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Bethe-Salpeter equation for heavy baryonsvQ
„* … in the diquark picture
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In the heavy quark limit, the heavy baryonsvQ
(* ) (v stands forS, J or V andQ5b or c) are regarded as

composed of a heavy quark and an axial vector, light diquark with good spin and isospin quantum numbers.
Based on this diquark picture we establish the Bethe-Salpeter~BS! equation forvQ

(* ) in the limit where the
heavy quark has infinite mass,mQ→`. It is found that in this limit there are three components in the BS wave
function forvQ

(* ) . Assuming the kernel to consist of a scalar confinement term and a one-gluon-exchange term
we derive three coupled integral equations for the three BS scalar functions in the covariant instantaneous
approximation. Numerical solutions for the three BS scalar functions are presented, including a discussion of
their dependence on the various input parameters. These solutions are applied to calculate the Isgur-Wise
functions j(v) and z(v) for the weak transitionsVb

(* )→Vc
(* ) . Using these we give predictions for the

Cabibbo-allowed nonleptonic decay widths and up-down asymmetries forVb→Vc
(* ) plus a pseudoscalar or

vector meson.@S0556-2821~99!07909-6#

PACS number~s!: 11.10.St, 12.39.Hg, 14.20.Lq, 14.20.Mr
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I. INTRODUCTION

The physics of heavy hadrons has been a subject o
tense interest in recent years. One reason for this is that m
and more experimental data are being accumulated. Ano
reason is the discovery of the new flavor and spin symm
in QCD, SU(2) f3SU(2)s , in the heavy quark limit and the
establishment of heavy quark effective theory~HQET! @1#.
However, in comparison with the heavy meson case, he
baryons have been studied much less, both experimen
and theoretically.

On the other hand, the experimental situation with hea
baryons has been improving recently, with more measu
ments becoming available. For instance, OPAL has m
sured some physical quantities forLb , such as its lifetime
and the production branching ratio for the inclusive semil
tonic decayLb→L l 2n̄X @2#. Furthermore, measurements
the nonleptonic decay ofLb have also been made, throug
the well-known processLb→LJ/c. The discrepancy be
tween the measurements made by UA1@3# and those by the
Collider Detector at Fermilab~CDF! @4# and CERNe1e2

collider LEP Collaborations@5# appears to have been settle
by the new measurement from CDF@6#. However, compared
with D and B mesons, the data for heavy baryons are s
very limited. In addition toLb , there have been few data o
other bottom baryons@7#, although we expect more data
appear in the near future. Clearly the time is right for serio
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theoretical studies of heavy baryon properties to begin.
Theoretically, HQET can simplify the physical process

involving heavy quarks, since with the aid of HQET th
number of independent form factors is reduced. For instan
in leading order of the 1/mQ expansion only one form facto
~the Isgur-Wise function! remains for theLb→Lc transition,
while for vb

(* )→vc
(* ) ~we follow the notation of Ref.@8#; v

could beJ, S or V andQ5b or c) there are two indepen
dent Isgur-Wise functions.~Note thatvQ

(* ) is a notation im-
plying either vQ or vQ* .! The behavior of these function
depends on the nonperturbative effects of QCD which c
trol the dynamics inside a heavy hadron. Hence some n
perturbative QCD model has to be adopted from which th
Isgur-Wise functions can be obtained. In previous work@9#,
we established the Bethe-Salpeter~BS! equation forLQ ,
which is assumed to be composed of a heavy quark,Q, and
a scalar diquark. Some theoretical predictions forLb→Lc
were also obtained. It is the purpose of the present pape
generalize such an approach to the heavy baryons,vQ

(* ) , and
consequently give some phenomenological predictions
the weak decays of such baryons.

When the quark mass is very heavy compared with
QCD scale,LQCD, the light degrees of freedom in a heav
baryon,LQ (Q5b or c), become blind to the flavor and spi
quantum numbers of the heavy quark because of
SU(2) f3SU(2)s symmetry. Therefore, the light degrees
freedom have good quantum numbers, including angular
mentum and isospin. These quantum numbers can be us
classify heavy baryons. For example, the light degrees
freedom ofLQ have zero angular momentum and isosp
For SQ

(* ) , the angular momentum and parityJP of the light
degrees of freedom are 11, and the isospin is also 1 in orde
to guarantee that the total wave function of the hadron
antisymmetric. Hence it is natural to consider the hea
©1999 The American Physical Society07-1



ar

v
te

BS

o
h
v
un
in
on
B
is
ion
re
e

,

in

I
an
th
al
w
io
at
S
o

th
a

o

te

s
n

-

e
are

rk

ve

ss

m
to
, in

X.-H. GUO, A. W. THOMAS, AND A. G. WILLIAMS PHYSICAL REVIEW D 59 116007
baryon to be composed of a heavy quark and a light diqu
This is our underlying assumption.

Based on the picture of the composition of the hea
baryon which we have just presented, the three body sys
is simplified to a two body system. We establish the
equation for the heavy baryons,vQ

(* ) , in this picture. The
heavy quark symmetry can be used to simplify the form
the BS wave function greatly. It can be shown that in t
limit mQ→` there are three components in the BS wa
function, and hence we have three corresponding scalar f
tions. We solve the BS equation numerically by assum
that the kernel contains a scalar confinement term and a
gluon-exchange term. The explicit dependence of the
wave function on the parameters of the model will be d
cussed. Furthermore, we calculate the Isgur-Wise funct
in terms of the BS wave functions and give theoretical p
dictions for the Cabibbo-allowed two body nonleptonic d
caysVb→Vc

(* ) plus a pseudoscalar or vector meson.
The light degrees of freedom ofvQ

(* ) belong to a 6 rep-
resentation of flavor SU~3!. Taking Q5b as an example
vb

(* ) includes Sb
(* )1,0,2 , Jb

(* )0,2 and Vb
(* )2 . The total

spins ofvQ and vQ* are 1
2 and 3

2 respectively. There is no
strange quark inSQ

(* ) while there is one strange quark
JQ

(* ) and two inVQ
(* ) respectively.

The remainder of this paper is organized as follows.
Sec. II we establish the BS equation for the heavy quark
axial vector light diquark system and discuss the form of
kernel. In Sec. III we derive explicitly the coupled integr
equations for the BS scalar wave functions. In Sec. IV
discuss the normalization condition of the BS wave funct
by exploiting the normalization of the Isgur-Wise function
the zero recoil point. The numerical solutions of the B
equation and their dependence on the parameters in
model are presented in Sec. V. In Sec. VI we calculate
Isgur-Wise functions and give predictions for the dec
widths and up-down asymmetry parameters forVb→Vc

(* )

plus a pseudoscalar or vector meson. Finally, Sec. VI c
tains a summary and discussions.

II. BS EQUATION FOR vQ
„* …

As discussed in Sec. I,vQ
(* ) is regarded as a bound sta

of a heavy quark,cQ , and a light axial vector diquark,Am .
In the following,uQ denotes the Dirac spinor ofcQ andhm
represents the polarization vector ofAm . Then Bm[uQhm
can be decomposed into spin-1

2 and spin-32 states@10,11#
which representvQ and vQ* respectively. These two state
are degenerate in the heavy quark limit. Using the notatio
Refs. @11,12# this doublet is described byBm

m(v), wherem
51,2 correspond tovQ and vQ* respectively,vm is the ve-
locity of the heavy baryon andBm5Bm

1 1Bm
2 @10#. Explicitly,

we can write

Bm
1 ~v !5

1

A3
~gm1vm!g5u~v !,

Bm
2 ~v !5um~v !, ~1!
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where u(v) is the Dirac spinor andum(v) is the Rarita-
Schwinger vector spinor.Bm

m(v) satisfies the following con-
ditions:

v”Bm
m~v !5Bm

m~v !, vmBm
m~v !50, gmBm

2 ~v !50. ~2!

The above constraints form51 can be seen fromv”u(v)
5u(v) while for m52, they are the properties of a spin-3

2 ,
Rarita-Schwinger vector spinor.

Under a Lorentz transformationL @10#,

Bm→Lm
n D~L!Bn , ~3!

whereD(L) is the spinorial representation ofL. Under the
heavy quark spin transformation@8#,

Bm→2g5v”e”Bm , ~4!

where e5e1 ,e2 ,e3 are three mutually orthogonal four
dimensional unit vectors which are also orthogonal tov ~i.e.,
ei•v50) andei

2521(i 51,2,3). The three unit vectors ar
associated with the heavy quark spin operators which
generators of theSU(2)s symmetry.

SincevQ
(* ) is composed ofcQ andAm , we can define the

BS wave function ofvQ
(* ) by

xm~x1 ,x2 ,P!5^0uTcQ~x1!Am~x2!uvQ
~* !~P!&, ~5!

whereP5mv
Q
(* )v is the total momentum ofvQ

(* ) andv is its

velocity. Let mQ andmD be the masses of the heavy qua
and the light diquark in the baryon. Let us definel1
[mQ /(mQ1mD) andl2[mD /(mQ1mD) and letp be the
relative momentum of the two constituents. The BS wa
function in momentum space is defined as

xm
m~x1 ,x2 ,P!5eiP•XE d4p

~2p!4
eip•xxPm

m ~p!, ~6!

whereX[l1x11l2x2 is the coordinate of the center of ma
and x[x12x2. The momentum of the heavy quark isp1
5l1P1p and that of the diquark isp252l2P1p.

