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The possibility of a unified description for several weak radiative decays of K mesons is
being investigated. In particular, those processes are considered in which the decay mech-
anism can be related to the strong (or electromagnetic) PVV vertex, namely K+ e+vy, K2

~+m y, and K+ m+yy, in addition to the process K& yy, which was treated before. Vec-
tor gauge fields with current mixing and octet breaking in the PVV vertex are used, as in-
dicated from a phenomenological Lagrangian model fitting the data on strong and radiative
meson decays. For the weak nonleptonic interaction we have considered two alternatives,
the current-current "simplest" Hamiltonian suggested recently in connection with K2 yy
decay, as well as the current-current octet Hamiltonian in the form introduced by Sakurai,
both satisfying the 68 = 1, AI = 2 rule. The experimental upper limit on K+ e+vy imposes
limits on a free parameter of the theory related to the SU(3) symmetry breaking in the PVV
vertex. Within these limits we calculate the width for K2 n 71 y, which differs consider-
ably from the SU(3)-symmetric value and is predicted to be close to the present experimen-
tal upper limit. In the calculation of K+ m.+yy we consider a new class of diagrams, which
appear because of the use of vector gauge fields in the Lagrangian. These diagrams involv-
ing four-leg vertices are shown to give the dominant contribution to the decay. The calcula-
ted rate and spectrum differ from those of previous calculations.

I. INTRODUCTION

In this work we investigate the possibility of ob-
taining a unified satisfactory theoretical description
for a certain class of K-meson radiative decays.
To this end we make use of information obtained
during recent years from electromagnetic and
strong mesonic transitions, which points towards
fairly large effects of SU(3) symmetry breaking.
In particular, we consider the transitions K'- e'vy,
K2-yy, 'K2- m'7t y, K'- ~'yy, and the vector part
of K„, the amplitudes of which have contributions
from the pseudoscalar-vector-vector vertex. Re-
cently Brown, Munczek, and Singer' used a phe-
nomenological Lagrangian with gauge fields, cur-
rent mixing and octet breaking in the PVV vertex to
fit the observed electromagnetic and strong meson
decays (see the Appendix for a short description
of the model). The model then predicts large
SU(3)-symmetry breaking effects for amplitudes
involving strange mesons. ' ' We expect therefore
to find sizable effects of SU(3) symmetry breaking
in the decays investigated here, and experimentally
there are already some indications of large SU(3)
symmetry breaking in electromagnetic processes
involving strange mesons. ' ' A comparison of our
model with the experimental data could also pro-
vide either further support or possible rejection
for the type of SU(3)-symmetry-breaking model
suggested in Ref. 2.

In this investigation we choose as the framework
for treating the nonleptonic weak processes a cur-

rent-current CP-conserving Hamiltonian, with the
currents dominated respectively by vector and
pseudoscalar and pseudovector particles, as sug-
gested by Sakurai. ' For the transformation prop-
erties we consider two possibilities: (1) the orig-
inal form in which the Hamiltonian behaves like a
A., vector of an SU(3) octet''; (2) as this Ha. milton-
ian leads to difficulties in explaining the rate of
K,'-yy, '"aS Well aS in a CalCulatiOn Of Ky K2
mass difference, "we consider alternatively the
"simplest" &S= 1 Hamiltonian (i.e. , with a mini-
mum of neutral currents) preserving the b.I= —,

'
rule. The two forms for H„~ mentioned above
are

IV a b
H(61=1g2, As=1) ~2 GNL bab p (+)~p (+)

and

zy N'
'~ (b, I =&y2, b, s=y)

2
G„„[z'„(x)z,'(x) +z,'(x)z„'(x) —z„'(x)z„'(x)],

(2)
where

Ja ~V+ +~A& (3)

2
~ Vg V paJp (4a)

and a, b= 1, . . . , 8 are SU(3) indices. The dominance
of the currents' by the appropriate particles is
implemented as follows:
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m'
~ Ag A. ~a t g C, a (4b)

II. THE DECAYE'~e'vy

The amplitude for this process" has an inner-
bremsstrahlung contribution as well as a direct
one, which can be divided into vector and axial-

with C„ the pion decay constant and f„, f» the cur-
rent-field couplings.

