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A general analysis is given of the interaction of mesons of JP=0%, 1%, and 2* obeying the
principles of broken scale invariance in the tree and seagull approximations. In analogy with
current algebra, where one assumes that the vector and axial-vector currents are dominated
by JP=1* and 0* mesons in a field-current identity, we assume that the stress tensor ©*? is
dominated mainly by the 2* and 0* f, ', 0, and ¢’ mesons in a field-stress-tensor identity.
A consistent formalism is seen to require also certain nonpole f-meson mass terms in©6H,
With the usual smoothness conditions, the dynamics can be conveniently characterized by in-
troducing an effective Lagrangian. The conservation law §,6"¥ =0 and the Poincaré-group
conditions then imply that (i) theffw(x) fields ¢ =1, 2, ...) of the f, f’, etc., mesons couple
with all other “matter fields” (e.g., JP=0%, 1* mesons) by making the usual matter Lagran-
gian of current algebra “generally covariant” by replacing the Lorentz metric 7n,, by a “met-
ric” formed from g, =7, +Z,~ Aaiffm (@=1, 2, ...). (ii) The kinetic-energy part of the f-
meson self-couplings must have the form of Einstein Lagrangians formed using the g,,,, e.g.,
V=g, g&”Rum where R w 18 the contracted curvature tensor, (iii) Improvement for the spin-
zero parts of the stress tensor is obtained by including “curvature” couplings, e.g., wzJ:EaRa,
where R, is the curvature scalar formed from g,,,. In general, then, the f-meson couplings
are analogous to very strong gravitational couplings, with the f-meson mass terms breaking
the gravitational gauge invariance, For the situation where one has only one f meson present
our “metric space” is analogous to that of Zumino, However, the “metric space” considered
here is considerably more complicated than such a Riemannian space as more than one met-

ric, 8uvar a=1,2,...

, is defined on it, and hence by algebraic combinations an infinite num-

ber of “metrics” exist. (We note that in general these metrics will depend nonlinearly on the

f-meson fields.)

Broken scale invariance is introduced through a new postulate which requires that the im-
proved Belinfante stress tensor and its trace play a fundamental role as sources of the JP
=2+, 0* mesons with a universal coupling strength, The universality also leads to new rela-
tions of the type g;=F, mfz, etc., between the f- and o-meson interpolating constants which
resemble the Kawarabayashi-Suzuki-Riazuddin-Fayyazuddin-type relations in current algebra.
The form of the vector current in the presence of broken scale invariance is derived. The
condition of scale breaking implies that the vector current has canonical scale dimension 3,
and the apparent conflict of conservation of vector current with the f couplings is resolved.
Experimental tests of the present formalism are indicated here and will be examined in de-

tail in a subsequent paper.

1. INTRODUCTION

During the past two years, there has been a
great deal of interest generated in the possibility
that strong interactions possess a broken scale in-
variance.! This interest has in part arisen as a
consequence of the observed scaling in the electro-
production data, for the hypothesis that physical
laws are scale-invariant at high energies gives a
natural explanation of the scaling obeyed by the
electroproduction form factors in the deep-inelas-
tic region. While this result suggests the attrac-
tive possibility that scale invariance holds rigor-
ously at asymptotic energies, hadron interactions
are certainly not scale-invariant at intermediate
and low energies. Here dimensioned constants
(masses and coupling constants) enter in an im-

o

portant way. Further, should it turn out that as-
ymptotic scale invariance actually is of fundamen-
tal significance, the manner of its breakdown as
one proceeds to lower energies is also of impor-
tance. In order to discuss this latter problem, it
is thus necessary to examine hadron interactions
in the intermediate- and low-energy regions.

The purpose of this paper is to construct a gen-
eral formalism which attempts to describe meson
interactions at intermediate and lower energies
obeying the conditions of broken scale invariance
and chiral current algebra. In previous analyses
in this energy domain, much information about the
symmetries and partial symmetries of current al-
gebra could be obtained by making the single-
meson-dominance approximation.? Thus in this
procedure one dominates the I =1 vector current
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by the p meson, the I=1 axial-vector current by
the A, and 7 mesons, the divergence of the axial-
vector current by the 7 meson, ete. S-matrix
elements are then reduced to calculating a specific
set of tree and seagull diagrams (appropriately
unitarized when necessary). The technique has
been applied to a wide variety of phenomena with
considerable success.

A similar program for broken-scale-invariant
interactions would deal analogously with the stress
tensor ©*”. Thus one would dominate ©6¥ by the
JP=2* mesons [ £(1260) and f’(1514)], as well as
the J¥=0* o and ¢’ mesons [which we take tenta-
tively as the 7,.('700) and 1,+(1060)]. Scale break-
ing might be described by dominating the trace of
the stress tensor® ©=1,,6"" by the o and ¢’ me-
sons. Much work along these lines has already
been done.* However, analyses up to now have not
been sufficiently complete to bring out the full
nature of the couplings, implied by broken scale
invariance, of the J¥=2*,0* mesons to themselves
and to the other hadrons. Thus in previous work
only a single f meson is assumed to exist, or if
both f mesons are included they are treated only
in the first (i.e., linearized) approximation. Also,
the spin-0 parts of ©#” are neglected (or inaccu-
rately treated). As will be seen below, the pres-
ence of more than one f meson leads to a much
more complex formalism than the single f-meson
case for the nonlinear f-meson interactions. A
correct inclusion of the spin-0 pole parts of 6#7
leads in a natural fashion to dilatonlike scale
transformation properties for the o and o/, Most
importantly, it is seen that when the nonlinear f
interactions are included, the simple assumption
above that the trace of the stress tensor is pole-
dominated by the o and o’ mesons becomes incon-
sistent. A new principle of scale breaking is pro-
posed based on a universal coupling of the J¥=2*,0*
mesons to the (improved) Belinfante stress tensor
and its trace. Thus while scale invariance is lost
at lower energies, the breaking occurs in a uni-
versal fashion. The universality requirement leads
to new “Kawarabayashi-Suzuki-Riazuddin-Fayya-
zuddin- (KSRF)-type” relations between the spin-2
and spin-0 interpolating constants

gf=Fomf27 gf,=F0mf,2, F(,:FGI, (1.1)

where g, is the coupling strength of ©#” to the f
meson, F, is the coupling strength of ©6*” to the ¢
meson, etc. These are in quite good agreement
with the f-meson data (which also imply F, = F,).
To carry out the above program, we make use
of the technique of introducing an effective Lagran-
gian. As is well known, with the usual smoothness
assumptions, this method is equivalent to the

Ward-identity technique.? For our considerations
here it is more convenient than the latter, how-
ever, in that the construction of the single non-
linear Lagrangian corresponds in effect to the so-
lution of an infinite number of Ward identities.
Further, a Lagrangian approach allows more easi-
ly physical insights into questions involving sym-
metries and symmetry breakdowns. In Sec. II the
effective Lagrangian is set up for an arbitrary
number of J¥ =2* mesons interacting with other
hadrons. The full conditions of the conservation
of ©*¥ and the Poincaré-group commutators are
then imposed on this Lagrangian. As mentioned
above, the allowed nonlinear interactions so ob-
tained are quite complicated, and correspond to a
Riemannian space with an infinite number of “met-
rics” defined upon it (formed from the f-meson
fields). Section III illustrates these results for a
simple example involving f, w, and ¢ couplings.
The improvement of the usual Belinfante couplings
arises by coupling the pion to the curvature scalar
formed from the f-meson “metric”., The dilaton
nature of the 0 meson and noncanonical dimensions
of the interacting pion field are seen to arise nat-
urally from the formalism. Section IV introduces
the scale-breaking condition for the general situa-
tion of more than one f meson and more than one
o meson being present. The scale breaking is also
characterized there in terms of a breakdown of
Weyl gauge invariance. When f-meson interac-
tions were neglected, it was a valid approximation
to apply pole dominance to the vector and axial-
vector currents of current algebra.2 However,
just as the nonlinear f couplings prevent the pole
dominance of ©, the nonlinear f and ¢ couplings
(the latter arising from the scale-breaking condi-
tions) force specific nonpole terms involving f and
o mesons in the currents. These terms are brief-
ly discussed in Sec. V, where it is seen that they
can account for the sustaining of the ¢*-¢~ annihi-
lation cross section in the 2-3-GeV region.