It can be shown thatxPm
m (p) satisfies the following BS

equation@13#

xPm
m ~p!5SF~l1P1p!E d4q

~2p!4
Grn~P,p,q!

3xPm
n ~q!SD

mr~2l2P1p!, ~7!

whereGrn(P,p,q) is the kernel, which is defined as the su
of all the two particle irreducible diagrams with respect
the heavy quark and the light diquark. For convenience
the following we use the variables

pl[v•p2l2mv
Q
~* !, pt[p2~v•p!v. ~8!

Then in the leading order of the 1/mQ expansion we have

SF~l1P1p!5
i ~11v” !

2~pl1E01mD1 i e!
, ~9!
7-2
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where E0 is the binding energy. From Eqs.~7! and ~9! it
follows thatxPm

m (p) satisfies the following equation:

v”xPm
m ~p!5xPm

m ~p!. ~10!

The propagator of the light axial vector diquark has the fo

SDmn~p2!52 i
gmn2p2mp2n /mD

2

p2
22mD

2 1 i e
. ~11!

In the limit mQ→` we havep252mDv1p and hence we
have

SDmn~p2!

52 i
gmn2vmvn2pmpn /mD

2 1~vmpn1vnpm!/mD

pl
22Wp

21 i e
,

~12!

whereWp[Apt
21mD

2 . The corrections to Eqs.~9! and ~12!
are fromO(1/mQ) terms.

Now we discuss the form of the BS wave functio
xPm

m (p). In the heavy quark limit, as a result of theSU(2)s

3SU(2) f symmetry, the internal dynamics of the hea
baryon,vQ

(* ) , is determined by the light degrees of freedo
and the flavor and spin direction of the heavy quark,Q, is
irrelevant. Consequently we have@10,12#

xP
m~p!5uQ~v !hnzmn~v,p! ~13!

and

^0uAmu light,11&5hnzmn~v,p!. ~14!

Sincev•h50 @10#, the tensorzmn(v,p) can be expanded
as

zmn~v,p!5A1gmn1A2vmpn1A3pmpn, ~15!

where Ai( i 51,2,3) are Lorentz scalar functions. After e
pressinguQhm in Eq. ~13! in terms ofBm

m(v)(m51,2), we
have the following form for the BS wave function:

xPm
m 5A1Bm

m~v !1A2vmpnBm
n ~v !1A3pmpnBm

n ~v !.
~16!

Therefore, we have three components in the BS w
function, xPm

m (p), and they correspond to three scalar B
functionsAi( i 51,2,3). This is consistent with our diquar
picture for vQ

(* ) . In the heavy quark limit, the dynamic
inside the heavy baryon is controlled by the configuration
the light degrees of freedom. Since the light diquark is a1

object, it has three different configurations. Conseque
there are three components in the BS wave function wh
describe the dynamics in the heavy baryonvQ

(* ) .
In fact, we can derive the form ofxPm

m (p) in another way.
We may first write out all the possible terms which have
same behavior asxPm

m (p) under Lorentz transformations
Then by applying the condition, Eq.~10!, and ensuring the
proper behavior under the heavy quark spin transformat
Eq. ~4!, we obtain the same result as given in Eq.~16!.
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m , and using the constrain

vmBm
m(v)50, it will be convenient to define

A5A1 , C5A21v•pA3 , D5A3 ,

which results in the following expression for the BS wa
function:

xPm
m 5ABm

m~v !1CvmptnBm
n ~v !1Dpt

mptnBm
n ~v !. ~17!

A,C andD in Eq. ~17! are functions ofpl andpt
2 . Their

behavior is controlled by nonperturbative QCD. Our aim
to obtain explicit forms for them with some QCD-motivate
model for the form of the BS kernel.

Motivated by the success of the potential model@14#, sca-
lar confinement and one-gluon-exchange terms were use
the kernel when studyingLQ in Ref. @9#. This form was also
used in the heavy meson case in Ref.@15#. In the present
work we will also adopt this form of the kernel

iGrn5grnI ^ IV11vm ^ GmrnV2 , ~18!

whereGmrn is the vertex of a gluon with two axial vecto
diquarks. This vertex should reflect the internal structure
the diquark. In this work, we use the model proposed in R
@16# where this vertex has the following form~see Fig. 1!:

2 i
la

2
gsG

mrnFV~Q2!, ~19!

with

Gmrn5~p21p28!mgnr2~p2
ngmr1p28

rgmn!.

In Eq. ~19!, gs is the strong interaction coupling constant a
FV(Q2) is introduced to describe the internal structure of t
axial vector diquark. The form factor,FV(Q2), depends on
nonperturbative QCD interactions and will be determin
phenomenologically, by comparison with experiment.

As discussed in Ref.@9#, when we consider the vertex o
two heavy quarks with a gluon, the momenta of the tw
heavy quarks arep15l1mLQ

v1p andp185l1mLQ
v1q re-

spectively, wherep and q are relative momenta and of th
order LQCD . In the heavy quark limit the heavy quark
almost on-shell and moves with constant velocity. It can
shown thatpl5ql at this vertex when the heavy quark

FIG. 1. The vertex of two axial vector diquarks and a gluon.
7-3
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exactly on-shell. This is the so-called covariant instantane
approximation@9,15#. With this approximation,V1 andV2 in
Grn(P,p,q) are replaced by

Ṽi[Vi upl5ql
~ i 51,2!. ~20!

III. COUPLED INTEGRAL EQUATIONS FOR THREE BS
SCALAR WAVE FUNCTIONS

In this section we will derive explicitly three coupled in
tegral equations for the BS scalar wave functions. Subst
ing Eqs.~9! and~12! into Eq.~7! and considering the form o
the kernel in Eq.~18! and the property in Eq.~10!, we obtain
the following form for the BS equation
11600
us

t-

xPm
m ~p!5

2 i

~pl1E01mD1 i e!~pl
22Wp

21 i e!
Mm

m , ~21!

where

Mmm[ i Fgmr2vmvr1
~vmpr1pmvr!

mD
2

pmpr

mD
2 G

3E d4q

~2p!4
@Grn~P,p,q!xPmn~q!#upl5ql

, ~22!

and we have made explicit use of the covariant instantane
approximation.

Substituting Eqs.~17!, ~18! and ~19! into Eq. ~22! and
again using the covariant instantaneous approximation
have
e

Mm
m5Bm

m~v !E d4q

~2p!4
A~Ṽ112plṼ2!1

1

mD
vmE d4q

~2p!4
$pt•Bm~v !A~Ṽ112plṼ2!1~pl1mD!@2Apt•Bm~v !Ṽ2

1qt•Bm~v !~CṼ12Dpt•qtṼ2!#1pt•qtqt•Bm~v !@2CṼ21D~Ṽ112plṼ2!#%

2
1

mD
2

pmE d4q

~2p!4
$pt•Bm~v !A~Ṽ112plṼ2!1pl@2Apt•Bm~v !Ṽ21qt•Bm~v !~CṼ12Dpt•qtṼ2!#

1pt•qtqt•Bm~v !@2CṼ21D~Ṽ112plṼ2!#%1E d4q

~2p!4
qt

mqt•Bm~v !@2CṼ21D~Ṽ112plṼ2!#. ~23!

We notice that in Eq.~23! there are terms of the form*@d4q/(2p)4#qt
m f and*@d4q/(2p)4#qt

mqt
n f , wheref is some function

of p2,q2 andp•q. On the grounds of Lorentz invariance, in general we have

E d4q

~2p!4
qt

m f 5 f 1vm1 f 2pt
m ~24!

and

E d4q

~2p!4
qt

mqt
n f 5g1gmn1g2vmvn1g3vmpt

n1g4vnpt
m1g5pt

mpt
n . ~25!

From Eq. ~24! only the f 2 term can contribute, while from Eq.~25! only the g1 ,g3 and g5 terms can contribute, sinc
vnBm

n (v)50. It can be easily shown that

f 25E d4q

~2p!4

pt•qt

pt
2

f ,

g15E d4q

~2p!4

~pt•qt!
22pt

2qt
2

2pt
2

f ,

g350,

g55E d4q

~2p!4

3~pt•qt!
22pt

2qt
2

2pt
4

f . ~26!

With the aid of Eqs.~24!, ~25! and~26! we can expressMm
m in Eq. ~23! in terms ofBm

m(v), vmptnBm
n (v) andpt

mptnBm
n (v).

Let us define

Ã~pt
2!5E dql

2p
A~pl ,pt

2!, C̃~pt
2!5E dql

2p
C~pl ,pt

2!, D̃~pt
2!5E dql

2p
D~pl ,pt

2!, ~27!
7-4
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whereÃ, C̃ and D̃ are functions ofpt
2 only. Then one obtains the expression

Mm
m5Bm

m~v !E d3qt

~2p!3 H Ã~Ṽ112plṼ2!2C̃
~pt•qt!

22pt
2qt

2

2pt
2

Ṽ21D̃
~pt•qt!