The Hamiltonian (1) was shown to reproduce in
the pole approximation' the current-algebra results
for K- 2w,

' and for baryon nonleptonic parity-vio-
lating transitions. " Using for G„„avalue close
to the Fermi constant, i.e.,

G„„=1.1x10 '/m, ',
the correct value for K, —2m transition is repro-
duced, while for the baryon decays a value 25%
higher is required. "

The Hamiltonian (2) can be obtained from (1) by
dropping the J'J' term. Alternatively, starting
with a nonleptonie Hamiltonian of current-current
type built from charged currents one can ask what
would be the minimal addition necessary to ac-
commodate the ~I= —,

' rule, and it appears that
suitable addition of a J'J' term is sufficient. In
this way one arrives at the Hamiltonian of Eq. (2),
which transforms as members of an octet and a
27 representation of SU(3).

The good results obtained' by Sakurai from (1)
are still valid when (2) is used as the O'J' term
does not contribute to the K and hyperon decays
discussed. Albright and Oakes" analyzed various
experimental data and concluded that a J'J' term
is not required by the present data. Moreover, as
Hamiltonian (2) was shown' to be able to account
also for K,'-yy, where (1) fails, there seems to be
preference for (2) as compared to the pure octet
form (1) originally suggested.

The plan of this paper is as follows: In See. 0
we consider the decay K'- e'vy and deduce infor-
mation on the SU(3)-symmetry-breaking param-
eters &,. In Sec. III we calculate the decay rate
for E,'- n'm y under the possible various assump-
tions for PVV vertices and the nonleptonic weak
Hamiltonian. The predicted rate consistent with
the framework previously used for E2- yy is sin-
gled out. In See. IV we ea1eulate various contri-
butions to the decay K'- n'yy and show that most
of them are insignificant as compared to the con-
tribution of the diagrams with four-leg vertices
which appear in our speeifie Lagrangian. The rate
and th6 pion energy spectrum are then calculated
for the latter contributions. The paper concludes
with a short discussion in Sec. V.

vector parts. The vector part contain Z*' V'K'
vertex in the vector-dominance picture„' nd is
supposed to proceed K' -K*'V - e '

vy, whe re for
V' we take the suitable combination of p',
The coupling g»*+»0»+ can entail large SU(3) sym-
metry breaking, and this has not yet been deter-
mined from electromagnetic and strong processes,
which makes this process particularly interesting
for our purpose. In this section we deal with the
direct vector contribution, which is the only one
affected by our model. For the inner-bremstrah-
lung and direct axial-vector part, we refer the
reader to the detailed paper of Carron and Schult. "

The amplitude of the vector part of the direct
process, M~ ~, is calculated by using the Lagran-
gians of Eqs. (A4) and (A8) and the weak Hamilton-
ian for semileptonic processes:

H, «(ES= 1)= ~ (J«j' +H.c.),

where G„ is the Fermi constant, and L9~ is the
Cabibbo angle. One obtains

M«D(K'(P) —e '(P) + p(q) + y(k))

j. 3
2 ~8~, eA' 1 —2&~+ —

e2 G~sin6)~
g

'

v'K», v2

x ~»*' I e8(P+ q) u~(q)r. (1 —~,)~(p)
f»+ (P + q)' —m»*'

(7)

(Throughout this work, we use units for which k
= c= 1.) For easy reference we denote

2 h 1 —26~+ gE2 mE+ 1
3 g v'K * f * (p+q)'-m *''

(8)

It is worth remarking here that the vector-domi-
nance assumption (through po) in the parallel pro-
cess n- evy, gives the same result as calculated
from conservation of the vector current (CVC)."

The axial-vector part has been studied by several
authors, and it is generally concluded that the
form-factor of the axial-vector part, defined in a
similar way to V~, satisfies the inequality"

A»(0)
V.(o)

The inner-bremsstrahlung part is exactly cal-
culable, and its contribution becomes negligible
in a certain region of the Dalitz plot for this decay.
Searching for the decay in this region, one can ob-
tain information on the contribution of the direct
part of the amplitude. The best place to look"' "
for positrons originating from K'- e'vy is the in-
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tersection of the above region with that free of
positrons from other K' decays, which amounts to
positrons with energies larger than 228 MeV. In a
recent experiment, Macek et al."obtained an up-
per limit for V»(0) from a search for positrons with

energies larger than 234 MeV, namely

~V»(0)(&0.24/m . (lo)

m'
Kz

Plr 4

then leads to

(12)

1 31 —26~+ gE2

1+ c~

This imposes the following limits on e, for solu-
tions A. and B of Ref. 2:

-8.9 & e, &7.4,
-10.2 & e, «9.05.

(14a)

(14b)

Hence the present experimental data on K- eve do
not impose severe limits" on the breaking param-
eter e,. In the following sections additional con-
straints on e, will be obtained.

