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Measurements of the differential cross section for the inelastic scattering of 12-GeV/c
muons on protons are reported. These measurements cover a kinematic range of (qt( {the
square of the four-momentum transferred from the lepton) up to 4.0 (GeV/c)2 and of muon

energy losses (v) up to 9.0 GeV. Only the scattered muon is observed in an optical spark-
chamber apparatus. The data are compared arith electron-proton inelastic scattering, and
analyzed in terms of possible lepton form factors and anomalous interactions. p+ inelastic
scattering is found to exhibit the same mild ~q ~

behavior as does e-p inelastic scattering.
No experimentally significant deviation from the predictions of muon-electron universality
has been found. If the ratio of muon to electron inelastic cross sections is parametrized by
the form {1.0+ (q (/Ant), we find with S7.7% confidence that As) 4.1 GeV/c. The muon-pro-
ton cross sections on the average are slightly smaller than the electron-proton cross sec-
tions. This observation is not experimentally significant because such a difference might be
caused by systematic errors, but this observation is used to speculate as to the most fruit-
ful direction for future experiments.

I. INTRODUCTION

In this paper we describe an experiment on
muon-proton inelastic scattering at 12-GeV/c in-
cident muon momentum. ' The term muon-proton
inelastic scattering describes all those processes
in which the incident muon is not absorbed and
two or more hadrons are produced. Examples of
such processes are

p. + p p+n+r+,

p. +P ~++A +K

P. +P ~ p. +P+w +7

This paper has two purposes: first, to present our
measurements of muon-proton inelastic scatter-
ing, and, second, to compare them with similar
measurements of electron-proton inelastic scatter-
ing. The object of the comparison was to search
for hitherto undetected differences between the
muon and the electron. Such differences might
provide clues to the relationship between these
particles. They might also provide information as
to whether the muon and the electron are point
Dirac particles. And they might lend insight into
the fundamental nature of the charged leptons.

We have found no experimentally significant dif-
ference between the behavior of the muon and the
electron in the inelastic scattering process. There-
fore this experiment agrees with other experiments
that the muon may be regarded as a point Dirac
particle. However, within the over-all normaliza-
tion uncertainty of the comparison the muon-proton
inelastic cross sections are on the average lower
than the electron-proton inelastic cross sections.

The same effect has been found in two measure-
ments of muon-proton elastic scattering" when
these measurements are compared with electron-
proton elastic scattering. The normalization prob-
lems in all these comparisons are such that the
muon-electron difference might be ascribed to ex-
perimental difficulties. Yet these differences may
provide a clue as to most fruitful direction for fu-
ture experimentation. Therefore in Sec. VIII we
speculate as to the significance of these possible
differences in cross sections.

The experiment was carried out at the Stanford
Linear Accelerator Center using a momentum-ana-
lyzed beam of 12-GeV/c positive muons. The ap-
paratus consisted of a liquid-hydrogen target,
optical spark chambers, scintillation counters,
and a large analyzing magnet. A full description
of the beam4 and a brief description of the appara-
tus and the results have been published previous-
ly 1&5,6

Section II contains a summary of what is known
about the relative properties of the muon and elec-
tron, and thus provides an introduction of what
has often been called "the muon-electron puzzle. "
Those aspects of the theory of charged-lepton-
proton inelastic scattering which depend only on
quantum electrodynamics are given in Sec. III. In
Sec. IV the experimental apparatus and method
are described. The analysis of the muon-proton
inelastic data is described in Sec. -V and the re-
sults of that analysis are given in Sec. VI. Section
VII consists of a comparison of muon-proton and
electron-proton inelastic scattering using a con-
ventional approach. The payer concludes in Sec.
VIII with a more speculative analysis.
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II. THE MUON-ELECTRON PUZZLE

AND THE PURPOSES OF THE EXPERIMENT

A. Muon-Electron Universality

The muon (tt) and the electron (e), the only known

charged leptons, have a wide range of properties
in common, which are summarized in Table I.
Despite this broad similarity they differ drastical-
ly in two respects. First, the muon mass is over
200 times the electron mass, and, second, the
muon and the electron have internal quantum num-
bers called lepton numbers' which are intrinsically
different and are separately conserved in all in-
teractions. The only other particle possessing
the muon lepton number is the neutrino (v„)associ-
ated with the muon. The electron neutrino (v, ) is
similarly associated with the electron.

The similarities and the differences between the
muon and the electron are summarized by the prin-
ciple of muon-electron univexsaliIy. ' Except for
the difference in mass, and its effects, the muon

and the electron have the same properties and be-
havior in all interactions under the equivalences

u-(u'} —e-(e') (&)

v„(v„)—v, (v, ).

We are primarily concerned with the electro-
magnetic and strong-interaction aspects of muon-
electron universality. Later in this paper we will
discuss some of the evidence for universality from
these sources. For a discussion of the role of the
weak interaction we refer the reader to the re-
views' "given in the references.

The generality of the principle of muon-electron
universality has led many physicists to speculate
as to possible connections between the muon and
the electron. One speculation is that they are
manifestations of a single particle split into two
mass levels by an unknown force. But how then
can one explain the very strict lepton-number-
conservation rule which separates electrons from
muons? Another speculation is that the electron
and the muon are the lowest-mass members of a
larger family of leptons

with associated neutrinos

Of course, there is also the possibility that the
muon and the electron have no connection. But
then we are faced with the question as to why neu-
trinos are associated with both of these particles,

TABLE I. Summary of the properties of the muon and electron.

Property
Comparison between

muon and electron ElectronMuon

If property is
different

Intrinsic spin
Statistics
Fundamental equation
Structure

Interact through the
strong interactions

Interact through the
electromagnetic interaction

Magnitude of electric charge
Sign of electric charge
Gyromagnetic ratio

Interact through the
weak interactions

Magnitude of weak inter-
action coupling constant

Associated neutrino

Mass (MeV/c2)

both $
both Fermi-Dirac
both Dirac equation
hoth point particles

(within present experi-
mental precision, as dis-
cussed in this paper)

both no (within present
experimental precision,
as discussed in this
paper)

both yes

same for both
both + or —,neither 0
both given by quantum

electrodynamics and
particle mass

both yes

same for both

yes, but different
neutrinos
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and no others. %e have no evidence as to the va-
lidity of any of these speculations. For example,
no heavy leptons have been found, ' ""and defini-
tive searches using methods such as p.

' pair pro-
duction in electron-positron colliding beams have
yet to be done. "4

B. Point Particles, Form Factors,
and Strong Interactions

Another aspect of the muon-electron relationship
is the belief that the muon and electron are both
point Dirac particles. By this we mean that they
enter the Dirac equation and all of quantum elec-
trodynamics as mathematical point charges. Some
higher-order terms in quantum electrodynamics
do lead to effects similar to those which might be
ascribed to a nonzero size, but we do not regard
these effects as equivalent to an intrinsic particle
size.

The belief in the point nature of the leptons is
directly related to the observations that neither
the muon nor the electron directly take part in the
strong interactions. The hadrons, on the other
hand, participate in the strong interaction, and
their size is believed to be roughly given by the
range of the strong force. Of course, some as-
yet-undiscovered interaction may exist, this in-
teraction being associated with a small but non-
zero size for one or both of the charged leptons.

The size and structure of elementary particles
cannot be described simply because the descrip-
tion must be both quantum-mechanical and rel-
ativistic. However, a rough intuitive picture can
be developed by considering a nonrelativistic par-
ticle with mass or charge density D(r). D(r) is
normalized so that

Next we define the three-dimensional Fourier
transform or elastic form factor"

particle of mass M and charge e (Fig. 1). The
incident (scattered) electron has laboratory three-
momentum p (p') and laboratory energy E (E'). If
the target particle is also a point particle the dif-
ferential cross section in the laboratory system is
given by

where E(q) is given by Eq. (4). Thus the elastic
form factor directly gives the effect of the par-
ticle s charge distribution on the elastic differen-
tial cross section. In going to a fully relativistic
description we must replace E(q) by a function of
a Lorentz kinematic invariant. That invariant is
q', the square of the four-momentum transferred
from the lepton and carried by the proton. In our
metric q' is given by

V'=(E-E')'-(p-p')'.
By conservation of energy and momentum

q' = -2M(E —E'),

so that

q2 ( 0

(6)

Here 8 is the laboratory scattering angle of the
electron and a is the fine-structure constant. The
subscript NS means that the target particle has no
spin. (In this paper we use units such that h =1,
c = 1.) As shown in Fig. 1 the scattering takes
place through the exchange of a virtual photon of
laboratory three-momentum q=p -p'. q is the
three-momentum transferred from the electron to
the target particle. The behavior of the target par-
ticle can be treated nonrelativistically if

~
q~' «M'.

If the target particle is not a point, but has a
charge distribution given by D(x), then Eq. (6) be-
comes"

)"(i)=JD( ) (4)

If the right-hand side of Eq. (4) is expanded in a
series we obtain

MUON OUT
p'= (E', p')

PROTON OUT
p'= (Ez, pp)

E(q) =I ——'. &&'&
I
ql'+ —„'.&r'&

I
ql'-

Thus D(r), or E(q), specifies the nonrelativistic
mass or charge density. Again from the nonrela-
tivistic viewpoint, a point particle is specified by
E(q) =1 or by D(r) = 5(r), where 6 is the Dirac 6
function.

The elastic form factor F(q) also has a direct
physical meaning in Coulomb elastic scattering.
Consider the elastic scattering of a relativistic
Dirac electron on a very heavy, spinless, target

p=(E, p)
MUON IN

p=(M, O)
PROTON IN

FIG. 1. Elastic scatter ing one-photon-exchange diagram.
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We refer to this negative q' as spacelike. The
relativistic ana. log of Eq. (7) is then

(9)

where G(q') is the relativistic analog of F(q)
Furthermore, we say that relativistically we have
a point particle if

G(q') = const.

We can also expand

G(q') = a, + a, (q'(+ a, )q'('+ ~ ~ ~,

(10)

in analogy to Eq. (5). But unless ~q'~ is small
compared to I', there is no nonrelativistic inter-
pretation of the coefficients analogous to the inter-
pretation of Eq. (5).

The most common extension of Eq. (9) is elec-
tron-proton elastic scattering, where the differ-
ential cross section is given by the Rosenbluth for-
mula" "
(

do
d Q,p,~„,,

dg G'(q')+TG '(q')
+2TG '(q') tan'(-.'8)~

d ~

~

~

2 ~

I
2 2

~ 1 ~ q an ~
2

~

~

tI

NS +~

G'(q') GP(q'),
dQ dQ Ns

and the Rosenbluth formulas would also be modi-
fied by a multiplicative factor GP(q ) on the right-
hand side of Eq. (12).

It has become cpnventjpnal tp take a fprm
for G, (q') analogous to the proton form factor and

write

1
I-q'/~' ' (15a)

G, (q') =,„.. . for q' spacelike. (15b)

Note however that unlike Eq. (13), only the first
power of (1+ ~q'~/AP} appears in the denominator.
Equation (15a}has some theoretical significance
in that it has the same form as the denominator of
the propagator of a particle of mass A, . Equation
(15a) also offers some theoretical convenience in
that it is similar to the regulated propagator used
to cure divergences in quantum electrodynam-
ics."' A, is an inverse measure of the deviation
of the muon from a point particle. For very small
)q'(, namely (q')«m, ', Eq. (5) yields the nonrel-
ativistic interpretation

(12} &rm}; ~2=MS/A, . (16)

1
(1+ ~q'~/0. 71)' (13)

for a point electron (do/dQ)„s is defined in Eq. (6)
and T = ~q'~ /4M'. The anomalous magnetic struc-
ture" of the proton leads to two elastic form fac-
tors, Gs(q') and G„(q'), for the proton. Experi-
mentally it is found" that

Of course, if the lepton l is a point Dirac particle,
G, (q') = 1 for all values of q'. We have emphasized
that Eq. (15) gives the conventional function for
G, (q'); other functions are discussed in Sec. VID.

Returning to the question of muon-electron uni-
versality, it is clear that the principle is pre-
served if

and
G„(q')=- G,(q') (17)

Comparing with the nonrelativistic expression,
Eq. (5),

(r')'~'=0. 8 l xOcm (14)

is the root-mean-square radius of the proton.
If the charged lepton l is not a point particle,

then, as with the proton, there may be two elastic
form factors associated with it." But in our pres-
ent state of ignorance it is sufficient to assign to
the charged lepton the single elastic form factor
G, (q'). Then Eq. (9) would become

G„(q')= 2.79Gs(q') .