22pt
2qt

2

2pt
2 ~Ṽ112plṼ2!J

1
1

mD
2 vmpt•Bm~v !E d3qt

~2p!3 H 2Ã@plṼ11~pl
21mD

2 !Ṽ2#2C̃F ~pl
22mD

2 !
pt•qt

pt
2

Ṽ11pl

~pt•qt!
2

pt
2

Ṽ2G
1D̃

~pt•qt!
2

pt
2 @plṼ11~pl

21mD
2 !Ṽ2#J 2

1

mD
2

pt
mpt•Bm~v !E d3qt

~2p!3 H Ã~Ṽ11plṼ2!

1C̃F pl

pt•qt

pt
2

Ṽ11
mD

2 ~3~pt•qt!
22pt

2qt
2!12pt

2~pt•qt!
2

2pt
4

Ṽ2G
1D̃F2

mD
2 ~3~pt•qt!

22pt
2qt

2!12pt
2~pt•qt!

2

2pt
4 ~Ṽ112plṼ2!1pl

~pt•qt!
2

pt
2

Ṽ2G J . ~28!

In Eq. ~21! there are poles inpl at Wp2 i e, 2Wp1 i e and 2E02mD2 i e. By choosing the appropriate contour, w
integrate overpl on both sides of Eq.~21! and obtain the following three coupled integral equations forÃ, C̃ and D̃:

Ã~pt
2!5

21

2Wp~E01mD2Wp!
E d3qt

~2p!3 H Ã~qt
2!~Ṽ122WpṼ2!2C̃~qt

2!
~pt•qt!

22pt
2qt

2

2pt
2

Ṽ2

1D̃~qt
2!

~pt•qt!
22pt

2qt
2

2pt
2 ~Ṽ122WpṼ2!J , ~29!

C̃~pt
2!5

21

2mD
2 Wp~E01mD2Wp!

E d3qt

~2p!3 H Ã~qt
2!$WpṼ12@~E01mD!Wp1mD

2 #Ṽ2%

1C̃~qt
2!F2

pt•qt

pt
2 @~E01mD!Wp2mD

2 #Ṽ11Wp

~pt•qt!
2

pt
2

Ṽ2G
1D̃~qt

2!
~pt•qt!

2

pt
2 $2WpṼ11@~E01mD!Wp1mD

2 #Ṽ2%J , ~30!

D̃~pt
2!5

1

2mD
2 Wp~E01mD2Wp!

E d3qt

~2p!3 H Ã~qt
2!~Ṽ12WpṼ2!

1C̃~qt
2!F2

pt•qt

pt
2

WpṼ11
mD

2 @3~pt•qt!
22pt

2qt
2#12pt

2~pt•qt!
2

2pt
4

Ṽ2G
2D̃~qt

2!FmD
2 @3~pt•qt!

22pt
2qt

2#12pt
2~pt•qt!

2

2pt
4 ~Ṽ122WpṼ2!1

~pt•qt!
2

pt
2

WpṼ2G J . ~31!

If one knows the form for the kernel,Ṽ1 andṼ2, thenÃ(pt
2), C̃(pt

2) andD̃(pt
2) can be obtained from Eqs.~29!, ~30! and

~31!. Consequently from Eqs.~17!, ~21! and ~28! we find the following expressions forA(pl ,pt
2), C(pl ,pt

2) andD(pl ,pt
2):

A~pl ,pt
2!5

2 i

~pl1E01mD1 i e!~pl
22Wp

21 i e!
E d3qt

~2p!3 H Ã~qt
2!~Ṽ112plṼ2!2C̃~qt

2!
~pt•qt!

22pt
2qt

2

2pt
2

Ṽ2

1D̃~qt
2!

~pt•qt!
22pt

2qt
2

2pt
2 ~Ṽ112plṼ2!J , ~32!
116007-5
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C~pl ,pt
2!5

2 i

mD
2 ~pl1E01mD1 i e!~pl

22Wp
21 i e!

E d3qt

~2p!3 H 2Ã~qt
2!@plṼ11~pl

21mD
2 !Ṽ2#

2C̃~qt
2!F ~pl

22mD
2 !

pt•qt

pt
2

Ṽ11pl

~pt•qt!
2

pt
2

Ṽ2G1D̃~qt
2!

~pt•qt!
2

pt
2 @plṼ11~pl

21mD
2 !Ṽ2#J , ~33!

D~pl ,pt
2!5

i

mD
2 ~pl1E01mD1 i e!~pl

22Wp
21 i e!

E d3qt

~2p!3 H Ã~qt
2!~Ṽ11plṼ2!

1C̃~qt
2!F pt•qt

pt
2

plṼ11
mD

2 @3~pt•qt!
22pt

2qt
2#12pt

2~pt•qt!
2

2pt
4

Ṽ2G
1D̃~qt

2!F2
mD

2 @3~pt•qt!
22pt

2qt
2#12pt

2~pt•qt!
2

2pt
4 ~Ṽ112plṼ2!1

~pt•qt!
2

pt
2

plṼ2G J . ~34!

A model kernel, specified in terms ofṼ1 andṼ2, for the BS equation in the scalar light diquark case was given in Ref.@9#. In
the present axial vector diquark case, a model vertex for a gluon with two 11 diquarks is given in Eq.~19!, whereFV(Q2)
describes the internal structure of the light diquark. Following Ref.@16# we take the form forFV(Q2) as

FV~Q2!5
as

~eff!Q1
2

Q21Q1
2

, ~35!

where Q1
2 is a parameter which freezesFV(Q2) when Q2 is very small. In the high energy region the form factor

proportional to 1/Q2, which is consistent with perturbative QCD calculations@17#. By analyzing the electromagnetic form
factor for the proton it was found that selectingQ1

253.2 GeV2 can lead to results consistent with the experimental data@16#.
Note that in Eq.~35! we do not consider the difference between longitudinal and transverse polarization states. The re
that we are considering the bound state with a binding energy of orderLQCD; so this difference should be small@see Ref.@16#,
where this difference is a factorQ2

2/(Q21Q2
2) with Q2

2 approximately 15 GeV2; so this factor is close to 1 in our discussion#.
Based on the above discussion, the kernel for the BS equation in the baryon case is taken to have the following

Ṽ15
8pk

@~pt2qt!
21m2#2

2~2p!3d3~pt2qt!

3E d3k

~2p!3

8pk

~k21m2!2
,

Ṽ252
16p

3

as
~eff!2Q1

2

@~pt2qt!
21m2#@~pt2qt!

21Q1
2#

, ~36!

wherek andas
(eff) are coupling parameters related to scalar confinement and the one-gluon-exchange diagram resp

The second term ofṼ1 in Eq. ~36! is the counter-term which removes the infra-red divergence arising from the l
confinement in the integral equation. The parameterm is introduced to avoid the infra-red divergence in numerical calcu
tions. The limitm→0 is taken in the end. BesidesQ1

2, there are two parameters,k andas
(eff) , in the kernel. However, they

should be related to each other when we solve the coupled integral equations~29!, ~30! and ~31!. This will be discussed in
detail in Sec. V.

Since we now have an explicit form forṼ1 andṼ2 in Eq. ~36!, we can reduce Eqs.~29!, ~30! and~31! to one dimensional
integral equations. With the aid of the formulas given in the Appendix we obtain the following equations from Eqs.~29!, ~30!
and ~31!:
116007-6
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Ã~pt
2!5

21

2Wp~E01mD2Wp!
E qt

2dqt

4p2 H F8pkF1~ uptu,uqtu!1
32pbWp

3~Q1
22m2!

[F2~ uptu,uqtu,m!2F2~ uptu,uqtu,Q1!] G Ã~qt
2!

28pkF1~ uptu,uqtu!Ã~pt
2!J 2

1

2Wp~E01mD2Wp!
E qt

2dqt

4p2

8pb

3~Q1
22m2!

H qt
2@2F2~ uptu,uqtu,m!1F2~ uptu,uqtu,Q1!#

2
1

pt
2 @F4~ uptu,uqtu,m!2F4~ uptu,uqtu,Q1!#J C̃~qt

2!1
1

2Wp~E01mD2Wp!
E qt

2dqt

4p2 H 4pkFqt
2F1~ uptu,uqtu!

2
1

pt
2

F5~ uptu,uqtu!G1
16pbWp

3~Q1
22m2!

Fqt
2@F2~ uptu,uqtu,m!2F2~ uptu,uqtu,Q1!#1

1

2pt
2 @F4~ uptu,uqtu,m!

2F4~ uptu,uqtu,Q1!#G J D̃~qt
2!, ~37!

C̃~pt
2!5

21

2mD
2 Wp~E01mD2Wp!

E qt
2dqt

4p2 H F8pkWpF1~ uptu,uqtu!1
16pb

3~Q1
22m2!

@F2~ uptu,uqtu,m!2F2~ uptu,uqtu,Q1!#@~E0

1mD!Wp1mD
2 #G Ã~qt

2!28pkWpF1~ uptu,uqtu!Ã~pt
2!J

2
1

2mD
2 Wp~E01mD2Wp!

E qt
2dqt

4p2 H F8pkF3~ uptu,uqtu!
mD

2 2~E01mD!Wp

pt
2

1
16pb

3~Q1
22m2!

@F4~ uptu,uqtu,m!