II. FIELD-CURRENT IDENTITY FOR 6",
CONSERVATION, AND POINCARE-GROUP
CONSTRAINTS

A. Field-Current Identity

Any appropriately constructed symmetric stress
tensor must obey the local conservation law

8,0 =0 (2.1)

as well as leading to P¥*= [ d®x©°+ and M’

= [ @ [x"6° —x”©°#] obeying the Poincaré-group
relations. We refer to Eq. (2.1) as the CTC con-
dition (conservation of the “tensor current”) and
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it plays a role analogous to the CVC condition for
vector currents. For the latter case, the conser-
vation condition can be achieved by first choosing
the vector current V%(x) as the interpolating field
for the p meson:

Vi(x)=g,p4(x), g,=const. (2.2)

The effective Lagrangian for p-meson interactions
(in first-order formalism) is

£= "%P %v(a“pya - aupua) - %mpzp’;ppa
+ ép;_nmp;(l;v +£‘I’ (23)

where £, is the interaction Lagrangian. The field
equations are

3,ph" +miph=dh; JL=08,/0p%. (2.4)

The field-current identity (2.2) then leads to a con-
served vector current provided £, is constructed
so that J* is conserved. Thus CVC constrains the
form of £,.

One may proceed similarly for the stress ten-
sor. Consider first the part of ©*” that can be
used as an interpolating field for the f meson. If
fuv(x) is the phenomenological f-meson field, o
could in general be a linear combination of f* and
n# f, where f=n"8f,. To find the proper linear
combination we note that in the vector case, Eq.
(2.2) reads V*=—(g,/m,?)(2£,/3p,), where &, is
the p-meson mass term in Eq. (2.3). For the free
f-meson field, the mass term leading to an ir-
reducible spin-2 representation of the Lorentz
group may be taken to be®

LR = =smP (" fy = 1), (2.5)

where m is the f-meson mass. The f-meson con-
tribution to ©*” may be chosen then to be —(g,/m?)
x(0£2)/8f,,), and leads to a field-current f-me-
son piece of

&AM =nt"f), gy=const. (2.6)

Here g, plays the same role as g, did for the vec-
tor current. A term similar to Eq. (2.6) will ap-
pear in O*” for each f meson.

While the conserved vector current of Eq. (2.2)
can have only a spin-1 p field in its field-current
identity, the existence of two tensor indices in ©*”
allows for the presence of spin-zero o fields as
well as the spin-2 terms of Eq. (2.6). The CTC
condition (2.1) requires that these fields enter ©#¥
with the structure

$F,(n*'[? -88")0, F,=const. (2.7)

Equations (2.6) and (2.7) represent the f- and
o-meson pole parts of ©#”. We now choose as our
field-current identity for ©*” the general form

|

OF = D g -0 fY)

i

+5 2 E(nPvD? -0tV )o, + MMV, (2.8)
a

where g; is the interpolating constant for the ith
JP=2* f meson, and F, the interpolating constant
for the ath J*=0* ¢ meson. Thus

(01 (0)| f%, p, A) = gs€4" (p, DN, (2.9)

where® e€4” is the polarization tensor of the ith f
meson of helicity A, and

(0|0H(0)|0,, k) =5F(k kY +n""m2N,. (2.10)

The function M*” of Eq. (2.8) represents any terms
nonlinear in the f-meson fields that may be needed
for consistency. For the vector and axial-vector
currents such nonpole terms may be set to zero.
We will see below, however, that the CTC condi-
tion forces the presence of a nonzero M*” to cor-
rectly account for the f-meson mass contribution
to ©#Y, Thus M"Y is proportional to the f-meson
masses squared m;%. The appearance of M"’ is
due to the basic nonlinearity of f-meson self-in-
teractions required by CTC, and would noet show up
in any linearized treatment of the f-meson sys-
tem.,

B. CTC and Poincaré-Group Constraints

We examine first the case of a single f meson
being present, and will generalize to the case of
many f mesons in Sec. IIC below. The total ef-
fective Lagrangian describing both the self-inter -
action of the f meson and its interaction with other
fields has the general form

£=°Bf+£’m+£‘M(fyv; Xa) - (2.11)

The quantities £, and £,, involve only the f-meson
fields, with £, representing the “kinetic energy”
part of the f-meson Lagrangian and £, the mass
terms. One may write in general

B AEIQEY A (2.12)

where £(2) is the free-field mass term of Eq. (2.5)
and £, involves any cubic or higher mass inter-
action terms which may be present. Similarly one
may write £,=£{ + &/, where £ is the usual
spin-2 free-field term.® In first-order formalism
(with f,, and A%, to be varied independently) one
has

£’f(’2) = -2(fu" - %npyf)[aﬂ Aa#v - avAduu ]
+2n P A%, APy = A% e ] (2.13)

The term £, contains the free Lagrangians of all
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fields y,(x) other than the f-meson, the interaction
between the y, fields, and the interaction between
the f and yx, systems. We will collectively refer
to the y, fields as the “matter fields”.

Varying Eq. (2.11) yields the f-meson equations

58, 68, 08,
- +—.

8 f v 0fuw  Ofw
Using the field-current identity Eq. (2.8) (for the

single f-meson case), one obtains an expression
for ©FY:

+mR(fHY —qHVf) = (2.14)

6L,
6fuu

] FEHY | (2.15)

0L
oM = g.m™2 —, gym™?

0 f v

v s 08
+[M +(gym=2?) 57
where we have introduced the abbreviation

HY =3[nH % - 087 ]o,. (2.16)
Now if ©*” is to be correctly conserved and yield
a P* and M*” which generate the Poincaré group,
it clearly can differ from the usual symmetric
Belinfante stress tensor ©f” by at most a “super-
potential” term.” As is well known, the Belinfante
stress tensor for any Lagrangian £ can be con-
veniently constructed by the following device: Re-
place the Lorentz metric n,, in £ by a fictitious
external gravitational metric g,,(x), multiplying
where necessary by factors of (-g)'/? (where g
=detg,,) to form a new Lagrangian £ which is a
scalar density under general coordinate transfor-
mations. (£ just represents the correct Lagran-
gian of the original system in the presence of the
gravitational field.) Then the ©}” associated with
Lagrangian £ is

6L
o =2 2]
B ég,“,(x

In the following we will introduce the convenient
abbreviation 2(6£/6n,,) for the right-hand side of
Eq. (2.17).

Returning now to ©#”, the first three terms of
Eq. (2.15) can be associated with the contributions
to the Belinfante stress tensor arising from £,
£, and £,, respectively. Thus if we write

(2.17)

v =y

58y 68y
m — o , 2.18a)
I S O (
o8, . 0%
m2 ——=2 2.18b
gf 6fl-ll/ 5,’7“” ’ ( )
08! 6L,
M"Y + gom™? —= =2 ) - (2.18¢)
T8 f, T ony, _

the total ©*” will coincide, to within a superpoten-
tial, with the total Belinfante stress tensor, and
hence automatically obey the conservation and

Lorentz group conditions. Equations (2.18a) and
(2.18b) may be directly integrated. To do this de-
fine an “f-meson metric” g,,(x) according to

Gu(X) =My XSy, A=2m/g,. (2.19)

Equations (2.18a) and (2.18b) then imply that 7,
and f,,(x) enter into £, and £, only in the com-
bination g,,(x). More precisely, the f-meson in-
teractions in £, are to be constructed by starting
with the matter Lagrangian in the absence of f
mesons (i.e., with f,, set to zero) and introducing
fmesons by formally forming a genevally covari-
ant scalar density using the f-meson meltric g, (x)
of Eq. (2.19). Thus one replaces 7, by g,, (x)
everywhere and multiplies by thé appropriate fac-
tor of (—g)Y? to form a scalar density. For ex-
ample, to introduce f-meson couplings into the
pion mass and kinetic energy terms one modifies
them in the following manner:

_émﬂzna”a" _%mwz V=& Tglg» (220)

-%nuvau"aavna" -%' -8 gﬂyauwaav"a’

where g"’ is the contravariant f-meson metric
defined by gH“g,, =0%. The above result thus de-
termines all the f-meson couplings to the matter
variables to arbitrary order in terms of one cou-
pling parameter .