[In this paper energy units will always be GeV,
momentum units will be GeV/c, and the units of q'
will be (GeV/c)2. ] Continuing the example, for very
small values of (q'~

G (q')= 1 —~q'~/0. 355.

But if G (q') e G,(q') then (1) muon-electron uni-
versality is violated and (2) either the muon or
the electron or both are not point particles.

C. Special Interactions of the Muon

or the Electron

The principle of muon-electron universality may
also be violated if only the electron or only the
muon has a special interaction other than the weak
or electromagnetic. Such speculations generally
take the fprm pf an Bssumptipn ' that the mupn
has an anomalous interaction with a neutral parti-
cle. This anomalous interaction is then the cause
of the difference between the masses of the muon
and the electron. This type of speculation is dis-
cussed further in Sec. VIII. We wish to make only
two comments here. First, it is equally reason-
able to speculate that the anomalous interaction is
associated with the electron, or is associated with
both particles through different coupling constants.
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Second, if the form factor G, (q~) is found to be
different from unity for some values of q', this
may be interpreted as an indication that the lepton
l has some anomalous interaction.

D. Some Tests of the Principle of
Muon-Electron Universality

1. Electric Charge

Using measurements" of the muon magnetic mo-
ment, the muon gyromagnetic ratio (g„),muon x-
ray spectra, and the electron's charge, the ratio
of the muon's electric charge (e„)to the electron's
electric charge (e,) is calculated to be" e~/e, =1
+(4x10 ').

A much lower limit can be obtained" by observ-
ing that if charge is consemed in the muon decay
process p - e+ v„+v, then one or both neutrinos
will have a nonzero charge if e„ee,. Astrophysi-
cal considerations then set an upper limit on the
charge that can be possessed by a neutrino. This
leads to the limit e„/e,=1+(lx10 ").

Z. Gyromagnetic Ratio

The gyromagnetic ratio g& can be calculated ex-
actly from quantum electrodynamics, once the
lepton mass is known, if the very small contri-
butions from electromagnetic coupling to strongly
interacting particles are ignored. It is conven-
tional to set

—,'(gg —2) = a, .

The most recent measurements of Picasso'4 and
his colleagues on g„yield

a&
v = (116616+ 31)x 10

and quantum electrodynamics yields"
ae'"" = (116587+3) x10 '

Thus experiment and theory for the muon are in
agreement. Even more precise agreement is
found for the electron. "

To summarize, the static properties of the muon
(only some of which have been discussed here)
compared to the static properties of the electron
show no differences other than those explained by
the mass difference. Furthermore, the static
properties are those of point Dirac particles.

3. Charged Lepton-Proton Elastic Scattering

Although the static properties of the charged
leptons show no unexplained differences, one
might hope' that differences will appear when the
dynamic properties of the charged leptons are
measured in high-energy reactions. One such
reaction, which is closely connected with our ex-
periment, is the elastic scattering of a charged

lepton l on a proton.
Numerous electron-proton elastic scattering ex-

periments" and two muon-proton elastic scatter-
ing experiments" have been performed. Com-
parison of these experiments does not show any
definitely significant deviations from muon-elec-
tron universality. This conclusion is discussed in
detail in Sec. VII.

4. Other High-Energy Tests

A large number of tests of quantum electrody-
namics have been carried out which either do not
involve hadrons at all or only involve hadrons as
sources of a low-)q'~ virtual photon. Examples of
such tests are the colliding-beam reactions

e+e -e+e
e +e'-e +e',
e +e'-p +p, ';

we will use the results of some of those colliding-
beam experiments in Sec. VII C. Other examples
are the Bethe-Heitler pair-production process

y+ nucleus -nucleus+ l'+ l

and the bremsstrahlung process

l+ nucleus - l +y+ nucleus.

Two excellent reviews" of these processes have
appeared recently. We only remark here that no
deviations were found from quantum electrody-
namics or from the point-particle nature of the
leptons. Therefore these experiments confirm
the principle of muon-electron universality.

E. Purposes of the Expemnent

In the foregoing discussion of the muon-electron
puzzle we have implicitly given the purposes of
our experiment. Therefore we only summarize
them here. The purposes of the experiment are,
by comparison of muon-proton and electron-proton
inelastic scattering, to

(1) search for hitherto unknown differences be-
tween the muon and the electron,

(2) test the principle of muon-electron univer-
sality,

(3) test the point-particle nature of the muon
compared to that of the electron, and

(4) search for anomalous interactions of the
muon.
As we have emphasized, these searches and tests
are related.

In performing this experiment we have extended
the search for a violation of muon-electron univer-
sality to a new region of the kinematic plane. In
elastic scattering v= ~q'~/2M (where v is the en-
ergy loss of the lepton in the laboratory frame),
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III. THEORY OF THE EXPERIMENT

A. Basic Concept and Kinematics

Consider the reaction shown schematically in
Fig. 2, in which two or more hadrons are pro-
duced by the inelastic scattering of an unpolarized
muon on an unpolarized target proton. A general
inelastic experiment would consist of the detection
and study of the various hadronic states which are
produced. We have, however, carried out a much
more restricted inelastic experiment, in which we
only detect the scattered muon. Explicitly, let the
laboratory three-momentum and laboratory energy
of the incident muon be p and E, respectively.
Let the equivalent properties of the scattered
muon be p' and E'. The experiment consists of

(1) fixing p,
(2) detecting only the scattered muon,
(3) not detecting any of the hadrons produced,

and

(4) mea, suring p'.

MUO
p'= (

HADRONS
PRODUGED

RIANTii
SM*)

but in inelastic scattering v& ~q'~/2M. Thus v and
q' may be varied independently, allowing the ex-
ploration of a much larger kinematic region.
Further, by measuring only the inelastically scat-
tered lepton we place no restrictions on the nature
of the final hadronic state. It is conceivable that
a violation of muon-electron universality which
involves hadrons would be more easily seen in
inelastic scattering than in elastic scattering.
Finally, one of the more unexpected results of
p.-P and e-P inelastic scattering was the large
cross section, compared to elastic scattering, at
high ~q'~. Because of this larger q' range, inelas-
tic scattering provides a greater sensitivity to
lepton form factors or to those anomalous inter-
actions which would modify the q' behavior of one
lepton cross section relative to the other.

The experiment then measures the distribution
of p' as a function of p and p'.

The absence of polarization means that the dis-
tribution of p' is cylindrically symmetric about p.
This observation plus the isotropy of space means
that the scattering is completely described by just
three kinematic quantities. One convenient choice
for these quantities is

P =absolute magnitude of p,

and

q' =(E -E')'-(p -p'P.

v is the energy lost by the lepton in the laboratory
system. q', the square of the four-momentum
transferred from the lepton to the hadronic sys-
tem, has been discussed in Sec. II. As in elastic
scattering, q is negative in our metric. Using
these variables the distribution of p is described
by the double differential cross section d'o/dq'dv,
a function of P, q', and v.

The total invariant mass of the produced had-
rons, called M*, is given by

M* =(E+M —E'P —(p-p')',

where M is the proton mass. This reduces to

M*' = M'+ 2Mv —~q2~ (18)

so that v and q fix M . We note that M* &M for
inelastic s cattering. Therefore

[q'[ (2Mv. (19)

Returning to Fig. 2 we see that in measuring only
the outgoing muon the experiment automatically
sums over all hadronic states whose total invari-
ant mass M is given by Eq. (18).

The principle of muon-electron universality can
then be tested by comparing d'o„/dq'dv for the
muon-proton system with d'o, /dq'dv for the elec-
tron-proton system. If the muon and the electron
had the same mass, the principle would predict

d Gp 2 d Oe

dqzdv ~' q ' ) dq2dv (P' q (20)

p=(E, p)
MUON IN

p=(M, O)
PROTON IN

FIG. 2. The one-photon-exchange diagram for muon-
proton inelastic scattering. The kinematic quantities
are for the laboratory system. q is the four-momentum
of the virtual photon.

Testing this equality for various values of p, q',
and v tests the validity of the principle. This then
is the basic concept of the experiment and of the
comparison.

Two factors prevent the direct use of Eq. (20).
First, the muon and electron have different
masses. This difference, though it has only a
smail effect on the cross sections, must be ac-
counted for in the comparison. Second, the sets
of values of P, q', and v which occurred in our ex-
periment were not identical to the sets of values
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MUO
p'= (

HADRONS
PRODUCED

Rl A NT
S M

of P, q', and v which occurred in the electron-
proton experiment used for the comparison.
Therefore it is necessary to interpolate d2o, /
dq'dv. These two objectives can be achieved
through the use of the one-photon-exchange ex-
planation of charged-lepton-proton inelastic scat-
tering. There is an additional benefit from the use
of the one-photon-exchange explanation. We will
find that this explanation will enable us to have a
more physical understanding of the significance of
the comparison.

8. One-Photon Exchange

The inelastic scattering of charged leptons on
protons leading to the production of hadrons takes
place almost entirely through the exchange of a
single virtual photon, as shown in Fig. 2. The
contribution of two-photon exchange, Fig. 3, to
the inelastic cross section is believed to be at
most a few percent for three reasons. First, the
two-photon diagram has an additional factor of
n/v =+o compared to the one-photon diagram. It
is not at present possible to accurately calculate
the magnitude of the two hadronic vertices in Fig.
3 compared to the single hadronic vertex in Fig.
2, but it is believed that this cannot compensate
for the additional o, /w factor. Second, the contri-
bution of the two-photon diagram to elastic scat-
tering has never been experimentally detected and
is less than 2/o, '6 and, third, some indication that
two-photon exchange in inelastic scattering is at
most a few-percent effect (but not necessarily
undetectable) has been given by an experiment"
searching for T violation in inelastic electron
scattering.

Therefore we return our attention to the one-
photon-exchange diagram, Fig. 2. For this dia-
gram Lorentz- and gauge-invariance considera-

tions"'" lead to the conclusion that the differential
cross section d'v/dq'dv depends on explicit fac-
tors involving all the kinematic variables and just
two independent quantities which must be experi-
mentally determined. These quantities, functions
of only q' and v, describe in a summary way the
production of hadrons in the interaction of virtual
photons with protons. The separation of the kine-
matic factors is to some extent arbitrary. In this
paper we use primarily the definition and separa-
tion introduced by Hand. "

Hand first defines the kinematic quantity

K = v —~q'~/2M, (21)

+I"~(q2, K, p, m, )og(q', K), (22)

T 2p 2 P2 q2 E E& + q2

and

S 2~ q2 P2 E E& + 2 (24)

Here P = ~p~, and m, is mass of the lepton /. I'r
and 1~ are the virtual photon fluxes for transverse
and scalar photons, respectively. Thus vr(q', K)
and o~(q', K) may be thought of as the total cross
sections for the interaction of transverse and
scalar photons, respectively, with protons. These
o' s have the properties" that as q' goes to zero,
v~(q', K) goes to zero and or(q', K) goes to o (k)—
the total cross section for the interaction of a.

physical photon of energy K with a proton. Next
we define e, the ratio of the virtual photon fluxes,
by

where M is the proton mass. Then Eq. (18) can be
rewritten as

M* =M +2MK.

Thus K is the energy that a real photon must have
to give the sa,me total energy, M*, in the photon-
proton center-of-mass system. We note that any
function of q' and v can be written as a function of
q' and K, and that K &0. Hand then defines the
two independent quantities or(q', K) and oz(q', K)
through the equations

d 0) d QJ

dq 2dv dq 2dK

=rr(q', K, p, m, )ur(q', K)

p=(E, p)
MUON IN

p={M,O)
PROTON IN

e(q', K,p, m, )=-
T

2EE'- 2lq'I
(E -E')'+ fq'I

FIG. 3. A typical two-photon-exchange diagram for
muon-proton inelastic scattering.

2m, ' 2EE' ——,
' q'

(E -E')'+ fq'J
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Then ,(q2 K p) =ar(q2, K)+e(q2, K, p, m, )az(q, K).

0'

dq 2' %e note that

(2'I)

=rr(q', K, P, m, }

x[ar(q', K}+e(q', K, P, m, ) a~(q', K)].

