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Normal-product techniques are applied to the study of gauge invariance in a massive-vec-
tor-meson model in renormalized perturbation theory. Composite fields are defined which
are invariant under a one-parameter family of covariant gauge transformations. Ward iden-
tities are derived for Green's functions involving an arbitrary number of vector and axial-
vector currents. The lack of lowest-order radiative corrections to the triangle anoxnaly of
the axial-vector Ward identity is verified using Bogoliubov-Parasiuk-Hepp-Zimmermann
methods.

I. INTRODUCTION

Normal products' have proven to be a useful tool
in the definition of currents and the derivation of
their generalized Ward identities in renormalized
perturbation theory. In the present work normal-
product techniques will be applied to a theory of
fermions interacting with massive-vector mesons,
which is of particular interest because of the spe-
cial restrictions which the principle of gauge in-

variance places on the definition of observables.
The massive-vector-meson ("gluon") model de-

scribes the interaction of a neutral, mass-m (e0)
vector field V" with a mass-M(c0) spinor field 4,
with formal equations of motion,

(i y~o„—M)4 = eV" y„4,
E„„+nz V„=-eC'yv+,

I'„„=&„V-&„V„.
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The formulation of this model in Lagrangian field
theory has been discussed by various authors. '
Our work will be based mainly on the version of
Zimmermann, ' which adopts the Bogoliubov-
Parasiuk-Hepp-Zimmermann' (BPHZ) subtraction
scheme to avoid divergences.

The notion of gauge invariance has no intrinsic
role in the massive-vector-meson model (this is
obvious from the field equations), and becomes
relevant only because we insist that the model be
expressed in terms of a renormalizable Lagran-
gian field theory. To see this, we need only look
at the Green's function of the meson field equa-
tion,

~ d4k krak„-i
(2a)' " m' u' m'

(1.2)

Instead of falling off like k ' as in a scalar theory
or in quantum electrodynamics, the Fourier trans-
form of b,»„(x) is constant for large k, and this
leads to a nonrenormalizable theory in which the
divergence of a Feynman diagram increases with
the number of internal meson lines. The method
of achieving renormalizability is essentially that
of regularization. One introduces an auxiliary
vector field with free propagator

gpv
k2 m2+ gg

k~k„1 1
m' k' —m'+ ie k' —m, '+ ie

where m, ' is an arbitrary non-negative number.
A renormalizable theory has been achieved, but at
a price: The Green's functions now depend on m, '
and describe an indefinite-metric Hilbert space
with ghost particles (&„A" is a free field of mass

m, ). As in the Gupta-Bleuler formulation of quan-
tum electrodynamics, one extracts the physical
content of the massive-vector-meson model by
means of a gauge principle: The observables of
the theory are those quantities which (in a sense
to be made more precise in Sec. II) commute with
the free field B„A" and which are independent of
the ghost-particle mass. Among these will be a
physical meson field satisfying the Proca equation
(1.1).

An exhaustive study of the gauge-invariant ob-
servables in the massive vector-meson model is
beyond the scope of this article. Rather we shall
be interested in developing suitable criteria for
checking gauge invariance (Sec. II) and in the study
of a certain important class of observables, name-
ly, those which can be expressed in terms of pro-
ducts of fields of low dimension (Sec. III). For
currents bilinear in the fermion field we shall de-
rive Ward identities (Sec. IV) using the methods of
Ref. 1. Of particular interest will be the Ward
identity of the axial-vector current, whose "anom-
alies"' will be treated systematically in Sec. IV.
In the final section we shall verify using BPHZ
methods the result of Adler and Bardeen' that the
triangle anomaly has no lowest-order radiative
corrections.

II. CRITERIA FOR GAUGE INVARIANCE

In this section we shall define precisely what we
mean by the gauge invariance of observables in
the perturbative vector-meson model. After giv-
ing a prescription for calculating the Green's
functions of the renormalized fields to arbitrary
order in the coupling constant, we shall state two
criteria for gauge invariance. These will express
in the language of Green's functions the two facets
of the gauge principle set forth in the Introduction,
namely, commutation with the ghost-particle field
and independence of the ghost-particle mass.

A. Specification of the Green's Functions

The effective Lagrangian (Zimmermann's terminology') of the vector-meson model is

ZE„„=(1+d) ,'i T))y)' a „-)I)—(M -c)gg —(1-I))-,'s„A„B)'A"+ (m'+ a)—,'A„A"

+(e+f)gy "gA&+ () —b —,) —'( A"8)
0

=2 +2,
wi.th

2, = (,'i)1)y" 8 g —M—pg)+[——,'8&A„B"A" + —,'m'A&A" + (1 —m'/m, ')—,'(B„A&)'],

(2.1)

where the finite renormalization constants a, 5, c, d, and f are power series in the coupling constant e
whose coefficients (to be fixed eventually by normalization conditions) are functions of the mass parame-
ters of the theory, M, m, and m, .
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Green's functions (covariant time-ordered functions) may be computed to any order in e by means of the
Gell-Mann-Low formula, '

(
1 m m»n'. ,(*,) n'(-, ) n'(*.) o)

i =1 j 1 k 1

(o) m m (o)
=fini«partof 0 T g A~', &(y;) gp"(au~) gg&'&(z, )exp i d'x:g, [A„'&, q&'&, y&'&]: (&

i=1 j=l k=l

(2.2)

where A~~0& and g"& are the free fields with the propagators specified by the unperturbed Lagrangian 8, and
the finite part prescription is that of Bogoliubov, Parasiuk, Hepp, and Zimmermann (BPHZ). Formally
the right-hand side of (2.2) is the well-known sum over Feynman diagrams with the following lines and ver-
tices:

g
Fermion line:

kukv i mo2 kukvMeson line: k' —m' &u„k' k' —m ' m' k'
0

Fermion-fermion-meson vertex: i(e+ f)y„.
Fermion-fermion vertex: i(c+dP') .
Meson-meson vertex: i(a+bk') g„„-i(b+a/m 0)k&k„.