In a similar fashion, Eq. (2.18b) implies that £;
is a generally covariant scalar density constructed
purely from the f-meson metric g,,(x). Further-
more, to correctly represent the free spin-2 f
meson, it must have a quadratic piece equal to £}2)
of Eq. (2.13). As is well known from Riemannian
geometry, only the curvature scalar density satis-
fies these conditions.? Thus, define the “contract-
ed curvature tensor” R, by

R uv (Faey) =8aI‘°‘uU -9, r‘aua + Fauur BaB

=TT 8, (2.21)

where ', is an “affinity.” Then in first-order
formalism £, must have the Palatini form

£r=(2/M)V=g g""R ;,(T%,),

where g,, and I'“gy are to be varied independently.
If one expands V—g g*’ to terms linear in Suvs ODE
easily sees that the quadratic parts of £, have pre-
cisely the form of Eq. (2.13) with the association
I“"By =>LA°‘By. The quantity £, of course is highly
nonlinear, the cubic and higher terms representing
f-meson self-interactions.

The above discussion shows that the interaction
of the matter fields x, with the f meson and the
self-interactions of the f meson contained in £;
are formally identical to the corresponding gravi-
tational interactions. Both £, and £, are “general-

(2.22)
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ly covariant” structures if one assumes that the f-
meson metric gu,,(x) formally transforms under
general coordinate transformations as the gravita-
tional metric Z,,(x) does. However, the mass
terms breaks this covariance, as there is no sca-
lar density formed from guu(") with quadratic part
equal to the £ of Eq. (2.5). Thus the f meson
acts as a massive strong gravitation. In general,
the mass terms in the Lagrangian are restricted
by Eq. (2.18¢). Since £,, is a Lorentz scalar
formed from the Lorentz tensors f,,, 7,,, 1",
Eq. (2.18¢c) can be written as

2L’ aL
MM+ gm2 —2 =phvg ~2fFH =, (2.23
&r afpv n m f o afotu ( )

We first note that Eq. (2.23) implies that M*” can-
not vanish, i.e., the field-curvent identity Eq. (2.8)
must contain nonpole teyms to correctly account
for the f-meson mass contributions to ©*”. This
may be seen most easily by attempting to solve Eq.
(2.23) with M*¥ =0 by an iteration procedure.

Thus, inserting the £2) of Eq. (2.5) on the right-
hand side of Eq. (2.23) gives a set of partial dif-
ferential equations to determine the cubic terms

in £/,. However, one easily verifies that these
equations are not integrable, and so M*¥ cannot be
zero. Rather Eq. (2.23) can be viewed as an equa-
tion that determines M*” for arbitrary £,. Thus
the formalism leaves £, completely arbitvary ex-
cept for its quadrvatic part which is given by Eq.
(2.5), i.e., the nonderivative f-meson self-cou-
plings are undetermined. The simplest possibility
would be to set £,=0, i.e., choose £,=£2.
Equation (2.23) then yields

MY = —zm? gt (£ = f2) +2m*(fHa " = fS),
(2.24)

which is, of course, just the mass terms of the
stress tensor arising from the Lagrangian of Eq.
(2.5).

As we have now determined the form of £, and
£y, it is interesting to see how the field-current
identity combined with the f-meson field equa-
tions yield the correct stress tensor. Thus vary-
ing Eq. (2.11) with respect to fuy and using Eqgs.
(2.5), (2.19), and (2.22) one obtains the “massive”
Einstein equations®

2 e 5Ly OLh

—(— GHY 4 mB(FHY kY f) =2

> (—28) +m?(fHY =t f) 5guu+°fuu’
(2.25)

where G, =R, - 3g,,R is the Ricci tensor (R

=gt R ,,) formed from the f-meson metric Eq.
(2.19). We note that the first term on the right-
hand side in Eq. (2.25) is just zA6}”, where O}"
is just the Belinfante stress tensor formed from

£y. Varying £ with respect to'® I'”,, and follow-
ing the usual analysis of general relativity yields'*

1—«1“" = %gas(apgﬁu +aug8u - aeguu) ’ (2-26)

i.e., the “affinity” is the usual Christoffel symbol
constructed from the f metric. Equation (2.8) now
gives

04 =~4\ V=g G* 4O}’ +Ol +DRHY,
(2.27)

where
oL,
5f

is just the Belinfante stress tensor contribution due
to the f-meson mass terms £, [by Eq. (2.18¢)].
The first term is, of course, the Belinfante stress
tensor arising from £,. Its physical content be-
comes clearer, however, by noting from Eqs.
(2.21) and (2.26) and the definition of G*V that

V=g G" begins with a structure linear in the f-
meson fields. Thus one may write

V=g G =L" +Q", (2.28)

where L* is the linear piece and Q" the quadratic
and higher nonlinear parts. One finds directly

ATILEY = 3(8, 07 FOH + 8,084 — [RfFY — 8HaVf)
=21 (905 /%% ~CF f) . (2.29)

It is easy to verify that L* is just a superpoten-
tial term, i.e., 8,L*” =0 and L*¥ gives zero con-
tribution to P* and M"Y, In fact L*¥ plays a role
in 6" analogous to the linear superpotential term
8,pL” of the vector current obtained from Eqgs.
(2.2) and (2.4). Thus the real f-meson contribu-
tions to the stress tensor come from the nonlinear
parts of Q¥ which represent the f-meson kinetic-
energy contributions to ©#”. Indeed, the quadratic
parts of —4x~2Q"’ + O are just the usual free-
field massive spin-2 stress tensor, while the ad-
ditional nonlinear pieces represent the self-inter-
action stress tensor.'?

o’ =M" + g,m™2

C. Generalization for Many f Mesons—
“Multimetric” Spaces

We now generalize the results of the previous
section to the case where there is more than one
f meson present. Each part of the Lagrangian of
Eq. (2.11) now depends upon all the f-meson fields
faws ©=1,2,..., N. The quadratic part of the f-
mass Lagrangian is 82 =3 m?[f*f}, - (f*)?],
and so the field equations read



|

oL, - 8L, 0L
+m pui _ o pu. l) = M + m . (2.30)

Gfpiv i (f n f 5 u!y Gfp;u

Using the field current identity Eq. (2.8), the con-

ditions that 6" obey the conservation and Poin-

caré-group constraints [the generalizations of Egs.

(2.18)] are

6Ly _ 68y
m;~? =2 —, 2.31a
Dogim 57, "2, ( )
6L, 0L,
mym? —— =2 —— 2.31b
Egi i Gf;:u Gnyu ’ ( )
2 2 Lm 0Lm (2.31¢)

MM + m;™— =2 —
g 3fp Oy,

In order to integrate Eqs. (2.31a) and (2.31b) we
define an f-meson metric g,,; for each f meson:

&uil®) =Ny + NSy, N=2mP/g;. (2.32)

[The index i is not summed in Eq. (2.32).] The full
content of Eq. (2.31a) is that the f mesons enter
Ly only in the combinations g ,; and that £y is a
genevally covaviant scalar density constructed by
using these metrics. Similarly, Eq. (2.31b) im-
plies that £, is a generally covariant scalar densi-
ty constructed purely from the g,,(x). Finally,
Eq. (2.31c) gives no constraints on £/, (which is
arbitrary other than the requirement that it has
the correct quadratic £{2’ piece).

When more than one f meson is present there is
more than one metric which may be used to con-
struct £, and £,. The mathematical substructure
needed to describe the many f-meson interactions
is much more complicated than for the single f
meson and corresponds to a Riemannian space
with N independent metrics defined upon it. Spaces
of this type do not appear to have been studied in
any detail by relativists or mathematicians. We
give here a brief indication of the complexity of
such “multimetric” spaces. Once more than one
metric exists in a Riemannian space, an infinite
number of metrics can be formed from algebraic
functions of the fundamental metrics. The new
metrics g,,, are restricted only in that they be
second-order symmetric tensors constructed from
the fundamental g,,; and that they be normalized
to the “flat-space” limit

guvA 3 -~ nuu . (2.33)
f‘,,,—-o

Essentially two characteristic types of algebraic

functions can be formed. First, one may construct

new metrics out of polynomials of the type

gpl(A':;cAiguvi +Ecungpaig‘fegeuk+' .
(2.34)

BROKEN SCALE INVARIANCE... 1577

Second, one may multiply any metric by ratios of
V=g, since each of these transforms as a scalar
density, e.g.,

-gi\*/? (-gk 2/ 2
={— — cee . 2.35
Euva <_gj) —gl) Suym ( )

Of course one can also combine the two types of
operations. Any of the new metrics can be used in
forming the covariant parts of the Lagrangian, £,
and £;. Thus in the example of Eq. (2.20) the met-
ric in the pion mass in general may be a different
nonlinear function of the g, than the one used in
the kinetic part. Similarly, the metrics in the
pion Lagrangian need not be the same as the one
in the kaon part of the Lagrangian or in the inter-
action part of the Lagrangian, etc. Thus when
more than one f meson is present, the nonlinear
f couplings become very complicated and are not
uniquely determined (as in the single-f case,
where we saw that all the f couplings depended on-
ly on one parameter 2).