III. THE DECAY K2 ~m'm y

As the decay K,'- m'm is a CP-violating process,
the accompanying inner bremsstrahlung (ib) will
constitute only a small part of the K,'- m'm y tran-
sition. For instance, with detecting efficiency
E&&20 MeV, one expects"

r,".„;,„/r,.„,„=o.8 x lo-'.
This has to be compared with theoretical estimates
for the contribution of the direct (d) decay, which
give"

r»o,+,-~/r»o, „=10 ',
and with the existing experimental upper limit"
(for Ez &20 MeV):

I' o +„- /I' o &4X10-'.

Hence the relative smallness of the bremmstrahlung
part makes this decay suitable for a detailed in-

In obtaining this limit, they assumed (A»/V») &0
and V» to be independent of (p+ q)'. Within the 20%
uncertainty that can be caused by the (P+ q)' depen-
dence of V» in our model, we conclude from (10)

2 A 1 —pf~+ gC2 1
mr, & 0.24,

~A»* f»*

which, by using the numerical values in (A9) as
well as

vestigation of the structure-dependent (direct) term.
Current-algebra" and Veneziano-model" type

calculations of this process predict a branching
ratio of approximately 10 '. Pole-model calcula-
tions for this transition have also been performed. "
Unfortunately, these refer only to some of the pos-
sible contributions. Specifically, these works"
did not include the contribution of the axial-vector
mesons to the axial-vector current. Moreover,
they did not include vector currents in H„~ and
therefore could not take into account the vector-
mesons contribution through these currents (see,
e.g. , the second diagrams of m„m4 and diagrams
m„m, of Fig. 3 below). There is no a Priori rea-
son for neglecting all these diagrams, which con-
tribute parity-conserving transitions to the decay
under consideration, and indeed their contribution
has turned out to be significant.

The lowest transitions in the direct part of the
amplitude, considering only CP-conserving tran-
sitions, are of magnetic dipole (Ml) and electric
quadrupole (E2) types. In this decay, the former
is parity conserving and the latter, parity violating.
From angular-momentum-barrier considerations
the former is expected to dominate by at least an
order of magnitude. For instance, a very rough
estimate gives" for the appropriate transition
probabilities

W(M, x, 0)/W(E, X+ I, 0) =[(2&+3)'/(k&)'][I/(MA)'].

Using MR = 1, and M =ME for the radiating inter-
mediate state, one obtains (Ml)/(E2) & 200 for y
energies E&&E,„=170MeV. Hence we shall re-
tain in the following only the magnetic transition.

We calculate now the M1 transition of K,'- m'w y
by using the Lagrangian of Eq. (A4) and the alter-
native nonleptonic Hamiltonians of Eqs. (1) and (2).
The strong and electromagnetic parts of the am-
plitude are calculated with vector-meson domi-
nance, while the weak part contains all the poles
consistent with the weak Hamiltonian. The axial-
vector-current contribution is included using Bock-
more's procedure. " In Fig. 1 we classify for con-
venience the contributing diagrams in four classes.
The primary strong and electromagnetic vertices
are specified in detail, while the blobs are to be
calculated by using the specific weak Hamiltonian.
When this is done, the detailed resulting structure
obtained is presented in Fig. 2, where only the
nonvanishing contributions appear. Identical dia-
grams can appear from different classes when the
W; are calculated in detail, namely when the weak
interaction causes a vector- me son —vector -meson
transition in intermediate states. They are ob-
viously not doubly counted. The diagrams appear-
ing in Fig. 2 give contributions to M1 as well as to
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FIG. 1. Contributions to the decay K2-7t+~ y in the vector dominance model.

higher transitions. We now select the subset of
Feynman diagrams contributing to M1 transitions,
and these are given in Fig. 3. Their explicit cal-
culation gives

2 m' ek
M»0-.+.-y= ~2 Gg, —,2

and

D6=
1

+
1

(y —«)(y —p) (& —«)(» —p)

„(u'+n )'

(17t)

6

(16) (p +a)*

where

D, = 1

X —P

1 1
D, = +

3' —P ~ —P

(17a)

(17b)

(0'+0)*

(18)

D3=
1

X —K

1 1
D4 —— +

P —II" Z —K

1
D5=

(x —p)(x —«) '

(17c)

(17(j)

(17e)

2 m~+g+p+g= 1+
m&o

The a; are related to the explicit form of the
-PVV and PPV vertices and the nonleptonic Hamil-
tonian. For Sakurai's version IEq. (1)], they are