(26)

In our experiment we cannot, using only our own
data, separate o~ from o~. Therefore we shall re-
port and use for the comparison

d2
a.„,,(q', K,p)=, ' r, (q', K, p, m, ). (28)

As mentioned before, the separation of empiri-
cal functions from the kinematics is to some de-
gree arbitrary. Another form which is in current
use is that defined by Von Gehlen" and by Drell
and %alecka. " Here

- 2 I
2(«'-

I p I I
p'I costi —2m'') W, (q', K)+ («'+

I p I I
p'I cos~+ m, ')W, (q', K)]. (29)

W, (q', K) and W, (q', K), which are the analogs of the proton elastic form factors, are related to the total
cross sections by the equations

W, (q', K}= », [ar(q', K)+a~(q', K)],
Klq'I

W, (q', K)=, Kar(q', K).1 (3o)

In Sec. VI we give our results in terms of W, (q', K) and W, (q', K), as well as in terms of az(q', K) and

ag(q, K).
All of the above is based on the assumption that the lepton is a point Dirac particle. If that is not the

case, the cross-section equations must be modified. In particular, Eq. (26) would change, at least to the
form

2
= rr(q ', K, p, m, }[or(q', K) + e(q ', K, p, m, ) a~(q ', K}]G('(q ', K).

dq 2d+ (31)

Here G', (q', K), like the other inelastic structure functions, can be a function of both q' and K. G,'(q', K)
is an extension of G, (q'), the elastic form factor, but there is no relation required between G,'(q', K) and
G, (q'). The statement G,'(q', K) =- G, (q') has no direct physical meaning. Equation (2 t) now becomes

apxp $(q', K P) = [ar(q', K) +e(q', K, m, )a~(q', K)]G,"(q', K).

To test muon-electron universality we define the ratio

(32}

a.» „(q',K, p) [o,(q', K)+e(q', K, p, m„}a,(q', K)]G„"(q',K)
a.»,.(q', K p) [ar(q', K)+e(q', K, p, m, )a, (q', K)]G,"(q', K)

' (33)

To relate p, „„

to the ratio G„(q',K)/G,'(q, K) it
is obviously necessary to cancel out the terms in
the square brackets in Eq. (33). How we do this is
discussed in detail in Sec. VII.

IV. THE EXPERIMENTAL METHOD

A. Generai Description

The differential cross section, d'a„/dq'dK, for
the inelastic scattering of muons by protons is a
function of three independent kinematic variables.
The set that is directly accessible to the experi-
mentalist consists of the incident and final muon

momenta and the muon angle of scatter. In this
experiment the momentum of the incident muon
was fixed at 12 GeV/c. The final muon was de-
tected if its momentum was in the range of 3-12
GeV/c and if its scattering angle was in the range
of 30-240 mrad. At the beginning of the experi-
ment some data were taken at 10-GeV/c incident
momentum. ' These 10-GeV/c data will be used in
this paper for the study of systematic errors.

The muon beam was photoproduced in a water-
cooled copper target by bremsstrahlung from 16-
GeV/c electrons. In muon-proton inelastic scatter-
ing experiments the pion contamination in the
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muon beam must be very small because the cross
section for pions interacting with protons to pro-
duce hadrons is 104 times the same cross section
for muons interacting with protons. In this experi-
ment the pion contamination was made very small
by passing the beam through 5.5 m of beryllium
which followed the copper target. This beryllium
"pion filter" reduced the pion contamination from
30%. in the production target to 3 x10 ' pions per
muon in the final beam. An additional factor of 50
in pion rejection was achieved in the apparatus it-
self, as described later. The beam magnets mo-
mentum-analyzed and focused the muons, yielding
a momentum resolution of +1.5% and a. phase
space of 5x10 ' cm'sr. Although the beam was
capable of higher intensity, for most of the experi-
ment a 160-muons-per-1. 4-p. sec accelerator
pulse was used. Usually 180 pulses per second
were delivered to the experiment, giving an aver-
age intensity of 30000 rnuons per second.

The apparatus is illustrated in Fig. 4. The liq-
uid-hydrogen target was a Mylar cylinder 198 cm
long and 18 cm in diameter. Immediately above
and behind the target was a 1.2-ko m magnet
whose function was to sweep electrons from p,-e
elastic scatters in the hydrogen away from the
first two spark chambers. ' The sweep magnet
was unfortunately not completely equal to the job
as the spray of electron tracks in chambers 1 and
2 imposed an upper limit on the beam intensity.

This upper limit was in the range of 60000 muons

per second. The scattered muon was detected and

its vector momentum measured by a muon spec-
trometer consisting of eight large optical spark
chambers, three planes of trigger scintillation
counters, and a large momentum-analyzing mag-
net, Chambers 1 and 2 determined the angle of
the scattered muon relative to the incident beam
line. Chambers 1-4 measured the deflection of
the muon as it passed through the magnet, and
hence the outgoing muon momentum. The spark
chambers were triggered and photographed when-
ever there was a coincidence between selected
pairs of counters in the first two trigger planes
and any counter in the third plane. There were
also some veto counters, which will be described
later.

The additional factor of 50, by which pions were
rejected in the apparatus, was obtained in the fol-
lowing way. Chambers 4 and 5 were separated by
a total thickness of 61 cm of steel. In addition,
chambers 6-8 were each preceded by a steel slab
16.5 cm thick. Thus for hadronic particles there
were eleven geometric collision lengths between
chambers 4 and 8. Therefore pions or other had-
rons would be absorbed before reaching chamber
8. Qn the other hand, since the probability of
high-energy muons interacting in the steel was
very small, the muons reached chamber 8 having
only undergone multiple scattering. A pion could
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FIG. 4. Experimental apparatus.
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only cheat the system by decaying to a muon be-
fore it reached chamber 4. The average probabili-
ty for such a decay was 2%,. hence the rejection
factor of 50.

Directly beneath the hydrogen target was another
thin-plate spark chamber, Its function was to re-
cord the angle of the recoil proton from elastic
p,-P scatters. This gave us the capacity to con-
currently measure the elastic as well as the in-
elastic cross sections. We have not yet com-
pleted the calculation of the elastic cross section.
We have however used the large sample of elastic
events to study the resolution and the systematics
of the experiment, and to provide a direct mea-
sure of the beam momentum.

The measurement of the cross section required
an absolute count of the number of incident parti-
cles, The instantaneous muon beam rate was too
high to permit the counting of individual muons.
Instead we used a high-current beam monitor,
which consisted of five small scintillation-counter
telescopes, This device detected approximately
one in thirty beam muons. The precise fraction
sampled was determined on a roll-by-roll basis
by performing calibration runs roughly six times
a day. During the calibration the beam intensity
was one to two muons per pulse, so that two con-
ventional whole-beam telescopes could be com-
pared to the high-current monitor.

Rolls of data were run with the target empty a
number of times each day as part of the regular
running sequence in order to continuously monitor
background events not originating in the hydrogen

of the target.
The 12-GeV/c data results from 2.4x10" muons

incident on the full hydrogen target and 0.5x10"
muons on the empty target. Corresponding num-
bers for the 10-GeV/c data are 7.9 x10' and 6.1
x10'. In all some 346000 photographs were taken
for the data sample.

B. The Beam

The muon beam is described in detail in Ref. 4.
The dominant process by which the muons were
produced consisted of two steps, both occurring
in the same target. First a photon was produced
by the bremsstrahlung of a 16-GeV electron in
the field of a nucleus. Then the photon, in the
field of a second nucleus, produced a pair of
muons. The direct production of muon pairs by
electrons was negligible in comparison to this
two-step process. In marked contrast to muon
beams produced by pion decay at proton accelera-
tors, the source of muons in this experiment had
a small cross-sectional area equal to that of the
incident electron beam, namely, 5 mm by 5 mm.
It was therefore possible to make a muon beam
with optical properties similar to those of high-
energy hadron beams.

The choice of the target material, copper, was
dictated by the desire to produce the most favor-
able ratio of muons to pions. This is discussed in
Ref. 4. The bulk of the muon production occurred,
and '70% of the power in the electron beam was
dissipated in the first four radiation lengths of
the 11.6-radiation-length, water-cooled target.
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TABLE II. Optical param tameters of thee muon beam
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Position
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FIG. 8. Measured beam angular profile in the vertical
plane.

produce false triggers in an experiment, such as
this one, where only one scattered muon is re-
quired for a trigger. The low-density halo was
trimmed and mostly removed at the second focus
by a second collimating slit S2. The slits S1 and
S2 were made of one-meter-long steel blocks ar-
ranged to form closed iron circuits around the
beam. The steel of slit S2 was magnetized to an
internal field of 15 ko in order to sweep off-axis
particles further away from the beam channel.
The basic optical parameters of the beam are
shown in Table II. The effects of chromatic aber-
rations are negligible. Figures 6 and 7 show the
vertical and horizontal beam profiles at the hydro-
gen target. The tail visible in the left-hand corner
of the vertical distribution is an indication of the
beam halo mentioned earlier. About l /q of the

beam is in a ring between 6 and 9 cm from the
center line. Another 1% lie beyond this out to a
radius of about '?5 cm. Substantial improvements
were made in the veto and accidental rates result-
ing from these halo muons by the liberal use of
steel shielding around the final beam stage.

At the conclusion of the experiment small spark
chambers were set up directly in the beam and
photographs were taken with a low beam intensity.
The spatial distributions agreed with Figs. 6 and
7 and the angular distributions are shown in Figs.
8 and 9. These distributions represent the domi-
nant uncertainty in the determination of the scat-
tering angle, approximately +4.5 mrad.

C. Seintilhation Counter Systems

1. The Trigger System

The trigger system is shown in Fig. 10. Planes
A and I3 were located upstream of the large mag-

TRI GGER"A"
PLANE M

TRIGGER
PLANE

TRIGGER PLANE

SCATTERED ~ ~ DEFLECTEDL ~BEAM

CO

FIG. 10. Schematic diagram of the trigger-counter arrangement. B, indicates the direction of the magnetic field in
the large magnet.



118 BRAUNSTEIN, LAKIN, MARTIN, PERL, TONER, AND ZIPF

net just in front of chambers 1 and 2, respectively.
The four lower counters in each were semicircu-
lar annular rings; the two upper counters were
rectangular. This arrangement allowed a crude
angular selection to be made.

The C plane consisted of fourteen rectangular
scintillators 96.5 cm long by 16.5 cm wide by 1.0
cm thick. These were stacked vertically starting
40 cm above the beam line, just upstream of
chamber 5 and behind the 61 cm of steel shielding.
This arrangement permitted a crude outgoing mo-
mentum selection.

The trigger circuitry was arranged so that A, B
counter combinations inconsistent with muons
scattered from the target were excluded. A trig-
ger ABC V consisted of an acceptable A, B coin-
cidence in time with a pulse from any C counter
and not in time with any veto pulse, V. The veto
system is described later. This ABC V circuit
was scaled, as was a parallel, redundant ABC V
circuit. We also used an ABC Vf Qyf circuit to
keep track of random vetoes and an ABC~,~„~V

circuit to keep track of accidentals. The trigger
pulse set off the spark chambers, flashed the fidu-
cial lamps and data box, and after a suitable delay
advanced the camera.

Data were taken with three trigger configura-
tions. One configuration with all counter~ on was
called A2B2 C1. This trigger configuration was
sensitive down to a minimum scattering angle of
30 mrad. Another configuration, called A2 B2 C2,
had the bottom C counter turned off. It also was
sensitive to a minimum of 30 mrad, but had a low-
er acceptance for low-q' elastic scatters. The
third configuration, called A3 B3 C2, had the bot-
tom A, B, and C counters turned off. This led to
a minimum scattering angle of 45 mrad.

The trigger rates were dependent upon the par-
ticular trigger condition but a typical rate was one
ABC per 1500 beam muons. With the vetoes in
anticoincidence it dropped to one ABC V per
150000 beam muons, about 30% being accidentals.
400-1200 pictures per hour were taken.

2. The Veto System

The function of the veto system was to prevent
muons in the beam halo from triggering the spark
chambers. Twelve scintillation counters were
placed around the beam at the points (Fig. 5) most
likely to intercept such beam halo muons. The
veto outputs, called V, were added, stretched to
50 nsec, and put in anticoincidence with both the
trigger and normalization systems. The vetoes re-
sulted in a 15% electronic off time.

3. The Normalization System

Lou cu~~ent. Two redundant beam telescopes

were used to make an absolute count of beam par-
ticles at sufficiently low currents. Each telescope
consisted of two scintillation counters (Dl and E3,
and D2 and E4}, each bigger than the beam.

Each telescope had parallel, redundant logic
circuits with dead times made intentionally greater
than the intrinsic dead times. These dead times
were made different from each other as a consis-
tency check. All of these circuits were scaled. In

addition, all were scaled in anticoincidence with the
veto system. The dead-time correction required
was 2. 5'%%uo for each count/pulse, or typically 3.5'%%uo.

High current. The high-current monitor was
composed of two identical units, each containing
five small cylindrical pieces of scintillator con-
nected by air light pipes to 56 AVP phototubes. The
scintillators were arranged on the four corners of
a square and one in the center. The square was 5

cm on a side; the four outer scintillators were 1

cm in diameter and 5 mm high. The center one
was 0.707 cm in diameter and 5 mm high.