If one treats the f meson to the linearized ap-
proximation, matters again simplify considerably.
Thus keeping only terms linear in f;,, Eq. (2.34)
reduces to

guuAE?ﬂAiguui ’ ?ﬁm’ =1, (2.36a)

or alternately, using Eq. (2.32), one can write

guuAgnuu + Ehzﬂf;y ’
i (2.36D)
Aai=Bairi,

Z:,(gi/zm,-z))\‘“ =1 .
Structures of the type Eq. (2.35) linearize to

guuA Eguvm"'nuuz‘; "’Aifi ’

‘E (gi/2m®)y 4;=0.

(2.37)

As can be seen, the general metrics even in the
linearized approximation are not diagonal in the f-
meson fields, and mixing between the different f-
meson fields can occur.

The arbitrary metrics of course also enter into
Lr. K gypa, A=1...N, are N algebraically inde-
pendent metrics, then the N-meson generalization
of Eq. (2.22) is

sf = ZA>(2/XA2) V=84 gﬂv R pv (raﬂyA) ’ (2-38)
where 2, is the analog of A in Eq. (2.22) (and is de-
termined below). I the f‘f,, are to correctly an-
nihilate and create f mesons in the “in” and “out”
states, the quadratic part of Eq. (2.38) must diag-
onalize to be a sum of structures of type Eq. (2.13),
one for each f meson. One can verify that this
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condition (that the theory linearize correctly) ex-
cludes algebraic functions of type (2.35), and thus
to the linear approximation g, has the form of
Eq. (2.36). Writing

o _ a
r ByA'—Z:AAJ'A Byi»
J

the requirement that the quadratic parts of £, diag-
onalize (i.e., that £ =37, £$?) becomes

é;()\Ai)\Aj)/AAz:éij . (2.39)
Alternately, Eq. (2.39) implies that the matrix
Mai=X4;/N, is orthogonal. In addition to Eq. (2.39)
the A,; obey the constraints given in Eq. (2.36b),
which allows one to relate 1, back to x;=2m;?/g;.
For the physically interesting case of two f me-
sons (the f and f’), one has that y,; is given in
terms of one “mixing angle.” The fact that the
quadratic parts of £, have been diagonalized does
not imply that the cubic and higher parts will be.
Thus f-f-f’, ete. vertices can still exist. Such
interactions would be forbidden in the quark mod-
el, which would correspond here to the choice u,;
= GA'@ and g;wA=guvi'

D. Summary

In this section we have obtained the full condi-
tions imposed upon the effective Lagrangian by re-
quiring that the field-current identity stress ten-
sor obey the conservation and Poincaré-group
constraints. The analysis has been carried out to
arbitrary order in f couplings, with an arbitrary
number of f and o mesons interacting with an ar-
bitrary hadron system. It is interesting that the
assumption that the stress tensor is a smooth in-
terpolating field for the J®=2*, 0* mesons (which
is what the field-current identity implies) auto-
matically leads in the single-f-meson case to dy-
namical interactions between the f meson and
other particles and f self-couplings which are
identical to graviton couplings. In the many-f-
meson case (which is the physically interesting
situation) the coupling structure is more compli-
cated than in the Einstein theory; it corresponds to
a Riemannian space with more than one metric
(and hence an infinite number of metrics) defined’
on it.

We should like to emphasize that the assumptions
that have been made in this section are very few.
We have started by choosing the stress tensor as a
smooth interpolating field for the J?=2* and 0* me-
sons. The stress tensor must of course satisfy
the conservation of energy and momentum as well
as obey the constraints imposed by the algebra of
the Poincaré group. These results then automati-
cally imply that the hadrons interact with-the f

mesons by inserting f-meson metrics into the
hadron Lagrangian to form “covariant” structures.
Furthermore, the presence of more than one f
meson implies that the choice of metric is not
unique, and may in general be different in each
term in the hadron Lagrangian. This in turn leads
to the result that the f-f’ mixing will a priori be
different at each vertex. One can of course force
this mixing to be the same by an appropriate choice
of the coupling constants. However, this would be
an additional ad hoc assumption for which there is
no justification, and in fact is in contradiction with
present experiment. One may also argue from a
purely theoretical point of view that mixing should
be different at different vertices. We must keep in
mind that the development presented here is a
phenomenological one, with the field operators
creating and annihilating physical particles, and
the Lagrangian an effective one to be treated in the
tree-seagull approximation. I, in fact, there did
exist an underlying fundamental theory in which
the f and f’ couplings were in a fixed ratio at all
vertices (e.g., “ideal” mixing) then renormaliza-
tion effects at the vertices would in general result
in the ratio of the 7enormalized coupling constants
(with which we work here) being different. (One
could obtain the same renormalized mixing at all
vertices only if there existed some deeper prin-
ciple such as a gauge invariance to guarantee it.)

The nonlinear self-interactions of the single f
meson have been treated by Wess and Zumino and
by Isham ef ql.* in a different manner. Wess and
Zumino do not examine f couplings to other had-
rons and choose a particular class of f-meson
mass terms.”® Raman and Renner* have considered
the many-f -meson case interacting with hadrons in
the linearized approximation. In addition we have
also included the spin-zero components of the
stress tensor, which will be seen to play an im-
portant role in the next sections.

IIIl. IMPROVEMENT, ANOMALOUS DIMENSIONS,
AND DILATONS

In this section we illustrate some of the proper-
ties implied by the previous results for the model
of a 7w meson interacting with a ¢ and an f meson.
For simplicity we consider only the case of a sin-
gle f meson and a single 0 meson. The matter
Lagrangian is chosen to be (in second-order for-
malism)

Ly=Lor+Los+Lr +L5, (3.1a)
where .
Lop==3V=g g"8,10,1,— 5V=g m,>212, (3.1b)

Loo=—2V—g g"’8,00,0 — 3vV=g m 0%, (3.lc)
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£l=5go1r1r -& 71‘aﬂ'ao""'gkcﬂrﬂ -8 g“va#ﬂaauwac

tlhonr V=g &M T0,T0,0 . (3.19)
As discussed in Sec. II the use of the metric g,,(x)
of Eq. (2.19) introduces the f couplings in a fashion
guaranteeing the Poincaré-group constraints, as
£y is a generally covariant scalar density. The
three o-7-7 couplings are precisely the ones con-
sidered in previous current-algebra analyses.?
£ is the “improvement” term defined below in
Eq. (3.5).

The dilatation current is given by D! =-x,0"",
The dilatation charge,

D(t)=- f d*x x, 0%, (3.2)

generates changes in fields ¢(x) of fixed scale di-
mension d4 according to

i[D(E), $(x)] =[dy+x8,](x) . (3.3)

On the other hand we shall call a “dilaton” any
field 7(x) which transforms under scale changes
according to

i[D(t), T(x)]=1/b +x"3,7(x) ; (3.4)

the stress-tensor components 6° are obtained
from Eq. (2.27).

The “canonical” dimension of the pion field (as
obtained from the Noether’s construction of the
dilatation charge), is d,=1. As is well known,™*
this dimension is not obtained from Eq. (3.3) un-
Iess the stress tensor 6/" is “improved.” An im-
proved stress tensor can automatically be obtained
by adding a “curvature” coupling £ between the 7
and f mesons:

"GR = -%Wa”a V=g gupru(raﬁy) ) (3-5)

where R, is given in Eq. (2.21) and I'%4, is the
Christoffel symbol [Eq. (2.26)] constructed from
the f metric. (We are using second-order formal-
ism.) The total matter Belinfante stress-tensor
term ©f" of Eq. (2.27) thus contains the usual
terms from £, +£,,+£; plus an additional term
from £;. One finds that ©4” =2(8L,/2¢,,) is given
by

OF" = 5 V=g [~(1)*" + g (1%)"%]
+ 20z gv, (3.6)

where the covariant derivatives® in Eq. (3.6) are
formed in the usual fashion from the f-meson met-
ric. In the limit that one neglects the f meson,
the first term is just the usual Huggins term.®
The second term represents an additional inter-
action energy between pions and f mesons.

