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Indirect measurement of the vertex and angles of the unitarity triangle
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The precise measurements of tBé oscillation frequency and the limit on thég one as well as the
determination of the Cabibbo-Kobayashi-Maskawa matrix elef\gpt improve the constraints on the other
elements of this matrix. A fit to the experimental data and the theory calculations leads to the determination of
the vertex of the unitarity triangle as=0.16"552, 7=0.38+0.06. The values of its angles, in their customary
definition in terms of sines for and 3, are found to be sin@=0.06"535, sin 23=0.75+-0.09, y=67'13°.

Indirect information on nonperturbative QCD parameters, on the presenceé Bfvéolating complex phase in
the CKM matrix, and on th@? oscillation frequency are also extract¢80556-282(99)04611-1

PACS numbds): 12.15.Hh

I. INTRODUCTION ity for the indirect determination op and » and are dis-
cussed in what follows. A fit based on this information has
The standard moddll] of the electroweak interactions been performed, as suggested 4, and its results are pre-
predicts a mixing of the quark mass eigenstates with theented below.
weak interaction ones. This mixing is described by the As is well known the measurement pfand 7 is equiva-
Cabibbo-Kobayashi-Maskaw2] (CKM) matrix. Four real lent to the determination of the only unknown vertex and the

parameters describe thisx® unitary matrix[3]: angles of a triangle in the— » plane whose other two ver-
tices are in(0,00 and (1,0). Figure 1 shows this triangle,
Vua Vis Vb called the unitarity triangle.
Vg Ve V
VCKM = cd cs cb
[I. CONSTRAINTS
Vig Vis Vi
The value of the sine of the Cabibbo angle is known with
A2 a good accuracj5] as
1-= N AN3(p—inp) J S
\2 A=0.2196+0.0023.
= -\ 1-—> AN?
_ The parametelA depends om and on the CKM matrix
AN3(1—p—in) —AN? 1 element|V. Using the valug5]
+O(\%). (1.9 [V =(39.5+1.7)x 103,

As A, p and» are of order unity, and is chosen as the sine it can be extracted:
of the Cabibbo angle, this parametrization shows immedi-
ately the hierarchy of the couplings of the quarks in the )
charged current part of the standard model Lagrangian. A= Ve —0.819+0.035
Moreover, in this parametrization the parametgris the 2 ' R
complex phase of the matrix and is thus directly related to
the known violation of theCP symmetry produced by the o o, processes most sensitive to the value of the
weak interac;ions. The measurement of the parameters of tl??KM parametersp and 7 are described in the following,
CKN.I matrix 1s t.hu.s of fundamenta[ Importance for both the long with their experimental knowledge and theoretical de-
precision description of the weak interaction of quarks ancﬁendences.
the investigation of the mechanism GfP violation.

The parameter and\ are known with an accuracy of a
few percent and the determination @fand 7 is the subject
of this paper. A large number of physical processes can be
parametrized in terms of the values of the elements of the
CKM matrix, together with other parameters of theoretical
and experimental origin. Four of them show a good sensitiv-

n

(0,0)! (1,0) P

*Email address: Salvatore.Mele@cern.ch FIG. 1. The unitarity triangle.
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TABLE I. Physical constants and parameters of the fit. The values whose origin is not discussed in the

text are from[5].

A=0.2196+0.0023
Gg=(1.16633-0.00001)X 10~°
f«=0.1598+0.0015 GeV
Amy=(0.5304+0.0014)x 10 2
my=0.497672-0.000031 GeV
my=80.375-0.064 GeV
mg,=5.2792-0.0018 GeV
mg_=5.3692:0.0020 GeV
mg=5.290+0.002 GeV
7g=0.55+0.01
7yw=0.574=0.004