The two units were attached (the two scintillator
planes separated by 15 cm) and mounted on a stand
in the beam 4.7 m upstream of the third focus.
Corresponding phototubes were put in electronic
coincidence to form five counter telescopes, which
were all scaled. (The center telescope was scaled
through a second complete circuit with a longer
dead time as a check. } In addition, the sum of the
telescopes was also scaled (again through duplicate
circuits with different dead times).

The center telescope sampled the high-current
center of the beam while the other four sampled
the lower-current edges. (The beam was less
sharply defined at the location of the beam moni-
tor than it was at the third focus. } A typical rate
for the sum of the telescopes was 4/pulse. Typi-
cally, 42% of the counts came from the center
telescope and the rest were divided among the
other four, ranging from 25%%uo to 6%. These in-
dividual sum ratios proved to be a useful monitor
of the beam position and size.

Our normalization procedure consisted of de-
termining the ratio of beam monitor to D2E4 V
counts at low beam current and then assuming
that this ratio held true at higher current. This
last crucial assumption was tested in a variety of
ways. Beam blowup was imitated by changing the
settings of the last quadrupole pair and also by
turning off the magnetic field in S2. Beam position
was shifted by moving the primary electron beam
spot around on the target. The conclusion reached
from these investigations was that changes in the
beam large enough to produce 2% changes in the
ratio of the beam monitor to D2E4 V also produced
clear changes in the ratios of the individual tele-
scopes. Further, comparisons of low- to high-



COMPARISON OF MUON-PROTON AND ELECTRON- PROTON. ~ . 119

current beams showed no indication of such ratio
changes.

At low current, dead-time corrections to the
beam monitor were negligible; at high current
they came to about 3%.

4. General

Commercial electronics modules were used
generally in the experiment. All the critical
scalers were designed for 100-MHz operation. The
entire electronic system was gated to the beam
pulse and everything was shut off during the 3 sec
it took to fire the spark chambers and advance the
camera.

TABLE III. Spark chamber information. X is the dis-
tance along the beam line as measured from the upstream
end of the target.

Chamber
number

X
(cm)

Height
(cm)

Width
(cm)

Number
of gaps

D. The Muon Spectrometer

The muon spectrometer consisted of eight spark
chambers and a large, momentum-analyzing mag-
net. The positions of the spark chambers along
the beam line, their dimensions, and other rele-
vant information are given in Table III.

The first three chambers had "thin plates" made
with sheets of 1-mil aluminum foil stretched a-
cross aluminum frames. Chambers 1 and 2 had
semicircular cutouts at the bottom of the plates
to allow passage for the beam. Chambers 4-8
had 1.3-cm-thick solid aluminum plates that
served as part of the pion discrimination system.
A gas mixture of 90% helium and 10% neon was
used. Each chamber was fired by a spark gap that
in turn was triggered by a master spark gap.
There were two such master gaps, one for cham-
bers 3-8 and one for chambers 1 and 2 and the re-
coil chamber. These chamber groups also had
separate high-voltage supplies, both of which ran
at approximately 15 kV.

The spectrometer was viewed directly by a 70-
mm camera located 23.5 m away. The chambers
were slightly rotated about a vertical axis to af-
ford a direct view into the gaps to the camera. A
90 stereoscopic view was provided for each

chamber by a front-silvered mirror mounted

beneath it at an approximately 45' angle. These
mirrors were autocollimated into alignment. Dur-
ing each photographic exposure the data box and

ten principal fiducial lamps were flashed. At the
beginning of each role the full set of 63 fiducial
lamps, including 53 viewed through the various
mirrors, were photographed.

The large analyzing magnet had a 91.4-cm gap
and a 137-cm-diameter pole face. It was run at
a current of 9820 A, which gave a central field of
15000 G and J Bdl of approximately 27 kGm. The
magnet's field was carefully measured at some
21 420 points by the SLAC Magnetic Measurement
Group. In addition to a continuous magnet current
display, the field was regularly checked with a
permanently mounted flip coil.

E. Recoil Chamber

The recoil chamber had 67 plates tilted at an
angle of 60' to the vertical. The plates were con-
structed by epoxying two layers of 1-mil aluminum
foil to both sides of a sheet of 0.95-cm close-cell
Styrofoam. This sheet previously had been
epoxied into an aluminum frame. Electrically the
recoil chamber was actually four separate spark
chambers, each with its own spark gap. The re-
coil chamber and its stereo view mirror were
viewed by a system of three additional mirrors.
Prisms were used to give a view into the gaps in
both the direct and stereo views. The image was
projected onto the center of the film in the spot
occupied by the large magnet.

V. ANALYSIS OF DATA

The data were divided into seven blocks of con-
secutive rolls on the basis of beam energy, trigger
condition, and beam current. These blocks were
processed as units through the entire analysis.
Cross sections were computed separately for each
block by an individual SUMX subroutine incorpor-
ating its particular corrections. These cross sec-
tions were then put through a radiative correction
program, and only finally were the different
blocks merged. The method was both necessary,
in that it allowed us to keep track of a great deal
of data, and useful, because it made possible
comparisons of data run and processed at differ-
ent times under different conditions.

383.5
470.0
796.8
890.8
992.6

1039,6
1086.6
1134.9

71.1
86.4

193.0
204.5
204.5
204.5
204.5
204.5

42.2
49.5
76.2
88.9

106.7
106.7
106.7
106.7

A. Scanning

Scanning and event identification were greatly
facilitated by the simplicity of the pictures. Dur-
ing the inelastic phase of the experiment the scan-
ners were instructed to ignore the recoil chamber
and to record as an event any frame in which the
three principal fiducial lamps and the data box
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were visible, and a. "good muon" was present. A
"good muon" consisted of at least two visible
sparks in at least each of chambers 1-5, in both
the direct and stereo views. These sparks were
required to define a straight line in the direct
view of chambers 1 and 2 and another straight
line in the direct view of chambers 3 and 4. The
two straight lines were required to intersect with-
in the boundaries of the large magnet. Well over
95/p of the muons left clear, well-defined straight
lines of sparks in the entire array of chambers 1
and 2 and 3-8, making identification trivial. A
straight line continuation beyond chamber 4 was
not required to allow for multiple scattering in
the shielding. No tracks were required beyond
chamber 5 in order to allow for muons which
exited the top or sides of the spectrometer. The
computer program later identified events which
stopped in the spectrometer as pions. The "good
muon" was also required to have the centers of
the set of sparks, in each of chambers 1-4, de-
fine a straight line in the stereo view. This
characteristic straight trajectory in the horizontal
plane simplified the matching of tracks on opposite
sides of the magnet.

Following these rules the scanners found ap-
proximately one measurable event for each three
frames in the early data. Reflecting the improve-
ment in the accidental rate, the later data had a
two-in-three ratio. All of the film was scanned
twice and much of it three times. The over-all
scanning efficiency was found by comparisons to
be 99%.

B. Measuring and Reconstruction

Frames that were scanned as "good muons"
were then measured on SLAC's Vanguard or NRI
film plane digitizing machines. The Vanguard has
a least count of 2.54 p, and punches its measure-
ments on IBM cards. The NRI, a newer system,
has a least count of 1 p. and outputs onto 7-track
magnetic tape. On each frame the scanners
measured the three principal fiducial lamps and
the muon track in both direct and stereo views.
They were instructed to digitize as many sparks
as they could, up to four, in each of chambers 1-
4, and two sparks apiece in the remaining cham-
bers. In the great majority of cases the chambers
had more than four sparks and the maximum num-
ber were measured. We found the scanners mea-
sured points to within 14 p, on the Vanguard and 12
p. on the NRI. These correspond to 1.0 mm and
0.85 mm, respectively, in real space,

Some 5% of the "good muon" frames contained
two or more tracks (one of which was always a
beam particle that had come through a veto). In
such cases both tracks were measured and the

TABLE IV. Requirements on measurements for ac-
ceptable events.

Quantity Limits

Xfiduaal
2

Magnification

100
3.5 mrad

10.0 mrad
0.0138 «I «0.0140

triggering particle selected by the programs later
in the analysis.

The full set of dc fiducial lamps, measured at
the beginning of the rolls, provided a set of opti-
cal constants necessary to reconstruct spatial
spark locations from their film plane coordinates.
The three fiducials from each measurement were
fit to the known fiducial locations, which enabled
correction for translation, rotation, and magnifi-
cation. The X' from this fit and the deviation from
the average magnification in the fiducial plane
(0.013 8"l0) provide two indicators of the quality of
measurement, A third, and the principal, indica-
tor was provided by the fitting of the muon track
through the 54 in. magnet field. In order to mea-
sure a momentum one must know the magnet's
field and have three of the following four pieces
of information: a point on the entering trajectory,
a point on the exit trajectory, the slope of the en-
tering trajectory, and the slope of the exit trajec-
tory. Our situation is overdetermined, since we
have all four. All things being equally well mea-
sured, we chose to insist that the final trajectory
pass through each of the points and make an equal
angular difference with each of the measured
slopes. We called this angular difference the
twitch angle (P,). This quantity clearly discrim-
inated against mismatched pairs of tracks in the
chambers before and after the magnet, as well as
providing a sensitive measure of individual scan-
ner and measuring machine performance. A sim-
ilar technique was applied to the stereo images of
the tracks in chambers 1-4 in order to eliminate
mismatches in the stereo view (P,).

Events which failed to reconstruct properly
(missing a fiducial or chamber view, etc. ) and
those events which exceeded the limits recorded
in Table IV were remeasured, along with any
events on the scan list tapes found missing from
the reconstruction output. (The limits in Table IV
were arrived at after study of the distributions. )
After two complete measuring passes, and a par-
tial third pass, efficiencies were computed from
comparisons for each roll sepa, rately and applied
to the roll normalization as a correction. The
over-all measuring efficiency was 98 /p.
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C. Cuts

Of the events selected as "good muons" there
were a sizable number that were not the results of
a p.-P scattering. These could have been elimi-
nated on a statistical basis by subtracting the nor-
malized target-empty events. We chose however
to eliminate as many nonphysics events as possi-
ble by cuts in our SUMX programs before the tar-
get-empty subtraction so as to minimize statisti-
cal variations. In addition, events were cut which
could not be used for cross sections.

The cuts imposed, in addition to the require-
ments for a "good measurement" in Table IV,
were the following.

l. Radius cut. The minimum extrapolated dis-
tance (of the muon track) from the nominal beam
line, within the 2-m length of the hydrogen target,
was required to be less than '7 cm. The typical
target-full and target-empty radius distributions
of Fig. 11 show a clear distinction between off-
beam-line muons that cheat the veto system and
target scatterings. This cut was the principal
eliminator of frames triggered by halo muons. In
the case of two muon tracks in a single photo-
graph, the track with the smaller target radius
was chosen as the triggering particle. In no case
did both tracks have less than a 7-cm radius.

Z. Geometric efficiency Those events. outside
the range of well-understood geometrical effic-
iency inP or 8 were eliminated. This area and
the bins for which we give data are illustrated in
Fig. 12. The principal event eliminators among
these boundaries were the low angle cutoffs.

3. I'iducial volume. The muon tracks were
traced through the spectrometer in a SUMX sub-
routine and were required to pass through the con-
servatively drawn active areas of the first five
spark chambers and the three counter planes.

These criteria were applied to both target-full
and target-empty events.

D. Elastic Events

As previously mentioned, our apparatus was
sensitive to the recoil proton from elastic p.-P
scatterings as well as the elastically scattered
muon. While we do not yet have elastic cross sec-
tions, we have over 2000 elastic events with pro-
tons. These elastic events were measured in a
separate measuring pass using a list consisting of
all frames which passed the criteria detailed a-
bove and had K ~2.0 GeV (K =0 for a perfect elas-
tic event). The muon track was measured again
in addition to any straight string of four or more
sparks in both the direct and stereo views of the
recoil chambers. Up to nine proton candidates
could be measured in a frame. This proton re-
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FIG. 11. Distribution of events versus distance of
closest approach to the nominal beam line within the
hydrogen target. The distributions are given in (a) for
target full and in (b) for target empty. No cuts have
been applied aside from the "good measurement" re-
quirements.

quirement was loose and was generously inter-
preted so that many knock-on electrons were mea-
sured, and virtually every frame on the list was
measured. In most cases proton tracks were eas-
ily distinguished, being long, straight, and dark,
but to be cautious two complete measuring passes
were made through most of the 12-GeV data.