.In Zimmermann's version of the BPHZ subtraction scheme, the formal integrand (before integrating over
internal loep momenta) Ia corresponding to a Feynman diagram G is replaced by the subtracted integrand

Rg= -ty I~,
tr F

y~V
(2.3)

where Fa is the set of all forests [sets of nonoverlapping one-particle irreducible subdiagrams y of non-
negative degree 5(y)] of G, and t& denotes the operation of taking the Taylor series to order 5(y) in the
independent external momenta of y (about the origin). The degree of a subdiagram y may be taken in this
model as

5(y) =4--,'F, -a„ (2.4)

where E& is the number of external fermion lines and B& is the number of external meson lines of y. The
product of Taylor operators in (2.3) is restricted by the requirement that if y, is a subdiagram of y, , then

stands to the right of Sy, .
Normal products may be introduced by a slight modification of the Gell-Mann-Low formula. ' If 8„

a=1, 2, . . . , P, are formal products of the basic fields and their derivatives with dimensions d, 6„ then
we define

P m n»II".(6.)(".) ne(") ne(. ) 0)a=1 j=l k=1

(o) m n (o)
=finitepartof 0 T Q:8,('&:(x,) ggt'&(mz) gg('(z„)exp i d x:2 [A„'&, g&'&, rP('&]: 0

a=1 j=l A=l

(2.5)

Thus the same Feynman rules given above are applicable, with the additional requirement that each Feyn-
man diagram must contain special vertices V, , i= 1, 2, . . . , p corresponding to the normal products N' [6]
The renormalized integrands are once again given by the "forest formula" (2.3), but with degree function

5(y)=4--,'F -a — g (4-5).
„a'X

(2 ')

The notation of Eq. (2.5) suggests that we are dealing with the covariant time-ordered functions of well-
defined operator fields. To justify this interpretation one would have to prove the appropriate generalized
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unitarity relations, a difficult step which has not yet been accomplished. Moreover, as pointed out in Ref.
7, the equations of motion give rise to a certain nonuniqueness of the time-ordered functions. In our opin-
ion neither difficulty poses an insuperable problem, and we feel that we are not being overly optimistic if
we assume that (2.5) indeed defines Green's functions of legitimate composite fields, provided (a) the lat-
ter contain derivatives and Dirac y matrices only in completely traceless combinations and (b) the degree
of a normal product N, [8] is equal to the dimension of 8. Other composite fields are assumed to be re-
ducible to linear combinations of such normal products in standard form by means of equations of motion
and Zimmermann's identities relating normal products of different degree.

B. First Criterion of Gauge Invariance

The basic formula which allows us to state criteria for gauge-invariant fields is the Ward identity

m m

0»„A"( ) II A., (y;) II 0(;) II 0 (*.) 0)i=1 j=l A=1

m m

A
i=1 j=l A=1

, 0(x —Ay,.„;xi„') 0 TA„(y,.) A„, A„,(y, ) II 0(xi,.) II 0(x ) 0)m +a j= 1 @=1i = 1

e+f m, ' Z IA.(.— , ; .*) - .(.-*, ; .*)) o T n A., (y. ) II 0(,) II 0(*.) o),1+d m2+a j», i =1 j =1 k=1

(2.7)

where a~(g; m, ') is the free, mass-m, propagator and the caret over the field A„. denotes its omission
from the time-ordered product. The two contributions to the right-hand side of (2.7) arise from the fol-
lowing graphical alternative: Either the scalar-meson propagator originating at x is connected directly to
one of the external meson lines, or it is attached to one of the interaction vertices of the diagram. The
first case gives the first term on the right-hand side of (2.7), whereas the second gives

m2
-i(x+f)( J

d x A(x —x';I )'0'„(0(TN (yy"0](x')N(0),

where here and in the following we use the abbreviated notation

(2.8)

x = II A; (3') II 4(II' ) II T(' (x ) ~

i =I j=l A=1

To arrive at (2.7) we must therefore prove the following vector-current Ward identity:

(1+d)s„"(Ol TN, [T()y&g] (x)xl0& = P [5(x-z )-y6( -xo, )I](0 l
Tx

l
0. &.

j=1

It is an easy consequence of the properties of Zimmermann's normal products' that

(2.9)

s."&01TNSV y„t](x)XIo& = &oI TN4[s" (fy„t&](x)XI0&

= -~&ol TN, [q(fg —~y](x)XlO&+ f&ol TN, [y(-fg —~)q](x)xlo& . (2.10)

The verification of (2.9) thus reduces to establishing the equation of motion for (I) within the normal product,

(0lTN fg(i/' —m)g](x)xl0& =(0lTN [(I)(-zdg —c —(e+f)A)0(](x)xl0& —i +5(x-II))(0lTxl0&. (2.11)
j=1

Equation (2.11) follows from the graphical argument, strictly analogous to the scalar case treated in Ref.
7, depicted in Fig. 1.

From (2.7) we may verify (using the reduction formula) that the Klein-Gordon equation

(8'+ mo')B„A" =0 (2.12)

holds as an operator relation. Moreover, we see that ghost mesons interact with fermions in a very re-
stricted way: We need include only those Feynman diagrams in which the scalar-meson line passes through
without interacting or in which it interacts with an entering or exiting fermion line.

The above considerations indicate that "probing with a ghost particle, " i.e., attaching an external scalar-
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meson line to a Feynman diagram, may be a good way to test for gauge invariance. In particular, we shall
say that fields 4)& i(x) satisfy the first criterion of gauge invari ance if they have covariant Green's functions
(to be denoted T functions) uith the property

(
N N

OITS„A"(x) IIC'"'(x.)&IO =-iP, ~, , ~ (x —y;; m') 0 T Qe&" &(x)X, 0
s=l i=I s=l

))) N

~ Q [a„(x-u),. ; m, ') —a„(x—z,.; m, ')] 0 T Q 4'"'(x,)X' 0

for all (n J and for a.rbitrary products of the basic
fields,

1
V~ =A~+ ~&"A

82p

(2.15)

Here 2C, denotes Ã with the field A, .(y;) missing.
Criterion (2.13) is the first part of the gauge

principle enunciated in the Introduction. It is the
Green's function analog of

s=l
(2.14)

The main point is that if a physical Hilbert space
X is constructed by acting on the vacuum with
fields satisfying either (2.13) or (2.14), then B„A"
is identically zero in X. This follows from the
positive-negative frequency decomposition of 8„A"
in (2.14), and, assuming asymptotic completeness
in X, from the reduction formula applied to (2.13).