In the following analyses, we will neglect the f-
meson couplings by taking the “flat-space” limit
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&uv =1y (i.e,, A~0). A more complete discus-
sion of the points considered below will be given in
the second paper of this series.’®* The dimension
of the pion field is most conveniently obtained by
evaluating Eq. (3.3) at x#=0. Then D(0)= - [x,6°.
Using Egs. (2.27), (3.1), and (3.6) one has (in the

flat-space approximationt”)
6% =0Y -3F,3'% , 3.7

where
Y =[8°n08'n, +8%0%0 —x, ,8°m,3 1,0
- "lonw”a(aonaai(’ +ai‘”aaoo-)] _%aiat)(,n.a,”a) .
(3.8)

The last term in Eq. (3.8) comes from the curva-
ture coupling (3.5). To calculate the commutator
of Eq. (3.3), one eliminates the time derivatives
9,m, and 8,0 in terms of the canonical momenta

P (%), =88,/8(8,m,) and p (x)=0L,/8(8,0). One
finds

B0Ta=[Pya+bonnTabol /A, (3.92)

360 =L (1 =X 10)P6 + g 1 TaP yal /A, (3.9b)
where

A=1 -2, 0= (Ugyr)PTaT, . (3.9¢)

The only terms in 6°f which contribute to the pion
dimension are the o-superpotential term and the
pion Huggins term. One finds

d'rr=1 +[F0“01r1(+7&o1r1r0-'+(“c1r1r)2ﬂaﬂa] /A' (3'10)

It is convenient to distinguish between the “can-
onical” dimension of a field and its “anomalous”
dimension. The canonical scale dimension is the
dimension one would obtain from a Lagrangian
possessing only nonderivative couplings, and co-
incides with the usual dimension of the field (i.e.,
unity for the pion field). In our phenomenological
approach, we see that the pion has anomalous scale
dimension as well, arising from the derivative
couplings. In a nonderivative coupling theory,
anomalous dimensions arise only due to the singu-
lar nature of closed-loop diagrams.!®* We see that
the devivative couplings produce anomalous dimen-
sions even at the tvee and seagull approximations.
The anomalous dimensions of Eq. (3.10) are of two
types. First there is a c-number piece Fyu,,, . In
addition, however, Eq. (3.10) exhibits more com-
plicated g-number anomalous dimension. This is
precisely the type of structures found by Coleman
and Jackiw'® in their study of the closed-loop dia-
grams of simple models. There the anomalous di-
mension could be represented by a c-number shift
of d only to lowest order. In the phenomenological
analysis used here, the derivative couplings arise
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naturally in the current-algebra interactions, and
thus the anomalous dimensions arise naturally.
We see therefore that the effective-Lagrangian ap-
proach in the tree seagull approximation is suf-
ficiently powerful to simulate in the low- and in-
termediate -energy vanges the anomalous effects
characteristic of closed-loop diagvams. Most sig-
nificant is the fact that since the effective Lagran-
gian gives an approximately realistic description
of the low-energy phenomena, the parameters ap-
pearing in the anomalies can be related to real ex-
perimental phenomena, i.e., one is not merely
dealing with a model.!®

We next turn to the scale-transformation prop-
erties of the ¢ meson, which again can be calcu-
lated using the 6% of Eqgs. (3.7) and (3.8). The
significance of the o-meson superpotential term
becomes clearer in that it implies that the 0 meson
has dilatonlike transformation properties. Thus
evaluating the commutator of Eq. (3.4) for o(x) ex-
plicitly at x* =0 gives

1/b0=FO+IJ’01|’1f(1+FO“’O1|‘1F)1TG1TG/A'

Again we see that there is a normal or canonical
piece to 1/b, and an additional anomalous g-num-
ber part due to the derivative couplings. One may
thus call the o an anomalous dilaton. Note that the
canonical part of b, is not avbitvary, but in fact it
is deduced to be 1/F,. 1t is important to realize
that the dilaton nature of the o field does not arise
in attempting to realize some scale-invariance
condition, but rather is a direct consequence of
the presence of a spin-zero part of the stress-
tensor field current identity® (2.8).

(3.11)

IV. SCALE-BREAKING CONDITIONS

In this section we shall investigate the dynamics
of scale breaking. As pointed out in the Introduc-
tion it appears possible that the physical laws are
scale-invariant at high energies, as for example
demonstrated by the scaling of the structure func-
tions of the electroproduction in the deep-inelastic
region. At the low- and the intermediate-energy
regions significant deviations from the scale-in-
variance limit would naturally arise. Thus if the
study of scale invariance is to be a useful idea one
must discover the manner in which scale invari-
ance breaks.

We propose in this work a new principle of scale
breaking which occurs as a dynamical equation of
motion. For the first part of this discussion we
assume the existence of only one ¢ and one f mes-
on. The generalization to more than one meson is
given below. That scale breaking is intimately
connected with the existence of the ¢ meson and its
interactions with other particles has already been
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noted. Thus it has been suggested* that scale
breaking can be characterized by dominating the
trace of the total stress tensor by the ¢ meson it-
self, i.e.,

N, 0" =F,m %0 . (4.1)
This condition, unfortunately, turns out to be in
conflict with the CTC and the Poincaré-group con-
ditions when f-meson couplings are included.
Thus it was seen in Sec. II that the f meson cou-
ples to all “matter” fields in a “generally covari-
ant” way, while Eq. (4.1) is a noncovariant “flat-
space” trace. Specific problems arise in the f-o
couplings. Using the stress tensor of Eq. (2.8),
the covariant f-o couplings of Eq. (3.1¢) can be
seen to be inconsistent with Eq. (4.1). Thus while
Eq. (4.1) represents a valid possible scale-break-
ing condition in the absence of f mesons, it must
be modified to take f couplings into account.
These modifications will have to produce a “co-
variant” condition to eliminate the inconsistencies
with CTC, which implies covariant f-meson cou-
plings.

At this point we should like to remark on a dif-
ficulty usually associated with Eq. (4.1). In the
event that we deal with a single 0 meson, one finds
that it leads to the well-known problem that® 2
=3F,g ,nn=0(m_?). However, if there exist both a
o and a ¢’ meson, then one finds instead m 2
=3(F,g opn+Fyr@orar). This last result is consis-
tent with experiment since it only requires that
8onr and g, . be of opposite sign and cancel to
O(m,,z). The scale-breaking conditions with two
mesons present will be given below, and the de-~
tailed verification that the resultant equations are
consistent with the experimental ¢ and o’ widths
will be discussed in paper II.

It is instructive to examine the question of scale
breaking in terms of fields and their sources.

The sources of the gauge fields are the currents.
For instance, the source of the photon equation is
the electromagnetic current

8, FHt =¢gjh | (4.2)

and the source of the p-meson equation is the vec-
tor current

0,k +mph=J. (4.3)

For the graviton and the J¥ =2* fields, the Belin-
fante stress tensor of matter ©f” (=268,/67,,)
plays a role analogous to that which the electro-
magnetic and the vector currents play for the pho-
ton and the J¥ =1~ meson. Thus ©f" acts as a
source of both the graviton and the f meson. For
the f meson the field equations read
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2
o (=N G (£ 1 —npf)= 2= 0 . (4.4)
m 8y

The above discussion exhibits the fundamental
role that ©4 plays as a source and a “current.”
However, unlike the vector case where CVC for-
bids the vector J! having a spin-zero part, CTC
does not prevent 64 from having a spin-zero
piece, i.e., its trace, 6,=g,,0% . K 6, is also
to be a source, it could only be a source of the
spin-zero fields. We therefore postulate that /ze
“curved space” trace of the Belinfante matter
stress tensor ©y is the souvce of the o meson. We
will see that this assumption represents a scale-
breaking condition which is a natural generaliza-
tion of Eq. (4.1).