3 C. mK0'-m, o' Kp
'3 C.' mK0'-mn' Kp 3 mK* K*Kp'l

= 0.045(l + e,) —1.87(1 —e, + e, + e,) —2.17(1 —~ e, + —,
' e,), (19a)

a4-—

2C» m o 1 m» 1+t 027(1 )
3 C mKo'-m o'+ 2 m+'-mK+' K

4C mz
' 1 ——,'e 1

8 C ' — ' (K )'|I, ——1.49(1 —pe, ) i

3 C„m + -mK+ K KK* '~' 3 K K~* 'i

-0.37(l —2Ei+ 4e~) —1.26(1+ Ei —2E2),

(19b)

(19c)

(19d)
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FIG. 2. Nonvanishing contributions to the "structures" 8;- of Fig. 1, calculated by the use of Eq. (1); vrhen Eq. (2) is
used instead of Eq. (1), the contributions containing a 6-8 wreak transition disappear.
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0
yO K~

'tItl m'oA~
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fTl4
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FIG. 3. Feynman diagrams contributing to the M1 transition of K2 —vr+7t. y. The diagrams exhibited arise from the
use of Kq. |'1) for the weak Hamiltonian. When Eq. (2) is used for it, the diagrams containing 6-8 weak transitions dis-
appear.

(19e)

(19f)

When the "simplest" Hamiltonian [Eq. (2)j is used, a„a„a„and a, remain unchanged and for a, and a,
one has

3 C nz p —m„p K m~* K~*K

= 0.045(1 + ~,) —1.63(1 ——', e, + 4 e,),
2 1 3 1

Cg pgE+ 1 —pE + E'2 1 + Ci —262
3 C„m„"-m .' (Z,X *)"' (ff,f~ *)"'

= -0.37(1 ——,
' e, + —,

' e, ) —0.95(1 + e, ——,
' e,) .

(20a)

(20b)
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numerical values in (19) and (20) are ob-
tai J by using Eq. (12), with m and g given in the

Appendix, as well as"
C„=1.13C„, C~ = 1.08C, . (21)

2

and with the "simplest" Hamiltonian,

(22)

(23)

For C, and the various masses entering in (18),
(19) we use the tabulated values. "

Calculating the contribution to the decay width

from the Ml transition we find the following: With
SU(3)-symmetric PVV vertices (e;-0), one obtains
with Sakurai's Hamiltonian

17 x10-'& r",.„... ,/r, .„&24 x 10-'

(25)

0.4x10 '&rro, +,-z/rzo ~ &1.6x10, (26)

4 x 1O-' & r",. ..„,/r, . & 9 x 1O-'.

This is evidence that solution (A) of the Appendix

is ruled out by this decay. Nevertheless, if the
process is found to occur with a strength close to
the present experimental upper limit, this will

still be consistent with the lower limit (i.e.,
= -8.9) calculated using the "simplest" Hamilton-
ian and solution (A).

Solution (B) gives solutions consistent with ex-
periment for both Hamiltonians, as follows:

Both results are well above the experimental upper
limit [Eq. (15)].

When SU(3) symmetry breaking is taken into ac-
count, the result depends on e„(e,+ e,), and e,.
Solutions (A) and (B) of the Appendix give possible
values for e, and (e, + e,) obtained from fitting the
electromagnetic decays. The appropriate values
of e, were shown in Sec. II to be limited [see Eq.
(14)] by the experimental upper limit on IC'- e'vy.

With Solution (A) we find that both Hamiltonians
give ranges above the experimental upper limit,
namely

2.6 10 '
reap „+~-y/ «0,„7xlo '. (27)

2.6x]0 '&r« „+, /r, ~&4xlo '.
The e, is then further limited to the range

(28)

The above results are given graphically in Figs. 4

and 5.
Using the information obtained from E2- yy,

'

which disqualifies Sakurai's form (1), we can now

predict the M1 transition K,'- 71'm y to occur at a
rate

-10.2 & 6, & -4.5 . (29)

These values of e, then imply a K*'-K'y transi-
tion' increased by 1.4-11 over the SU(3) value.

—12

8
'&4.9&10 ' Mev

, ( l oKa» Yr+ 7r y'

18—12x 10 MeV

—10

r

—8

—6

I'"'&4.9 10 "MeV

I I I I I I I I I I i I I I I I I I I I I

- 20 -16 -12 -8 -4 0 4 8 12 16 20
i—I I I I I I I I I I I I I I I I I

-20 -16 -12 -8 -4 0 4 8 12 16 20

allowed range for ~z Lsol. (A)3
allowed range for & Lso( (Big

FIG. 4. The decay width of K2- z'7r y, calculated with
parameters of solution (A) [Eq. (A10)l, as a function of
the SU(3)-symmetry-breaking parameter e2. The allowed
range for e2 is determined from the upper limit of X+

e+~. The calculation is performed with two alterna-
tives for the weak Hamiltonian: Eq. (1)—unbroken line;
Eq. (2) -broken line.