It is easily verified that the first criterion is
satisfied, with T = T, not only by the "electromag-
netic" field E„„=8~A, -s„A„[this follows immedi-
ately from (2.7)], but also by the "physical" meson
field

provided the second derivatives are taken outside
the time-ordering symbol without picking up con-
tact terms (we adopt this convention for V„) and by
all formally gauge-invariant normal products. By
formal gauge invariance of a product of basic
fields we mean that g and g fields are present in
equal numbers, and the A„ field and derivatives of
the fermion fields enter only in the combinations

E~„, (s„-ieA„)p, and g(s„+ ieA„). The graphical
argument leading to (2.7) is altered only by in-
clusion of diagrams in which the ghost-particle
propagator is attached to one of the lines emanat-
ing from the normal-product vertex. That these
cancel for all formally gauge-invariant normal
products is left as an exercise for the reader.

C. Second Criterion for Gauge Invariance

Suppose 4~ ' are formally gauge-invariant com-
posite fields whose T functions satisfy (2.13). We
shall say that the %i" fulfill the second criterion
if the follou)ing identity holds:

N 2 N

8 Alp
0 T n Ci"'(x)X 0 = — — d x 0 T;(9~A~) (x) n 4' (x)X 0)

s=l 2 Alp s=l
(2.16)

for all choices of (o.,j and 2C. [Note that in the
BPHZ subtraction scheme, the Wick product in
the right-hand member of (2.16) is really a normal
product of degree zero. That the right-hand side
is well defined with so few subtractions is a simple
consequence of (2.13).)

The second criterion, which includes the re-
quirement that all Green's functions containing
only gauge-invariant fields are independent of the
ghost-particle mass, is not a trivial matter to es-
tablish. As we shall see in Sec. III, Zimmer. -
mann's normal products normalized at the origin
do not automatically satisfy it, and much of the
remainder of this article will be devoted to defin-
ing normal-product fields and their time-ordered
functions in such a way that the second criterion
is satisfied. In this section we shall content our-
selves with a special case of (2.16), namely,

, (oiTxio)

d4 OT ~ +~2 XXO
mp

(2.17)

j
FIG. 1. Graphical basis for Eq. (2.11). The various

terms on the right-hand side correspond to the different
types of vertices at which the line canceled by (i ii-M)
may end: 2-vertex, 3-vertex, or external vertex. X
stands for an arbitrary set of external lines and X& is
X with the jth outgoing fermion line omitted.
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which, with (2.V), implies the gauge inva. riance of
the S matrix and which will place certain restric-
tions on the renormalization constants a, 6, c, d,
and f [see (2.1)]which we have thus far left unde-
termined.

Equation (2.1V) is most easily proved using the
method of differential vertex operations (integrated
normal products). ' Define

N, [6,.]d'x, ~=1, 2, . . . , V

n, t ~

6, =W„Wu,

6, = e„a"aug. ,

BQ ~Ck
(2.20)

In our case

~G ~Q db eC
gm2 gm2 1 Bm2 —z gm2 3 gm2 46+ ~+ b+ b,

0 0 0 0 0

Now we apply the following result of Ref. 8: If
iApp. p —Qyc), +4 with the coefficients c~ functions of
parameters a;, then for any Green's function (or
vertex function) G,

8, = .iV y—"&„0,
(2.18)

sf 8 m'+a)
gm2 5 em2 m2 ) 6

6, =gy"gA„,
—(spAP)&

6, = (A. „A")'.
In terms of the 4, , the effective action integral
takes the form

iA. Epp = d xN4[g'EFF ]

(2.21)

On the other hand, from Zimmermann's work we
know that the integrated Wick product may also be
written as a linear combination of the integrated
normal products of degree four. The coefficients
may be determined using the normalized conditions
for the latter. Thus we have (as a relation among
differential vertex operations)

=(m'+a)~, +(t 1)~,—+(c -~~,
+(d+()&, +(e+f)o, +((-o-, ) a, .

0

4 7
—,i d x: (S„AP)2: (x) = P r,.~, ,

i=i
(2.22)

(2.19) with

d'x (0[T:(S„AP)' (x)A„(0.)A" (0) (0)' »

r, = — " d'x~, (0) T: (S„A")':(x)A„(k)A"(-0))0)"1 (8
(Bk k=0

r, =-', Tr d x(0 ) T: (s„Ap): (x)((0)g(0) ( 0) "

r4=3'2»y" d'xi, p( IT:( A")':(x)(c(P)4(-P)l )'""
P-0

r5=3'2 Tryu d'x 0 T: auAu': x 0 0Auo 0

y =1,

r, =
1

d x(0(T:(S„AP):(x)A„(0)A (0)A„(0)A"(0))0)"

where the tildes denote Fourier transformation of
the T function:

&o(Tx„(o)xio)-=f o xe"*&o(o'x„(x')wlo),

the superscript PROP indicates that only one-par-
ticle irreducible diagrams are included, and

PROP' is the same as PROP except that trivial
diagrams with a single vertex are excluded. From
(2.V), it is clear that r„r2, and r, vanish, since
the proper parts are necessarily transverse in
their external meson momenta. Moreover, it is a
consequence of the Ward identity (2.9) that (1+d)r,
=(e+f)r, .
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Comparing (2.21) and (2.22), we see that (2.1V)

may be enforced by setting

Q ao~

b=bp,

m'+ a
4 p mp

~m 2
,

"0
2 m+0

kp mp

7n 2 m+a
4p mp

+Otp

(2.23)

where a„b„co, do, and f, are independent of the
ghost mass. It should be observed that the inte-
grals in (2.23) vanish in the limit of the Landau
gauge, m, =0, the integrands being at worst loga-
rithmically divergent.

The constants ap and b, are to be determined by
the normalization conditions fixing the position
and residue of the meson propagator pole:

(2.26)

d p d q d k k~»g+qqkkg~
(2m)' (2n)' (2w)4

& (2m)'6(p+ q+k)r„(p, k) .
In either case the renormalization constants satis-
fy, by virtue of (2.9), the relation f = de.

It is not difficult to verify that the normalization
conditions (2.24)-(2.26) actually determine a„b„
c„d„and f, which are independent of m, . It
should be noted that the explicit calculation of
c„d„and f, is not necessary with mass-shell
normalization, since c, d, and f may be deter-
mined directly from Eqs. (2.25) and (2.26). This
advantage is offset; however, if one wishes to
take the electrodynamic limit, m-0, without en-
countering infrared divergences.