We now have

V=g (=0 4 +m20) =70, (4.5)

where 0%, is the generally covariant d’Alember-
tian

0% =1/ =g 3,(/=g g""8,0) (4.6)

formed from the f-meson metric and arising from
varying £,, of Eq. (3.1¢). Our postulate implies
that the scale breaking is governed by the dynami-
cal equation (4.5) rather than Eq. (4.1). The mat-
ter Lagrangian may be written as £,=£,,+£;,,
where £;, is the ¢ interaction Lagrangian. Equa-
tion (4.5) thus implies that 6&,,/60 =y©,. The
constant y is thus far undetermined. It represents
the effective charge or strength with which the o
meson couples to matter via the trace of the Belin-
fante stress tensor. However, in the approxima-
tion of neglecting the f meson, the total stress
tensor of Eq. (2.27) has a trace of ©6=6, + F,[Fo.
Requiring Eq. (4.5) to reduce to Eq. (4.1) in this
approximation evaluates the constant y to be y
=1/F,. Hence the scale-breaking condition is

0Ls, _ 0Ly
F, —6M=2gu,,6gw .

° &0

Equation (4.7) may be viewed as a functional dif-
ferential equation to determine the o-coupling
structure in £,, and an example of this will be
given in Sec. V and also paper II. It represents a
generalization of Eq. (4.1) to include the nonlinear
f- and oc-meson couplings in a consistent fashion.

Equations (4.4) and (4.5) are two fundamental
equations of the formalism. The two constants
m?/g and y =1/F, represent the coupling constants
of the matter stress tensor to the spin-2 and spin-
0 mesons, respectively. It is possible now to car-
ry the discussion one step further. Just as the
nonlinearity of the current algebra normalizes the
amplitudes of the currents so that it is meaningful
to talk about a universal Fermi interaction, the

(4.7)
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Poincaré group normalizes the amplitude of the
stress tensor, and so it is possible to talk about a
universal coupling of 64 to the f and o mesons.
We now propose a universal coupling of the J¥=2*,
0% mesons to the Belinfante stress tensor and its
trace. This universality demands that y = mé/gf,
and hence one obtains a “KSRF-type” condition re-
lating the spin-2 and spin-0 interpolating con-
stants:

gr=F,m?. (4.8)

It is instructive to derive the scale-breaking con-
dition (4.5) from another viewpoint which is mathe-
matically equivalent to our first postulate. This
approach characterizes the scale breaking as a
broken-gauge invariance of the second kind. To
motivate the argument let us consider first an
analogous derivation of the PCAC (partial conser-
vation of axial-vector current) condition of current
algebra. Consider the A, field a}(x) interacting
with a set of other fields x, =m,(x), P (x),.... We
may write the total Lagrangian as £=8,,
+8y(x4, al), where £, is the free A, Lagrangian
and £, is the remainder. We define a (chiral)
gauge transformation of the second kind by

6al(x) = (g4ma™2)8,01 (%),
6m,(x) = F, 00 ,(x)

etc., where 6),(x) is the infinitesimal gauge func-
tion. One has then

5Ly 58
= [ g2 | 220 2u
0A fdx[ﬁa“a 0a ,+ E ox, GXA] ,  (4.9)

where

0Lu _ 08w _ 9Ly
Oxa 9Xa # a(auXA) ’
We now postulate that chiral breakdown arises due

to the lack of invariance of the free pion Lagran-
gian, i.e.,

oL
6Ay= f T 0,
a

(That it is the total £,, rather than only the mass
part of £, that enters into this characterization of
chiral breakdown is due to the fact we are dealing
with gauge transformations of the second kind.)
One has then that

5Ly 5Ly 680y
ba,, OtHe + 2 Sxa XA% Snom,

Using the field equations this implies

0y _ . 080s

20 = 4,
6a,, T 8w, Frdvas (4.10)

(gams~2)8,
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where J,4(x) is the source of the pion field. Equa-
tion (4.10) is just the PCAC relation 8, A4 = F,m,*7,
for the axial-vector current Ak= g ak +F 07,
Returning now to the scale-breaking condition,
the analog of the chiral transformations are the
Weyl transformations, which are also gauge trans-
formations of the second kind. Under the Weyl
transformations the fields transform as

08y = =28, (¥)ON(x),

0xa=daxa(¥)0N(x), xa%#0 (4.11)

60 = F,6A(x)

where d, is the Weyl dimension of the field x,.
The ¢ meson has a dilatonlike transformation.
The Weyl dimension of g,, is -2. We write

L= £of +£’M(gurn XA) )

where £,,=£;+£, is the f-meson Lagrangian
(which now contains f-meson self-interactions due
to CTC), and y, are the matter fields, including
the 0 meson. As has been shown by Wess and
Zumino,* invariance of £, under the Weyl and the
Einstein transformations guarantees invariance
under the scale transformations. In Wess and
Zumino’s analysis, the metric was a fictitious ex-
ternal gravitational field. However, the argument
works equally well with the f-meson metric. The
change in the action under the Weyl transforma-
tion is

oL 0L
O0A = f (a—gM Gg”,, + Z —GX: GxA) .
(% A

(4.12)

We now postulate that it is the free-o Lagrangian
£,, that prevents A, from being Weyl-invariant
(and hence causes the breakdown of scale invari-
ance); i.e., we assume as our basic scale-break-
ing condition

0Lo 4

0Au= o0

oo . (4.13)

Thus it is the dilaton field that causes scale break-
ing in A,. Using Eqgs. (4.11), (4.12), and (4.13) we
have [since 6A(x) is arbitrary]

8£M 6£M
— oOA+) —06
58y Ew ; 0X4 X
==V=g (—c’u;a+m020')F°5)\.
(4.14)

-2

The matter field equations read 6£,/6x,=0 and

0L
V-g (-0, +mio)=J,= —-6(;—0 . (4.15)
From Egs. (4.14) and (4.15) we obtain
Fodo=8u, 0% . (4.16)

|

Eq. (4.16) is identical to Eq. (4.7).

Let us now consider the extension of our result
to the multi-f and multi-c cases. We consider
again the action A,, where

AM = f d*x £M(gpui ’ XA) ’ (417)
and g,,; is the metric of the /th f meson of Eq.
(2.32). For the case of more than one metric the

Weyl transformation must be generalized. We de-
fine

80, = FdN,(x), (4.18)
6g;,wi = _2_Z:Aijcgpuj 6Ac(x) ’ (419)
1,¢c

since it is possible that the Weyl transformation
mixes the g,,;. If one is now to extend the theorem
of Wess and Zumino* and achieve scale invariance,
as a consequence of Einstein and Weyl invariance
it is necessary that 0g,,; =—2g,,;€ for the special
case 6, =€, where x=(1+€)x" is the infinitesi-
mal scale transformation. This leads to the con-
dition
T hje=04;. (4.20)
c
The change in A, under the general Weyl trans-
formation is

S8y 0L,
0A = f d4x<z: ?u,,g guvi + E—E;— GXA) .
i A
(4.21)

The extension of the postulate Eq. (4.13) implies
that for the multi-oc-meson case the change 64,
under the Weyl transformation be given by

0L,
GAM=fd4x =

60,
where £,,=7,8y,,. From Egs. (4.21) and (4.22)
and the equations of motion we get

8o, (4.22)

ElJa +Z; AiiaeMji =0 ’ (423)
i,i
where J, is the source of the ath 0 meson;
Jo= V=g, (=0,% o +m, *0,) (4.24)
and
ALy
eMji=2guw~ o2 (4.25)

Summing over the index a in Eq. (4.23) and using
Eq. (4.20) we obtain the result

Z)E,Ja=_29m,~ . (4.26)
a 1

Equation (4.26) is the generalization of Eq. (4.1) to
include f-meson couplings, when more than one f
and 0 meson is present.
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The above formalism allows for a particularly
simple possibility if the numbers of f and o0 mesons
are equal (as at present appears to be the case ex-
perimentally). Then the indices a, ¢, 7, and j of
Eqgs. (4.18) and (4.19) run over the same range,
1,2,...N. As discussed in Sec. II, one is free to
introduce new metrics which are linear combina-
tions of the fundamental g,,;. Thus a new set of N
algebraically independent metrics is

guva=zi>caiguui ) ?cai =1. (4.27)
From Eqgs. (4.19) and (4.27) we obtain

08uva = =2 23 Nabe SuunOe » (4.28)
where

Aabe =25 CaitielC™ ) - (4.29)