FIG. 5. The decay width of K2- z+& y, calculated with
parameters of solution (B) [Eq. (A11)], as a function of the
SU(3)-symmetry-breaking parameter ~2. The allowed
range for &2 is determined from the upper limit of E+
—e+vy. The calculation is performed with two alterna-
tives for the weak Hamiltonian: Eq. (1)—unbroken line;
Eq. (2) -broken line.
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IV. THE DECAY K'~m'yy

A. General Considerations

We now employ the Lagrangian of Eq. (A4), to-
gether with the weak Hamiltonian of Eq. (1) or Eq.
(2) in order to calculate the partial width of K'
—m'yy. The latest" experimental upper limit for
this process gives" for the branching ratio

(30a)

or

Fz+ + ~ & 2.13 ~10 "MeV. (30b)

In Fig. 6 we exhibit the seven classes of diagrams
contributing in our model. Previous calculations
of this process usually dealt with the contribution
of a particular diagram. The pion-pole model sug-
gested by Lapidus" gives a very small contribution,
when the 2y's are away from the pion mass shell.
This model is, however, of special interest as it
relates the K'- m'yy decay to the K'- v'm' tran-
sition, and with a 4I= —,

' weak Hamiltonian the ra-
diative process may be directly related'" to the
m'-m' mass difference. With a linear extrapolation
in (P" )' off the mass shell, Fujii obtained" a,

fairly high rate for the process, i.e., R~(&') = 2.7
x10 ' (considering the total energy of the two pho-

tons larger than 1.5m, ). Calculations with an n

pole lead to a small" contribution, R~(q) = 1.4
x10 ' (for 0&T„+&70 MeV). Calculations with the
vector-dominance-model have shown that when one
takes an SU(3)-symmetric PVV vertex, such con-
tributions" are three orders of magnitude below
the experimental upper limit. Recently a calcula-
tion was done by Intemann, "assuming axial-vec-
tor-meson dominance.

By the use of the weak Hamiltonian IEq. (1) or
(2)] the detailed resulting structure of the weak
blobs is obtained for the various classes of Fig. 6.
We present our results by dividing the contributing
Feynman diagrams into several groups. As it
turns out from the detailed calculation, the first
five groups give relatively small contributions and
are only briefly described in Sec. IVB." The last
group which is related to four-leg vertices and is
likely to be the dominant contributor is described
in Sec. IVC.

B. Various Small Contributions to I'E+ ++yy

In group I of the diagrams obtained from Fig. 6
we classify the diagrams with two I'VV vertices.
They are presented in Fig. 7. Some of these con-
tributions to the width were previously estimated
by Fujii." Similarly to what was explained in Sec.

K+ K+ +
yO YO K

2 1

(a)

+ g
yoyo K

2

Z
yO yO

2 yO yO
2 1

{e}

+ g, g
0yO K P
l 2 OyO

1 2

FIG. 6. The seven classes of diagrams contributing to K+ —z+~ in the model of this paper.
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~+ A+

K+ W

fIl 2 ~

yO K

m
0 K

yO yO
& 'a yOyOi'a

FIG. 7. Group of Feynman diagrams with two P VV vertices, obtained from the contributions exhibited in Fig. 6.

III, we include the axial-vector current contribu-
tion with Rockmore's procedure, "and the numeri-
cal values are obtained by using Eqs. (12) and (21)
with m and g given in the Appendix.

Firstly, with Sakurai's weak Hamiltonian we ob-
tain in the SU(3) case (e; - 0)

I' —0.15&10 "MeV, (31)

0.6x10-20& rl &7.1&10 "MeV,

10-"&I', &6.8x10 ' MeV.

(32a)

(32b)

Although the SU(3)-symmetry-breaking factors
in the PV V vertices appeared in I', at their fourth
power, the calculated values given above [with a
possible SU(3)-symmetry-breaking effect which

multiplies the symmetry value of Eq. (31) by a
factor of ~47] a,re still well below the present ex-
perimental upper limit [Eq. (30)].

With the "simplest" nonleptonic Hamiltonian

[Eq. (2)] the predictions are again of a small con-
tribution:

F = 0.1 X10 MeV,

0.1x10 "&I',"&2.5X10 "MeV,

0.16X10 "&I'~ &2.3&10 "MeV.