III. GAUGE-INVARIANT NORMAL PRODUCTS

where

k„k,
k' k —nP —ll(k ))

y2 m2+ y2 2

and (2.24)

&ol v'&„(~)&„(y)Io& = 2, e '"'* '&' „.(&)
1T

In addition, the combination cp+ Mdp ls fixed by the
interpretation of M as the physical fermion mass:

We now turn to the problem of defining covariant
time-ordered functions (T functions) and formally
gauge-invariant normal products with the property
that both criteria of the preceding section are sat-
isfied.

Before considering the most general Green's
function involving composite fields, it is instruc-
tive to consider the simple case of a single field of
the form N, [g;g&], proceeding in a manner parallel
to that used to derive (2.1V). The only additional
complication comes from the fact that the normal-
product vertex introduces a new class of m, -de-
pendent BPHZ subtractions, which must be com-
pensated in some way to insure the validity of
(2.16). Equations (2.21) and (2.22) now take the
form

where
BG;; Bc Bd Bf ma+a
gm2 em2 3 em2 4 8~2 5 m4

0 0 0 0 0

G;g=&ol vs, [g&g;](~)~lo& (3 1)

and (2.25) and

Finally, d and f, are conventionally either set
equal to zero (intermediate normalization in the
Landau gauge) or may be determined by the mass-
shell normalization conditions

2 i d'y & o I v: (B„&")2:(y)&, [A4&] (x)~ I o &

5

=46G, , + Qr, „n~Gk. ; —N;,„„G „, (3..2)

where the r~ are the same as in (2.22) and
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u;&» ——-2i d y(OI T: (s A")': (y)

x N [tf;0,] (0)&'~(0)7,(0) Io&

With the choice of renormalization constants (2.23},
Eqs. (3.1) and (3.2) may be combined to give

6G;j = u; jl, lGql,

where

(3.3)

, —2 & I d'y: (s A.")':(y) .m2+a Bm 2

The nonvanishing right-hand side of (3.3) has its
origin in the fact that

2 jt d'xN [(s„4")'](x)

second criterion,

6(0I f 3l, [q,q, ]xI0) =o (3.6)

and appropriate normalization conditions. Con-
venient choices for the latter are (i) intermediate
normalization in the Landau gauge,

FIG. 2. Diagrams contributing to the right-hand side of
Eq. (3.3). Dashed lines are those of the scalar meson.
The double line indicates Qow of momentum into the nor-
mal-product vertex. Canceled external lines are ampu-
tated.

and

2g d4x. BVAP2. x

&oI T3l, [V;(,](0)0 (0)0 (o) Io&'""I,=.=«6,
(3.'l)

require different numbers of subtractions for
proper subgraphs of the type pictured in Fig. 2.
The N4 normal product prescribes subtraction of
the zeroth-order Taylor term, whereas the Wick
product requires no subtraction. Moreover this is
the only type of proper subgraph containing
N, [g,g,.] where there will be a distinction between
the two subtraction schemes. Thus, from Ref. 1
we know there will be a term proportional to G „
on the right-hand sides of (3.2) and (3.3). The co-
efficient ul j „ is most easily evaluated using the
normalization condition

&oITN [0 4](0)4 (0)4,(0)I0&'""=6;6;, . (3 4)

We now wish to define gauge-invariant normal
products of degree three by taking linear combina-
tions of the various N, [g,g,]. Let us write

(0I T3f, [g,g, ]xIo&=(0I rN, [g,y,]xIo), (3.6)

where

Ns[& & l=«~asNs[&~4~]

and the coefficients are to be determined by the

and (ii} mass-shell normalization,

&oIT3l.[4 0;](0)0(P)Tt(-P)Io&'""iq= =6;,6;, .

(3.8)

Requirement (3.6) implies

m04
o=ai nl&GIl+ 2 B 2 GI lm +a Bmp

so that

mp i jmn
ijA'l kl mn + m2 +a B m 2 mn &

0
(3.9)

m2 nP+a
«ill I4 Q &mn~Qmnktdm +0a,'ra» (3 10}

$0 mp

where ao,» is independent of m, . Equation (3.10) is
an integral equation which can be solved recursive-
ly to any order in perturbation theory. In the case
of intermediate normalization we choose a'„.»
= 5;~5j„whereas for mass-shell normalization we
choose ao,~, such that (3.8) is satisfied. That this
is possible is a consequence of the m, independence
of (3.8),

=-'~ " d'y(0l T: (s„&")':(y)N [7-0 ](0)4&(P)V,(-P) I»'""
P=m

=0 (3.11)

Note that mass-shell normalization has the advantage that the coefficients a;j» may be determined directly
from (3.8), without resorting to (3.10).

The above formulas become particularly simple when N, [g,g~] is contracted with one of the matrices
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F = 1,y', y]', y)', y'. Then considerations of Lorentz invariance and parity imply

~jg+iya) = +I a)

I'sg+~gar = +~@i y

(3.12)

with

dp

m+a
,4 CRQ dmp'+ Q',

mp

Bms0

so that the second criterion of gauge invariance is fulfilled by simply multiplying by the mo-dependent fac-
tor z..

& o I T 3f3[41'4] (x)XI o& =- o. & o I TN, [H' P] (x)X I 0) (3.13)

Formally gauge-invariant normal products of degree four may be treated similarly. By the same rea-
soning which led to (3.3), we have

5&0I TN, [8](x)XI0&=s&&[8]&0I TN[7]&P,]( x) Xl 0&

+ vj'& [8]s„&0 [ TN, [T|),tpz] (x)X [0& +so I'. [8]& 0 i TN~ [)1)(27&—Z eA &)[I)](x)X[0&, (3.14)

where

El i [6]=-.I f ~d( )0T: ('„A )' (p)N [8](0)] ( )((le(00) I
0)""

~P [8]=—
2 Jt d y&0l T:(B„A")':(y)N, [8](0)]([',(-.'p)$, (lp)10&'""I&=„

~," [8)= — &y&o I T:(s„A")':(y)N, [8](0)0 (o)A "(0)0;(0)io&"'

The BPHZ subtractions giving rise to the various terms on the right-hand side of (3.14) are displayed in
Fig. 3. Defining

&0I T%,[8](x)XI0& -=&0I TN, [8 ] (x)XI0&,

where

N~[8] ~N~[8]+a))N4[$()I), ]+b,"p~N~ [. )t)gg)] + c,",N4[tj), (r s „-.i eA ~). $)],
we obtain

(3.15)

0 0
i

(a) (b)

FIG. 3. magrams contributing to the right-hand side of Eq. (3.14). t is the first-order Tay1or operator,

e s
p +]( +qP

QP s(f j pt ((~ Q-
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6(0) ix, [8](x)x(o)
4

=(OITN, [O, O'](x)X(O)(, ", ea;,.[O]ea„x„[7i;O,.]eeg'a„[il;(-,'ee —eeae)O;]j

+e„(O(TN [il';O'](x)~IO)( ", ee,".[O] ea„e, [O;Oe]eeg'a„,. ee', e",[O(,e„-ieA„)O])

e( O(r N[il;(-', ee- eeA
e) O~](x)XI 0&, ",ex„.[O]ea„a['[il'O]eeea)'[O'(-,'e„-aeA„)O]) .