GeV 2

A=0.819+0.035
7e=0.47+0.04
7ee=1.38+0.53

‘my(m,)=1.25+0.15 GeV
‘m(m,)=166.85.3 GeV
fg,\/Bes,=0.201+0.042 GeV
Bx=0.87+0.14
£=1.14+0.08
|ex|=(2.280+0.019)x 103
Amy=0.471+0.016 ps?
[Vol/ |V =0.093+0.016

A. CP violation for neutral kaons

The current values of the parameters that include the calcu-

The mass eigenstates of the neutral kaons can be writtdtéd QCD corrections af®,10)

as|Kg)=p|K® +q|K® and|K )=p|K®) —q|KP). The rela-
tion p#q implies the violation ofCP that, in the Wu-Yang
phase conventiof6], is described by the parameteg de-
fined as

p_1+€K
q

l_EK.

The precise measurements of the,—at7~
—at7~ decay rates imply5]

and K,

|ex|=(2.280+0.019x 10" 3.

The relation of|e«| to the CKM matrix parameters [§,8]

GEfgmgmj W
lex|= 6\/—772A (Az)\sn)[yc(ncth»(yc Yo) = 7ec)
+ 7uYif2(Y) AN (1= p)]. 2.1

The functionsf; andf, of the variables/,=mZ/m3, andy,

=m?2/mZ, are given by[4]

9 3 3x%Inx
fo(x)= 4 4(1—x) 2(1—X)2_2(1—X)3'
3 In
f3(X,y):|n _4(1Xy) y_;/) (22)

From the value of the mass of the top quark reported by

the Collider Detector at FermilafCDF) and DO Collabora-
tions[5], 173.8-5.2 GeV, and the scaling proposed[8]
one obtains

while the mass of the charm quark[5]

me(my)=1.25-0.15 GeV.

Nec=1.38:0.53, 7,=0.574-0.004, 7.=0.47+0.04.

The largest theoretical uncertainty which affects this con-
straint is that on the “bag” paramet&; , that reflects non-
perturbative QCD contributions to the process. Using the
value of the JLQCD Collaboration11], By(2 GeV)
=0.628+0.042, with a calculation similar to that reported in
[12] the value used in the following can be derived as

B=0.87+0.14.

The other physical constants of the formula are reported
in Table I. This constraint has the shape of an hyperbola in
the p— 7 plane.

B. Oscillations of B mesons

Neutral mesons containing la quark show a behavior
similar to neutral kaons. The heavy and light mass eigen-
states,B, and By, respectively, are different from th@éP

eigenstate8’ andBY:

BL)=p|BY)+alBY), [Buy=pIBY—alBY).
In the neutral B system the mass differenseny=mg
— Mg is the key feature of the physics while the lifetime
difference dominates the effects in the neutral kaon system.
This mass difference can be measured by means of the study
of the oscillations of on€ P eigenstate into the other. The
high precision world average [43]

Amy=0.471+0.016 ps?.

The relation ofAmy with the CKM parameters, making use
of the standard model description of the box diagrams that

give rise to the mixing and the parametrizatidnl) of the
CKM matrix, reads
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GE IVl /[ Ve =N p?+ 7. (2.5
Amg=c—mym(fg,\/Bg,)? 7aY:f (Y0 AZA® e

The CLEO Collaboration has measured this ratio by
X[(1—p)2+ 5?]. (2.3  means of the endpoint of inclusif&6] charmless semilep-
tonic B decays agV /| V¢ =0.08+0.02. The ALEPH and
The functionf, is given by Eq(2.2), the value of the calcu- L3 Collaborations have recently measured at LEP the inclu-

lated QCD correctioryg is [9,10] sive charmless semileptonic branching fraction of beauty
hadrons, Brb— Xl v), from which the value ofV | can be
7g=0.55£0.01, extracted17] as

and the equivalent of thB, parameter for the kaon system, \/Br(baxul V) \/1.6 ps
H = 0,
fg,\Bg, is taken ag14] |Vl =0.00458 0002 < = 4%theory-