2F4~ uptu,uqtu,Q1!#
Wp

pt
2 G C̃~qt

2!28pkF1~ uptu,uqtu!@mD
2 2~E01mD!Wp#C̃~pt

2!J
1

1

2mD
2 Wp~E01mD2Wp!

E qt
2dqt

4p2 H F8pkF5~ uptu,uqtu!
Wp

pt
2

2
16pb

3~Q1
22m2!

@F4~ uptu,uqtu,m!

2F4~ uptu,uqtu,Q1!#
~E01mD!Wp1mD

2

pt
2 G D̃~qt

2!28pkpt
2WpF1~ uptu,uqtu!D̃~pt

2!J , ~38!

D̃~pt
2!5

1

2mD
2 Wp~E01mD2Wp!

E qt
2dqt

4p2 H F8pkF1~ uptu,uqtu!1
16pbWp

3~Q1
22m2!

@F2~ uptu,uqtu,m!2F2~ uptu,uqtu,Q1!#G Ã~qt
2!

28pkF1~ uptu,uqtu!Ã~pt
2!J 1

1

2mD
2 Wp~E01mD2Wp!

3E qt
2dqt

4p2 H F28pkF3~ uptu,uqtu!
Wp

pt
2

1
16pb

3~Q1
22m2!

@F4~ uptu,uqtu,m!2F4~ uptu,uqtu,Q1!#
2pt

213mD
2

2pt
4

1
16pb

3~Q1
22m2!

@F2~ uptu,uqtu,m!2F2~ uptu,uqtu,Q1!#
qt

2mD
2

2pt
2 G C̃~qt

2!18pkWpF1~ uptu,uqtu!C̃~pt
2!J

2
1

2mD
2 Wp~E01mD2Wp!

E qt
2dqt

4p2 H F8pkF5~ uptu,uqtu!
2pt

213mD
2

2pt
4

28pkF1~ uptu,uqtu!
qt

2mD
2

2pt
2

2
16pb

3~Q1
22m2!

@F4~ uptu,uqtu,m!2F4~ uptu,uqtu,Q1!#
Wp~pt

213mD
2 !

pt
4

2
16pb

3~Q1
22m2!

@F2~ uptu,uqtu,m!

2F2~ uptu,uqtu,Q1!#
WpmD

2 qt
2

pt
2 G D̃~qt

2!28pk~pt
21mD

2 !F1~ uptu,uqtu!D̃~pt
2!J , ~39!
116007-7
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whereuptu5Apt
2. The functionsFi( i 51, . . . ,5),appearing in Eqs.~37!, ~38! and~39!, are defined in the Appendix. From thes

three coupled integral equations we can solve numerically forÃ(pt
2), C̃(pt

2) andD̃(pt
2). This will be done in Sec. V. In the

next section, we will first discuss the normalization of the BS wave function.

IV. NORMALIZATION FOR THE BS WAVE FUNCTION

It can be seen that the overall normalization ofÃ(pt
2), C̃(pt

2) and D̃(pt
2) cannot be determined from Eqs.~37!, ~38! and

~39!. With the help of heavy quark symmetry, the normalization constant can be obtained from the fact that the Isg
function is normalized to 1 at the zero-recoil point. In the limitmQ→` the weak transition matrix element induced by t
currentc̄Gb for vb

(* )→vc
(* ) has the following form from HQET:

^vc
~* !~v8!uc̄Gbuvb

~* !~v !&5B̄m8
n

~v8!GBm
m~v !@j~v!gmn1z~v!vnvm8 #, ~40!

wherev5v•v8 is the velocity transfer,m,m8 could be 1 or 2, andG is an arbitrary Dirac matrix. At the zero-recoil poin
v5v8, only thej(v)gmn term contributes and we must have

j~v51!51. ~41!

On the other hand, the transition matrix element forvb
(* )→vc

(* ) is related to the BS wave functions ofvb
(* ) andvc

(* ) by
the following equation:

^vc
~* !~v8!uc̄Gbuvb

~* !~v !&5E d4p

~2p!4
x̄P8m8

m
~p8!GxPm

n ~p!SDmn
21 ~p2!, ~42!

whereP (P8) is the momentum ofvb
(* ) (vc

(* )) andx̄P8m8
m (p8) is the wave function of the final statevc

(* )(v8), which satisfies
the constraint

x̄P8m8
m

~p8!v” 85x̄P8m8
m

~p8!. ~43!

At the zero-recoil point,p85p, since the light diquark sees no change in the heavy quark part, it does not change its r
momentum.

The scalar BS functions of the final state BS wave function obey the same BS equation as Eqs.~29!, ~30! and ~31!.
Substituting Eq.~7! into Eq. ~42! and using Eq.~40! we have

j~1!B̄m8m~v !GBm
m~v !5E d4p

~2p!4

i

pl1E01mD1 i e
x̄Pm8

m
~p!GE d4q

~2p!4
Gmn~P,p,q!xPm

n ~p!. ~44!

Now we substitute the expression for the kernel, Eq.~18!, and Eq.~17! into Eq.~44!. Using the same technique as used
Eqs. ~24!, ~25! and ~26!, we find that there is only the structureB̄m8

m (v)GBmm(v) on the right hand side of Eq.~44!.

Substituting the explicit expressions forṼ1 andṼ2 into Eq.~36!, and using the integration formulas in the Appendix, we arr
at the following expression forj(1) after some tedious calculations:

j~1!5E pt
2dpt

4p2

2

E01mD2Wp
F Ã~pt

2!h1~ uptu!2
1

3
pt

2C̃~pt
2!h2~ uptu!2

1

3
pt

2D̃~pt
2!h3~ uptu!1

1

6mD
2

pt
2h2~ uptu!h4~ uptu!G ,

~45!

wherehi(uptu)( i 51,2,3,4) are given by the equations
116007-8
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h1~ uptu!5E qt
2dqt

4p2 H 8pkF1~ uptu,uqtu!F Ã~qt
2!2

1

3
qt

2D̃~qt
2!G1

16pb

3~Q1
22m2!

@F2~ uptu,uqtu,m!2F2~ uptu,uqtu,Q1!#

3F2WpÃ~qt
2!2

1

3
qt

2C̃~qt
2!2

2

3
Wpqt

2D̃~qt
2!G28pkF1~ uptu,uqtu!F Ã~pt

2!2
1

3
pt

2D̃~pt
2!G J , ~46!

h2~ uptu!5E qt
2dqt

4p2 H 16pb

3~Q1
22m2!

@F2~ uptu,uqtu,m!2F2~ uptu,uqtu,Q1!#Ã~qt
2!18pkF3~ uptu,uqtu!

1

pt
2
C̃~qt

2!

1
16pb

3~Q1
22m2!

@F4~ uptu,uqtu,m!2F4~ uptu,uqtu,Q1!#
1

pt
2

D̃~qt
2!28pkF1~ uptu,uqtu!C̃~pt

2!J , ~47!

h3~ uptu!5E qt
2dqt

4p2 H 8pkF1~ uptu,uqtu!Ã~qt
2!1

32pbWp

3~Q1
22m2!

@F2~ uptu,uqtu,m!2F2~ uptu,uqtu,Q1!#Ã~qt
2!

28pkF5~ uptu,uqtu!
1

pt
2

D̃~qt
2!1

16pb

3~Q1
22m2!

@F4~ uptu,uqtu,m!2F4~ uptu,uqtu,Q1!#
1

pt
2 @C̃~qt

2!12WpD̃~qt
2!#

28pkF1~ uptu,uqtu!@2Ã~pt
2!1pt

2D̃~pt
2!#J , ~48!

h4~ uptu!5E qt
2dqt

4p2 H 216pb

3~Q1
22m2!

@F2~ uptu,uqtu,m!2F2~ uptu,uqtu,Q1!#Ã~qt
2!18pkF3~ uptu,uqtu!

1

pt
2

C̃~qt
2!

2
16pb

3~Q1
22m2!

@F4~ uptu,uqtu,m!2F4~ uptu,uqtu,Q1!#
1

pt
2
D̃~qt

2!28pkF1~ uptu,uqtu!C̃~pt
2!J . ~49!
ua
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The BS scalar functionsÃ(pt
2), C̃(pt

2) andD̃(pt
2) should

be normalized such that they satisfy Eq.~45!.

V. NUMERICAL SOLUTIONS FOR THE BS WAVE
FUNCTION

In this section we solve the three coupled integral eq
tions ~37!, ~38! and ~39! numerically. The method is to dis
cretize the integration region inton pieces ~with n suffi-
ciently large!. In this way, the integral equations becom
matrix equations and the BS scalar functionsÃ(pt

2), C̃(pt
2)

andD̃(pt
2) becomen dimensional vectors. The matrix equ

tions obtained in this way can be written in the followin
form:

Ã5Z1Ã1Z2C̃1Z3D̃, ~50!

R1Ã1R2C̃1R3D̃50, ~51!

T1Ã1T2C̃1T3D̃50, ~52!

whereZi ,Ri ,Ti( i 51,2,3) aren3n matrices and are given
by Eqs.~37!, ~38! and ~39!.
11600
-

Substituting Eqs.~51! and~52! into Eq.~50! we obtain the
eigenvalue equation forÃ,

HÃ5Ã, ~53!

whereH is ann3n matrix:

H5Z11Z2~T3
21T22R3

21R2!21~R3
21R12T3

21T1!