From this set of measurements we chose a
sample of elastic events. Our aim in this regard
was to select not all the valid events but merely
an unbiased sample for use in the inelastic analy-
sis. This selection was based on three parame-
ters, in addition to the usual requirements on the
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on the three elastic criteria, we chose samples of
elastic events from the double-arm measuring
passes. Then using the same frame numbers
we complied beam momentum distributions
(E,=E'+ (q'~/2M) from the single-arm measure-
ments for each block. The beam momenta selected
in this way ranged from 11.900+ 0.020 GeV/c to
11.970+ 0.014 GeV/c (the errors are statisitical).

We estimate these numbers to be accurate to
better than +0.020 GeV/c. Varying the beam mo-
mentum by this amount was found to change the
measured cross section by +1.2% in the over-all
normalization while having negligible effect on
the q' variation.

G. Corrections

1 GeometricaL Efficiency

The angular acceptance, or geometrical effici-
ency, of the muon spectrometer was computed by
a Monte-Carlo-technique computer program called
VEGAS. VEGAS required as input data the outgoing
muon momentum and scattering angle for which
an efficiency was to be calculated. It chose ran-
domly the point of scatter within the target, the
azimuthal angle of scatter, and a set of phase-
space coordinates H, OH, V, and 8~, constrained
to be within the phase-space area of the real beam.
Using these parameters the program created a
"muon" of known momentum, initial position, and
observed scattering angle, and then traced its
trajectory through the apparatus using the same
magnet field routines as were used on the real
events. The program then tested whether the tra-
jectory hit the pole faces of the sweep or large

magnets and if it passed through the active areas
of the three trigger planes and first five spark
chambers. The output of VEGAS was the ratio of
the number of events which pass these tests to
the total number of events generated, which is
the geometrical efficiency.

There were three versions of VEGAS correspond-
ing to the three trigger configurations used. Each
generated a table of geometric efficiencies in p
and 0 which were used in the SUMX analysis pro-
grams. Figure 13 shows a smoothed plot of geo-
metric efficiency as a function of scattering angle
for different final momentum for the A2 J32 C1 trig-
ger condition. In SUMX each event was weighted
by the geometric efficiency appropriate to its in-
dividual kinematics. We have studied the sensi-
tivity of the geometric efficiency to variations of
the beam phase space of a magnitude which might
not have been noticed, We present data in this
paper only for those kinematic regions where such
variations would cause less than 0.5 1 changes of
the geometric efficiency itself. This is the origin
of the low-angle boundaries indicated in Fig. 12.

2. Radiative Corrections

The purpose of this experiment was to measure
p,-P inelastic scattering in such a fashion as to
yield information about the p,-e difference and the
interaction of virtual photons with protons. The
most convenient quantity for these purposes is
the cross section due to the simple one-photon-
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angle for three scattered muon momenta (for the
A2 B2 C1 trigger configuration) .
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FIG. 14. Diagrams involved in the radiative corrections.
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exchange diagram M1 in Fig. 14. What is actually
measured, however, is the one-photon-exchange
cross section plus a number of second-order elec-
tromagnetic processes, These processes, shown

to order o.' in Fig. 14, introduce sizable, though
well-understood, differences in the observed
cross sections of electrons vs muons. The pro-
cedures for extracting the desired information
are called the radiative corrections.

The problem is conventionally broken into two
parts: (1) the radiative tails, which involve the
emission of high energy photons; that is, prin-
cipally diagrams M7 and M8 (M9 and M10 are
negligible in our case and were not calculated);
and (2) the diagrams involving low-energy photons
(less than a few hundred MeV), which includes all
the diagrams M2-M 10.

Most of the contributions of the second group of
diagrams can be shown to cancel each other or to
be negligible. What remains is the Schwinger cor-
rection" 5, which contains the vertex and vacuum
polarization corrections as well as various soft-
photon terms from M7-M10. The effect of this
second group of diagrams is to multiply the one-
photon-exchange contribution by a factor (1+6).
This correction, integrated over each of our bins
and divided by bin size, is usually -2.5%0 and
never greater than 4%. AE wa.s varied from 50 to
300 MeV with negligible effect on the correction.

The radiative-tail diagrams M7 and M8 have
been calculated following the exact methods of
Tsai." In order to do this one must in principle
know the inelastic cross sections. Since we did
not have this precise knowledge, we divided the
problem into three parts and made approximations.

The first part was the radiative tail of the elastic
peak; these are diagrams M7 and M8 in which the
proton remains a proton. For this part we used
the proton elastic form factors, The largest cor-
rection stemmed from this source and is accurate
to 2% of the correction.

The second part was the radiative tail of the
N*(1236) resonances. This is the contribution of
M7 and M8 in which the outgoing hadron is the N*.
This contribution was calculated using a zero-
width approximation of the resonance, after Mo
and Tsai, "using form factors after Dufner and
Tsal.

The third part was the radiative tail of the "con-
tinuum" which represents the contributions of all
the remaining resonances as well as the nonreso-
nant background. For this we assumed

(or+eel) = 130 pb/(1+0. 8iq'i)',

which was good enough since the correction was
usually less than 3%0.

According to this prescription the actual mea-

sured cross sections are then

2
= I'r(er + re~) [1+&]

p

d 0 d (T

dgdEp, L.„„,~ dQdEp ~ ~t,q

&pmax d 20

dQdE
(EI', )dEP

Ep p

The total radiative corrections written as the per-
centage by which the measured cross section was
reduced is given in Table V under the heading"~." We estimate their accuracy to be better
than 10' of the correction in all cases. Further,
in the kinematic region of largest radiative cor-
rection (high K, low q'), the contribution is near-
ly all due to the elastic radiative tail, which is ac-
curate to 2/p of the correction.

3. Small Corrections

In addition to the two major corrections above,
there were a number of minor corrections which
are listed below.

SPark cham-ber efficiency Aspecia. l scan was
conducted of a, large sample of film, selected at a
regular interval through the data, to determine the
loss of events due to the requirement of a mini-
mum of 2 sparks per spark chamber. This inves-
tigation indicated a (1+0.25) /p over-all correction.
Searches for other spark-chamber inefficiencies,
such as several chambers not firing, showed null
results.

Pions. All events which had proper tracks in
the first five chambers were measured. In the
SUMX analysis program all events which stopped
inside the steel or thick plate chambers down-
stream of chamber 5 were called pions, Approxi-
mately 150 events, concentrated in the two highest
K bins, were rejected in this way.

Energy loss in target. Both the beam momentum
and the outgoing muon momentum were corrected
for energy loss due to ionization in the liquid hy-
drogen and in the target walls.

Electronics. As already mentioned, the dead-
time corrections to the normalization systems
were 3.5% for the low-current beam telescope
Bnd -3%0 for the high-current Bellamy monitor.

In addition we have made a 1% correction to the
normalization for inefficiency in the trigger cir-
cuits.

Target emPty. We took one half roll of events
with the target empty after every three rolls with
the target full. This resulted in 89 acceptable
events for 0.5 @10"incident muons. Target-empty
and target-full cross sections were compiled
separately and subtracted just prior to the radia-
tive corrections. The subtraction was primarily



COMPARISON OF MUON-PROTON AND ELECTRON-PROTON. . . 125

TABLE V. 12-GeV/c muon-proton inelastic scattering cross sections. d 0&/dq dX is the measured differential cross
section. cr,zp is the "virtual-photon-proton total cross section". Cross sections are given as functions of q, the squareexp, p
of the four-momentum transfer, ar8 K, the virtual-photon equivalent energy. Also shown is the number of events in
each bin for target full and target empty. z= tq ~/(2Mv) =1/ro is evaluated at the bin center. v W2 is the inelastic struc-
ture function, computed from o.,„z(assuming Oz/Oz =0.18) and kinematic quantities at the bin centers. DR~ is the per-
centage subtracted from the raw data for radiative correction. e is the ratio of longitudinal to transverse virtual-photon
fluxes evaluated at the bin center kinematics. All quantities are defined in the text.

X
(GeV)

~qt( Number of events dto&/dqtdK

[(GeV/c) J Full Empty [nb/(GeV3/c ) j

Oexp, p
(vb) v W2

0.6-1.5

1.5-2.5

2.5-3.5

3.5-5.0

0.3-0.4
0.4-0.6
0.6-0.8
0.8-1.2
1.2-1.6
1.6-2.0
2.0-3.p
3.0—4.0
0.3-0.4
0.4-0.6
0.6-0.8
0.8-1.2
1.2-1.6
1.6-2.0
2.0-3.0
3.0M.O

0.3-0.4
0.4-0.6
0.6-0.8
0.8 —1.2

1.2-1.6
1.6-2.0
2.0-3.0
3.0M.p

0.25-0.4
0.4-0.6
0.6-0.8
0.8-1.2
1.2-1.6
1.6-2.0
2.0-2.6
2.6-3.4

494
1371

589
445

131
49
36

2

247
855
388
312

129
37
21
13

145
537
238
213

76
43
29

4

399
443
230
193

74
35
21
13

483+ 27
204 ~ 6.4

93.6 ~ 4.0
39.6+ 2.1

13.6 + 1.6
5.8+ 1.1
2.2 + 0.38

0.17+0.13

192 ~ 14.2
109+4.4

53.4 + 3.2
24,1 + 1.9

13,0 + 1.3
4.0+ 0.9
1.4+ 0.32
1.1 + 0.31

98.7 + 10.3
66.9~ 3.6
33.8 + 2.6
18.7+1.4

7.8+ 1.1
5.9+0.9
2.0 ~ 0.4

0.036 + 0.78

121+ 7.5
37.7 + 2.2
22.4 + 2.p
11.3+ 1.2

5.3+ 1.1
3.6+ 0.6
1.8 +0.4
1.0+0.3

140.1 + 7.7
100.3 + 3.2
82.1+3.5
64.0+ 3.4

42.0 ~4.8
29 3-~ 5.5
19.1+3.2
4.0 + 2.9

84.1 ~ 6.2
76.6*3.1
60.9+3.6
46.2+ 3.6

43.1+4.2
21.0 ~ 4.7
13.2 + 3.1
20.1+5.7

66.0 + 6.9
69.2+ 3.7
52.2 + 4.P
46.2+ 3.4

31.2 ~4.5
35.4+ 5.6
21.0 +4.1
0,37 + 8.0

98.4 ~ 6.1
55.9 + 3.3
50.6 ~4.4
38.8 +4.0

28.5 + 6.1
28.7+ 5,1
20.1 + 4.6
17.2 + 5.0

0.151
0.202
0.262
0.337

0.415
0.477
0.559
0.640

0.085
0.118
0.157
0.210

0.272
0.324
0.400
0.483

0.059
0.082
0.111
0.151

0.199
0.242
0.308
0.383

0.039
0.059
0.081
0.111

0.149
0.184
0.224
0.273

0.302 +0.017
0.277 + 0.009
0.281 +0.012
0.270 + 0.014

0.213 + 0.025
0.169+ 0.032
0.130 ~ 0.022
0.031 + 0.023

0.233+ 0.016
0.273 ~ 0.011
0.284 + 0.017
0.280 + 0.022

0,329+ O.Q32

0.187 + 0.042
0.143+0.033
0.259 + 0.073

0.186 + 0.019
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0.271 + O.P21
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0.006 + 0.131
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0.290 + 0.067
0.297 + 0.087

2.7
2,3
1.4
0.5

-0.3
-0 7
-1.5
-0 7

4.3
3.3
2.5
1.8

0.9
0.8
0.4

-0.5
6.1
4.6
3.9
3.0

2.5
1.8
1.6

-6.9

6.0
6.5
5.4
4.8

4.2
3.6
3.4
3.0

0.993
0.991
0.989
0.986

0.981
0.976
0.965
0.947

0.978
0.976
0.973
0.968

0.961
0.953
0.937
0.912

0.952
0.949
0.944
0.937

0.926
0.915
0.894
0.860

0.900
0.894
0.887
0.877

0.862
0.846
0.825
0.794

5.0-7.0

7.0-8.3

0.1-0.2
0,2-0.4
0.4-0.6
0.6-0.8

0.8-1.2
1.2 —1,6
1.6-2.0

0.1-0.2
0.2-0.4
0.4-0,6
0.6-0.8
0.8-1.0

427
936
327
170

138
55
21

286
412
120

61
30

1Q

4
0
1

125 + 11.9
48.6 + 2.2
23.2+ 1.5
14.6 + 1.4

7.7 + 0.8
3.1+0.8
2.1 + 0.5

89+ 9.4
29.9 ~ 2.4
14.6+ 1.8
10.6 + 1.6
5.6 ~ 1.9

76.8 + 7.3
61.0+ 2.7
52.5 + 3.3
49.5 ~4.7

3S,1~4.2
23.3*6.4
22.5*5.3

81.3+8.5
54.7 + 4.3
46.4 + 5.8
49.3 ~ 7.4
33.8 + 11.6

0.013
0.026
0.043
0.059

0.082
0.111
0.138

0.010
0.020
0.034
0.046
0.059

0.098 + 0.009
0,152 + 0.007
0.213 + 0.013
0.275+ 0.026

0.301 + 0.032
0.241 + 0.066
0.287 + 0.068

0.101 + 0.011
0.134 + 0.011
0.186 + 0.023
0.272 + 0.041
0.236 + 0.081

15.6
12.1

9 4
7.9

7.3
7.3
6.5

21.5
18.5
14.4
11.4
12.1

0.790
0.782
0,772
0.762

0.746
0.723
0.700

0.625
0.615
0.601
0.587
0.573
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in the low-q', low-K bins; the actual number of
events in each bin is shown in Table V.