(2.6
fg,\/Bs,=0.201£0.042 GeV.
The experimental results are

The measurement ohmy constrains the vertex of the _ .
unitarity triangle to a circle in the — » plane, centered in ALEPH[18]:Br(b— X,l»)=(1.73+0.55+0.59 X 10
1,0).
(1.0) L3[19]:Br(b— X l»)=(3.3+ 1.0+ 1.7) X 10 3,
At 0
C. Oscillations of B mesons where the first uncertainty is statistical and the second sys-
B2 mesons are believed to undergo a mixing analogous teematic, with the average
the Bg ones. Their larger mass differendeng is responsible .
for oscillations that are faster than tB§ ones, and have thus Br(b—X,lv)=(1.85£0.52-0.59 X107,
still eluded direct observation. A lower limit has been set by ith th . f th caint Thi |
the LEP B oscillation working group combining the results V! € samé meaning of the uncertainties. IS value
of the searches performed by the CERKe~ collider LEP makes it possible to determif€ | at LEP by means of the
experiments with a contribution from the SLAC Large De- formula (2.6) as
tector (SLD) and CDF Collaborations, d45] [V =(4.55550%+0.2 x 1072,
Amg>12.4 pst (95% C.L). _ o - .
The first uncertainty is statistical, the second systematic and
The expression foAms in the standard model is similar the third theoretical. The valug;=(1.554+0.013) ps[20]

to that forAmy. From the ratio of these two expressions theNas been used. Using the quoted valug\f| the combina-

1 Mg [Vl |V =0.093+0.016.
Amg=Amy— — &2 , (2.4
s I\? deg (1-p)*+ 7 The uncertainty on this important constraint is thus signifi-

cantly reduced by the inclusion of the recent LEP measure-
where all the theoretical uncertainties are included in thaments. A further reduction to 0.015 could be achieved by the

quantity &£, known as[14] inclusion of the DELPHI Collaboration preliminary mea-
surement of this quantitj21].
de\/B_Bd This constraint gives a circle in the— 7 plane with cen-
&= ——==1.14+0.08. ter in (0,0, shown in Fig. 2 together with all the other con-
st\/B_BS straints described above.
This experimgntgl Iovyer limit exg:ludes Fhe vglues of the lIl. DETERMINATION OF p AND 7
vertex of the unitarity triangle outside a circle in tpe- »
plane with center in (1,0). The p and  parameters can be determined from a fit to

the experimental values of all the constraints described
above. The experimental and theoretical quantities that ap-

) ) pear in the formulas describing the constraints have been
The three constraints described above are all affected byged to their central values if their errors were reasonably

large theoretical uncertainty on some of the parameters thaima|l. and are reported in the left half of Table 1. The quan-
enter their expression, namey , fg_ \/Bg, andé. A deter- tities affected by a larger error have been used as additional
mination of eithetV | or the ratio|V |/|V| allows a more parameters of the fit, but including a constraint on their
sensitive constraint not relaying on any nonperturbativevalue. This procedure has been implemented making use of
QCD calculation. It follows from the CKM matrix parametri- the miNnuIT package22] to minimize the following expres-
zation of Eq.(1.1) that sion:

D. Charmless semileptonic b decays
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FIG. 2. The current constraints and the favored unitarity tri-
angle. The constraint coming fronf Bscillations is a limit at 95%
C.L., while the others representtal o variation of the experimen-
tal and theoretical parameters entering the formulas in the text.
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FIG. 3. The favored unitarity triangles and the confidence re-
gions for their vertices in the following assumptior(®) the fit
using all data described in the texh) the constraint from the 33
oscillations is not appliedic) the LEP measurements are excluded
from the fit; (d) no constraints from the neutral kaon system are
applied. The band ifb) displays the values gf and 7 correspond-
ing to a value ofAmg between the current lower limit and expected
sensitivity. TheAmg limit and the central values of the constraints
are shown ina), (c), and(d).