1Z3~T2
21T32R2

21R3!21~R2
21R12T2

21T1!. ~54!

The eigenvalue equation~53! is solved by the so-called in
verse iteration method@18#. In this way, we first construc
the operator

K5
1

H2l
, ~55!

where l is some parameter which is chosen to be near
eigenvalue 1 in Eq.~53!. In order to solve for the eigenvecto
Ã, we start with an arbitrary vectorY and operateK on Y
sufficiently many times so that the eigenvector correspo
ing to the eigenvalue 1 dominates. In this way, the sca
function Ã is obtained.
7-9
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In our model we have several parameters,as
(eff) , k, Q1

2 ,
mD andE0. The parameterQ1

2 has been described in Sec. II
with Q1

253.2 GeV2 from the data of the electromagnet
form factor of the proton. It is noted that this value corr
sponds to the (qq8) axial vector diquark (q,q85u or d), i.e.,
for SQ

(* ) . In the cases ofJQ
(* ) or VQ

(* ) this value might be
somewhat different because ofSU(3) flavor symmetry
breaking. However, we do not have data to extractQ1

2 for
JQ

(* ) and VQ
(* ) at present. In this work, we simply use th

same value forQ1
2 based on the approximateSU(3) flavor

symmetry. On the other hand, the binding energy sho
satisfy the following relation:

mv
Q
~* !5mQ1mD1E0 , ~56!

where we have omitted corrections ofO(1/mQ), since we are
working in the heavy quark limit. Note thatmD1E0 is inde-
pendent of the flavor of the heavy quark, because of
SU(2) f3SU(2)s symmetry. From the BS equation solution
in the meson case, it has been found that the valuesmb
55.02 GeV andmc51.58 GeV give predictions which ar
in good agreement with experiments@15#. Hence in the
baryon case we expect

mD1E050.88 GeV ~for SQ
~* !), 1.07 GeV ~for JQ

~* !),

1.12 GeV ~for VQ
~* !). ~57!

The parametermD cannot be determined, although the
are suggestions from the analysis of valence structure fu
tions that it should be around 0.9 GeV for non-strange
quarks @19#. Hence we let it vary within some reasonab
range. When we solve the eigenvalue equation~53!, the con-
dition that the eigenvalue be 1 provides a relation betw
aseff andk. As discussed in Ref.@9# k is related tok8 (k8 is
the confinement parameter in the heavy meson case a
about 0.2 GeV2 @14,15#!, wherek;LQCDk8. Therefore, in
our numerical calculations we letk vary in the region be-
tween 0.02 GeV3 and 0.1 GeV3. The diquark mass,mD , is
chosen to vary from 0.9 GeV to 1 GeV forSQ

(* ) , from 1.1

TABLE I. Values ofk andas
(eff) for SQ

(* ) with three sets ofmD .

mD ~GeV! 0.90

k (GeV3) 0.02 0.04 0.06 0.08 0.10

as
(eff) 0.5190 0.5593 0.5842 0.6061 0.6149

mD ~GeV! 0.95

k (GeV3) 0.02 0.04 0.06 0.08 0.10

as
(eff) 0.5889 0.6123 0.6285 0.6406 0.6502

mD ~GeV! 1.0

k (GeV3) 0.02 0.04 0.06 0.08 0.10

as
(eff) 0.6414 0.6560 0.6669 0.6757 0.6828
11600
-

ld

e

c-
i-

n

is

GeV to 1.2 GeV forJQ
(* ) , and from 1.15 GeV to 1.25 GeV

for VQ
(* ) . Then we obtain the parameteras

(eff) for different
values ofmD and k. The numerical results are shown
Tables I, II and III forSQ

(* ) , JQ
(* ) andVQ

(* ) , respectively.
With the parameters in Tables I, II and III we obtain th

numerical solution for the BS scalar functionÃ as the eigen-
vector of Eq.~53!. Consequently, we get the numerical sol
tions for C̃ and D̃ from Eqs.~51! and ~52!. These solutions
depend on the parametersmD andk. In Figs. 2, 3 and 4 we
show the shapes ofÃ, C̃ and D̃ for SQ

(* ) , JQ
(* ) and VQ

(* )

respectively. Figures 2~a!, 3~a! and 4~a! show the depen-
dence onk for a typicalmD , while Figs. 2~b!, 3~b! and 4~b!
show the dependence onmD for a typicalk. It can be seen
from these figures that for different heavy baryons the sha
of the BS scalar functions are rather similar. This arises fr
the approximateSU(3) flavor symmetry and is to be ex
pected. All the scalar functions decrease to zero whenuptu is
larger than about 1.5 GeV, because of the confinement in
action. Furthermore, since we are discussing the gro
statesvQ

(* ) , there are no nodes in the functions.

TABLE II. Values of k and as
(eff) for JQ

(* ) with three sets of
mD .

mD ~GeV! 1.10

k (GeV3) 0.02 0.04 0.06 0.08 0.10

as
(eff) 0.5047 0.5402 0.5643 0.5826 0.5974

mD ~GeV! 1.15

k (GeV3) 0.02 0.04 0.06 0.08 0.10

as
(eff) 0.5785 0.5995 0.6155 0.6283 0.6391

mD ~GeV! 1.20

k (GeV3) 0.02 0.04 0.06 0.08 0.10

as
(eff) 0.6341 0.6478 0.6588 0.6682 0.6763

TABLE III. Values of k and as
(eff) for VQ

(* ) with three sets of
mD .

mD(GeV) 1.15

k (GeV3) 0.02 0.04 0.06 0.08 0.10

as
(eff) 0.4975 0.5325 0.5565 0.5748 0.5897

mD(GeV) 1.20

k (GeV3) 0.02 0.04 0.06 0.08 0.10

as
(eff) 0.5729 0.5935 0.6093 0.6222 0.6331

mD(GeV) 1.25

k(GeV3) 0.02 0.04 0.06 0.08 0.10

as
(eff) 0.6296 0.6430 0.6539 0.6633 0.6714
7-10
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VI. APPLICATION TO THE NONLEPTONIC DECAYS
Vb˜Vc

„* …P„V…

In this section we will apply the numerical solutions
the BS equation to the nonleptonic decaysVb→Vc

(* ) and a
pseudoscalar or vector meson. In fact,Sb

(* ) andJb
(* ) decay

strongly and their weak decays are hard to observe. H
ever, Vb decays only weakly. We will first calculate th
Isgur-Wise functionsj(v) andz(v) for Vb

(* )→Vc
(* ) in Eq.

~40! and then apply them to the nonleptonic weak decays
Vb .

A. Isgur-Wise functions for Vb
„* …

˜Vc
„* …

The Isgur-Wise functionsj(v) and z(v) are related to
the overlap integrals of the BS wave functions of the init

FIG. 2. The BS scalar wave functions forSQ
(* ) . The units are

GeV22 for Ã(pt
2), GeV23 for C̃(pt

2) and GeV24 for D̃(pt
2). ~a! For

mD50.95 GeV, we show the dependence onuptu for two values
of k. In the upper plane, the upper@lower# solid line is for

Ã(pt
2)@C̃(pt

2)# with k50.02 GeV3; the upper@lower# dotted line is

for Ã(pt
2)@C̃(pt

2)# with k50.10 GeV3. In the lower plane, the

solid line is for D̃(pt
2) with k50.02 GeV3 and the dotted line is

for D̃(pt
2) with k50.10 GeV3. ~b! For k50.06 GeV3, we show

the dependence onuptu for two values ofmD . In the upper plane,

the upper @lower# solid line is for Ã(pt
2)@C̃(pt

2)# with mD

50.90 GeV; the upper@lower# dotted line is forÃ(pt
2)@C̃(pt

2)#

with mD51.00 GeV. In the lower plane, the solid line is forD̃(pt
2)

with mD50.90 GeV and the dotted line is forD̃(pt
2) with mD

51.00 GeV.
11600
-

f

l

(Vb) and final (Vc
(* )) states. The concrete expression f

them can be obtained by comparing the struct
B̄m8

m (v8)GBmm(v) andv•B̄m8(v8)Gv8•Bm(v) on both sides
of Eq. ~40!. Similarly to Eq. ~44!, we have the following
equation after substituting Eq.~7! into Eq.~42! and using Eq.
~40!:

B̄m8
n

~v8!GBm
m~v !@j~v!gmn1z~v!vnvm8 #

5E d4p

~2p!4

i

pl1E01mD1 i e
x̄Pm8

m
~p8!G

3E d4q

~2p!4
Gmn~P,p,q!xPm

n ~p!. ~58!