(33)

(34a)

(34b)

In group II we classify diagrams in which one of
the photons is emitted from an intermediate vector

which is three orders of magnitude below the ex-
perimental limit. Including SU(3) symmetry break-
ing, we get for the two possible solutions [Eqs.
(A10), (All) and Eqs. (14a), (14b) for the limits
on e, as deduced from K'- e'vy]

particle like E'- p'- p'y- n'yy. Their calcula-
tion shows that these diagrams do not contribute
more than 10 -10 ~ MeV to the partial width.

To group III belong diagrams with one PVV and

one PVA vertex when the axial-vector particle is
weakly coupled to a vector particle. As an example
we mention K'- p'K„'- p' V -p'y- w'yy. This
type of diagram cannot be treated with Rockmore's
procedure, ""and the knowledge of the strength
of the PVA coupling is needed. With reasonable
estimates for the A- pv width and the gr/g~ ratio, "
these diagrams contribute less than 3 x10 "MeV.

The fourth group has diagrams with the weak in-
teraction mediating vector to axial-vector transi-
tions, and the y rays originating from the axial-
vector meson. There are two diagrams in this
category, namely K'- w'K" -m'A, (A, ) —w'yy. As

in the previous group (III) the axial-vector inter-
mediate state must be treated separately, and an

estimate of the Ayy coupling is needed. For this
estimate we used the partial conservation of ten-
sor current hypothesis (see, e.g., Maiani and

Preparata" and Zimmerman and Savoy" ). These
contributions amount to approximately 10 ' MeV.

Our fifth group contains the m'- and q'-pole dia-
grams presented in Fig. 8. In this calculation we
include also q-w mixing, which is determined so
as to give the observed value for the K'- w'm' tran-
sition. Since this point is of more general rele-
vance, we give here details of our treatment of
g-m mixing.

As the weak Hamiltonians (1) and (2) are unable
to account for K'- m'no (Okubo et al. ' ), we should
be able to account correctly for this physical pro-
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fTl~-
K

y0 y0
1 & 2 yo yo1~2

FIG. 8. The group of Tr —and q -pole diagrams.

cess before using the Kmvt vertex in the pion-pole
description of K- Vtyy. This is done here by our
using a m -q mixing term of the form"

from gauge-invariance considerations, the radia-
tive contributions from m' and K' lines are found
to vanish. "

A3 A8 (35)
C. Four-Particle-Vertex Oiagrams

in conjunction with the weak Hamiltonian, and we
then determine A. by comparing the calculated K'
—v'n' width to the experimental value. One ob-
tains, using the weak Hamiltonians of Eqs. (1) and

(~),

g( )
—-8.35 x].Q 1VleV or '7.35 x10

(36)

) (,) - -11.5 x10 ' MeV ' or 12.9 x10 ' MeV '.
The decay width is calculated after we have ex-
cluded a region of 2 MeV around the m mass in the
k

y
+k

y spectrum . The result obtained is -10yl yl
MeV for solution (A) and -10 "MeV for solution
(B), for both values of A..

As a last point in this section, we remark that

The last group, which is found in our model to
be the dominant contributor to the amplitude, re-
fers to a class of diagrams (four-particle-vertex
diagrams) which was not considered before and is
related to the use of a phenomenological Lagran-
gian with vector-gauge particles. The I'VV part
of the Lagrangian of Eq. (A4) entails also four-
particle vertices by virtue of the "self-interaction"
term appearing in V„, [see Eq. (A5)]. These addi-
tional four-particle vertices generated by-the Vx V
term have their strength determined by the three-
particle ones, this being a direct result of the
Yang-Mills form of the Lagrangian. The diagrams
contributing here are (f) and (g) in Fig. 6.

The matrix element for these diagrams is

2 E, 1 E ~ 2

M(g+ ~+ )
= ~ kE " C~(l+ E)P1~ EBE'~(k —k )~+P k~ksU~ ~

E'p—

This is substituted in the expression for the partial width:
~ & &/»~ l-~r/~K) r &~/&K+t +[2(mff/mE) t+ta]l/2

64 (2w)' ~, ~ mm/mK+t -I.2(m&/mK) t+t21l/2 P01

where t= T,+/m~, T,+ being the pion kinetic energy, and x = [(P'+k')/m~]'.