the value ofAmg for which the area above one of the Gauss-
ian distribution with meand(Am) and variancari(AmS)
equals the 5% of the total area. As noted 24] the full set

of combined A(Amg) and o 4(Amg) measurements indeed
contains more information than this limit and it is used in

The symbols with a hat represent the reference valuelis procedure, with a different statistical approach. The
measured or calculated for a given physical quantity, avalue of Amg can be calculated for each value taken by the

listed in Table I, while the corresponding are their errors.
The parameters of the fit agg #, A, m;, m;, By, 7¢,
Neer fe,\/Be, andé, that are used to calculate the values o
lex|, Amg, Amg and |V |/|Vl by means of the formulas
(2.1, (2.3, (2.4 and (2.5).

As no measurements d&fmg are available a further con-

f

tribution to they? analogous to the previous ones cannot be

fit parameterp, 7 and¢ by means of formul#&2.4), together
with the value of its corresponding confidence level obtained
as described above. The valyé(A(Amy),o 4(Am,)) of a

x? distribution with one degree of freedom corresponding to
this confidence level can then be calculated and added to the
total 2 of the fit.

The results of the fit are the following:

calculated. The following approximation has been used to

extract a contribution from the confidence levels of v
exclusion. The results of the search & oscillations have
been presented and combindd] in terms of the oscillation

0.09

pP= 0.16J_r0.07,

7=0.38+0.06.

The 95% C.L. regions fop and » are

amplitudeA [23], a parameter that is zero in the absence of

signal and compatible with one if an oscillation signal is
observed, as in

1
P[BJ—(B2,BY)]= Ze‘t”s(li Acos Amy).
S

The experimental results are reported in termsAgiA my)

—0.02<p<0.35, 0.2% 7<0.50 (95% C.L).

Figure 3a) shows the allowed confidence regions in fhe

— 7 plane, together with the favoured unitarity triangle, that

is also shown superimposed on the constraints of Fig. 2.
From these results it is possible to determine also the

and o 4(Amg), which leads to the quoted 95% C.L. limit as value of the angles of the unitarity triangle. The angteand
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$8 are reported in terms of the functions sinand sin3 as ~ removing theAm constraint, derived mainly from the LEP
will be measured at the next B-factories. The numerical vallimits, and excluding the LEP measurement from the aver-

ues obtained from the fit are ages of the other input quantities; that is using
sin22=0.06"935, sin28=0.75+0.09, y=67'1i°. Vil |V epl = 0.08+0.02

In terms of 95% C.L. regions these last results can be ex- |Vep| = (405)x 1073

pressed as

Amy=(0.500+0.030 ps L.
—0.71<sin 2¢<0.70, 0.56<sin28<0.94,
The first value is that quoted above from the CLEO Collabo-

44°<y<<93°(95% C.L). ration [16], the second follows fronj25] and the last has
been estimated from the current published and preliminary
IV. INTERPRETATIONS results from the CDF and SLD Collaborations. This fit, as

shown in Fig. 8c), yields
The fit procedure described above can also be used to
extract information on the theory parameters that enter the fit p=0.0133, 7=0.38"G03
with a large uncertainty and at the same time, perform an
estimation ofp and 5 independent of them. This can be &N
achieved by removing from the fit the constraint on the pa-
rameter. The two parameteBx andeGI BBd are those af-

fected by the largest theory uncertainty. By applying thisSome of the errors are reduced by as much as a factor three
method to the paramet&g , the fit yields by the inclusion of the LEP data.

If the fit is performed using the CKM matrix parametri-
zation suggested if26] the results are found to be:

sin22=0.63'03;, sin28=0.67"0%, y=88"%".

p=0.16'033, 7=0.3900, By=0.80"0%7.

