that there are definite ways to carry
out the renormalization programs and the residual divergences cancel out systematically. As a result,
the S-matrix for the neutrino-lepton scattering calculated in the unitary gauge and the neutrino charge
radius are all finite. To actually calculate the finite part, one has to employ some kind of regularization
scheme which is gauge invariant. Perhaps the regularization scheme recently discussed by 't Hooft and
Veltman 6 is suitable for this purpose.
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From the calculation associated with the neutrino
charge radius, one sees that weak and electro-
magnetic interactions help out in solving each
other's problems of divergences. This certainly
is one of the most satisfying features of the theory.
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(a)

FIG. 11. Diagrams of the self-energy insertion of a
8' loop.

APPENDIX

(Al)

where

In this appendix we calculate the divergent part in the contributions of the diagrams in Fig. 11. Denote

as II'„and II'„", the contributions of Figs. 11(a) and 11(b), respectively, which read

(.) "d'k -g '+k"k'/m ' -g"+(q-k)'(q-k)'/~ '
~ (2w)4 k'-m~' (q -k)'-m~'

and

8—=k„g 8
—k()g„+(k —q) g t)

—(k —q) g„s+q 8'„8-qadi

)
" d'k -g 8+k ks/m~'

(2Ã„,m 8 8„8,8 8 8„'8) ~

~ 7Tj Pig/

(A2)

(A3)

Introducing the Feynman parameters & and A. to combine the denominators in (Al) and changing k to k+)Z,
one finds that after some algebra II'„" becomes

( ) (

d kdhd(X5(A. +(7 1)
(2m)4 (k' —C)'

&&,[-—,'k
p&, ——4'k'(A. ' —2A)(11&„,+ 3q„q, ) -gk'(5&„„+3q„q„)—(A.

' —X)'q'g, ]

where

2+,q'Qq, +,[ gk'gq, -gk'A'(l—l g)„, +. 3q„q p)+ —,'k' 6&,—(A.
' —I)'q'g „]

+ leg'6„, + (52„„+34„q„)e2(t' —5)(g„,r 6q„q„)I+nnnrergent terms (A4)

and

C = m~2+ (A.
' —A.) q'.

(A5)

(A6)

The divergent parts II'„", in 0'„ in II'„,' in II'„b„' can be easily obtained by introducing the cutoff A and per-
forming the integrations. We find tha the sum of II'„and II'„b„' denoted by II„„is

(a) (b)II„=II„'+II„
2

6 4@V 2 X 2 X 2 g 2=
4 4 2„„26 tt +

4
(2™——, ? )+ (—,m q„q„-,q 2„„)-qq„+, 2„, t, )ntt') . (43)

Sggf 7T — ~W ~W 16m

*This work is supported in part by the United States
Atomic Energy Commission.

~S. Weinberg, Phys. Rev. Letters 19, 1264 (1967) ~

G. 't Hooft, Nucl. Phys. B35, 167 (1971).
3B. W. Lee, Phys. Rev. D 5, 823 (1972).
4S. Weinberg, Phys. Rev. Letters 27, 1688 (1971).
The diagram in Fig. 6(b) does not generate residual

divergences either. It is drawn here because it is one

of the lowest order diagrams associated with the charge
radius of the neutrino. The vertex renormalization
constant for this diagram just cancels out the corre-
sponding one for Fig. 6(a) to maintain the neutrality of
the neutrino. See J. Bernstein and T. D. Lee, Phys.
Rev. Letters 11, 512 (1963).

~G. 't Hooft and M. Veltman, Nucl. Phys. B44, 189
(1972).


