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Indirect measurement of the vertex and angles of the unitarity triangle
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The precise measurements of theBd
0 oscillation frequency and the limit on theBs

0 one as well as the
determination of the Cabibbo-Kobayashi-Maskawa matrix elementuVubu improve the constraints on the other
elements of this matrix. A fit to the experimental data and the theory calculations leads to the determination of
the vertex of the unitarity triangle asr50.1620.07

10.09, h50.3860.06. The values of its angles, in their customary
definition in terms of sines fora andb, are found to be sin 2a50.0620.42

10.35, sin 2b50.7560.09, g567212
111 °.

Indirect information on nonperturbative QCD parameters, on the presence of aCP violating complex phase in
the CKM matrix, and on theBs

0 oscillation frequency are also extracted.@S0556-2821~99!04611-1#

PACS number~s!: 12.15.Hh
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I. INTRODUCTION

The standard model@1# of the electroweak interaction
predicts a mixing of the quark mass eigenstates with
weak interaction ones. This mixing is described by t
Cabibbo-Kobayashi-Maskawa@2# ~CKM! matrix. Four real
parameters describe this 333 unitary matrix@3#:

VCKM5S Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb
D

.S 12
l2

2
l Al3~r2 ih!

2l 12
l2

2
Al2

Al3~12r2 ih! 2Al2 1
D

1O~l4!. ~1.1!

As A, r andh are of order unity, andl is chosen as the sin
of the Cabibbo angle, this parametrization shows imme
ately the hierarchy of the couplings of the quarks in t
charged current part of the standard model Lagrang
Moreover, in this parametrization the parameterh is the
complex phase of the matrix and is thus directly related
the known violation of theCP symmetry produced by the
weak interactions. The measurement of the parameters o
CKM matrix is thus of fundamental importance for both t
precision description of the weak interaction of quarks a
the investigation of the mechanism ofCP violation.

The parametersA andl are known with an accuracy of
few percent and the determination ofr andh is the subject
of this paper. A large number of physical processes can
parametrized in terms of the values of the elements of
CKM matrix, together with other parameters of theoretic
and experimental origin. Four of them show a good sensi
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ity for the indirect determination ofr and h and are dis-
cussed in what follows. A fit based on this information h
been performed, as suggested in@4#, and its results are pre
sented below.

As is well known the measurement ofr andh is equiva-
lent to the determination of the only unknown vertex and
angles of a triangle in ther2h plane whose other two ver
tices are in~0,0! and ~1,0!. Figure 1 shows this triangle
called the unitarity triangle.

II. CONSTRAINTS

The value of the sine of the Cabibbo angle is known w
a good accuracy@5# as

l50.219660.0023.

The parameterA depends onl and on the CKM matrix
elementuVcbu. Using the value@5#

uVcbu5~39.561.7!31023,

it can be extracted:

A5
uVcbu2

l2
50.81960.035.

The four processes most sensitive to the value of
CKM parametersr and h are described in the following
along with their experimental knowledge and theoretical
pendences.

FIG. 1. The unitarity triangle.
©1999 The American Physical Society11-1
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TABLE I. Physical constants and parameters of the fit. The values whose origin is not discussed
text are from@5#.

l50.219660.0023 A50.81960.035
GF5(1.1663960.00001)31025 GeV22 hct50.4760.04
f K50.159860.0015 GeV hcc51.3860.53
DmK5(0.530460.0014)31022 ps21

mc̄(mc)51.2560.15 GeV
mK50.49767260.000031 GeV mt̄(mt)5166.865.3 GeV
mW580.37560.064 GeV f Bd

ABBd
50.20160.042 GeV

mBd
55.279260.0018 GeV BK50.8760.14

mBs
55.369260.0020 GeV j51.1460.08

mB55.29060.002 GeV ueKu5(2.28060.019)31023

hB50.5560.01 Dmd50.47160.016 ps21

h tt50.57460.004 uVubu/uVcbu50.09360.016
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b

lcu-

n-

the

in

ted
in

r
en-

e
em.
tudy
e

e
hat
A. CP violation for neutral kaons

The mass eigenstates of the neutral kaons can be wr
asuKS&5puK0&1quK̄0& anduKL&5puK0&2quK̄0&. The rela-
tion pÞq implies the violation ofCP that, in the Wu-Yang
phase convention@6#, is described by the parametereK de-
fined as

p

q
5

11eK

12eK
.