The value ofBx favored by the fit has an error larger than
that on the estimated input parameter and thus cannot help in
restricting its range of allowed values. The same procedure Ggyssian distributions for the theoretical errors have been
with fg \/Bg, as a free parameter leads to the results implicitely assumed in what is exposed above. The fit has
been repeated excluding from tly@ function the quantities
Bk, de\/BBd and &, dominated by these errors, allowing
them to variate in a flat distribution limited by them. The
errors onp and » obtained in this approach are slightly
larger than the previous ones:

p=0.16"33, 7=0.38+0.06.

p=0.19"5%8  7=0.38+0.06,
fg,\/Bs,=0.222°383 GeV,

the value off B4\ BB, COMes out to be well in agreement with

the predicted one with a smaller uncertainty. The same pro- p=0.180%3,  #=0.38+0.08.
cedure applied t@y andfg /Bg, simultaneously gives
?
p=0.17f8:31’g, 77:0-30:8:(1)81 V. A REAL CKM MATRIX ~
To date the only experimental evidence for the violation
Bk=0.82017 fg,\/Be,=0.217003; GeV. of CP in the CKM matrix, namely its complex phase de-
scribed by a value of; different from zero, comes from the
The Amg constraint has a big impact on tpeuncertainty  neutral kaon system. As different models have been pro-
as can be observed by removing it from the fit, which givesposed to explain that effect, it is of interest to remove from
the fit the constraint related to this process and then investi-
p=0.02'0%3, 7=0.43'33. gate the compatibility ofy with zero[27]. This procedure

. . , . yields the following results, graphically displayed in Fig.
Figure 3b) shows the experimentally favoured regions in the3(d):

p— n plane for this fit together with the lower limit and

expected sensitivity \m,=13.8 ps! [15]) of the current p=0.16"%%  ,=0.39'2%.
experiments tdS(S’ oscillations. The confidence regions for
Amg can be extracted from this fit as The value ofz is not compatible with zero at the 95% and

99% of confidence levels either:
Amg=11.3"39 ps?,
—0.02<p<0.36 (95% C.L),
57 psl<Am,<17.8 ps! (95% C.L),
—0.07<p<0.41 (99% C.L)
The LEP measurements have greatly improved the con-
straints on the CKM matrix. Another fit has been performed0.22< 7<<0.53 (95% C.L), 0.16<%<<0.57 (99% C.L).
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If the CKM matrix is assumed to be real, as recentlythe direct measurement at the B-factories due to become op-
proposed for instance if28], all the circular constraints re- erational in the next future. These limits greatly benefit from
duce to linear intervals on the axis, onto which the unitar- the inclusion of LEP data.
ity triangle will then be projected. This hypothesis can be The fit suggests the value of the nonperturbative QCD
checked removing again the neutral kaon constraints fror’parameterde Bg, a@s
the fit and modifying the formula&.3), (2.4) and(2.5) im-
posing 7 equal to zero. The result of this fit, whose param- de\/B_de 0.222°392¢ Gev.
eters are reduced fo, A, m;, fg_ \/Bg, andé, is

The parametew, related to the complex phase of the ma-
P=0-328182- trix and thus to theCP violation is found to be different
) ) . ) . from zero at more than the 99% C.L., even removing from
The value of they” function at the minimumis 6.7, leading ¢ fit the constraints arising fro@P violation in the neutral
to the conclusion that a CKM matrix real by construction can, 5, system. Nonetheless the hypothesis of a real matrix can
fit the data. still fit the data without this constraint.

The fit also indicates thAmg variation range as
VI. CONCLUSIONS

_ 30 o1
The combination of the precise measurements ofy, Am=11.3"35 ps

the updated limits oAmg and the determination div
helps in constraining the CKM matrix elements.

From a simultaneous fit to all the 'av:.;lilab!e datq and These results improve those of similar previous analyses
theo_ry parameters the vertex of the unitarity triangle is de[24,2q and agree with another one based on a different ap-
termined as proach[15]

p=0.16"593,  2=0.38+0.06.

57 psl<Am<17.8 ps! (95% C.L).
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