1,7

Let us now assume that there exists a particular
set of g,,,, such that the X . are completely diago-
nal. Then

Aave = Oa5d

abc —

(4.30)

ac?

since Eq. (4.20) requires in any basis 3 .. =8g.
This implies that the multidimensional Weyl group
of Eqs. (4.18) and (4.19) is a direct product of one-
dimensional groups. In the special frame of Eq.
(4.30), 0gy,,==2g,,01,, i.e., theg,,, metrics have
Weyl dimension -2 with respect to the transforma-
tions generated by 6x,. From Egs. (4.23) and
(4.30) we find

V=& (_Oa;a;a+m0a20u) =Ja=Fa—leMa, (4'31)
where
ALy
eM“—Zi_)_g_W:g“”“' (4.32)

We note that Eq. (4.31) is the direct analog of Eq.
(4.7) for the multi-f multi-o case. Equation (4.31)
tells us that the source of any given ¢ meson is the
trace of the subpiece of the Belinfante tensor,
formed from the g, metric. Analogous to Eq.
(4.31) we also have the f-meson equations in the
diagonal form

&i v m;® v
L (—grmai s maUst - 1)= 2 o,
(4.33)

where ©4;=28£,/8g,,;. Thus the g,,; of Eq. (2.32)
are the fundamental metrics for the f-meson
couplings, .while the g,,, are the fundamental met-
rics of the o-meson couplings. The oc-meson met-
rics are “rotated” relative to the f-meson met-
rics.

The existence of the special basis of Eq. (4.30)
leads to Eq. (4.31). ‘This allows one to generalize
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Eq. (4.8) to the multimeson case with the assump-
tion that all f and o couplings to the Belinfante
stress-tensor sources are universal. From Eq.
(4.31) and (4.33), this implies that all the con-
stants m;%/g; and F, are equal. For the case of two
f mesons and two o0 mesons the universality con-
dition reads

(4.34)

As will be discussed in paper II, Eq. (4.34) is in
agreement with the present data.

In summary, we have emphasized the role that
currents play as sources and have postulated that
the scale-breaking condition is given by using the
trace of the Belinfante stress tensor as the source
of the 0 meson. A universality of the strengths
with which the Belinfante stress tensor and its
trace couple to the source of the f meson and the
o meson is assumed and new KSRF-type relations
are derived. Equation (4.5) for the single-f and
single-o cases, and Eqs. (4.26) and (4.31) for the
multi-f, multi-o cases, are powerful conditions
which represent dynamical equations for scale
breaking. Some consequences of these equations
are examined in the next section and others will
be examined in paper II.

F,=F, =g/m®=gn/ms".

V. EFFECTS OF SCALE BREAKING ON THE
CHIRAL CURRENTS

In this section we focus our attention on the de-
velopment of the chiral algebra in a manner con-
sistent with the constraints imposed by the field-
current identity for ©#”, the CTC condition, and
the scale-breaking conditions. The general pro-
cedure for invoking the current-algebra conditions
in the absence of f couplings was as follows.? The
vector and axial-vector currents were introduced
via the field-current identity, and the constraint
variables eliminated in favor of the canonical vari-
ables. One was then in a position to impose the
Gell-Mann equal-time comrmutation relations on
these currents, thus obtaining algebraic equations
determining the coupling constants. However,
some interesting new features surface when f and
o couplings are introduced consistent with CTC and
scale breaking. We consider here the =1 vector
current, which serves as a nice example for il-
lustrating some of these points.

In the absence of f-meson couplings, the vector
current is proportional to the p field, i.e., V¥(x)
= g,M""pu(x). Such a form cannot be correct,
however, when f-meson couplings are included,
for as was seen in Sec. I the CTC conditions re-
quire that all interactions be formed using the f-
meson metric (rather than the Lorentz metric) in
a generally covariant way. This suggests that the
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vector current be modified so that V£~ V=g gh”
Xpu(x), where g,, is one of the metrics of Eqs.
(2.34) and (2.35). (The factor V=g implies that

V& is a vector density. Thus the CVC condition
8,V%=0 is then a covariant condition since the or-
dinary and covariant divergences coincide for vec-
tor densities.) As was seen in Sec. IV, the scale-
breaking condition plays a role analogous to CTC
in determining the o-meson couplings. Thus just
as there is f-meson “clothing” of the p field in V¥
from CTC, one may expect oc-meson “clothing”
also arising from scale breaking. We will there-

Lu= "%)\1(0')9 ,.sza[p Pylat %X1(0)p ‘;”pga(—g)-uzgyagvﬂ -
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Here p,, and the tensor density p,” are the funda-
mental p-field variables, and X, and X, 2 obey the
boundary conditions X,(0) =1,(0) =1 =x,(0) so that
£, correctly contains the free p-field Lagrangian.

We first note that by a point transformation Pua
=A(0) Py, With 8(InA)/80 = =1,/1,;, one can always
set A; to zero. With this convention, the field
equations read

3, (M) +m V=g ph=N€meppps?,  (5.3)
le#”l‘:)‘l V=& a[upv]a"’)“l V=8 €avcP ppPuc> (5-4)

9 oL
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a0 60 (5.5)

where £, is the first four terms on the right-hand
side of Eq. (5.2). From Egs. (5.1), (5.3), and (5.4),
the CVC condition 8, V} =0 implies

3(A/Ny)

e 0. (5.6)

2= A,

We next impose the scale-breaking condition (4.7).
This, along with Eq. (5.5) gives

ax, ox ax

—L_-_1_9=—%, (5.7)
g o o

and

M, 2

B0 F, 2t (5.8)
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2, %0 F,°’ (5.9)

1axg 2

“ B s ST F e (5.10)

Using the boundary conditions 1,(0) =X,(0)=1, we
then have A, =1=X,. Equation (5.9) gives A,=1/
(1+20/F,) since A,(0)=1. Equation (5.8) now
yields A, =1+20/F upon using the boundary con-
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fore assume that the vector current has the general
form

VA(X) = g MOV =8 £""pye(x), (5.1)
where A(0,) is a function of the o fields and obeys
A0)=1.

To illustrate the above points more explicitly, we
limit our consideration to the case of a single-f
and single-0 meson coupling to the p meson. The
effective Lagrangian of the p-f -0 system (in first-
order formalism for the p field) reads

2m,20 00V =8 £"PyaPra
(5.2)

r
dition 2,(0)=1. Finally, Eq. (5.10) gives r,=02.
From Eq. (5.7) one has also that A, is a constant
and hence it can be evaluated by going to the limit
where the f couplings are neglected. The current
commutation relations then determines?® x\,=m?/g,.
We see from the above that the combination of
CVC, CTC, and scale breaking has determined the
f=p-p and o-p-p couplings explicitly. The vector
current has also been determined to be

Vi(x)=g,(1+20/F )V=gg"p,,.

Note that if we define the f and o “clothed” mass
term by

(5.11)

£mp = _%mpzk‘a(o’) v -gg“vppapva,
then
V# = _(gp/mpa)(af’mp/apua) ’

and so Eq. (5.11) is the natural generalization of the
usual p~dominance current in the presence of f and
o couplings obeying broken -scale invariance. The
remarkable feature about Eq. (5.11), however, is
that CTC and scale breaking vequive that theve be
non-p-pole f-p and a-p terms in the vector cur-
rvent. This leads to several immediate consequen-
ces which we now discuss.

(i) As was seen in Sec. II, the CTC condition re-
quires that the f mesons have generally covariant
couplings so that there must exist a three-point f-
p-p vertex in Eq. (5.2). If one had chosen the usual
p-dominance form g,n""p, for the vector current,
then CVC (and the current algebra) would require
that the p field couple only to the isospin current.?
Thus CTC and CVC would be inconsistent. Similar-
ly, scale breaking and CVC would be inconsistent
(since the former requires a o-p-p vertex, i.e.,

A, #1). It is precisely the nonpole form of Eq. (5.11)
that removes this incensistency, and so the more
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complicated form of Eq. (5.11) is actually required
for a consistent formalism to exist.