I'ilm loss. A correction was made to the nor-
malization of each roll for the number of frames
which could not be measured. Included in this
group were the test-strip frames cut from the
ends of rolls for immediate development during
the data taking, and badly developed or overex-
posed film. The over-all magnitude of this cor-
rection was 2%.

H. Errors

In addition to statistical errors, the data are
subject to uncertainties from a number of sources.
Some of these uncertainties simply affect the ab-
solute normalization. The principal such error
sources and their estimated root-mean-square
contributions to the normalization error are

(1) dead time in D2E4 (low-current normaliza-
tion), +0.5%,

(2) dead time in the high-current beam monitor,
~0.5%o,

(3) changes in beam shape and location between
high- and low-current beams during the runs and
adjacent normalizations, +1%,

(4) spark chamber inefficiency, +0.25 /0,

(5) scanning, measuring, and processing, +0.5/p.
The rest of the errors are more complicated, as

they vary over the K, q' plane. The errors given
below are root-mean-square errors, assuming
the error distribution is Gaussian.

Geometrical efficiency. The primary uncertain-
ty in the Monte Carlo program is due to the small
uncertainty in the beam position and mean angle.
It reflects itself mainly in the angular region be-
low 60 mrad, corresponding to the low-q' bins,
where the effect can be as large as +0.5%0. At
higher angles the uncertainty is smaller than 0.5%
for all momenta.

Radiative co~sections. This uncertainty varies
with the size of the radiative correction. It intro-
duces less than +0. 5%%uo error in the over-all nor-
malization.

Resolution. The incorrect placement of events
in bins due to the resolution in momentum and
angle contributes a +0.5% uncertainty.

Momentum. The measuring machine differences
produced a +50-MeV/c uncertainty in the momen-
tum of the outgoing muon. Since the beam momen-
tum is determined from these measurements there
must be a similar error in it. Variation of both
the scattered muon and beam momentum by this
amount resulted in an over-all normalization un-
certainty of +1%, the effect being greatest in the
low-K bins.

&ng«. The comparison of several measure-
ments of the same events left us with a possible

+0.3-mrad angular uncertainty. Increasing the
angle of all the data events by this amount and re-
compiling cross sections showed an over-all in-
crease in cross section of 0.9% evenly spread
over the K, q' plane.

Beam momentum. Aside from the uncertainty
in measured momentum, we believe we have de-
termined the beam momentum, relative to the in-
elastic measurements of each block, to approxi-
mately +15 MeV/c. Varying the input beam mo-
mentum in the analysis programs and recompiling
the cross sections, we found the over-all normali-
zation to change by +0.6%. The effect was great-
est in the low-K, Iow-q' bins (2% at the exteme)
but negligible over most of the plane.

Internal consistency. We now face an old dilem-
ma in experimental physics: how to combine these
systematic errors. The usual choices are adding
in quadrature, which gives 2%, or simple addition,
which results in +6%. We do have one guide to the
magnitude of the systematic error of the experi-
ment, and that is its internal consistency.

As previously mentioned the data were divided
into six processing blocks according to time and
trigger conditions. Comparison of these blocks
showed excellent agreement, with one exception.
The three highest K bins of block 2A were lower
than the rest of the data. (This block had an
A3B3C2 trigger and was run at the end of the ex-
periment's early running cycle. It represents
12.6% of the incident flux. ) Further investigation
indicated a possible decrease with time within the
block. The most likely source of such a problem
would be a malfunctioning C-plane trigger counter
group. Unfortunately no significant corroborating
evidence was found from scatter plots or sealer
information. Accordingly we have left block 2A in
the data. In terms of a single-parameter normali-
zation fit, inclusion of block 2A lowers the cross
section by 1%0. Looking only at the three highest
K bins, inclusion of 2A causes a normalization-fit
decrease of 2.5%.

Comparisons were also made between the low
statistics data taken with a 10-GeV/c beam' and the
12-GeV/c data reported here, in their regions of
kinematic overlap. This study indicated that the
10-GeV/c data were generally higher in cross sec-
tion than the 12-GeV/c data. A simple one-param-
eter normalization fit gave the difference as
(9.0+ 6.0) /0.

We do not consider this discrepancy to be very
significant. It could clearly be statistical fluctua-
tion. In addition, the 10-GeV/c data were the earli-
est stage of the experiment and many improve-
ments in the experiment and analysis had been sub-
sequently made. Many of the checks on the 12-
GeV/c data were not done for the 10-GeV/c; no
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elastic measurements were made, the 10 GeV/c

beam was not directly measured, and the 54-in.
magnet field was monitored only by a shunt of
questionable integrity. Nonetheless, the authors
feel sufficiently cautioned to prefer the conserva-
tive method of combining systematic errors. We
therefore ask that a +6%%uo systematic uncertainty,
beyond statistical error, be attached to our data.
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rate o~ and o» so the virtual photon total cross
section is given in terms of the combination o,„p,
where

0,„,(q', K, p) =or(q', K)+ e(q', K, p, m„)o~(q',K).
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We have also listed the values of c appropriate to
the center of each bin. The values of o.,p „shown
in the table are not directly derivable from the
listed values of d'o„/dq'dk because in the com-
pilation of o,„»each event is weighted by the in-
verse of its particular 1~.

We observe o.,„»to show the same qualitative
behavior with q' and K as we observe in our 10-
GeV/c results and as seen in the extensive electron-
proton inelastic measurements from SLAC." Our

data exhibit particularly well the smooth falloff
with Iq'1 from the photoproduction measurements
at 1q'1=0 (Fig. 15). At higher Iq'1 values o.,v de-
creases as fast or faster than 1/Iq'1 but not as
fast as (1/Iq'I)'. This mild Iq'1 behavior is widely
considered to be evidence for the pointlike con-
stituent internal structure of the proton. "

As explained previously o~ and o~ are only one of
an infinite set of possible pairs of empirical
structure functions. The other pair which is of
current interest is W, and W„defined in Eqs. (29)
and (30). It has been suggested by Bjorken and
others" that at large values of v and q' the pro-
duct vW, might be a function of only the combina-
tion x=1q I/2Mv. This prediction, which is com-
monly called scaling, has been generally con-
firmed by the electron-proton inelastic scattering
experiments. We have listed in Table V our
values of x and vW, as computed using the cen-
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FIG. 15. For each K interval the upper plot gives the
experimental values of o,xp „(q',E,p „)denoted by a
solid circle, Qzp ~ (q, E,p&) denoted by anx, and 0&(K)
denoted by a triangle; p &

= 12 GeV/c. These quantities
are defined in the text. a,„p„(q,K,p&) is extrapolated
from the data of Ref. 37 as described in the text. For
each E interval the lower plot gives the values of
p. „(q2,E) —oezp&p(q &K&p~)/Oexp&& (q, K,p&). The errors
of cr& were set at+6%. In most cases the errors in
Oe)fp~ e were too small to be disPlayed. The error bars
represent only statistical errors.
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tral K and ~q'~ in each bin and assuming an R of
0.18." These data are plotted in Fig. 16.

VII. THE MUON-ELECTRON COMPARISON

In comparing muon-proton and electron-proton
inelastic scattering, one must establish that
known effects would not produce a difference.
Lowest-order weak-interaction effects can be ex-
cluded on the basis of the small coupling constant
and their equality for the muon and electron. The
contributions of some higher-order electromag-
netic diagrams have been excluded by the radiative
corrections to both the muon and electron data. (It
should be pointed out, however, that these pro-
cedures depend upon the validity of quantum elec-
trodynamics. ) No correction has been made for
the two-photon-exchange contribution to inelastic
scattering (Fig. 3). This two-photon-exchange dia-
gram could produce a muon-electron difference be-
cause such a term is sign-dependent and we are
comparing positive muons to negative electrons.
But, as discussed in Sec. IIIB, there is evidence
that two-photon exchange in inelastic scattering is
at most a few-percent effect. Therefore we ignore
this effect in our considerations.

A. The Method

In making this comparison between muon and
electron cross sections we must consider three
kinematic effects. First, the quantity we are using,
o,„»,depends, through the quantity c, on the in-

cident lepton momentum, which was different for
the two experiments. It also depends very weakly
on the lepton mass. Second, the muon data were
acquired over a continuous area of the K, q' plane;
the electron data on the other hand were taken at
discrete points along straight lines in the plane.
And third, the muon data extend to a lower q' than
the published electron data from SLAC."

To allow for the first of these effects we have
modified each of the electron data points through
the equation

o-, .(q', K, P„)

1 s, (q', K, p„m,) R(q', K)

=F(q', K, p„,p, , m„m„)o,„s,(q', K, p, ),

where

o (q', K)
or(q', K)

'

(35)

In this way the electron data appear to have been
taken with a 12-GeV/c incident beam and with par-
ticles of the muon mass. This procedure is, how-
ever, subject to error due to the uncertainty in the
value of R. At &'=0 R must equal zero. Aside
from this, knowledge of R is confined to measure-
ments at only a few values of q', E in the region of
this experiment. These measurements are consis-
tent with R=0.18 or with R= —

ts ~q'~. Fortunately
for our comparison, e is a slow function of beam

0.5
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~ 0.6- 1.5
~

I .5- 2.5
x 2 5-35
o 3 5-50
o 5.0-7.0
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& 0.3
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FIG. 16. vWt values for the data of Table V, plotted versus x = ~qt(/2Mv= 1/a4. x must lie between p and ].p. A differ-
ent symbol is used for each K interval. The leftmost point (smallest x) of each K bin is at the lowest value of jq2) in
that K bin.
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momentum and lepton mass, and the factor I' is
rather insensitive to the value chosen for A. Spe-
cifically,

(36)

Even if R=1+ 1, the uncertainty in o,„~& is for the
most part less than 1%. We have made the com-
plete comparison assuming 8=0.18 and also with
R=O, 1.0, and —„~q'~. The changes in the fits and
confidence levels, which are presented later, are
negligible.

An understanding of the second effect is facili-
tated by reference to Fig. 17. The e-P inelastic
experiment" detected the outgoing momentum
spectrum for a fixed angle and a fixed incident
momentum. This choice of 0 and E, defines a
straight line in the K, q' plane given by

The electron data used for this comparison were
taken at 6)=6 and 10 and over a range of incident
energies indicated in Fig. 17. The data points on
all the lines are very closely spaced from K=O to
K = 2.4 GeV. Beyond that point they are widely
separated but at almost the same K on all the lines.

The muon data on the other ha~d continuously
cover the kinematic plane. The result quoted for

a bin actually represents a double integral of the
cross section in K and q' over the area of the bin.
Within each K, q' bin we have assigned the muon

data to have its central q' value. The problem
then is to compile the electron cross sections in

a way directly comparable to the muon data. To
do this we have chosen the muon-data K bins so
that the high-K bins bracket the single electron
points while the two low-K bins contain the con-
tinuous electron spectra. We then have made the
segment of each "line" within a Kbin into a single
data point by integrating in K and compiling a
weighted average q'. In those cases in which there
was only one point from a "line" in the K bin the
point was taken as the integral in K and assigned
its measured q' value. The electron data com-
piled in this way are presented in Table VI.

The last effect is that the muon data extend to
lower q' values than do the 6' and 10' electron
data. In order to make the comparison we have
used the measured values of the q'-0 limit of o„~.
This is o~(K), the total cross section for the pro-
duction of hadrons in the interaction of real photons
with protons. K is the energy of the photon in the
laboratory system. We used values of o ~(K) from
a fit to the photoproduction data from several ex-
periments. ~ 4' These are listed in Table VI and
plotted in Fig. 15. The errors have been increased
to +6% to allow for possible relative systematic
errors between experiments.