The precise measurements of theKS→p1p2 and KL
→p1p2 decay rates imply@5#

ueKu5~2.28060.019!31023.

The relation ofueKu to the CKM matrix parameters is@7,8#

ueKu5
GF

2 f K
2 mKmW

2

6A2p2DmK

BK~A2l6h!@yc„hctf 3~yc ,yt!2hcc…

1h ttyt f 2~yt!A
2l4~12r!#. ~2.1!

The functionsf 3 and f 2 of the variablesyt5mt
2/mW

2 andyc

5mc
2/mW

2 are given by@4#

f 2~x!5
1

4
1

9

4~12x!
2

3

2~12x!2 2
3x2 ln x

2~12x!3
,

f 3~x,y!5 ln
y

x
2

3y

4~12y! S 11
y ln y

12y D . ~2.2!

From the value of the mass of the top quark reported
the Collider Detector at Fermilab~CDF! and D0 Collabora-
tions @5#, 173.865.2 GeV, and the scaling proposed in@9#
one obtains

mt̄~mt!5166.865.3 GeV,

while the mass of the charm quark is@5#

mc̄~mc!51.2560.15 GeV.
11301
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The current values of the parameters that include the ca
lated QCD corrections are@9,10#

hcc51.3860.53, h tt50.57460.004, hct50.4760.04.

The largest theoretical uncertainty which affects this co
straint is that on the ‘‘bag’’ parameterBK , that reflects non-
perturbative QCD contributions to the process. Using
value of the JLQCD Collaboration@11#, BK(2 GeV)
50.62860.042, with a calculation similar to that reported
@12# the value used in the following can be derived as

BK50.8760.14.

The other physical constants of the formula are repor
in Table I. This constraint has the shape of an hyperbola
the r2h plane.

B. Oscillations of Bd
0 mesons

Neutral mesons containing ab quark show a behavio
similar to neutral kaons. The heavy and light mass eig
states,BL and BH , respectively, are different from theCP

eigenstatesBd
0 and B̄d

0:

uBL&5puBd
0&1quB̄d

0&, uBH&5puBd
0&2quB̄d

0&.

In the neutral B system the mass differenceDmd5mBH

2mBL
is the key feature of the physics while the lifetim

difference dominates the effects in the neutral kaon syst
This mass difference can be measured by means of the s
of the oscillations of oneCP eigenstate into the other. Th
high precision world average is@13#

Dmd50.47160.016 ps21.

The relation ofDmd with the CKM parameters, making us
of the standard model description of the box diagrams t
give rise to the mixing and the parametrization~1.1! of the
CKM matrix, reads
1-2
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Dmd5
GF

2

6p2 mW
2 mB~ f Bd

ABBd
!2hByt f 2~yt!A

2l6

3@~12r!21h2#. ~2.3!

The functionf 2 is given by Eq.~2.2!, the value of the calcu-
lated QCD correctionhB is @9,10#

hB50.5560.01,

and the equivalent of theBK parameter for the kaon system
f Bd

ABBd
, is taken as@14#

f Bd
ABBd

50.20160.042 GeV.

The measurement ofDmd constrains the vertex of th
unitarity triangle to a circle in ther2h plane, centered in
(1,0).

C. Oscillations of Bs
0 mesons

Bs
0 mesons are believed to undergo a mixing analogou

theBd
0 ones. Their larger mass differenceDms is responsible

for oscillations that are faster than theBd
0 ones, and have thu

still eluded direct observation. A lower limit has been set
the LEP B oscillation working group combining the resu
of the searches performed by the CERNe1e2 collider LEP
experiments with a contribution from the SLAC Large D
tector ~SLD! and CDF Collaborations, as@15#

Dms.12.4 ps21 ~95% C.L.!.

The expression forDms in the standard model is simila
to that forDmd . From the ratio of these two expressions t
value ofDms can be written as

Dms5Dmd

1

l2

mBs

mBd

j2
1

~12r!21h2 , ~2.4!

where all the theoretical uncertainties are included in
quantityj, known as@14#

j5
f Bd

ABBd

f Bs
ABBs

51.1460.08.

This experimental lower limit excludes the values of t
vertex of the unitarity triangle outside a circle in ther2h
plane with center in (1,0).

