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We present a scheme for the generalization of the two-component theory of Harari and
Freund to multiparticle amplitudes and, in particular, to inclusive reactions. Our scheme is
based on duality and borrows the terminology of dual perturbation theory but we do not restrict
our generalizations to any specific model. We obtain a criterion for the absence of secondary
(nonscaling) Regge contributions in inclusive reactions. We show how inclusive reactions may
approach their limiting values from below, 'in contrast to total cross sections which always
have positive secondary contributions. The scheme suggests a novel interpretation of diffrac-
tion dissociation which we discuss in a separate paper.

I. INTRODUCTION

Phenomenological duality' has had striking suc-
cess in accounting for certain features of hadronic
interactions, especially for two-body processes
and, via the optical theorem, for total cross sec-
tions. The predictions of duality (supplemented
by the absence of exotic resonances) include (1)
exchange degeneracy among Regge trajectories and
Reggeon residues', (2) certain quark-model re-

suits such as the "magic" Q-&o mixing angle'; (3)
the fall of the total cross section, o(a+b- any-
thing), to its asymptotic value when the channel
(ab) is a nonexotic channel, i.e., the positivity of
secondary Regge-pole contributions; (4) the ap-
proximate energy independence of the total cross
section, (ao+ banything), at surprisingly low
energies when (ab} is an exotic channel, i.e., the
absence of secondary Regge-pole contributions
when (ab} is exotic.
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ImA =P+A+R@ P+8 A+& @A(3P. (2)

The success of the above description of two-body
scattering encourages attempts to generalize this
scheme to multiparticle amplitudes. This problem
is especially interesting experimentally since the
n-particle inclusive cross section is related to a
discontinuity of the (n+2)-particle forward scatter-
ing amplitude in much the same way as the total
cross section is related to the two-body forward
amplitude by the optical theorem.

By assuming Regge theory for the three-to-three
forward elastic amplitude (abc- abc) this leads
to Mueller's expression' for the single-particle
inclusive cross section (in the region of a frag-
menting into c)

dG bb -I
= f(x, pr') + g(x, pr')— (3)

where x=2P~/v s and Pr, Pl'. are the transverse and
longitudinal components of the momentum of c in
the center-of-mass frame. The function f de-
scribes the limiting distribution (we have assumed
the Pomeranchukon to be a factorizable pole with
intercept unity). The nonscaling term on the right-
hand side of Eq. (3) is dominated by a Regge pole
in (bb) with inte'rcept a', —, (usually taken to be -0.5
corresponding to the p, ~, fo, A, ). We refer to such
nonscaling contributions as the secondary contri-
butions. It should be noted that the range of valid-
ity of Mueller's hypothesis IEq. (3)] is question-
able. This is neatly illustrated in dual models as
we discuss in Sec. VI. For all the results of this
paper, however, we shall assume that, indeed,
the terms with Regge behavior dominate the cross
section. Generalizations of the two-component
theory have been suggested in the context of the
dual-resonance model' " supplemented by specific
assumptions about the importance of certain
terms In a prev. ious communication" (referred to
as I from here on) we have suggested a general-

A cornerstone of this approach is the two-com-
ponent theory of Harari' and Freund' which as-
sumes, at least as a first approximation, that the
imaginary Pa~I of a two-body scattering amplitude
may be written as the sum of two terms,

ImA(s, t) = P(s, t) + A(s, t),
Here, 8 denotes the contributions of direct-chan-

nel resonances which build (via finite-energy sum
rules) the Reggeons' in the crossed channel. The
first term, P, denotes the contribution of nonres-
onant background in the direct channel which builds
up the crossed-channel Pomeranchukon contribu-
tion. A modified scheme has recently been pro-
posed which includes multiple-scattering correc-
tions, ' so that'

ization of the Harari-Freund (HF from here on)
conjecture which, while it is in the same spirit as
Refs. 10, 11, and 12, has very significant differ-
ences. In I we were led to several new and power-
ful phenomenological predictions on the basis of
this generalization.

In this paper, we will elaborate on some of the
details of the discussion given previously" and
will obtain some further consequences of our
scheme.

Section II will be devoted to a detailed discussion
of our model for multiparticle meson amplitudes,
leading to a set of rules for implementing the
Harari-Freund conjecture in inclusive reactions.
Qur scheme is a sort of pictorial "skeleton" of a
complete theory —we do not have any burdensome
formulas, our arguments are based on a sequence
of duality diagrams.

The rest of the paper is devoted to the applica-
tion of this scheme to (mostly single-particle) in-
clusive production spectra. In Sec. III, we discuss
the conditions for the absence of secondary Regge-
pole contributions to inclusive cross sections
(i.e., conditions for early scaling). Such conditions
have recently been the cause of some controversy
and we include a critical discussion of other sug-
gested criteria. A simple criterion for amplitudes
involving baryons only exists to the extent that
planar duality is reasonable for baryon reactions.