FIG. 3. The BS scalar wave functions forJQ
(* ) . The units are

GeV22 for Ã(pt
2), GeV23 for C̃(pt

2) and GeV24 for D̃(pt
2). ~a! For

mD51.15 GeV, we show the dependence onuptu for two values
of k. In the upper plane, the upper@lower# solid line is for

Ã(pt
2)@C̃(pt

2)# with k50.02 GeV3; the upper@lower# dotted line is

for Ã(pt
2)@C̃(pt

2)# with k50.10 GeV3. In the lower plane, the

solid line is for D̃(pt
2) with k50.02 GeV3 and the dotted line is

for D̃(pt
2) with k50.10 GeV3. ~b! For k50.06 GeV3, we show

the dependence onuptu for two values ofmD . In the upper plane,

the upper @lower# solid line is for Ã(pt
2)@C̃(pt

2)# with mD

51.10 GeV; the upper@lower# dotted line is forÃ(pt
2)@C̃(pt

2)#

with mD51.20 GeV. In the lower plane, the solid line is forD̃(pt
2)

with mD51.10 GeV and the dotted line is forD̃(pt
2) with mD

51.20 GeV.
7-11
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Substituting Eqs. ~17! and ~18! into Eq. ~58!
and using Eqs.~24!, ~25! and ~26!, we find that on
the right hand side of Eq.~58! there are the following
structures:pt8•B̄m8(v8)Gv8•Bm(v), v•B̄m8(v8)Gpt•Bm(v),

pt8•B̄m8(v8)Gpt•Bm(v), pt•B̄m8(v8)Gpt•Bm(v), and

pt8•B̄m8(v8)Gpt8•Bm(v). However, all of them

can be expressed in terms ofB̄m8
m (v8)GBmm(v)

and v•B̄m8(v8)Gv8•Bm(v), after integration over
p, on the grounds of Lorentz invariance. Ta
pt8•B̄m8(v8)Gpt•Bmm(v) as an example. In general, th
integral *@d4q/(2p)4#pt8

mpt
n f , where f is some Lorentz

scalar function, can be expressed in terms
gmn, vmvn, v8m v8n, v8m vn and vmv8n. However, only

FIG. 4. The BS scalar wave functions forVQ
(* ) . The units are

GeV22 for Ã(pt
2), GeV23 for C̃(pt

2) and GeV24 for D̃(pt
2). ~a! For

mD51.20 GeV, we show the dependence onuptu for two values
of k. In the upper plane, the upper@lower# solid line is for

Ã(pt
2)@C̃(pt

2)# with k50.02 GeV3, the upper@lower# dotted line is

for Ã(pt
2)@C̃(pt

2)# with k50.10 GeV3. In the lower plane, the

solid line is for D̃(pt
2) with k50.02 GeV3 and the dotted line is

for D̃(pt
2) with k50.10 GeV3. ~b! For k50.06 GeV3, we show

the dependence onuptu for two values ofmD . In the upper plane,

the upper @lower# solid line is for Ã(pt
2)@C̃(pt

2)# with mD

51.15 GeV; the upper@lower# dotted line is forÃ(pt
2)@C̃(pt

2)#

with mD51.25 GeV. In the lower plane, the solid line is forD̃(pt
2)

with mD51.15 GeV and the dotted line is forD̃(pt
2) with mD

51.25 GeV.
11600
f

the gmn and vmv8n terms contribute when contracte
with B̄m8m(v8)GBmn(v), leading to the structures
B̄m8

m (v8)GBmm(v) and v•B̄m8(v8)Gv8•Bm(v), respectively.
The coefficients of these two terms can be obtained direc
In this way, we have the following replacement rule:

pt8•B̄m8~v8!Gv8•Bm~v !

→
1

12v2
v•pt8v•B̄m8~v8!Gv8•Bm~v !,

v•B̄m8~v8!Gpt•Bm~v !

→
1

12v2
v8•ptv•B̄m8~v8!Gv8•Bm~v !,

pt8•B̄m8~v8!Gpt•Bm~v !

→ F1

2
pt•pt82

v

2~v221!
v•pt8v8•ptG B̄m8

m
~v8!GBmm~v !

1F2
v

2~v221!
pt•pt81

v212

2~v221!2
v•pt8v8•ptG

3v•B̄m8~v8!Gv8•Bm~v !,

pt•B̄m8~v8!Gpt•Bm~v !

→ F2
1

2
pt

21
1

2~v221!
~v8•pt!

2G B̄m8
m

~v8!GBmm~v !

1F v

2~v221!
pt

22
3v

2~v221!2
~v8•pt!

2G
3v•B̄m8~v8!Gv8•Bm~v !,

pt8•B̄m8~v8!Gpt8•Bm~v !

→ F2
1

2
pt8

21
1

2~v221!
~v•pt8!2G B̄m8

m
~v8!GBmm~v !

1F v

2~v221!
pt8

22
3v

2~v221!2
~v•pt8!2G

3v•B̄m8~v8!Gv8•Bm~v !. ~59!

Since in the weak transition the diquark acts as a spe
tor, its momentum in the initial and final baryons should
the same,p25p28 . Then we can show that

p85p1mD~v82v !, ~60!

where we have omitted theO(1/mQ) corrections. From Eq.
~60! we have the following relations straightforwardly:

pl85plv2ptAv221cosu,
7-12
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pt8
25pt

21pt
2~v221!cos2 u1pl

2~v221!22plptvAv221cosu,

v8•pt52ptAv221cosu,

v•pt85~12v2!pl1vptAv221cosu,

pt•pt852pt
22pt

2~v221!cos2u1vAv221plpt cosu, ~61!

whereu is the angle betweenpt andv t8 .

With the aid of the relations betweenA(p),C(p),D(p) andÃ(pt
2),C̃(pt

2),D̃(pt
2) @Eqs.~32!–~34!# and using Eqs.~59!, ~61!

and the integration formulas in the Appendix we have the explicit expressions forj(v) and z(v) after integrating thepl
component by selecting the proper contour,

j~v!5E pt
2dpt

4p2 E0

p

sinudu
21

2Wp~E01mD2Wp!~E01mD2vWp2ptAv221cosu!

3H 22Wp~E01mD2Wp!FA~pt
2 ,cosu!Ã~pt

2!2
3

4
~12cos2u!@h1~ uptu!2h3~ uptu!#FA~pt

2 ,cosu!

2
1

2
vpt

2~12cos2u!FC~pt
2 ,cosu!h2~ uptu!1

3

4
ptAv221~12cos2u!cosu@h1~ uptu!2h3~ uptu!#FC~pt

2 ,cosu!1Wp~1

2cos2u!~E01mD2Wp!pt
2Ã~pt

2!FD~pt
2 ,cosu!2

1

2
pt

2~12cos2u!@~v221!Wp

1vptAv221cosu#h2~ uptu!FD~pt
2 ,cosu!1

3

4
~12cos2u!@pt

21pt
2~v221!cos2u1vAv221Wppt#FD~pt

2 ,cosu!

3@h1~ uptu!2h3~ uptu!#J , ~62!

and

z~v!5E pt
2dpt

4p2 E0

p

sinudu
21

2Wp~E01mD2Wp!~E01mD2vWp2ptAv221,cosu!
H 1

Av221
ptcosuFA~pt

2 ,cosu!h2~ uptu!

1
3v

4~v221!
~123 cos2u!@h1~ uptu!2h3~ uptu!#FA~pt

2 ,cosu!1FWp1
v

Av221
ptcosuG

3FC~pt
2 ,cosu!2Wp~E01mD2Wp!Ã~pt

2!1
v

2~v221!
@vpt

223v cos2upt
222WpptAv221cosu#

3FC~pt
2 ,cosu!h2~ uptu!2

3

4Av221
@vpt23v cos2upt22WpAv221cosu#cosu@h1~ uptu!2h3~ uptu!#

3FC~pt
2 ,cosu!1F2vWp

22
2v2

Av221
Wpptcosu2

v~2v211!

2~v221!
pt

2cos2u1
v

2~v221!
pt

2G
3@22Wp~E01mD2Wp!#FD~pt

2 ,cosu!Ã~pt
2!1

1

2Av221
@vpt

223v cos2upt
222WpptAv221cosu#

3~Av221Wp1vptcosu!FD~pt
2 ,cosu!h2~ uptu!2

3

4~v221!
@vpt23v cos2upt22WpAv221cosu#

3@pt1pt~v221!

3cos2u1vAv221Wpcosu#FD~pt
2 ,cosu!@h1~ uptu!2h3~ uptu!#J , ~63!

wherehi(uptu)( i 51,2,3,4) are given in Eqs.~46!–~49! andFA(pt
2 ,cosu),FC(pt

2 ,cosu) andFD(pt
2 ,cosu) have the following

expressions:
116007-13
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FA~pt
2 ,cosu!5E qt

2dqt

4p2 H 8pkF1~ upt8u,uqtu!F Ã~qt
2!2

1

2
qt

2D̃~qt
2!2Ã~pt8

2!G1
16pb

3~Q1
22m2!

@F2~ upt8u,uqtu,m!

2F2~ upt8u,uqtu,Q1!#F2~vWp1ptAv221cosu!S Ã~qt
2!2

1

2
qt

2D̃~qt
2! D2

1

2
qt

2C̃~qt
2!G

1
1

2pt8
2

16pb

3~Q1
22m2!

@2F4~ upt8u,uqtu,m!1F4~ upt8u,uqtu,Q1!#@C̃~qt
2!12~vWp1ptAv221cosu!D̃~qt

2!#

1
1

2pt8
2
8pkF5~ upt8u,uqtu!D̃~qt

2!J , ~64!