(3.16)

Setting the right-hand side of (3.16) equal to zero, as required by the second criterion of gauge invariance,
and integrating with respect to m0, we are left with a set of integral equations which may be solved itera-
tively in perturbation theory. Qnce again the constants of integration must be fixed by appropriate normal-
ization conditions.

As a simple example which will be needed later, consider

6 =Z Z~' =-Z S
t v pv KX

In this case

u;;[8]=0 =w &.[8] a„d vF [8] „(yvy

A convenient set of solutions of (3.16) set equal to zero is provided by

a. -=cP. =0
9

b,",=P(x "r-');;,
m 20 m ++

P = — „(e+Pu)dm,"+P',
". '0

(3.1V)

(3.18)

(3.19)

where P' is independent of m, but otherwise arbitrary, and u is defined in (3.12) with I' =y "y'.
In order to generalize the preceding discussion to time-ordered functions of more than one gauge-invari-

ant composite fieM, we consider the case of two normal products of degree three and two of degree four.
This example incorporates all of the important features of the general situation. As before, the second
criterion of gauge invariance fails for

& ol», [&]&,[&]&,[&]&,[D]xI 0 & (3.20)

Pp

Pp

Pp

FIG. 4. Diagrams contributing to the right-hand side of Eq. (3.21). t ~ is the first-order Taylor operator,

~

].+pg +p~ + q~t 8 ]'8 ]'8
Bp'"

~ith ~c+pD = l-k, q =l+0 ~ pc +Pa = l'-0', and q' =l'-0'.
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thanks to the different number of subtractions re(luired by: (8„A")': and N, [(8„A")2]. The discrepancy may
be partially compensated by replacing the N's by N's in (3.20). There will remain, however, nonvanishing

contributions from various subgraphs (depicted in Fig. 4) containing more than one normal-product vertex
in addition to the (8&A ) vertex T. hus, with the simplified notation

A'-=N, [A](x„), C =N, [C](x,),
B' =—Na [B](xs), D' =N» [—D] (xD),

5(AC) =n(x„-x„c)5(xc—x„c))
8(xA xAcD)8(xc xAcD)8(xD AcD) )

we have

o(o( xa' a' c' n'x o()=:(a",;. a'*„,o&ac)(o)xa, [OO)(x„,)a'n'x)o) +(a-a)+(c n)+-&a a-c ,n))-
+ u], d x~q~5, ACD 9 TN3, , x~~~ B'X 0 + A B

+ u;,. d'x 5(CD) (0 [ TN~ [)I);f&](x )A'B'X( 0)

+ dx g;,.„c +go „D I5(CD)(0(TN [$;$,](x ) A' B'X[0)

+u;;„ t d xc()5(CD)(0)TN4[g, (a8" —ieA")g,]( xc)A'B'X[0), (3.21)

u,"c= ——,'i d~y (0~ T:(8 Ap)': (y) A'(0)C'(0) g,. (0)g (0)[ 0)

'i d-y—(0~ T: (8 A(')': (y)A'(0)C'(0)D'(0) g ((0) (~I)(
0)~0)'"",

d4y(O) T: (8,A~)'. (y)C'(P)D (0) y, (-',P)f, (=,'P. ~l
0)'"'

p=o

gg~f„= —Jt d y(Oi T: (8 A(')': (y)C'(0)D'(0) (t), (0)A„(0.)g~(0)i0)

Examination of (3.21) suggests the following definition:

(8.22)

(0(h4[A](x„)8I,[B](x )8I,[C](x )8I,[D](xD)X)0)

&o(ra acnxlo&+-=(o" ;a'~,.o(ac)&olxa., . (OOJ(*,,)a'ax(o&+(x—a)+(c-n)+&a-a, c-n))

+ a;,. d x~~D5 ACD 0 TN3, ,- x~qD B'X 0 + A B +a,~
' d x~D5 CD 6 7'Ã4, , x~D A'B'X 0

d4;;„;,-„5CD 0 TÃ;,- A'B'X 0

+ acD d'xc D5 (CD )(0((TN4[$, ('a 8)'-ieA)')(I)~] (xc.~)A'B'X~ 0)

)e

+ a;,-a~, dx~~ dx»6 AC5BD OTN3 t gQ 3 Q g xgg) 0+ A B (8.23)

where the a,z, a,"&, etc. are to be determined by the second criterion of gauge invariance and appropriate
normalization conditions. The freedom to choose these coefficients arbitrarily is just the freedom to
choose subtraction constants in the BPHZ scheme.

In order to impose gauge invariance, it is clear from (8.23) that we shaH need, in addition to (3.21), the
follov6ng relations:
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5&O]TN, [z/, ]/, .](x. „c)B'D'X/O& = u, ,»&O/TN, [y,y,.](x. „c)B'D'X/O&

+ u~g
g

dxe 5(BD)&0/TN, []/],z/], ](x„.c)N, []/] ]/]g)(x D)X/0)

+v f~gD dx„cD5([AC]D)&0/TN, [z/z~]/]z](x„cv)B'X/0),
4

5&01 TNs[]/]g]/]y] (x~cD)B XI 0) = u;z z &~l TNs[]/]z]/]g] (&yegg)B'XI o),

5&0) TN, [y,.q, ]( „)A'B'X(0&= „[g,.y, ]&O) TN, [g,q, ]( „)A'B'X[O&+ „[y,.y,.]&OITN.[s„(y,g, )]( „)A'B'Xlo&

+ ~„[ygy, ]&0~ TNg]/], (-,'8„-ieA„)]/],](x„)A'B'X]O)

ijkg ACD A CD 0 TN3 k l XACD B'X 0 + A. ~B
5&01 TN.P;0,](x„)A'B'X~0) = u;,„z&0(TN,[g,yg](xcv) A'B'X~0&,