In Sec. IV, we will show that there is no neces-
sity in our scheme for the secondary (nonscaling)
Regge-pole contributions in inclusive reactions to
be positive. This result should be contrasted with
the case of total cross sections which reach their
asymptotic limit from above.

The treatment of pionization, given in Sec. V,
is a simple extension of the earlier discussion.
We also discuss the general n-particle inclusive
reaction in our scheme.

Finally, in Sec. VI, we compare our scheme
with the dual perturbation theory. We also com-
ment on the validity of Mueller's ansatz in dual
models.

The treatment of diffraction dissociation has
been left to a separate paper" (referred to as III).
We are led to a novel description of diffraction
dissocation in which the Pomeranchukon-Pomeran-
chukon-Reggeon vertex vanishes.

It is worth observing that the rules for our
scheme presented at the end of Sec. II are them-
selves very simple although their derivation may
appear complicated to the reader unfamiliar with
duality diagrams. With the aid of these rules,
the constraints of duality in multiparticle pro-
cesses and the essential role of the Pomeranchuk-
on may be easily visualized as is demonstrated in
the later sections.
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II. THE "SKELETON" MODEL

OF MULTIPARTICLE AMPLITUDES

Our discussion in I began with a classification
of the duality diagrams for a two-body scattering
amplitude. Examples of such diagrams are given
in Fig. 1, where we illustrate four equivalent ways
of representing the basic duality diagram that con-
tributes to R. The first two emphasize the equiv-
alence between resonances in the s channel
(ab- cd) with Reggeons in the f channel (ac- bd).
The third figure is the corresponding quark duality
diagram" and the fourth figure is an abbreviated
form" of the third which is in common usage and
we find the simplest and most useful for our pur-
poses. (The diagram in which the quarks circulate
in the opposite direction should be added; however,
we will never need to consider this separately. )
In the most naive dua. l theory this diagram may be
associated with a (st) beta function of the Veneziano
model, ' but our analysis does not depend on this
association. (See Sec. VI for further discussion
of this point. )

Two basic properties of all such duality dia-
grams are illustrated by Fig. 1.

(I) Quantum numbers: The SU(3) properties
are determined by the quark content.

(2) Topology: The shape of the diagram indi-
cates which channels have discontinuities and il-
lustrates precisely the nature of the discontinuity
(resonance, Regge pole, Pomeranchukon, Reg-
geon-Pomeranchukon cut, etc.).

Each diagram is meant to represent some func-
tion (of a complete theory) having the analytic
structure suggested by the topology of the diagram.
For example, it is assumed that the amplitude
corresponding to Fig. 1 has resonances in the s
channel and in the t channel, but not in the u chan-
nel (ad- cb). It has Regge asymptotic behavior in
s at fixed t, (-s)"~'~ and in t at fixed s, (-t)"~'~.
In addition to the diagrams of Fig. 1, one must
add the two corresponding to cyclically inequivalent
permutations of the external particles. One has
resonances in the u channel and in the t channel
and behaves, for large u at fixed t, as ( —u)"~' .
When added to Fig. 1, this gives the full, signa-
tured Begge-pole contribution in the t channel to
the amplitude. The diagram having resonances in

s and u is assumed to vanish faster than any power
as s-~ for fixed t. It does, however, contribute
to the imaginary part of the amplitude in the s
channel and may be important near threshold (see
Sec. VI for more discussion of such contributions).

Starting from these three basic diagrams, many
other types of duality diagrams are required for
consistency with unitarity, some of which are
shown in Fig. 2." We assume that the full scatter-
ing amplitude is represented by the sum of all dis-
tinct duality diagrams, a feature shared by the
dual perturbation theory. ' We shall not assume
that the more complicated "higher -order" dia-
grams are small compared with the simpler ones.
In this respect, we are not assuming that a per-
turbative theory is necessarily realistic. We shall
later (Sec. III) point out that it is likely that a large
class of these diagrams must be large for phe-
nomenological reasons. We shall classify all dia-
grams according to their quantum number and

topology content and require that each diagram is
consistent with the HF conjecture.

Consider the duality diagram of Fig. 2(a). This
diagram illustrates why the additivity assumption
of the HF hypothesis [Eq. (2)] is by no means triv-
ial. The particles in the initial state (ab) appear
to be able to resonate but the particles in. the final
state (cd) cannot. The diagram represents a ma-
trix element which mixes a resonance with non-
resonant background. Consistency with the HF
hypothesis requires that it vanish. " In general,
then, zohenever a single external meson is con-
nected to a quark looP, tA, e corresPonding duality
diagram is assumed to vanish. It is at this point
that we diverge most crucially from other treat-
ments.