In Fig. 15 o,„»(q',K, p„), o.„~,(q', K, P„), and
o (K) are shown as functions of q' for the various
K intervals. It is obvious that any possible muon-
electron differences are small. To quantify those
differences we must extrapolate one set of points
to the same q' values as the other set. We do this
by making a fit to the y-P and electron points in
each K bin. The only criterion for these fits was
how closely they reproduced the input data points
with a smooth curve. Adding the six fits we have
a g2 of 20.09 for 46 points (28 degrees of freedom).
The fits are intentionally overparametrized and
we ascribe no physical meaning to them.

We then define the ratio

oexp, g(q q Kq Pv) (38)

I 2

Iq I (GeV/c) ~

FIG. 17. Map of the K, q kinematic plane showing the
continuous bins for which muon-proton inelastic scat-
tering data are presented and the locations of the elec-
tron-proton data to which it is compared. The 6' and
10' measurements of Ref. 37 form a closely spaced
array of data points along the heavy line segments in
the low-E regions. At higher K the e-p data points are
widely separated and are indicated by discrete dots.

at the q' and K points of the muon data. This ratio
is listed in Table VII and plotted in Fig. 15. The
errors shown are the combined statistical errors
only. In addition to these, the muon data have a
conservative +6% systematic error, while the
electron data are quoted with a +5% systematic un-
certainty. Thus the combined over-all normaliza-
tion uncertainty (excluding statistical errors) in
the comparison is +8% if the two uncertainties are
added in quadrature.
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TABLE VI. The values of c,xp, (q, K, P&) combined and extraPolated, as described in the text, from the data of
Ref. 37. The iqt~ =0 points are from a fit to the photon total hadronic cross sections of Refs. 40 —42. The errors on

these points have been increased to +6% to allow for relative normalization errors.

(GeV) (GeV/c)
exp. e

(v )

K fq'f
(GeV) (GeV/c)

+exp, g

(pb)
K

(GeV)
I
q'I

(GeV/c)
+exp

(Vb)

0.6-1.5

1.5—2.5

0.0
0.441
0.929
1.141
1.714
2.410
2.813
4.210

0.0
0.369
0.832
0.960
1.584
2.259
2.606
3.896

225
121
74.3
60.8
38.0
23.1
18.1
8.2

168.0
92.5
59.7
54.8
36.6
25.2
22.7
10.8

~ 13.5
+0.7
~0.5
+0.5
+ 0.3
+0.2
+p,3
*0.7

+ 10.1
+ p.7
~ 1.1
+ 1.4
~ 0.8
+0.3
+ 2.7
+ 0.5

2.5-3.5

3.5-5.0

0.0
0.302
0.740
0.792
1.473
2.116
2.297
3.593
4.558

0.0
0.250
0.588
1.263
1.881
1.881
3.099
4.015

146.8 + 8.8
78.9 + 4.6
56.7 ~ 2.1
54.2 + 3.0
37.8+ 0.6
25.7+ 0.5
24.1+1.0
13.9 + 0.5
10,1+0.4

137.3 + 8.2
78.7 + 7.0
59.1 ~ 2.8
35.8 ~ 1.1
26.1~0.6
25.5 ~ 1.4
16.8 + 0.8
12.5 + 0.6

5.0—7.0

7.0-8.3

0.0
0.408
1.024

1.391
1.602
2.513
3.372

0.0
0.749
1.002
1.280
1.840
2,632

128.6 + 7.7
61.7+ 5.1
35.9+1.8
29.6 + 2.4
28.4 ~ 1.0
18.6 + 1.0
14.5 + 0.6

124,3 + 7.5
42.4 ~ 2.4
36.2 + 5.1
28.3*1.6
22.3 + 1.9
15,6 + 0.8

p,.„„(q',K, 12 GeV/c) =As = 0.917+0.024, (29)

with y'=42. 1 for 43 degrees of freedom. The error
is statistical only. To this must be added the +8%
normalization uncertainty. We note that this sim-
ple form gives an excellent fit, a point to which
we will return later. We also note that, given the
size of the systematic error, p, „„

is consistent
with 1.00.

A more interesting approach to the analysis is to
suppose that the result of our comparison is rooted
in basic physics. As discussed in Secs. IIB and
III, the leptons can be assigned the inelastic form

B. Conventional Analysis

We see from Fig. 15 that p,.„„

is close to 1.00; if
there is an effect the muon data appear to be lower.
To be quantitative we need a model of how the two
sets of measurements might differ. The most
obvious possibility is that there is a relative nor-
malization error between the experiments. To in-
vestigate this we have fit all of the p,„„pointsto a
single parameter p,.„„=N',where N' is a constant.
(In order to eliminate any effect arising from dis-
tortion in the 0», O,„p,fit we have also made a
single-parameter fit to the ratio of the electron
data points of Table VI to the fit. The result we
present for N' is actually the ratio of N„'from
the muon points to N, ' from the electron points.
The statistical errors quoted are the quadratic
sum of both fits, but the y' is from the muon fit
only. A similar procedure has been followed for
all the fits given in this paper. ) We find

factor G,'(q', K) and the elastic form factor G, (q').
As also discussed in these sections, there is little
theoretical guidance as to what such lepton form
factors should look like. ' We know only that
G,'(q ' = 0, K = 0) = 1.0, and that G, (q ' = 0) = 1.0.

To simplify the analysis we assume that the in-
elastic form factor

1
G (q K} (40)

(1+ Iq'I/AD) '
(1+ )qx)/A")-x .

To order ~q'~ Eq. (41a) becomes

(41a)

p. „(q,K, 12 Q V/ (41b)

Thus we take G', to be independent of K or to have
already been averaged over K. A,' is not necessar-
ily the same as A, in Eq. (15). (The parameters
associated with inelastic scattering are primed to
distinguish them from the analogous elastic param-
eters. } We may a.lso take A,' to be an inverse mea. -
sure of the deviation of the lepton from a point par-
ticle. For very small lq'I, namely «» lq'I«riti'
we may use the nonrelativistic interpretation of
Eq. (16),

A is = 6/(r, "& .

Then

K
( K 12G V/)

o Px(q K Px)
Pixel q & o (qx K P )
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where

A' 2=A„' 2-A,' 2.
D

In the nonrelativistic limit

AD '= ', ((—r„")—(r,")) (42)

We have made a-fit to this form for the points in
all the A bins. The result is

Ao '=0.049+0.012 (GeV/c) ', (43)

with y'=44. 3 for 43 degrees of freedom.
Because this comparison used data from two dif-

ferent experiments one might insert another pa-
rameter, N", to allow for a normalization dif-
ference. Generalizing EIl. (4lb),

N'
Io;„„(q',ff, 12 GeV/ ) = (44)

Fitting to this form we find

Ã' = 0.946~ 0.042, Ao ' = 0.021+ 0.021 (GeV/c) ',

(46)

with y' = 41.1 for 42 degrees of freedom.
These statistical errors are somewhat mislead-

ing because they are correlated. A more accurate

description is given by Fig. 18. This plot displays
the one- and two-standard-deviation ellipses based
on statistical errors only. The s8/g relative nor-
malization uncertainty is not included; its effect is
to allow the N' scale to be shifted up and down by
an amount as large as 0.08. These results mean
that the muon-proton inelastic cross section falls
off very slightly faster with Iq'I than the electron
cross section, but that this Iq'I variation is not
statistically significant. And once again, given
the size of the systematic uncertainty it is quite
possible that N" =1 and AD =0 and that there is no
muon-electron difference.

Reflection on the results of the three fits dis-
cussed above, as well as a number of others, has
led the authors to two conclusions. First, there
is no statistically significant evidence for any q'
dependence, A normalization-type difference is
favored Secon. d, the +8/p systematic uncertainty
precludes establishing any muon-electron differ-
ence.

There is, however, one piece of information that
can be extracted. From the fit to EIl. (44) we can
establish a lower limit on A~. With 97.7/p confi.-
dence,

An& 4.1 GeV/c.

OVER-ALL
SY$T E MATIC 1.04—
UNCERTAINTY

IN N

97.7% CONFIDENCE

A'd LESS THAN

VALUE HERE

Though we are certainly outside the nonrelativistic
realm of applicability of EIl. (42) it is conventional
to phrase this number as a limit on the difference
in size between the muon and electron. We find

(r")—(r') &(1.2@10 '4 cm)

All of the foregoing analysis is based on the as-
sumption that G& is a function of only q'. Another
possibility at the other extreme is that G, is a func-
tion of only K We have investigated this by fitting
to the simple form

1,4

l.2

I.O

0.8

0.86— 0.6

FIG. 18. Contour plots for the parameters N'2 and
A'z obtained by fitting the experimental values of the
ratio p,.„,& (q, K, 12 GeV/c) to the equation p~,&

(q2,K, 12
GeV/c) =¹ /'(1.0+ jq I/hD2) . The inner ellipse repre-
sents one standard deviation and the outer ellipse repre-
sents two standard deviations in the fit. The +8% sys-
tematic error is not included; its effect is to allow the¹2 scale to be shifted up and down by an amount as
large as 0.08.

0.4

0.2

0.2
I

0.4 0.6
I q' I [(Gev/c) s]

0.8

FIG. 19. The values of p,&(q2), as defined in the text,
versus Iq2I from Ref. 2.
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p,.„„(q',K, 12 GeV/c) =(C+DK)';

the best fit was

C=(0.960+0.017) (GeV/c) ',

D = (0.000+ 0.003) (GeV/c) '.

(46)
as the best fit. Adopting the conventional form fac-
tor Eq. (15b) and an experimental normalization
correction term N', they also fit their data with

(49)

N = 0.922 + 0.013 (48)

We conclude that our experiment indicates no K
dependence. We also conclude that there is no

point in making G& a function of both q' and K
C. Comparison with Other Experiments

There are no other muon-proton inelastic scat-
tering experiments to which this one may be direct-
ly compared. There have been, however, two
muon-proton elastic scattering experiments"
which probe the muon-virtual-photon vertex in a
way similar to ours. In order to make a compari-
son with electron-proton elastic scattering experi-
ments they make the assumption G„(q')=2.79Gz(q')
in the Rosenbluth formula (Eq. 12). If the lepton is
assigned the elastic form factor G, (q'), the com-
bination [G„'(q')G, (q')J can then be extracted from
the differential cross section (dv/dQ), ~,a„.„.In
analogy to p „wedefine

[~~'(q') G~'(q') J ~~,.i
gael( }

[G 2(q2) G 2(q2)J

G~'(q')
(47}

& '(q')
The values of p,~ from the experiments of Camilleri
et al. ' are shown in Fig. 19. Here too the ratio
appears to be less than unity. A one-parameter
fit, p„(q')=N', gives

AD) 2.4 GeV/c. (51)

The earlier experiment of Ellsworth et al. was
analyzed in a slightly different manner. These
authors presented results for Eq. (49) with N' set
at 1.0 and also with N' set at 0.80. For N' = 1.0,
A~ '=0.172+0.033 (GeV/c) ', with /=17 for 9 de-
grees of freedom. Dropping one bad point the fit
becomes N'=1, AD '=0.009+0.032 (GeV/c) ', with
X'=3.6 for 8 degrees of freedom. Finally for N'
=0.80, A~ '=0+ 0.033 (GeV/c} '. And based on the
first N' = 1 fit, AD) 2.04 GeV/c with 95 /0 confi-
dence.