(38)
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After we sum over the two-photon polarization states, we get for the partial width (given in MeV)

& (z(2)(s -m„(mE)
I"I+ „+ y

——10 " dt 2.2[F2(t)+F,(t)]+1.9 ' ' ' ' F,(f)+F2(t)+F,(t)1+fi
I PBBS

where y. =m„/m„,

F,(t) = -2(2gt+ t')'"[4t —2(1 —p)'],

1+a, ( m~
(39)

(40a)

2f t2 2/2

2,(t)= (2ttt+',—t')" —4[(1 —lt) —lt]I(1 —t —lt)lrt, t
—2(211'+1 )

1 —t —p. —(2tg+t')"'

8',(t ) = 8(2ttt + t ') "'[(1—tt)' —2t][l —tt —t] —4[(1 —tt)' —2t] )n( 1

(40b)

(40c)

In calculating the decay width with (37), it is im-
material which weak Hamiltonian is used, as we
have no 6-8 transition here. In the SU(3)-symmet-
ric case, we get

I su(3)' » =0.56x10-', (41)I E+ all

which is two orders of magnitude below the exper-
imental limit. When SU(3) symmetry breaking is
included, the resulting width is presented in Fig.
9. The difference between solutions (A) and (8) is
slight. It also appears that for large negative
values of c, the predicted width is quite close to
the existing experimental upper limit. From our
previous considerations on K,'- yy' and K,'- m'm y

(see Sec. III) we were led to further limits on e„
namely -10.2 & e, & -4.5. Hence K'- Tl'yy should
be expected to occur with a strength 2 —5 times
lower than the present experimental limit. As we
have already remarked, the allowed range for e,
implies a K*' -E'y transition larger by a factor
of 1.4-11 than the SU(3) value.

The energy spectrum of the pion is quite different
in our model, as opposed to the pion-pole"'" or
the axial-vector-meson dominance models" (which
are the previously suggested models predicting
branching ratios close to the experimental limit);
The comparison of our prediction [given in Eqs.
(39) and (40)] with those of the above models is
presented in Fig. 10 for five different values of E2.

2.13x 10-le MeV

exp. upper limit (R &4~10 )
B

7r'y y

Isa�

)

—2.2 x 10 IMeV

t—2.0

—1.2

—1.0

—0.8

—0.6

—0.4

0.2

) 0-15

)0-16

)0-17

)0-18

g )0-19
D

)0 20

I I I I I I I I I I I WMM J I—W+ ~
- IO -8 -6 -4 -2 0 2 4 6 8

allowed range

for e~ ]:sol.(B)3

I

10
0 2 1 r

4I0 22

I I I I I I I I I I I

0.04 0.08 0.12 O.l 6 0.20 0.24
FIG. 9. The partial decay width for K+ —7I+~, as a

function of c&, calculated from diagrams (f) and (g) of
Fig. 6 for solution (A) {broken line) and solution (8) (un-
broken line). The range for e2 absolution (B)] is deduced
[see Eq. (29)] from considerations on K+-e+vy, K&
and K2 71.+71 y. see discussion in the text following Eq.
(25) on the very limited range of values of e2 [solution
(A}] consistent with the above decays.

Tm+ ~K'

FIG. 10. Comparison of pion kinetic energy spectra
obtained with various models for K+ ~+yy. (a) Unbroken
line: present calculation with four-particle vertices (for
different values of e2); (b) dotted line: axial-vector dom-
inance model (Ref. 33); (c) dashed line: pion-pole model
(Ref. 29).
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It is apparent that the striking difference is the
near constancy of our spectrum, as compared with
that obtained in other models.

e, =1.2, e, + e, = -2.5, -10&e, & -4.5. (42)

The framework containing (a) and (b) is consistent
with the following experimental data: (a) the K',- w'w rate; (b) the K,'-yy rate; (c) the upper
limit for K,'- v'm y; (d) the upper limit for K'
- w'yy; (e) the upper limit for K'- e' vy, as well
as the previous results mentioned in Refs. 2 and 3.

It was previously shown' that in order to obtain
agreement with experiment in the K,'- yy transi-
tion, one is led to include in the formalism SU(3)-
symmetry-broken PVV vertices, as well as the
form of Eq. (2) for the nonleptonic weak Hamilton-
ian. In the present paper we have extended the
application of the framework conct.uded in Ref. 1
so as to include the other decays that can be treated
by our model. In Sec. II we obtained from the ex-
perimental. upper limit on K'- e' vy certain bounds
on the possible values for the breaking parameter

In Sec. III, we have shown that the SU(3)-sym-
metric PVU form is already ruled out by the pres-
ent experimental. upper limit, and we have then
calculated the process with SU(3)-symmetry-

V, CONCLUSIONS

We have applied here a phenomenological La-
grangian with vector gauge fields and SU(3)-sym-
metry-broken PVV and PVVV (related) vertices
to calculate various radiative decays of K mesons.
The purpose of this investigation is two-fold: As
the model' applied to electromagnetic decays sug-
gested large effects for strange-particle vertices,
it should be possible to check it in radiative K de-
cays; moreover, we are striving to obtain a uni-
fied description for all the K-radiative decays ob-
tainable from the model described in the Appendix.
In the course of the investigation we also encounter'
the problem of the suitable weak nonleptonic Ham-
iltonian for 4S = 1 transitions.