Figure 2(b) is the diagram that has classically
been identified as the primordial Pomeranchuk-

(a)

b

b

FIG. 1. Equivalent ways of representing a duality
diagram.

(b)

FIG. 2. (a) This diagram violates exchange degener-
acy and the Harari-Freund conjecture. (b) The Pomer-
anchukon diagram. Secondary Reggeons must be absent
if HF is satisfied.
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on, ""P. It has vacuum quantum numbers in the
ac channel and in dual perturbation theory"' has
a j-plane singularity whose position is independent
of the external quantum numbers (although in the
naive dual perturbation theory it has the wrong
intercept and gives a unitarity-violating cut). We
also identify this diagram as P. The diagram ap-
pears to have resonance poles in the t channel,
but any pole is connected to a quark loop to which
no other particles are connected. By the discus-
sion of the previous paragraph, such a contribution
vanishes so that the residues of the t-channel poles
in Fig. 2(a) must vanish. As we emphasized in I,
the absence of Reggeons in the t channel is neces-
sary for the maintenance of the HF hypothesis. "

Other diagrams, such as those shown in Fig. 3,
give Reggeon-Reggeon cuts. Note that, according
to the rule developed above, Fig. 3(a) has no res-
onances in the direct channel.

Figure 4 illustrates two diagrams obtained from
Fig. I and Fig. 2(b) by adding holes. Holes may
contribute to renormalization corrections as in
Fig. 4(a). However, they may also lead to Reg-
geon-Reggeon cuts as in Fig. 4(b). Although the
properties of these cuts are not well determined,
they do have lower intercepts and may be ignored
at high energy. Indeed the whole discussion of con-
stant total cross sections in exotic reactions as-
sumes cut effects are negligible. " For the re-
mainder of the paper, we shall therefore ignore
them.

In addition, there are further types of diagrams
which are constructed by adding handles' to any
of the diagrams so far considered. Two such dia-
grams are shown in Fig. 5, both of which have
Reggeons and Reggeon-Pomeranchukon cuts in the
t channel as well as other presumably less impor-
tant contributions. Figure 5(a) contributes both to
8 and A 8 P terms in Eq. (2), and so such diagrams
will be quite important in general. The addition of

(b)

FIG. 4. (a) A renormalization correction. (b) Exarn-
ple of a diagram which has renormalization loop that
builds Regge cuts.

a handle may be thought of primarily as an absorp-
tion correction. The topology of diagrams with
haridles is a bit more deceptive than that of the
diagrams previously considered. For example,
Fig. 5(b) has a discontinuity in the s channel even
though particles a and b are not adjacent on the
quark loop boundary. It thus has a Reggeon con-
tribution in the t channel regardless of whether the
s channel is exotic or not, apparently in violation
of the HF conjecture. That this discontinuity is in
fact small may be seen as follows: The diagram
has the form A(3 P where 8 is purely real in the
s channel and P is taken to be purely imaginary
and strongly peaked near t=0; hence the disconti-
nuity vanishes. This fortuitous vanishing of the
discontinuity of Fig. 5(b) guarantees the HF hypoth-

(a)

(b)

FIG. 3. Diagrams giving rise to Regge-Regge cuts.

(b)

FIG. 5. (a) This diagram has a discontinuity in all
channels. (b) We argue that the s,~ discontinuity of this
diagram is very small.
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esis for the imaginary part of the amplitude. "
therefore assume in general that the addition of
handles to a diagram does not affect gehich channels
have discontinuities and Provides absorptive cor-
rections to resonances ox Reggeons in those chan-
nels.

This discussion suggests how the first assump-
tion of Harari's model' summarized by Eq. (2)
arises in a crossing-symmetric, unitary theory.
In the imaginary part of the amplitude Reggeons
plus Reggeon-Pomeranchukon cuts in the t channel
are dual to s-channel resonances plus their ab-
sorption (leaving peripheral resonances prominent,
see Fig. 6). Our scheme suggests. that this picture
is only correct to the extent that the Pomeranchuk-
on is purely imaginary. "

For the sake of clarity, we summarize rules
for constructing our skeleton model:

(1) Every scattering amplitude can be repre-
sented as the sum of all distinct orientable duality
diagrams.

(2) Diagrams having only one external particle
attached to a single quark loop are assumed to
vanish. Similarly, no resonance (or Reggeon) is
exchanged between two states unless quarks are
exchanged. This is the implementation of the IIF
conjecture.