(ii) The usual p-dominance current, g,n*”p,, has
canonical scale dimension 1, which is to be con-
trasted with the quark currents which possess
canonical dimension 3. This may be viewed as a
serious difficulty in the p-dominance current, for
if asymptotically any anomalous-dimension contri-
butions due to derivative couplings (as discussed
in Sec. III) disappear and the interactions become
scale-invariant, then a scale dimension 3 is pre-
cisely the value needed by Bjorken®! to deduce the
experimentally observed scaling of the electropro-
duction form factors. (The scale dimension 3 also
implies a 1/4? falloff for the total ¢*-¢~ annihila-
tion cross section.) However, the ¢ factor in Eq.
(5.11) precisely modifies V¥ so that it has canoni-
cal scale dimension 3, i.e., the current of Eq.

(5. 11) implies asymptotic scaling of the electropro-
duction form factors (provided, of course, the
anomalous-dimension terms vanish asymptotically).

To see this we note that the canonical coordinates
of the p field are p;, (i=1, 2, 3), while the conjugate
momenta are given by

0L
Pi= ==—plt. 5.12
= Fo,pp, - Pa (5.12)
Equations (5.3) and (5.11) then yield
g
Vo= 2 0, P +€apin Pl (5.13)

p

(Note that V9 correctly generates isotopic rota-
tions.) Now the canonical scale dimension of P}

is 2, and hence V9 has scale dimension 3. For the
spatial components of V,, we have

Via=gp(1 +20/Fo) V=8 Piq-

Since p;, has canonical scale dimension 1 and ¢?%/%
has canonical scale dimension 2, V;, has scale
dimension 3. Making use of the fact that g, has
canonical scale dimension zero, and using Eqs.
(5.13) and (5.14), we may determine V,, and Vi to
both have scale dimension 3 as well. In summary,
CVC and the scale-breaking condition lead to the
conclusion that the scale dimensions of all compo-
nents of the vector current of Eq. (5.11) are 3.

(iii) If one expands Eq. (5.11) one obtains

(5.14)

V’i=gp’fl""Pw —2(m,2/gf)f‘“’pm
+(2/E)on"pye++ ¢+ (5.15)

The first term is the usual p-pole contribution.
The additional terms show that there exists a di-
rect coupling between the photon p and f mesons
and between the photon p and 0 mesons. These
couplings will have one less p pole than the p-
dominance term in the electromagnetic current.
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Thus the e¢*-e¢~ annihilation cross section into pions
will contain additional structures that will sustain
in the 1.5-2.5-GeV region. These additional ef-
fects turn out to be in agreement with present col-
liding-beam experiments and are discussed in
paper II.

V1. CONCLUSIONS

In this paper we have examined some of the con-
sequences of setting up a formalism for a stress
tensor obeying broken-scale-invariance conditions
in a fashion analogous to the one that has been
used successfully in current-algebra considera-
tions.? Thus just as one assumed in the latter case
that the currents are smooth interpolating fields
for J¥=1*,0* mesons, we have assumed that the
stress tensor 6" is a smooth interpolating field
for the J¥ =2*,0*, I=0 mesons (f,f’,...,
0,0’,...). When one imposes the usual physical
constraints on 6*” a number of remarkable fea-
tures emerge. Thus the conservation condition
8,064 =0 and the Poincaré-group constraints
strongly restrict the form of the f-meson cou-
plings to itself and to other hadrons. When all the
nonlinear effects are correctly included one finds
that the f mesons couple in a fashion identical to
the graviton except that the former possess mass.
Indeed, one may define “f-meson metrics” g,
i=1...N (one for each f meson) which play a role
analogous to the gravitational metric of Einstein’s
theory. The existence of many metrics due to the
physical presence of more than one f meson, how-
ever, makes the geometry of these “multimetric
Riemannian spaces” much more complicated than
the conventional Riemannian geometry. The pa-
rameter governing the strength of the deviation of
the f-meson metrics from “flat space” is x=2m;/
&y This quantity is about 10%° times larger than
the corresponding gravitational parameter v2k,
and so the f meson does indeed represent a
“strong” gravitation. As is well known in Einstein
theory, the nonlinearity of the equations eventually
produces very large gravitational fields having
dramatic effects, but only at very small distances
(e.g., at =107% cm for elementary particles). For
f-meson couplings these would occur at distances
of the order A%/k=10% larger, i.e., at 10-** cm,
However, the f-meson potentials are not long-
range due to the f-meson mass, and so the po-
tentials are effectively reduced (i.e., they act over
a limited region of space-time). Whether this lat-
ter effect is sufficient to prevent the nonlinearity
from being significant is not a priori obvious, and
it might be interesting to take the nonlinear f-
meson Lagrangian sufficiently seriously to see if
any of the striking effects of general relativity re-
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main.

At asymptotic energies, one might assume that
all interactions are scale-invariant. The form of
the f-meson couplings complicates the nature of
the breakdown of scale invariance that must occur
at intermediate and low energies. Thus the usual
assumption made in the absence of f mesons, that
©=17,,06"" is pole-dominated by the o mesons, is
seen to be inconsistent with the above f-meson
couplings. For the case in which the number of f
mesons equals the number of ¢ mesons (which ap-
pears to be experimentally reasonable) a particu-
larly simple and elegant statement of scale-invari-
ance breaking can be given: The f mesons have as
their source the Belinfante stress tensor of the
matter fields 64/ (i.e., of all fields other than the
f-meson itself) and the 0 mesons the “curved-
space” trace, g,,0%/, of the matter stress tensor.
The coupling constants are all equal and given by
a single universal constant F,. The possibility of
a universal coupling of the f and o mesons to the
Belinfante stress tensor is a meaningful idea, for
just as the nonlinear current algebra normalizes
the Cabibbo currents and allows for the concept of
a universal Fermi coupling constant, the Poincaré
group normalizes the amplitude of ©f/. The above
scale-breaking hypothesis reduces in the zeroth
approximation to the usual pole dominance of © and
allows one to treat higher-order processes. The
universality condition leads to a number of “KSRF-
like” relations on the interpolating constants of the
field-current identity (2.8) [i.e., Eq. (1.1)]. In
paper II these latter are tested in the f-meson de-
cay sum rules and found to check quite well. The
discussion there shows that the data imply that the
universal scale-breaking constant F, is equal to
the PCAC constant F, within experimental accu-
racy. This last result, combined with the fact that
the breakdown of a symmetry (scale invariance)
can be characterized in terms of a universal cou-
pling, suggests the possibility of a deeper origin
of some of the results of this paper. In particular,

it should be noted that the f-meson couplings arise
from the very fundamental requirements of Poin-
caré-group invariance, while the o-meson cou-
plings arise from the a priori unrelated scale-
breaking condition. (Some not-so-deep possibili-
ties involving hypotheses on the breaking of Weyl
invariance are considered in the text.)

The scale-breaking condition combined with the
“strong gravitation” form of the f couplings forces
modifications on the structure of the axial-vector
and vector currents. In particular, specific non-
pole f-p and 0-p terms must appear in the vector
currents. This gives rise to a number of conse-
quences. On the theoretical side, the inconsistency
between CVC and scale breaking (one forbidding
and one requiring a o-p-p coupling) is removed.
Further, all components of the vector current are
forced to have canonical scale dimension 3. Thus
the field-current-identity current has the same
(canonical) scale dimension as is usually associ-
ated with the quark currents. If one is willing to
extend the analysis to higher energies and if the
anomalous dimensions are absent asymptotically,
the f-meson and scale-breaking couplings con-
sidered here deduce the scaling of the electropro-
duction data and the 1/¢? falloff of the e*-e~ an-
nihilation cross section.?! At lower energies the
f=-p and o-p nonpole terms make direct contribu-
tions to the e* + e~ —4n cross section over and
above the usual vector-dominance terms. These
are calculated in paper II and are seen to give con-
tributions of the right size in the high-energy re-
gion [i.e., 0,4,- =~ (1-2)x10"%2 ¢m? for energies of
1.5-2.5 GeV]. A number of additional successes
in comparison with experiment (f -nucleon cou-
plings, o-nucleon couplings, etc.) will be discussed
in paper II. Paper II also discusses a number of
formal applications of the theory, i.e., anomalous
dimensions, the resolution of the problem that the
o couplings g ,, are proportional to m,2, and a
more complicated discussion of the current-alge-
bra conditions in the presence of f and 0 mesons.
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