5&OITN, Ãg(l&„-ieA„)p, ](xc,)A'B'X(0&= „u[yz;(-,'&„-ieA„)g,]&0]TN~[$,(g](xcD)A'B'X)Q)

+ v []/] (7 -ieA )]/] ]&OITN [S.(]/ ]/] )]( )A'B'X(0&

+ u]z'z []/]z (-,'7„ieA&)z/z, ]-&0)TN, [z/.]~ (,' &, ieA-—,)z/]z] (xcc)A' B''X[0)

+ S;fk, ~ dXACD5 A CD 0 TPf, g„

5&0~ N.9;tg](~~c».R,Sz](x»)XIO&=(u...„5„5„+5,.5,.„u„„,)&0)TN,[y.y„](x„,)N,y„~,](x„)X~O&,

(3.24)

where u„», u, g[8], vg,',[8], and zg]]z'g[8] are given in (3.2) and (3.14) and vga zc, gv pf zv, and epgczD„are special
cases of the formulas (3.22). Combining (3.21), (3.23), and (3.24), we obtain

5&O~T5(,[A](x„)5i [B](x )g [C](x )57 [D](xc)X~O&

+a uqggg+ u J (~C)&0) Nqfgg /]g](x~c)B'O'X)]0&
0

+ (A-B)+ (C-D)+ (A- B), C-D)

( m ' ea". cc
CDg ~

GLACD

~ gAC~ACD ~ gAD~ADC CD ACD CDP+Q ~ 2 kl kloof jf kl kl gf kl klif kl k l if kgb kit f0

x Jtd'x„cc5 (ACD) &0) TN, []/]g]/], ] (x„cv)B'X(0) i (A —B)

m 4 aCD
2 + kl gf k l ++.f +~kg "+gf k a q-&e&„g d &CD& CD TN4, f XCD A'B'X 0

CD, C

+ " d~xcv 2
— +aczz, cu»gg+ ug+ +azz vga„[z/]~]/]z]+a»„vgg[z/]~$8„ieA„)z/], -]

(

m 4 ~agfp CD C CD . CD ~

» &C

4 CDD
(m, CD,D CD, D CD CD u+ I 2 2 +a»q uazgg+u yq' +aug v yp[4gaA]+av »&[/,g(ae -ieA )l)z]~I m +a em, P

Dp
x 5 (CD)&0( TN3[z/]zz/]q](xcc) A'B'X (0)

+
l(m2 ~ a sm

~2~+
gg]z+ zz gy[4z/g) +aug u]";g[]/]q(g 8„-ieA )z/]g]/I

d xczz5 (CD)(0~ TN~[]/], (~Y"-i eA]')z/]q] (xcv)A'B'Xj 0&

4 g AC BD
ACI BD AClr™ BD1'z M 2 @gal +~pggf fj ) kg gf ) 2 ~ 2 + + +kg + kg]am+a e,

x d x„d x &]Ac)D(BB)]o]TN [z,le](x~)N[g+tz](x ~)Ã]0)+ (A —B]I.
(3.25)
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Setting the quantities in large round parentheses equal to zero and referring to (3.23), we obtain, finally,
the following differential equations for the coefficients:

BQ~g Sl + Q ~AC
AC

~4
0

~Q.g SP + Q

m4
0 0

~Q ~Qif p I'P+Q cy
Bm' m'0 0

8Qijif S2 + Q M CD
CD 2

g~2 ~4 if' y

0

(3.26)

where u,"f, u fjc~, etc. are given by (3.22) with r replaced by r, and A. ', B', C', D' by Xs[A], Xs[B], X4[C],
and 3l,[D], respectively. As before, the set of equations (3.26) may be integrated order by order, with the
m~-independent constants of integration fixed by appropriate riormalization conditions.

IV. WARD IDENTITIES

A. The Axial-Vector-Current Ward Identity

The Ward identity for the vector current N~[gy&g] was derived in Sec. II. We now wish to apply similar
techniques in the case of the axial-vector current, NJPy„y'P].

First of all, the derivative may be brought inside the normal product, raising its degree from three to
four:

s"&0
I rN3[gy&y'p](~)x Io& = &o I rN, [s"(0y„y'g)](~)x I o&

Then, due to the anticommutation of y' with y" and the linearity of the normal product, we obtain

(4.1)

(0 I rN [8"(py&y'p)](x)xlo& = —&o I rN, [gy'(p+iM) y](x)x Io)

(0 I rN-fp( p+ iM)y'p]-(x)xlo& +2Mi(0 I rN, [gy'rp](x)xl 0) .
Application of the equation of motion (2.11) then yields

(I+d)s"&ol rNsgy&y'g](&)xlo& =2(M —c)i&ol rN, Qy'g](&)xlo& g[f(~—ut)y', +-&(~ z&)y'.,']-&ol rxlo&. (4.3)
i=1

The fact that the normal product on the right-hand side of (4.3) has degree four instead of three is the
famous "anomaly" of Adler, Bell, Jackiw, and Schwinger. 4 The terminology is somewhat misleading,
since in renormalized perturbation theory "anomalous" Ward identities are the rule rather than the excep-
tion for nonconserved currents. As pointed out in Ref. 7, the Ward identity will have a "normal" right-
hand side with a normal product of degree three only if there is a conspiracy among several normal pro-
ducts of degree four.

The right-hand side of (4.3) may be split into "normal" and "anomalous" terms with the aid of Zimmer-
mann's identity relating normal products of different degree'.

2i(M —c)N~[gy, g] = 2i(M —c)NS[Py, g] +rN4[F» F""]+ sN4[8 "(Q&y P)],

where

r='
9

' e"~ (, „,'„&olrN, [pe](0)A,(p}4(q}lo&'""
p=e=o

(4.4)

(y'r")»
I

.&o I rN, [|ty'g](0)$&(2P)4, (2P) I
o&'" '

Ii~0
The two extra terms on the right-hand side come from the extra subtraction prescribed by the N4 as com-
pared with the N, normal product in subgraphs with two external meson and two external fermion lines,
respectively. The coefficients r and s are most simply calculated using the normalization conditions for
normal products An evalu. ation of r to fourth order is presented in Sec. V. Inserting (4.4), the axial-vec-
tor current Ward identity becomes
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(1+d-s)8"&0ITN, [pygmy'y](x)XI0& =2$(M c—)&OI TN, [yy'y](x)XI0&

+QOI TN, [E„,E""](x)XIO&-f [5(x ~,)y'. +@(x x-, )y', ,']&OI V'XIO&. (4.5)

We now wish to re-express Eq. (4.5) in terms of gauge-invariant normal products. Actually, the first
term on the right-hand side is already in gauge-invariant form. To verify this we must show that the co-
efficient (1-c/M) satisfies (3.12), i.e., that

(4 5)

where

u, = =,'i Try' d x&0 I TNS[py'g](x): (aqua"): (0)g(0)y(0) I
0&&«p (4.7)

and, from (2.23},

Tr&o I T:(s„~")':(o)y(0)$(0) I
o)'"".