(3) The leading contribution to the exchange
mechanism between separate quark loops is the
Pomeranchukon. The real part of the Pomeran-
chukon is negligible compared to the imaginary
part for small momentum transfers.

(4) Diagrams with handles are assumed to con-
tribute only to the real part of the amplitude in
channels formed by nonadjacent particles. Handles
contribute primarily to absorptive corrections.

(5) When the quantum numbers of a pair of par-
ticles connected to each other by a quark in a par-
ticular duality diagram. are exotic then the contri-
bution of that diagram vanishes identically. This
rule is implicit in any scheme based on duality
diagrams.

III. EXOTICITY CONDITIONS FOR EARLY
SCALING IN INCLUSIVE REACTIONS

We, have derived, in I, a condition for the ap-
proximate energy independence of single-particle
inclusive reactions, a+b- c+x. We will now elab-
orate on that discussion.

In the limit corresponding to the fragmentation
of a into c,' (a:c ~b), the leading contributions

c a
Or

a c
Or

C 0

c a

Or

(a)

a

or or

(b)

or

(c) ('d)

a generalization of the HF conjecture. In the re-
rnainder of this paper, we shall apply this scheme
to several multiparticle processes of experimental
and theoretical interest.

The simplest diagram of any class of diagrams
with a particular quantum number and topology
content will be referred to as a primitive diagrmn.
In other words the addition of holes and handles

(according to rule 4) to a primitive diagram does
not alter which channels have singularities. It is
clearly sufficient to study these primitive diagrams
only if we wish to discuss the high-energy behavior
of the amplitude. %e have shown that Figs. 1 and
2(b) (plus diagrams formed by noncyclic permuta-
tions of external particles) are the primitive dia-
grams for the four-point function, i.e., Fig. 5(b)
need not be considered separately due to rule 4.
It remains an assumption that this rule also applies
to multiparticle amplitudes with handles.

These rules have been obtained for meson ampli-
tude. In Sec. IV we will discuss the duality dia-
grams which include baryons.

Our rules are immediately applicable to an arbi-
trary multiparticle scattering process and provide

Or

a c
or

c Q

(e)

Or or

FIG. 6. An illustration of absorbed Heggeons dual to
peripheral resonances.

FIG. 7. Contributions to the six-point function in the
region of a fragmenting to c excluding diagrams contri-
buting to the diffraction dissociation of a into e.
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(a)

a c a c
Of' + Pr

c a c a

FIG. 8. Contributions to the diffraction dissociation
of a into c.

(ab) and (bc) must be exotic. (A)

We do not need to specify that (abc) be exotic
since when (ab) and (bc) are exotic only Figs. 7(f)
and 8(a) survive and these do not have any energy

come from those diagrams for the process a+ 6+ c- a+b+c which have (i) a nonzero forward dis-
continuity in abc since this discontinuity gives the
inclusive cross section and (ii) either the Pomer-
anchukon or Reggeons in the (bb) channel.

In Figs. 7 and 8, we display all such primitive
diagrams. Figures 7(a), 7(b), and 8(a) all have the
Pomeranchukon in the (bb) channel and contribute
to the limiting fragmentation. Figure 7(b) has the
Pomeranchukon in (aa) also and is the only diagram
contributing to the limiting distribution in the pion-
ization limit (see Sec. V). Figure 8 is relevant for
diffractive dissociation and will be discussed in
more detail in III. All other diagrams displayed
have Reggeons in the (bb) channel and are the dom-
inant contributions to the energy dependence in
the fragmentation limit. It is easy to check that
there is only one criterion that will eliminate all
diagrams which have Reggeons in (bb). The crite-
rion is

dependence anyway. There are also baryon reac-
tions for which (ab) and (bc) exotic does not imply
(abc) exotic (e.g., P+0 - = +X). We do not ex-
pect our simple duality scheme to work for such
processes since the corresponding two-body re-
actions, baryon-antibaryon scattering, cannot be
described in a simple dual model without exotic
resonances.

In any case, consideration of reactions involving

baryons only gives criterion A if planar duality is
applicable to baryons. The assumption of planar
duality is common to most approaches (e.g., Refs.
30 and 31).

From our presentation, which involved examin-
ing all the relevant diagrams for the six-point
function, the existence of any simple criterion may
seem fortuitous. However, we shall see in Sec.
V how a general criterion can be obtained for an
n-point function without having to draw any dia-
grams explicitly, just by using special ordering
properties that duality imposes on quark lines.