From our previous work' on K, —yy, as well as
from the consideration of the decays K'- e'vy,
K,'- m'm y, andK'- m'yy in the present article, we
find that a suitable description for the considered
class of radiative K decays can be offered with
the following scheme: (a) The nonleptonic b S= 1
weak Hamiltonian is given by Eg. (2), i.e., the
"simplest" current-current form embodying the
D I= 2' rule, and without octet properties"; (b) the
PUV interaction should be of the broken-type, as
evolving from the strong and electromagnetic de-
cays,"and the preferred solution for the 6;
breaking parameters as deduced from the present
work is as follows:

APPENDIX

In this appendix we give a brief review of Brown,
Munczek, and Singer's paper, ' whose scheme and
results have been used here.

The effective Lagrangian responsible for the
PVV and PPV interaction they use is

v+ Z~+ g~vv

Z~ = 2D~P'D~P' —2p.,~
P'P .

D„ is the covariant derivative defined by

pc S pc +ycbc Vb pc

(A1)

(A2)

(A3)

2» is a Yang-Mills-type Lagrangian for the nine
vector fields, including symmetry-breaking fac-
tors causing the mass differences between the vec-
tor mesons and current mixing.

broken vertices and found that with the Hamiltonian
of Eq. (2) the process is predicted to occur at a
rate quite close to the present experimental limit,
namely

2.4x10 '& I' o„,+,—,/I' o,„&4X10 '.
From the consideration of this process, we have
further limited the possible range for e, . In Sec.
IV, we have shown that the main contribution to
K'- w'yy comes from the four-leg vertices typi-
cal to our model, and again our predicted value is
close to present experimental possibilities. The
range of e, obtained in Sec. III limits our predicted
value for K'- v'yy to

0.6&cl0 '&I' +,+z„/I' + &2x10 '.
What we have shown here so far is that the con-
sidered scheme is consistent with the available
experimental information. The actual measure-
ment of K, -n'm y and K'- m'yy is needed, in
order to verify the validity of our scheme. As our
predicted values are probably within the range of
experiments in progress, one should be able to
draw interesting conclusions in the near future.
In connection with the measurement of K'- m'yy

we stress the importance of obtaining experimental
information on the pion kinetic energy spectrum.

Before concluding, we remark on the vector con-
tribution to K,' decay, which is also calculable
with our model and affected by the SU(3)-symmetry-
breaking parameters. We have calculated the vec-
tor part of K'- e'vn'm and found that with the
breaking parameters of (46) its value is only
slightly diminished from the SU(3)-symmetric
value. " The experimental situation is too uncer-
tain to permit a reliable estimate for the vector
part, and the existing limit" is consistent with
SU(3)-symmetric and SU(3)-symmetry-broken
evaluation.
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where

(A4)

D.b. d.b ~~3e dabdddsc
1

(A5)

S~« takes the most general form of octet-bro-
ken interaction

modify the amplitudes for the various decays by
factors containing the masses of the vector mesons
(the mass factors K; = ebb'/blab,

' with m= 847 MeV),
the vector-meson mixing angle (8= 27.5'), and the
parameters c;.

A large class of electromagnetic and strong de-
cays being considered, a consistent picture can
be arrived at,"with the following values of the
parameters:

Dab 5ab+ ~3& dabs
4 (A7)

+ 1~3+ (dacdddsb+ dbcdddsa) + (e /~3)5ab5cs

(A6)

x = 2h(1+ e,)(cote)/v3 (1+ea),

—= 3.20,
4m

(A9)

Z~ was diagonalized in terms of the physical
particles, and the effective electromagnetic inter-
action is added in the vector-dominance formalism
as follows:

e m' 1 o sin8 cos8
~tC " ASK " v'3 ') '

g p ~ K~

The Lagrangians (A2), (A4), and (A8) are used
to calculate various strong and electromagnetic
decays. The SU(3)-symmetry-breaking corrections

m. 'A. '
(1+c,)'=0.1,

c, = 0.85,

c, = 1.18,

es + cs = 2.16 [solution (A)], (A10)

as+ es = -2.54 [solution (B)], (All)

ca= -0.32 or 0.65 for solution (A),

e, = 1.53 or -3.12 for solution (B) .
(A12)

(A13)

and two admissible solutions for the following e&'s:
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