0 0
(4 3)

Application of (4.5), integrated over all x, to the right-hand sides of (4.7) and (4.8), then yields (4.6).
The second term of the right-hand member of (4.5) is not gauge-invariant, although the coefficient r is

independent of m, (a simple consequence of the gauge invariance of (M —c)N,[gy'g]). Prom Eq. (3.19) we
know that a convenient gauge-invariant linear combination of normal products is

N.[E,.F""]= N.[F,.E""] PN, [s"(Oy„y'y)],

where [see (3.19)]

(4.9)

1' 0 iPPPP + Q
p =—,(v p+m)dm02+ p .

0 0

The constant of integration P must be independent of mo, but is otherwise arbitrary It is.most convenient-
ly fixed by a normalization condition on either N, [E„„E""]or the axial-vector current. We may now rewrite
(4.5) as

s"&o I Tj,„(x)xlo) = 2Mi&0 I Tj.(x)x I o&+r{0I 7'51.[E„.E""](x}xlo)

where

—+[5(x-gg )y„+5(x-g }y, ]&OI TXIO&,
1=1 i

(4.10)

TX4[E„„E""]X=TN4[Eq„F""]X,
'

T),X= r(1 c/M )N,[gy'y]X—,

Tj» (x)X= T(1+d s pr)N, [gy„—y'p—]X.

B. Many-Current Ward Identities

Let us now generalize the Ward identities (2.9) and (4.5) to include an arbitrary number of vector and
axial-vector currents. As is mell known, 4 there will be new anomalies" in the many-current Nard identi-
ties due to the presence of renormalization. parts containing more than one normA-product vertex.

%e begin by considering a single divergence of a vector or an axial-vector current. In the former case,
Eqs. (2.10) and (2.11) remain valid in the presence of other currents, with the substitution

K I N N Nx= Q [NVr„,.f](,)g N, [&r. r'P](&,)D 0( ).II 0( ) D &.„(t ) .
i=1 j=l 0=1 /=1 m=1

(4.11)

Thus, once again we have (2.9). By the same token, Eqs. (4.1), (4.2), and (4.3) continue to hold with X
given by (4.11). The real complication arises only when we employ the Zimmermann identity to enumerate
the various "anomalies. " The analog of (4.4) will not be so simple, since now we must consider subgraphs
containing more than one normal-product vertex.

Using the abbreviations
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P = pseudoscalar = N, [gy'g] vertex,

V=vector =N, Qy„g] vertex=vertex with single external meson line,

A =axial-vector =N, [gy„y P] vertex,

E= fermion =vertex with single external fermion line,

and indicating the number of (momentum space) derivatives by a superscript in parentheses. we may list
the possible "anomalies*' as follows (the corresponding diagrams are displayed in Fig. 5): PVV&'&, PFF&'&,

PAVV ' PAEE'~ PA', PAA', PAAA" PVVVV~'~ PA. AUV~", PAAAA~". The diagrams with an odd
number of U vertices have already been weeded out on grounds of charge-conjugation invariance. Qf the 10
listed possibilities, the last four give vanishing contributions due to considerations of Lorentz invariance,
parity, and Bose symmetry. Similarly, PAEE~ & gives zero because of parity and charge-conjugation in-
variance, whereas the transversality of PAVV in the momenta entering at both V vertices necessitates the
vanishing of the first-order Taylor coefficients PAVV~'~. Thus the only "anomalies" are of the types
PVV~~&, PFP~&, PAA~', and PAt", of which the first two have already made their appearance in (4.5). The
axial-vector Ward identity now takes the form

S"&Ot f'j, (x)& IO& =2M~&0( Tj,(x)X(0&+~&0(T5I,[F„,F""](x)X)0)-&[5(x-w, )y' +5(x-~, )y,"]&0)7'X(0)

—;g, „,„...S„,S„.5( —,)5(x-,.)&0~ TX„,„.~O&

f&j

—'g, ~„,„.S„"5(x- x, )&O ~
i F '(x)X„,~O)

+Q„te„,„,p, s~ s,'(x-y„)5(x-y, )&0(TX„„,|0)

+g„s„,„.s,' s& t&;,5(x- y, )&O ~ ix, ~0), (4.12)

where

Q„,„=sum over vector (axial-vector) currents,

and the subscripts p,- and v,. indicate the omission of j„,.(x;) and j,„.(y,-), respectively, from the product of
fields X. Moreover, r is given in (4.4), and

8 8 . . . pa op

P =g=0

&,)pal=3~ ~ p v 0 T&50&5. P 0'"'
0=0

V. 'FHE AXIAL-VECTOR CURRENT ANOMALY

In Sec. IV the coefficient of X~[F„„F ] in the Ward identity of the axial-vector current was given as

~ ""'(,&, , ~ (o1»*%'0&0»„0».(q& I
&)'"

BP Bg P=q=o

This quantity has been calculated by several authors' to fourth order, with the result

g2r =( ), +0(e').

(5.1)

(5.2)

In addition, it has been argued, but not conclusively demonstrated, that all higher-order radiative correc-
tions should vanish.

In this section we present a verification of (5.2) using BPHZ methods. We consider this an improvement
over traditional techniques due to the fact that no cutoffs are needed and only one integration, the (finite)
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PVY PFF
)5

PAYY PAFF

)5
PA

PAA

p, 5

PAAA PVVVV

p5 v5 pa5 v5

PAAVV PAAAA

FIG. 5. Diagrams possibly giving rise to anomalies
in a many-current Ward identity.