We stress that our criterion A eliminates all
secondaries in the u hole fragmentation region. In

certain limited regions of phase space, we may
expect other, weaker, criteria to be good to some
approximation. Thus, for instance, in the triple-
Regge region (x near unity, where x is the Feyn-
man scaling parameter) Fig. 7(c) may be expected
to be the leading nonscaling diagram [if (ac) is not
exotic] since this has the triple-Regge behavior.
To the extent that Fig. 7(c) (the tree diagram) does
dominate in this region, the condition (abc) exotic
is sufficient to ensure early scaling. This is the
condition proposed by Chan et a/. "'"who, how-
ever, suggest a larger region of validity. It is
true that the range of validity of the triple-Regge
formula is not well established but it cannot be
appropriate when (s -) is large. The region in
which s„- is large is however included in the frag-
mentation region of a into c which is defined as a
limit at large s„ in which s„,/s„and s„- are held

TABLE I. A demonstration of the great importance of the Pomeranchukon (nearly constant) contributions to total
cross sections at rather low kinetic energies.

Total
cross section Type

0( )
(mb)

Dependence on center-of-mass
kinetic energy, T (MeU)

Exotic

Nonexotic

Non exotic

Nonexotic

Exotic

Nonexotic

18

18

23-24

23-24

39—40

39—40

Constant for T «600

Falls below 36 for T «500

Falls below 46 for T «800

Falls below 46 for T «700

Constant for T «800

Falls below 78 for T «800
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fixed. We have seen that in general there is only
one criterion appropriate to the whole fragmenta-
tion region. Chan and Hoyer" suggest that "high-
er-order loop corrections" are small compared
with tree diagrams in order to justify their crite-
rion for a large region of phase space. However,
the Pomeranchukon is a loop diagram and it is
known to have couplings of the same order of mag-
nitude as normal Regge trajectories. " We empha-
size this point, which seems to cause a lot of con-
fusion, by listing some total cross-section data"
in Table I. This table shows that the Pomeran-
chukon contribution is larger than the secondary
contributions at remarkably small energies -typ-
ically of the order of 700-MeV center-of-mass
kinetic energy. It is therefore exceedingly danger-
ous to ignore "loop contributions" at the energies
under discussion in inclusive reactions.

The criterion suggested by Ellis, Finkelstein,
Frampton, and Jacob" which says that reactions
scale when (abc) and (ab) are exotic amounts to
neglecting certain of our diagrams since they ar-
bitrarily neglect the bc channel. They assert that
since s„- is negative in the physical region, the
singularities in s„-are negligible. However, in a
dual model the poles at positive values of s„-
imply a smooth energy-dependent secondary con-
tribution at negative values of s„-which will be
just as large as the average energy dependence
arising from s„(which is positive). It is easy to
see from our diagrams that the channel (bc) is
just as important as (ab) in determining secondary
contributions. The present data are not adequate
to separate contributions with sufficient accuracy
to determine which criterion is correct. We feel
that a discussion of the HF conjecture must be a
prerequisite for any exoticity criterion since it is
the crucial element in the discussion of total cross
sections, ' it is the lack of such a discussion in
Refs. 30, 31, and 34 that makes their conclusions
unsatisfactory. We should point out that in order
to determine which reactions scale early it is nec-
essary to have a precise study of a reaction over
a range of relatively low lab momenta (3-10GeV/c,
say) and values of x not too close to unity. This is
not so useful, of course, for observing limiting dis-
tributions and establishing properties of the Pom-
eranchukon which has been subject to most atten-
tion up till now. In I, we listed some reactions
which distinguish our criterion, the most interest-
ing case being K'P-w +X. This should scale at
low energies in both fragmentation regions accord-
ing to previous rules, but only in the proton frag-
mentation region according to ours.

To conclude this section, we would like to dis-
cuss a very recent proposal by Tye and Venezia-
no." In their scheme the inclusive cross sections

are built from the square of production amplitudes.
A crucial assumption is that as far as possible one
should only include tree diagrams in the produc-
tion amplitudes. This leads to the same primitive
diagrams for total cross sections as we consider.
However, at the level of the six-point function one-
loop Pomeranchukon diagrams must be added in
the production amplitudes to allow for diffraction
dissociation (the eighth component in Ref. 12). In

addition, many interference terms are neglected
for simplicity in Ref. 12 while our rule 2 only
eliminates a subset of them. A subtler difference
is that our primitive diagrams are supposed to
include handles (corresponding to absorption) and
therefore we do not predict that even the diagonal
terms are positive, while their most important
prediction is based on positivity of each of the
seven components in their scheme. On the other
hand as they do not assume rule 2 they do not pre-
dict the vanishing of secondaries when the s chan-
nel is exotic (they call this the strong HF hypoth-
esis as opposed to the weak form that they obtain)
and therefore, they do not have exchange degener-
acy. This allows a diagonal diagram in which
there is a Pomeranchukon and a secondary Reggeon
in the same channel. This secondary Reggeon may
give a negative contribution since the Pomeran-
chukon is positive and dominates (since it ha. s a
higher intercept) ensuring positivity for the dia, —

gram as a whole. Such negative secondaries are
known to be necessary" and are discussed in de-
tail in Sec. IV.