FC~pt
2 ,cosu!5

1

mD
2 E qt

2dqt

4p2 H 8pkF1~ upt8u,uqtu!$~vWp1ptAv221cosu!@Ã~qt
2!2Ã~pt8

2!1pt8
2D̃~pt8

2!#

1@~vWp1ptAv221cosu!22mD
2 #C̃~pt8

2!%1
16pb

3~Q1
22m2!

@F2~ upt8u,uqtu,m!2F2~ upt8u,uqtu,Q1!#

3@~vWp1ptAv221cosu!21mD
2 #Ã~qt

2!2
1

pt8
2
8pkF3~ upt8u,uqtu!@~vWp1ptAv221cosu!22mD

2 #

3C̃~qt
2!2

1

pt8
2

16pb

3~Q1
22m2!

@2F4~ upt8u,uqtu,m!1F4~ upt8u,uqtu,Q1!#$~vWp1ptAv221cosu!C̃~qt
2!

1@~vWp1ptAv221cosu!21mD
2 #D̃~qt

2!%2
1

pt8
2
8pkF5~ upt8u,uqtu!~vWp1ptAv221cosu!D̃~qt

2!J ,

~65!

FD~pt
2 ,cosu!52

1

mD
2 E qt

2dqt

4p2 H 8pkF1~ upt8u,uqtu!F Ã~qt
2!1

mD
2

2pt8
2

qt
2D̃~qt

2!2Ã~pt8
2!

1~vWp1ptAv221cosu!C̃~pt8
2!1~pt8

21mD
2 !D̃~pt8

2!G1
16pb

3~Q1
22m2!

@F2~ upt8u,uqtu,m!

2F2~ upt8u,uqtu,Q1!#F ~vWp1ptAv221cosu!S Ã~qt
2!1

mD
2

pt8
2

qt
2D̃~qt

2!D 1
mD

2

2pt8
2

qt
2C̃~qt

2!G
2

1

pt8
2
8pkF3~ upt8u,uqtu!~vWp1ptAv221cosu!C̃~qt

2!2
1

pt8
2

16pb

3~Q1
22m2!

@2F4~ upt8u,uqtu,m!

1F4~ upt8u,uqtu,Q1!#F3mD
2 12pt8

2

2pt8
2 @C̃~qt

2!12~vWp1ptAv221cosu!D̃~qt
2!#

2~vWp1ptAv221cosu!D̃~qt
2!G2

3mD
2 12pt8

2

2pt8
2

8pkF5~ upt8u,uqtu!D̃~qt
2!J . ~66!
or
s.

e

r-
In Sec. V we obtained the numerical results f
Ã(pt

2),C̃(pt
2) andD̃(pt

2). Substituting these results into Eq
~62! and~63! we have the numerical solutions forj(v) and
z(v) depending on the parameters in our model. ForVb

(* )
11600
→Vc
(* ) , we show the Isgur-Wise functions with typical valu

mD51.20 GeV in Fig. 5~a! (k50.02 GeV3) and Fig. 5~b!
(k50.10 GeV3) respectively. The dependence of the Isgu
Wise functions on mD is shown in Fig. 5~c! (mD
7-14
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FIG. 5. ~a!–~d! Numerical solutions forj(v) andz(v) for Vb
(* )→Vc

(* ) . The upper solid line isj(v) and the lower solid line isz(v).
The dotted line is2j(v)/(v11). The parameters aremD51.20 GeV andk50.02 GeV3 in ~a!, mD51.20 GeV andk50.10 GeV3 in
~b!, k50.06 GeV3 andmD51.15 GeV in~c!, k50.06 GeV3 andmD51.25 GeV in~d!.
a

e
r

o

nd

ad-
r-

in
on
p-
one

be-

ctor
51.15 GeV) and Fig. 5~d! (mD51.25 GeV) for k
50.06 GeV3. It can be seen from these plots thatj(v) and
z(v) have opposite signs andj(v) changes more rapidly
thanz(v) asv increases.

It is interesting to study the relation betweenj(v) and
z(v). Based on the picture that in the largeNc limit heavy
baryons are viewed as the bound states of chiral solitons
heavy mesons@20#, Chow has shown thatj(v) and z(v)
obey the following relation@21#:

j~v!52~11v!z~v!. ~67!

The deviation from this relation is caused by 1/Nc correc-
tions. From Figs. 5~a!–~d! we can see that, in the range of th
parameters in our model, Eq.~67! is generally satisfied. Fo
some sets of parameters this relation holds well.

B. Nonleptonic decaysVb˜Vc
„* …P„V…

In this section we will discuss the Cabibbo-allowed tw
body nonleptonic decays ofVb→Vc

(* )P(V)(P andV stand
for pseudoscalar and vector mesons respectively!. The
Hamiltonian describing such decays reads

Heff5
GF

A2
VcbVUD* ~a1O11a2O2!, ~68!
11600
nd

with O15(D̄U)( c̄b) and O25( c̄U)(D̄b), whereU and D
are the fields for light quarks involved in the decay, a
(q̄1q2)5q̄1gm(12g5)q2 is understood. The parametersa1
anda2 are treated as free parameters since they involve h
ronization effects. SinceVb decays are energetic, the facto
ization assumption is applied so that one of the currents
the Hamiltonian~68! is factorized out and generates a mes
@22,23#. Thus the decay amplitude of the two body nonle
tonic decay becomes the product of two matrix elements;
is related to the decay constant of the factorized meson (P or
V) and the other is the weak transition matrix element
tweenVb andVc

(* ) ,

M f ac
„Vb→Vc

~* !P~V!…5
GF

A2
VcbVUD* a1^P~V!uAm~Vm!u0&

3^Vc
~* !~v8!uJmuVb~v !&. ~69!

HereJm is the weak current (c̄b) and^0uAm(Vm)uP(V)& are
related to the decay constants of the pseudoscalar or ve
mesons by

^0uAmuP&5 i f Pqm ,

^0uVmuV&5 f VmVem , ~70!
7-15



n
n
-

an

s

tial

he-
of

nd

pli-

pa-

X.-H. GUO, A. W. THOMAS, AND A. G. WILLIAMS PHYSICAL REVIEW D 59 116007
whereqm is the momentum of the emitted meson~from the
W boson!, em is the polarization vector of the vector meso
and the normalization for the decay constants is chose
that f p5132 MeV. It is noted that in the two body nonlep
tonic weak decaysVb→Vc

(* )P(V) there is no contribution
from thea2 term, since such a term corresponds to the tr
sition of Vb to a light baryon instead ofVc

(* ) . On the other
hand, the general form for the amplitudes ofVb

→Vc
(* )P(V) is

M ~Vb→VcP!5 i ū f~v8!~A1Bg5!ui~v !,

M ~Vb→VcV!5ūf~v8!e* m@A1gmg51A2pf mg5

1B1gm1B2pf m#ui~v !,

M ~Vb→Vc* P!5 iqmūf
m~v8!~C1Dg5!ui~v !,

M ~Vb→Vc* V!5ūf
n~v8!e* m@gnm~C11D1g5!

1pingm~C21D2g5!1pinpf m~C3

1D3g5!#ui~v !, ~71!

whereui is the Dirac spinor ofVb ,uf
(m) is the Dirac~Rarita-

Schwinger! spinor of Vc
(* ) , and pi ( f ) is the momentum of

Vb(Vc
(* )).

From Eqs.~69!–~71! and using Eq.~40! we find

A5
GF

A2
VcbVUD* a1f P

1

3
~mi2mf !@~v12!j~v!

1~v221!z~v!#,

B5
GF

A2
VcbVUD* a1f P

1

3
~mi1mf !@~3v22!j~v!

13~v221!z~v!#,

A15B15
GF

A2
VcbVUD* a1f VmV

1

3
@vj~v!

1~v221!z~v!#,

A25
GF

A2
VcbVUD* a1f VmV

2

3 S 1

mi
2

1

mf
D

3@j~v!1~v11!z~v!#,

B252
GF

A2
VcbVUD* a1f VmV

2

3 S 1

mi
1

1

mf
D

3@j~v!1~v21!z~v!#,

C52
GF

A2
VcbVUD* a1f P

1

A3
S 11

mf

mi
D

3@j~v!1~v21!z~v!#,
11600
so

-

D52
GF

A2
VcbVUD* a1f P

1

A3
F S 12

mf

mi
D j~v!

1S v212~v13!
mf

mi
D z~v!G ,

C15D15
GF

A2
VcbVUD* a1f VmV

2

A3
j~v!,

C252
GF

A2
VcbVUD* a1f VmV

1

A3

1

mi

3@j~v!1~v11!z~v!#,

D25
GF

A2
VcbVUD* a1f VmV

1

A3

1

mi

3@j~v!1~v21!z~v!#,

C35D35
GF

A2
VcbVUD* a1f VmV

2

A3

1

mimf
z~v!,

~72!

wheremi(mf) is the mass ofVb(Vc
(* )).

With Eqs.~71! and~72! we can calculate the decay width
and polarization parameters forVb→Vc

(* )P(V). The kine-
matic formulas which have been derived using both par
wave and helicity methods can be found in Refs.@24,25#.
These two methods are equivalent. For instance, in the
licity method @25#, the decay width is expressed in terms
the helicity amplitudes,

G5
pc

16pmi
2 (

l i ,l f

uhl f ,lP~V! ;l i
u2, ~73!

wherepc is the c.m. momentum of the decay products a
the helicity amplitudes are defined as

hl f ,lP~V! ;l i
5^Vc

~* !~l f !,P~V!~lP~V!!uHeffuVb~l i !&

~l f2lP~V!5l i !. ~74!