We find our results in surprisingly good agree-
ment with these two experiments. Neither experi-
ment gives statistical evidence of a q' variation,
while both p, i and p, i are on the average less than
1.0. But, as we have already noted, there is no
required relationship between the pair of param-
eters N', AD, and the pair N, A~. And, once again,
the finding that both N' and N give best fits when

Camilleri et al. give as a best fit

N'=0. 953+0.033, AD '=0.064+0.056 (GeV/c} '.
(50)

This group estimates their systematic error as
4.5%%up and the systematic error in the electron data
as 1-2%. With 95/0 confidence they give a lower
limit of

TABLE VD. p.
&
(q, K, 12 GeV/c) vsK and q . p. i (q2, K, 12 GeV/c) is the ratio of the measured muon-proton in-

elastic cross section 0+xp p (q, K, p&) to a fit to the electron and photon cross sections of Table VI.

z /q'f
(GeV) [(GeV/c) 1 p(q, K, 12 GeV/c)

K
f q2(

(GeV) [(GeV/c) ] p(q, K, 12 GeV/c) (GeV) [(GeV/c) ] p@,K, 12 GeV/c)

0.6-1.5 0.35
0.50
0.70
1.00
1,40
1.80
2.50
3.50

1.5-2.5 0.35
0.50
0.70
1.00
1.40
1.80
2.50
3.50

1.04+ 0.09
0.89 +0.07
0.89+0.08
0.92+0.09
0.86 + 0.13
0.82 + 0.18
0.88 + 0.19
0.32 + 0.24

0.89 + 0.10
0.95+0.09
0.90 +0.10
0.86 + 0.10
1.Q4 + Q.14
0.65+0.16
0.60 + 0.15
1.49 +0.46

2.5—3.5

3.5-5.0

0.35
0.50
0.70
1.00
1.40
1.80
2.50
3.50

0.325
0.50
0.70
1.00
1.40
1.80
2.30
3.00

0.86+ 0.12
1.02 + 0.11
0.89 + 0.11
0.95 + 0.12
Q.81+ 0.14
1.14 + 0.21
0.96 + 0,22
0.03 + 0.56

1.26 + 0.11
0.88 + 0.08
0.96+0.11
0.93 + 0.12
0.88 ~ 0.20
1.08 + 0.21
0.92 +0.23
0.99+0.30

5.0-7.0 0.15
0.30
0.50
0.70
1.00
1.40
1.80

7.0—8.3 0.15
0.30
0.50
0.70
0.90

0.82 + 0.09
0.82 + 0.06
0.89 +0.08
1.02 + 0.12
1.02 ~ 0.14
0.78 + 0.22
0.88 +0.22

0.91~ 0.11
0.78 +0.08
0.86+ 0.13
1.12+0.19
0.91*0.32
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A~q & 1.0 GeV/c. (58}

We note that while lepton-proton inelastic and elas-
tic scattering involves only sPacelike values of q',
the calculation of the limit on A'„ involves both
sPacelike and timelike values of q'.

Restrictions on the muon form factor for time-
like values of q have been obtained~ ' by study-
ing the electron-positron colliding beam process

e +e' p. + p,'.
We find that the result of Alles-Borelli et al. '
gives approximately the restriction

A; & 6.0 GeV/c,

(54)

(55)

with 95% confidence. Here the form factor of Eq.
(15a}has been used. The superscript c on A'„ in-
dicates that this is a colliding-beam measurement.
Thus the g„experiment and the colliding-beam ex-
periment, like the inelastic and elastic scattering
experiments, find only lower limits on the A pa-
rameter in Eq. (15a).

We can extract a limit on A„'from AD if we make
an assumption about the limits on A,'. We assume
that A,' is the same as A„,where A„is the A

parameter obtained by applying the form factor of
Eq. (15a) to electron-electron elastic scattering,

e +e -e +e (56)

We distinguish A„from A„the A parameter mea-
sured in electron-proton elastic scattering, be-
cause A, might show the effect of an unknown elec-
tron-hadron interaction.

The most restrictive limit on A„comes from the
measurement ' of electron-electron elastic scat-
tering in electron-electron storage rings. Com-

less than 1.0 might be attributable to systematic
experimental error. We shall discuss this further
in Sec. VIII.

There are no other experiments which explicitly
measure the difference parameter AD. There are,
though, a number of experiments which are sensi-
tive to the individual lepton form factors and can
be compared to theorectical calculations. These
yield values of either A„orA,. Principal among
them is the muon g-2 experiment. '4 As discussed
in Sec. IID, this measurement agrees with the
predictions of quantum electrodynamics to a very
high precision, and consequently imposes a strong
constraint on the hypothetical lepton form factor.
The modification to a~~ ~ due to the inclusion of
the form factor of Eq. (15a}at each real muon ver-
tex has been calculated. ' The modification may
be expressed as multiplication of a„bythe factor

1--;(m '/A") (52)

Then with 95 /0 confidence'

parison of the experimental result with the Mqiller

cross section, modified by the inclusion of the
form factors of Eq. (15a) at both lepton vertices,
gives A„'=-0.022+0.025 (GeV/c) '. If we insist
that A„'be greater than zero, as the charge
radius interpretation of Eq. (16) would require, we
find

A„&6.1 GeV/c, (5'I)

with 95% confidence. Combining this result with

our result for AD we find

A„'&8.2 GeV/c,

with 95% confidence.

(58}

VIII, SPECULATIONS

=1 — . . . 0&5&1.
fq' +A„'' (59)

Then in the scattering experiments, as ~q'( in-
creases

In our inelastic experiment and in the two elastic
experiments, there are no statistically significant
indications of any q'-dependent differences be-
tween the muon and the electron. But in all of
these experiments the muon cross sections turn
out to be lower than the electron cross sections.
We emphasize that in our experiment this differ-
ence is not significant because the over-all nor-
malization uncertainty is about 8%. In the elastic
experiments the authors give a smaller normaliza-
tion uncertainty for the muon data, but the com-
bined over-all normalization uncertainty of the
muon and electron data might be as large as our
8%. Thus the low muon cross section in any one
experiment is not significant. However, we should
not totally ignore these "normalization differences. '

At the very least we should use them for hints as
to what might be the most fruitful direction for
future experiments on the muon-electron differ-
ence. The development of these hints, or perhaps
better speculations, is the purpose of this section. '

If we look at the muon-proton inelastic and elas-
tic experiments, with no preconceived notions as
to how the muon-electron difference might behave
with q', we would not use the form factors 1/
(1+ ~q'~/A, '). Instead we would use a form which
gives a roughly q'-indePendent difference between
the muon and electron cross sections in the q'
range covered by the experiments. We would of
course a.lso require G, (0) =1. A simple example
of such a model is one in which the electron is in-
deed a point Dirac particle so that G,(q'} = 1, and
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P,, (if', K) =P„(if') - (1 —b)'.

Thus at high values of lq'I only a "normalization
difference" would be observed. The form factor
of Eq. (59) could come from the following model.
Take the muon to have (1-b) of its electric charge
concentrated in a point and b of its electric charge
spread out in a halo of radius v 6/A„[see Eq. (16)].
To fit the "normalization differences" found in the
inelastic and elastic experiments, b would have a
value in the vicinity of 0.05. Thus this model may
be described as a mostly point muon with a small
fraction of the electric charge in a halo around the
point.

Up to now we have been concerned with fitting a
form factor to the high-energy scattering experi-
ments. But, as previously discussed, any such
form-factor modification would affect the value of
the lepton gyromagnetic moment. Thus the result
of Picasso et al. '4 imposes a limit on the parame-
ters b and A„from Eq. (58). The g-2 experiment
is essentially a low-lq'I measurement; if we ap-
proximate Eqs. (59}and (15a) in this limit we find

b/A ~= I/A~

So, by Eq. (53),

b/A„' & 0.02

with 95% confidence.
Unfortunately this limit does not give very good

agreement with the high-energy scattering results,
as we can see by considering the region in which
Iq'I/A„'«I, where

A '
& 0.041 ''I

with 95/o confidence. For lq'I values less than 1
the "normalization differences" are then limited
to less than 4%%uo with 95%%uo confidence, which, while
not inconsistent, is on the edge of compatability
with the data. Thus the function given in Eq. (59}
is not a very good choice for the muon form factor.

What is required is a form factor which is a
more rapid function of q'. An example of such an
expression is

(62)

Taking (f/e)(g»„/g„„)to be real and negative, the
best fit of our data to this form gives

(f/e)( g»„/g „)= -0,055+ 0.031

and

M»' =0.184+ 0.443 (GeV/c')'

(63)

b„=0. 062~.032, A„'=3.2+3.9 (GeV/c) ',
with g'=45. 8 for 42 degrees of freedom. Equation
(60) with the parameters given above is consistent
with the g„experiment'4 which led to the limit on
A„given in Eq. (52). It is similarly consistent
with the e'+ e - p, '+ p. experiment ' which led to
the limit on A'„given in Eq. (55).

In the foregoing we have attempted to explain
the various experimental data in terms of a muon
form factor. An alternate approach, as discussed
in Sec. II C, is to postulate a special muon-hadron
interaction. Such an interaction can conceivably
explain the "normalization differences" in both the
elastic and inelastic scattering experiments and
yet have only very small effects on the gyromag-
netic moment and the e'+e - p.'+ p, cross sec-
tion.

As shown in Fig. 20, we assume that the special
muon-hadron interaction is mediated by a neutral
particle Xwith mass Mx. Though it is not neces-
sary to do so, we also assume that the Xparticle
has spin 1. The coupling constants are indicated
in the diagrams; e is the electric charge. The
coupling constants at the lower vertices are to be
regarded only as very crude measures of the
strength of the coupling of the virtual photon or
the Xparticle to hadrons. Muon-proton inelastic
scattering would take place through the sum of the
two diagrams in Fig. 20. The second diagram
would result in a difference between muon-proton
and electron-proton inelastic cross sections, be-
cause only the first diagram would enter in elec-
tron-proton inelastic scattering. Then, to lowest
order in the coupling constants,

2 = bg
i(e )= — +1 I,

I
/A 4 .

In the limit (q'} /A, » 1, this form gives

G, (q2) —1 —bi

(60)

I

(XI

I

(I —bi)'
Pinei Pel (1 b )2

'
e

(61) proton

One- photon exchange

I

IlQdl'Oils

proton

One-X exchange

hodvolls

So Eq. (61) would look like a normalization dis-
crepancy. We have fitted our data to this form as-
suming b, = 0 and

FIG. 20. One-photon-exchange diagram and the hypo-
thetical neutral vector boson (X) exchange diagram show-
ing the various coupling constants.
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with g' =42.75 for 42 degrees of freedom. The
reader should be cautioned that this is only an
example. The special muon-hadron interaction
could involve many or all hadrons, and Eq. (62)
and the fits in Eq. (63) would then just illustrate
one of the simplest cases. In particular we do not
mean to suggest that some undiscovered hadron of
mass M~ is required for a special muon-hadron
interaction.

A conventional speculation"'" is that the X par-
ticle is some undiscovered heavy photon with e =f .
But we prefer the speculation that the X particle is
itself a hadhon. More generally the X particle
might be taken to represent the summation of the
interaction of different kinds of hadrons with the
muon. To estimate the present experimental
limits on f, the coupling of the muon to the hadron
X, we take (g»„/g„„)'to be the ratio of a typical
hadron-hadron total cross section (30 mb) to the
photon-proton total cross section (0.12 mb). Our
muon-proton inelastic scattering measurements
indicate 5 to be approximately 0.05. Then

f/e=0. 05/v'250 =—,
' . (64)

Thus in this "X-hadron" model, the coupling of the
muon to the hadrons is much weaker than the elec-
tromagnetic coupling. If such a coupling does
exist, it can most likely be found only through the
study of muon-hadron reactions. It will be difficult
to find in purely electromagnetic experiments be-
cause the enhancement factor (g»„/g„„)will not be
available.

As an example, we consider the effect of this "X-
hadron" model on g„.The inclusion of X exchange
in the g„calculation produces a modification given
by Kobzarev and Okun" as

or
2

, &8.3x10 ' (GeV/c') ' (65)

with 95% confidence. Taking M»' from Eq. (63)
yields the limit

f/e & 0.15. (66)

Equation (66) gives an upper limit to f/e which is

which combined with the results of Picasso et al. '4
gives

2

, = (2.5+ 2.9)x10 ' (GeV/c') '
K

much larger than the speculative estimate given in
Eq. (64). The precision of the g„experiment would
have to be improved by at least a factor of 1000 to
test the estimate given in Eq. (64). Not only is this
precision unobtainable with present experimental
methods, but an effect of this very small size will
be completely obscured by the expected strong-
interaction contribution" to g„.Similar remarks
hold for the contribution of the "X-hadron" model
to the process e'+ e - p,'+ p, . In the above we
have assumed that the muon has a special inter-
action with hadrons and the electron is the conven-
tional charged lepton with only electromagnetic
and weak interactions. The contrary position can
also be taken: there is a special electron-hadron
interaction and the muon is the conventional
charged lepton. The same analysis can then be
pursued. The only difference is that the effect of
the "X-hadron" model in purely electromagnetic
interactions is even smaller.

Qf course, all of this is highly speculative. We
have found no statistically significant violation of
the principle of muon-electron universality, and
the p,-e puzzle remains, But the agreement be-
tween muon and electron scattering cross sections
is not as good as we might hope for. A curious 8/o,
possibly systematic "normalization error" has
persisted through three experiments and must yet
be resolved. The results of this investigation
seem to indicate that future experimenters might
best seek to answer the question of muon-electron
scattering differences by making high-precision
measurements at moderate values of ~q'~ rather
than going to as high a ~q'( as possible, as was
done in this experiment. The challenge of this
field will be to reduce the limits of systematic
errors, in both muon and electron experiments,
to a level at which a 5%%uo difference will be unques-
tionably significant.
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