IV. THE SIGN OF SECONDARY CONTRIBUTIONS

Before turning to diagrams having Reggeons in
(bb) we would like to remind the reader of the
third consequence of the HF hypothesis for two-
body reactions which was mentioned in the opening
paragraph of the paper, viz. , the fall of total cross

(b)

FIG. 9. (a) Illustration of the positivity of resonance
contributions. (b) The square of this contribution con-
tains P(3R term that may be negative.
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sections to their asymptotic values. This result
depends on the fact that the discontinuity of the
resonance component of the forward elastic ampli-
tude must be positive as shown in Fig. 9(a), and
that interference diagrams, such as Fig. 2(a),
vanish. It is not obvious, a priori, that absorption
corrections of the form R'3P cannot make the
over-all secondary component negative. For in-
stance, in the square of Fig. 9(b), the A@p term
may be negative although the net contribution of
the square (which involves Pomeranchukon terms
like P and P'3P) is, of course, positive. It is a
phenomenological fact that these absorption cor-
rections are not strong enough to cause the total
cross sections to rise to their asymptotic limits.

Let us now examine single-particle inclusive
reactions. In order to gain some insight into the
kinds of processes that build up each contribution,
we will look at the missing-mass discontinuity
explicitly. The contributions that build the Pomer-
anchukon in (bb) when squared and sum~ed over
X, Y, and Z are illustrated in Figs. 10(a)-10(c)
and so each of these individually contributes a
positive component to the limiting distribution.

Since it was a useful approximation in the two-
body case, we might ask whether, in the absence
of absorption corrections, all single-particle in-
clusive cross sections necessarily fall to their
limiting values in our scheme. If this were so, it
would be catastrophic since it can be shown rigor-
ously, by use of energy-conservation sum rules, "
that some inclusive reactions must ~ise to their
limiting values. To examine this, we return to a
consideration of those primitive diagrams for the
fragmentation (a:c~b) having Reggeons in the (bb)
channel. Figure 7(c) and all of Fig. 8 arise from
the square of the production mechanisms shown
in Fig. 11(a). The crucial point is that although
the square of the first two diagrams in Fig. 11(a)
and their interference with the third diagram have
Reggeons in (bb), the square of the third gives

Fig. 8(a), having only a Pomeranchukon in (bb).
Since this Pomeranchukon term is positive in (bb)
there is no reason why the interference terms,
Figs. 8(b), could not be negative. If so, they will
dominate over the other contributions with Reg-
geons in (bb) for a sufficiently large ratio of s„ to
s„;(see the discussion of diffraction dissociation
in III), leading to an approach to limiting fragmen-
tation from besom. Similarly, there are further
interference terms [Figs. 7(d) and 7(e)] which arise
from squa. ring Fig. 11(b) and occur in processes in
which a and c have different quantum numbers.
Once again, the square of the third diagram gives
the Pomeranchukon in (bb) and is positive so that
it dominates over the other terms in the square
of Fig. 11(b), which have Reggeons in (bb). This
means that the interference terms [Fig. 7(e)]
which need not be positive may dominate over the
other terms with Reggeons in (bb) and the possi-
bility again arises of the fragmentation limit being
reached from below.

In summary, the primitive diagrams suggest that
the inclusive reaction might rise to its asymptotic
value in two circumstances.

(1) If a or b can diffractively dissociate into c,
or

(2) If the quantum numbers of a, b, and c do not
force the interference terms of Fig. 7(e) to vanish.

These results only apply to reactions involving
baryons if we only need to include planar diagrams.
It is clear that in the case of nonplanar diagrams
there are so many possible interference terms
that a much weaker set of conditions would allow
negative secondary terms.

The above considerations have completely ne-
glected the possible effects of absorption. As we
have noted, absorption does not change the sign of
secondaries in total cross sections but there is no
a Priori reason why it could not. Thus, for the
six-point function where the possibilities for ab-
sorption are much more complicated, the negative
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FIG. 10. Terms contributing to the Pomeranchukon
in the inclusive reaction (a: c)b). There are no inter-
ference terms between 10(a), 10(b), and 10 (c) by rule 2.

FIG. 11. (a) When squared, this sum gives rise to
Fig. 7(c) and Fig. 8. (b) Diagrams contributing to the
interference terms 7(e) and 7(f),
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FIG. 12. Diagrams that contribute to the pionization
region (a~ c( b).

nonscaling secondaries may arise from this mech-
anism.