The ‘‘up-down’’ asymmetry is given by

a5

(
l f

~ uhl f ,lP~V! ;1/2u22uhl f ,lP~V! ;21/2u2!

(
l i ,l f

uhl f ,lP~V! ;l i
u2

. ~75!

The relations between the helicity amplitudes and the am
tudes given in Eq.~71!, which we will not list here, can be
found in @25,26#. Then from Eqs.~72!–~75!, we obtain the
numerical results for the decay widths and asymmetry
rameters. In Table IV we list the results formD
51.20 GeV. The numbers without~with! brackets corre-
spond tok50.02 GeV3(k50.10 GeV3). The results fork
7-16
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50.06 GeV3 in the rangemD51.15 GeV ~without brack-
ets! andmD51.25 GeV~with brackets! are shown in Table
V. In the calculations we have takenmVb

56.14 GeV and
the following decay constants:

f p5132 MeV, f Ds
5241 MeV @27#, f r5216 MeV,

f Ds
5 f D

s*
.

It can be seen from Tables IV and V that the predictions
the decay widths show a strong dependence on the pa
etersk andmD in our model. The experimental data in th
future will be used to fix these parameters and test
model. However, the dependence of the up-down asym
tries on these parameters is slight.

The decay widths and asymmetry parameters have
been calculated in the nonrelativistic quark model appro
@26#, where the form factors are calculated at the zero-re
point and then extrapolated to otherv values under the as
sumption of a dipole behavior. By comparing the predictio
in the BS and quark models we find that the decay width

TABLE IV. Predictions for decay widths and asymmetry p
rameters forVb→Vc

(* )P(V) for mD51.20 GeV.

Process G (1010 s21) a

Vb
2→Vc

0p2 0.052a1
2 (0.154a1

2) 20.67 (20.70)

Vb
2→Vc

0Ds
2 0.261a1

2 (0.592a1
2) 20.56 (20.58)

Vb
2→Vc

0r2 0.073a1
2 (0.207a1

2) 20.68 (20.71)

Vb
2→Vc

0Ds*
2 0.115a1

2 (0.245a1
2) 20.73 (20.74)

Vb
2→Vc*

0p2 0.046a1
2 (0.133a1

2) 20.61 (20.58)

Vb
2→Vc*

0Ds
2 0.165a1

2 (0.370a1
2) 20.54 (20.52)

Vb
2→Vc*

0r2 0.134a1
2 (0.354a1

2) 0.59 (0.59)

Vb
2→Vc*

0Ds*
2 0.462a1

2 (0.960a1
2) 0.31 (0.31)

TABLE V. Predictions for decay widths and asymmetry para
eters forVb→Vc

(* )P(V) for k50.06 GeV3.

Process G (1010 s21) a

Vb
2→Vc

0p2 0.075a1
2 (0.145a1

2) 20.64 (20.72)

Vb
2→Vc

0Ds
2 0.358a1

2 (0.562a1
2) 20.54 (20.59)

Vb
2→Vc

0r2 0.102a1
2 (0.150a1

2) 20.65 (20.70)

Vb
2→Vc

0Ds*
2 0.149a1

2 (0.232a1
2) 20.71 (20.75)

Vb
2→Vc*

0p2 0.067a1
2 (0.123a1

2) 20.64 (20.56)

Vb
2→Vc*

0Ds
2 0.227a1

2 (0.345a1
2) 20.56 (20.50)

Vb
2→Vc*

0r2 0.200a1
2 (0.314a1

2) 0.59 (0.59)

Vb
2→Vc*

0Ds*
2 0.616a1

2 (0.888a1
2) 0.31 (0.31)
11600
r
m-

r
e-

so
h
il

s
n

our model are smaller than those in the quark model. For
asymmetry parameters, the difference is even larger. Ex
for the processesVb

2→Vc
0* p2 andVb

2→Vc
0* Ds

2 in Tables
IV and V, even the signs ofa in these two models are op
posite.

VII. SUMMARY AND DISCUSSION

Since in the heavy quark limit the light degrees of fre
dom in a heavy baryon have good spin and isospin quan
numbers and since the internal structure is blind to the fla
and spin direction of the heavy quark, we assume tha
heavy baryon,vQ

(* ) , is composed of a heavy quark and
light axial vector diquark. Based on this picture, we establ
the BS equation for the heavy baryonvQ

(* ) . We discuss the
form of the BS wave function and find that in the hea
quark limit there are three BS scalar functions to describe
dynamics inside a heavy baryonvQ

(* ) . This is consistent
with our physical picture. In order to solve the BS equatio
we assume a kernel containing a scalar confinement term
a one-gluon-exchange term, as in theLQ case. In the heavy
quark limit, the heavy quark is almost on massshell insid
heavy baryon and it is appropriate to apply the covari
instantaneous approximation in the kernel. Then we de
explicitly three coupled integral equations for the three
scalar functionsÃ,C̃ andD̃. These equations are solved n
merically and we give the model predictions for these fun
tions. The results appear reasonable. It is shown that
shapes of these functions are similar forSQ

(* ) ,JQ
(* ) and

VQ
(* ) , with differences arising fromSU(3) flavor symmetry

breaking effects.
Although the BS equation is formally the exact equati

to describe the bound state, there is much difficulty in app
ing it to the real physical state. The most difficult point
that we must take a phenomenologically inspired form
the kernel. Furthermore, we have used the quark and diq
propagators with their free form, which leads to some unc
tainties. In our approach, there are several parameters su
k, mD andas

(eff) , subject to the condition that the observe
masses ofvQ

(* ) be reproduced. In our numerical solutions w
let these parameters vary in some reasonable range. Ano
parameter isQ1

2, which arises from the internal structure o
diquark. Its value for the (qq8) diquark (q,q85u or d) is
extracted from the data of the electromagnetic form facto
the proton. When there is a strange quark in the diquark,
do not have a means to determine its exact value at pres
In the future, the experimental data forvQ

(* ) should help to
fix the parameters in our model.

As phenomenological applications, this model has be
used to calculate the the Isgur-Wise functionsj(v) and
z(v) for Vb

(* )→Vc
(* ) , and consequently, has provided th

oretical predictions for the Cabibbo-allowed two body no
leptonic decay rates and up-down asymmetries for the ph
cal processesVb→Vc

(* )P(V). It has been shown that th
relation betweenj(v) and z(v) in our model is generally
consistent with that in the soliton model in the largeNc limit.
We have also compared our model predictions with those
the nonrelativistic quark model. Our model yields dec

-
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widths which are much smaller and for the asymmetry
rameters the difference is even bigger. All these predicti
will be tested in future experiments.
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APPENDIX: INTEGRATION FORMULAS

In this appendix we give the formulas which are used
reduce the three dimensional integration to the one dim
sional integration. In the following formulasf(qt

2) is some
arbitrary function ofqt

2 . The relevant results needed are

I 15E d3qt

~2p!3

f~qt
2!

@~pt2qt!
21m2#2

5E qt
2dqt

4p2
f~qt

2!F1~ uptu,uqtu!, ~A1!

with

F1~ uptu,uqtu!5
2

~pt
21qt

21m2!224pt
2qt

2
; ~A2!

I 25E d3qt

~2p!3

f~qt
2!

~pt2qt!
21d2

5E qt
2dqt

4p2
f~qt

2!F2~ uptu,uqtu,d!, ~A3!

with

F2~ uptu,uqtu,d!5
1

2uptuuqtu
ln

~ uptu1uqtu!21d2

~ uptu2uqtu!21d2
; ~A4!

I 35E d3qt

~2p!3

pt•qtf~qt
2!

@~pt2qt!
21m2#2

5E qt
2dqt

4p2
f~qt

2!F3~ uptu,uqtu!, ~A5!
11600
-
s

-
f

o
n-

with

F3~ uptu,uqtu!5
1

4uptuuqtu F ln
~ uptu2uqtu!21m2

~ uptu1uqtu!21m2

1
4uptuuqtu~pt

21qt
21m2!

~pt
21qt

21m2!224pt
2qt

2G ; ~A6!

I 45E d3qt

~2p!3

~pt•qt!
2f~qt

2!

~pt2qt!
21d2

52E qt
2dqt

4p2
f~qt

2!F4~ uptu,uqtu,d!, ~A7!

with

F4~ uptu,uqtu,d!5
pt

21qt
21d2

2 F11
pt

21qt
21d2

4uptuuqtu

3 ln
~ uptu2uqtu!21d2

~ uptu1uqtu!21d2G ; ~A8!

I 55E d3qt

~2p!3

~pt•qt!
2f~qt

2!

@~pt2qt!
21m2#2

5E qt
2dqt

4p2
f~qt

2!F5~ uptu,uqtu!, ~A9!

with

F5~ uptu,uqtu!5
1

2 F11
pt

21qt
21m2

2uptuuqtu
ln

~ uptu2uqtu!21m2

~ uptu1uqtu!21m2

1
~pt

21qt
21m2!2

~pt
21qt

21m2!224pt
2qt

2G . ~A10!
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