FIG. 6. Diagrams contributing to I &„{l,s;p, q). Also
to be included are the same diagrams with the sense of
the charge Qow reversed.

fermion loop integration is performed.
Only one diagram, the basic triangle, contributes to ~ in second order.'

r't'&= ep '" [cps'g'& (f'p q)]
iM d l
96 (2 )4 P x P»

(5.2)

Explicit evaluation yields the first term of (5.2).
In fourth order, we have

{4) $M gpss&
d l d 's

(2 ), (2 ). [ P
'~ „.(& 'P&q))

0=a=0
(5.4)

where

R~&~ =I&,~ —BPHZ subtractions,

and I „'„ is the Feynman integrand corresponding to the six graphs of Fig. 6 and the corresponding graphs
with the charge flow reversed. According to the general theorems of Ref. 3, the integrand is absolutely
convergent and we are permitted to make the following convenient choice of integration variables. Routing
the external momenta, p and q, through the left- and right-hand sides of the triangle, respectively, we
assume symmetric integrations in the two loop momenta, integrating first over l and then over s (see Fig.
6). We shall see that separate cancellation of the contributions of I~~ and the BPHZ subtraction terms oc-
curs without the necessity of performing the s integration (however, symmetrization in s will be required).
For simplicity, Feynman gauge, mo =m, will be assumed throughout.

The BPHZ subtraction terms contributing to R4 are of four types: mass, wave-function, y"-vertex, and
y' vertex, with coefficients C~ -MD', D~, E ', and G ', respectively, where
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Summing up

R~ mb, =-[C (s)+MD'(s)] R (l;p, q)+[2~ 'I' '(s) —&D'(s)+G (s)]R"'(l;p, q). (5 8)

The identities

(5.7)Zt" = sD"' d" = -MGi"

and the mass independence of r~" then lead to a complete cancellation of the subtraction terms upon inte-
grating with respect to l:

d4&
(5.8)

We now turn our attention to the unsubtracted Feynman integrand,

In order to write the various terms in compact notation we introduce the following abbreviations:

~~'"»(P) =D.[++M)y~~] g+M),

»'""-'"- '""s= II HP'+M)y"'] 0+M)y' ll HA+M}y"~)(A+M).

(5.9)

Observe that

A»" ' »" (p) =—y» . y&&ng+M)(M~ —pl)" + 2np" &y" 2 ~ ~ ~ y"2~(Ma —pa)"

Q&1' '&an-l(p) —y&1 ~ ~ y&an-1(M2 pa}"+2npuxyP2 ylang &A+M)(M2 p2)~-~

»1 ~m ~ m+1 &In(p) y&1 y&my y&m+ & yPQ&( M2 pa)++1 (5.10)

+2[2n —(2n —1) + (2n —2) — ~ + 1](Ma —p~)"p»y» ~ y "mysy&m+ x ~ y "a&Q+M)

+Pl ' Pm Pm+ 1''' P2n-1(p) —yP 1 yPmy yI m+1 yPsn-1()+M)(M p )I

+2[(2n —1) —(2n —2)+(2n —3) — +1](M -p )"p"'y"2 . y™y'y"m+&. y"&&-&,

where the symbol = indicates that terms which vanish upon antisymmetrization in the p., have been
dropped. ~I

We must compute the nine contributions corresponding to the Feynman diagrams of Fig. V. Omitting a
common tactor, these are (k-=l+s}

FIG. V. Diagrams contributing to 8&~8/I&ie„(l, s;p, q)& o 0 (Here 8-=-l+. s. Also to be included are the same diagrams
with the charge fice reversed and/or with (pl ) interchanged with (Ap).
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r&"&" =Try'A~(k)y B'""(l)(k' —M')-'(P —M')-'

=8M(k' M-') '(P -M') '[4k'l ~"')'" —(M' —k')e)'")'" —2k)'k ~"')'"](-i),

:Tzy+A+(k)y B))x5P(l)(k2 M2) 2(l2 M2)

r"" )'= Try' B'(k)y, A'" (l)(k' M') '(P -M') '

—= 16M(k' -M') '(l' -M') 'e('")'"(-i),

r&" '=Try'A(k)y B "&"(!)(k' M')-'(P M')--'

16M(k M ) (P M ) ~[(M P)gP~))+41))i e~~)'" -2!Pk g~)j])"]( ')

r" '= Try'A(k)y, B'" ' (l)(k' M') '(l' M') '-
=—16M(k' M) -'(P -M ) [(M' —P)e """—6l"l e """—3l"k e """](-i),

rP PU =Tzy~A(k)y B))~ PU (l)(k2 M2) 1(P —M )

= 16M(k' M') '-(P -M') [(M —l )e)"" +4l"l„e " "—2l"k e)'"""](-i),
r»" = Try"A~'(k)y B&"'(i)(k' M')-'(l'-M')-'

—= 16M(k' M') '(P-M-') 'P-k e -('""(- )

' = Try 4""(k)y B" ('(l)(k —M ) (l —M )

~ 2rpk pU
7

r,"'"=»y'&""(l)y,B"'(k)(k' M') '(P-M'-) 4—-
=8M(k' -M') '(l' —M') '[(M' —/')e"')' +Sill„e"'""](-i) .

(5.11)

Contracting with e» p„ then yields

pXpvrn =ZE pxpvrn

r, =4M(4!)(O' M) '(P--M') '(2k ~ l+k' —2M') =r, ,

r, =16M(4])(k' M') '(P --M')--',

r, =16M(4!)(k'-M') '(P M') 4(M' ——' —l k) =r, ,

r, =SM(4!)(O' M') '(P-M-') [(P -M')+3M' ——,
' l k],

r8 =8M(4!)(k —M ) (P —M ) l ~ k =2r7,

r =SM3(4])(k2 M~)-2(P M )-~

(5.12)

Summing over all diagrams contributing to I„4 and integrating with respect to the fermion loop momentum
yields

2 0 l 4r, +r, +3r4+2r, +4r, +2r, =I»+J,3+2M I14 J1g, (5.13)

where

i ~ (s) = fd'i((i+ s)'„—I'] '(i'-M')

J„()(s)=
Jl d'l[l ~ (l+s)][(l+s)' —M'] "(l' —M')

Application of the "scaling" equation (trival consequence of dimensional analysis and the above definitions)

20= —,s~ „+M,+2 I,3=I»~ J, +3~2IBs" BM 13 13 23 (5.14)
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and the identity

J~4+M I~~ =0 (5.15)

leads immediately to the vanishing of (5.13).
Equation (5.15) is most easily verified using a Fourier transformation' (c is the irrelevant common

factor):

The relation (5.15) then follows from the recursion relations of the modified Hankel functions,
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