V. PIONIZATION AND THE GENERAL N-POINT

FUNCTION

In the pionization limit, (a~c~b), the dominant
contributions have either a Pomeranchukon or a
Reggeon in both the (aa) and (bb) channels. All
other diagrams are assumed to vanish exponen-
tially; this is equivalent to assuming the Mueller
hypothesis. ' The surviving diagrams are shown
in Fig. 12. In Table II, we indicate each type of
diagram and state which criterion eliminates it."
(The diagrams are labeled as in Fig. 12.)

From Table II, we see, for instance, that (ac)
exotic eliminates the contribution which has a
Pomeranchukon in (bb) and a Reggeon in (aa).

This is a leading secondary and behaves likes„"' ' ' inthe pionizationlimit. " So the condition
to eliminate both leading secondaries is (ac) and

(bc) exotic. The condition that eliminates all sec-
ondaries [including terms with Reggeons in both
(aa) and (bb) J is (ab), (ac), and (bc) exotic.

These conditions for the absence of secondaries
in fragmentation and pionization may be seen in a
general way without examining particular diagrams
as mentioned earlier. We make use of the follow-
ing properties of all duality diagrams for an n-par-
ticle inclusive reaction, a+b- cy+c2+ +c 2+ X
(The relevant diagrams are for the a+b+c, +c,
+ ~ ~ ~ + c„,—a+ b+ c, + c, + +c„,forward ampli-
tude. ):

(a) Each diagram consists of the external parti-
cles (made of quark-antiquark pairs) attached to
quark loops.

(b) There is a strict ordering of particles around
each quark loop such that all incoming particles
can be separated from all outgoing particles as in
Fig. 13(a).

(c) Any group of particles which have low rela-
tive momenta and are separated from other parti-
cles by a Pomeranchukon or Reggeon must be ad-
jacent on a quark loop or on separate quark loops.
For example, in Fig. 13(b), the particles bbcc are
arranged so that this diagram contributes to the
region of b fragmenting into c.

From these simple rules, the general prescrip-
tion for the absence of secondary contributions in
an arbitrary process is manifest: No secondary
Regge poles contribute to an inclusive reaction if,
and only if, each channel whose subenexgy becomes
large is exotic.

VI. RELATION TO DUAL PERTURBATION THEORY

AND MUELLER'S HYPOTHESIS

We first wish to clarify the connection between
our model and dual perturbation theory (DPT)
based on Feynman-like diagrams. "

Although the classification of diagrams is exactly
the same, the philosophy of our approach is rather
different. In DPT, at least in principle, one has a

TABLE II. Terms contributing to the pionization cross section. The labelling in the first column corresponds to that
of Fig. 12. The last column indicates the conditions that force specific terms to be absent.

Type of contribution
{labeled by Fig. 12)

Exchanged Begge singularity
in (aa) in (bb)

Condition for absence
of contribution

(a)
(b)
(c)
(d)
(e)

P
R
P
R
R

P
P
R
R
R

(ac) exotic
(bc) exotic
(ab) exotic

(ac) or (bc) or (abc)
exotic
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incoming
Par tie les

Outgoing

Particles

(a)

(b)

FIG. 13. (a) Illustration of the ordering of particles
implied by duality. The dashed line can always be
drawn to separate the incoming from outgoing particles.
(b) Diagram contributing to the region of b fragmenting
into f." in a+b c+d&+d&+d„+I, where d; are also
detected,

definite prescription" for calculating the diagrams
based on unitarity and the assumption that the Ve-
neziano amplitude is the Born approximation.
However, since the Veneziano formula does not
correspond too well to the physical world, it is
hard to believe in this prescription. Our approach
is to abstract from the DPT certain properties
that we expect will be solved by a more realistic
model and we feel free to modify all other aspects.
To this we add certain phenomenological informa-
tion, essentially the HF conjecture and some fea-
tures of absorption. Finally, we take the optimis-
tic attitude that the whole scheme is consistent
with known rigorous constraints (such as sum
rules" ). This is certainly nontrivial since, for
example, our manner of implementing the HF con-
jecture has been very simple minded and is surely
not the only possible one (see, for example, Ref.
12).

To illustrate our approach consider Fig. 2(b)
which we have identified with the Pomeranchukon
and have assumed behaves up to logarithms like
s (' ~ as s- ~ for fixed t and that o.'(0) = 1. In fact
Freund" argued in favor of this identification be-
fore the prescription for calculating loops was es-
tablished, solely on the basis of duality. DPT
shows a suggestive J-plane"'" singularity for this
diagram but with a different intercept. Further-
more, for a physical J the singularity becomes a
cut in s that violates unitarity. However, it is

more or less accepted that while the existence of
such a singularity is model-independent (i.e., the
topology arguments of Ref. 39), its intercept and
the fact that it is a cut are not." Therefore, we

only use DPT to tell us which classes of diagrams
can have a Pomeranchukonlike singularity and in
this way we are led to rule 3.

However, DPT also shows that whenever a dia-
gram has the Pomeranchukon in a certain channel
that the same diagram will have the f or f' pole
in that channel. We have argued that this feature
would break exchange degeneracy (EXD) and the
HF hypothesis and therefore have established rule
2. This is not necessarily incompatible with DPT
if we consider that the diagrams of the skeleton
model correspond to an infinite set of diagrams in
DPT.

An interesting and rather controversial diagram
is the one of Fig. 8(a) which has been used by some
authors" as evidence in favor of the vanishing of
the triple -Pomeranchukon vertex. Contrary to
common myth, a thorough calculation of this dia-
gram following the methods of Ref. 23 reveals that
it does have a triple-Pomeranchukon singularity
and the Pomeranchukon in the bb channel is dual to
resonances in the abc channel.

Of course, as is well known, in a unitary theory
the triple-Pomeranchukon vertex must vanish
when s„- = s;, = 0 if the Pomeranchukon is a pole
with unit intercept. This would only be true in
DPT for the completely summed series.

The observation that resonances build the Pom-
eranchukon in diffraction dissociation in DPT is
very important and independent of the manner of
implementation of the HF hypothesis. It is dis-
cussed further in III."

A more difficult point to understand in the con-
text of DPT is the fourth rule which states that
diagrams with handles have discontinuities in the
same channels as ones without them. We are not
sure if this rule is too strong or even consistent
with unitarity. For the four-point function, as
discussed earlier, the rule is true if the Pomeran-
chukon is purely imaginary. We would hope that
in any case it would be true to at least the leading
power of s although this is very much an open
question.

We. now turn to a discussion of the validity of
Mueller's hypothesis that the Pomeranchukon and
secondary Reggeons dominate inclusive cross sec-
tions. Our whole analysis has assumed this to be
true at laboratory energies. The dual-resonance
model indicates a possible source of failure of this
assumption. Recall that the Veneziano model is
the sum of three beta functions,
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As s —~, for fixed t, the first two terms lead to
Regge behavior (at least outside of a wedge) and
the third term, 8,„, has indefinite oscillating
phase. It is universally assumed that in the fully
unitarized theory the resonances will develop
widths in such a manner as to lead to Regge be-
havior along the real s axis and lead to exponential
damping of the third term.

An analogous situation holds in inclusive pro-
cesses" for which diagrams in which Reggeons
carry large mass (analogous to B,„ for the four-
point function) are damped by an exponential
which depends on the imaginary part of the trajec-
tory function. If these terms contributed signifi-
cantly at present laboratory energies, they would
undermine the whole notion of Reggeon-resonance
duality as well as the applicability of Mueller's
ansatz of Regge behavior of the six-point function.

Whereas the usual correlation length is determined
from the difference between the intercepts of the
Pomeranchukon and the leading Reggeon, these
.extra terms might lead to an entirely different
kind of correlatiori. Even if resonances have
widths that grow with mass squared, these terms
may lead to significant correlation at present en-
ergies since the actual rate of decrease of the ex-
ponential is unknown. This would be an unhappy
situation for most Regge theorists.
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The dual-resonance model entails an exponentially growing resonance spectrum for the
hadrons. It is well known that not all the states which achieve the factorization are physical
ones; there are spurious and ghost states among them. We give a general formula for count-
ing the ghost states at any given mass value and also an asymptotic expression for the ghost
spectrum. The Virasoro model, in which the leading trajectory intercept is unity, is not con-
sidered here. A method for constructing the subspace of real states, which is orthogonal to
the space of spurious states, is also given. After removing the ghost states from the real
states, the remaining ones are taken as physical states, which then constitute the resonance
spectrum. Implications of this resonance spectrum in the statistical approach are briefly
discussed.

I. INTRODUCTION

After the n-point dual-resonance amplitudes
were shown to be factorizable in terms of har-
monic-oscillator states, "there was brought to
light the unexpectedly rich level structure of res-
onances making up the amplitudes. It has been
shown' ' that the multiplicity of independent states
at a certain mass value increases exponentially

with the mass. However, it is immediately ap-
parent from the method employed that many of the
states included in the factorization cannot be in-
terpreted as physical or resonance states since
they have negative norms (ghost states), and would
give rise to negative-pole residues. Moreover,
there are spurious states' due to linear dependence
which do not couple to the external-particle states
at all. In order to reach some understanding of