D. Charmless semileptonic b decays

The three constraints described above are all affected
large theoretical uncertainty on some of the parameters
enter their expression, namelyBK , f Bd

ABBd
andj. A deter-

mination of eitheruVubu or the ratiouVubu/uVcbu allows a more
sensitive constraint not relaying on any nonperturbat
QCD calculation. It follows from the CKM matrix parametr
zation of Eq.~1.1! that
11301
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uVubu/uVcbu5lAr21h2. ~2.5!

The CLEO Collaboration has measured this ratio
means of the endpoint of inclusive@16# charmless semilep
tonic B decays as:uVubu/uVcbu50.0860.02. The ALEPH and
L3 Collaborations have recently measured at LEP the inc
sive charmless semileptonic branching fraction of bea
hadrons, Br(b→Xuln), from which the value ofuVubu can be
extracted@17# as

uVubu50.004583ABr~b→Xuln!

0.002
3A1.6 ps

tB
64%theory.

~2.6!

The experimental results are

ALEPH@18#:Br~b→Xuln!5~1.7360.5560.55!31023

L3@19#:Br~b→Xuln!5~3.361.061.7!31023,

where the first uncertainty is statistical and the second s
tematic, with the average

Br~b→Xuln!5~1.8560.5260.59!31023,

with the same meaning of the uncertainties. This va
makes it possible to determineuVubu at LEP by means of the
formula ~2.6! as

uVubu5~4.520.7
10.6

20.8
10.760.2!31023.

The first uncertainty is statistical, the second systematic
the third theoretical. The valuetB5(1.55460.013) ps@20#
has been used. Using the quoted value ofuVcbu the combina-
tion with the CLEO measurement yields

uVubu/uVcbu50.09360.016.

The uncertainty on this important constraint is thus sign
cantly reduced by the inclusion of the recent LEP measu
ments. A further reduction to 0.015 could be achieved by
inclusion of the DELPHI Collaboration preliminary mea
surement of this quantity@21#.

This constraint gives a circle in ther2h plane with cen-
ter in ~0,0!, shown in Fig. 2 together with all the other con
straints described above.

III. DETERMINATION OF r AND h

The r andh parameters can be determined from a fit
the experimental values of all the constraints describ
above. The experimental and theoretical quantities that
pear in the formulas describing the constraints have b
fixed to their central values if their errors were reasona
small, and are reported in the left half of Table I. The qua
tities affected by a larger error have been used as additi
parameters of the fit, but including a constraint on th
value. This procedure has been implemented making us
the MINUIT package@22# to minimize the following expres-
sion:
1-3



lue
a

o

-
b
t

o
is

s

s-

d
in
he
he

ed

to
the

at

the

tri

.

re-

ed
re

d
ts

SALVATORE MELE PHYSICAL REVIEW D 59 113011
x25
~Â2A!2

sA
2

1
~m̂c2mc!

2

smc

2
1

~m̂t2mt!
2

smt

2
1

~B̂K2BK!2

sBK

2

1
~ ĥcc2hcc!

2

shcc

2
1

~ ĥct2hct!
2

shct

2
1

~ f Bd
ABBd̂

2 f Bd
ABBd

!2

s f BdABBd

2

1
~ ĵ2j!2

sj
2

1

uVubû
uVcbu

2
uVubu
uVcbu

2

s uVubu
uVcbu

2 1
~ u êKu2ueKu!2

s ueKu
2

1
~Dmd̂2Dmd!2

sDmd

2
1x2

„A~Dms!,sA~Dms!….

The symbols with a hat represent the reference va
measured or calculated for a given physical quantity,
listed in Table I, while the correspondings are their errors.
The parameters of the fit arer, h, A, mc , mt , BK , hct ,
hcc , f Bd

ABBd
andj, that are used to calculate the values

ueKu, Dmd , Dms and uVubu/uVcbu by means of the formulas
~2.1!, ~2.3!, ~2.4! and ~2.5!.

As no measurements ofDms are available a further con
tribution to thex2 analogous to the previous ones cannot
calculated. The following approximation has been used
extract a contribution from the confidence levels of theDms

exclusion. The results of the search forBs
0 oscillations have

been presented and combined@13# in terms of the oscillation
amplitudeA @23#, a parameter that is zero in the absence
signal and compatible with one if an oscillation signal
observed, as in

P@Bs
0→~Bs

0 ,B̄s
0!#5

1

2ts
e2t/ts~16AcosDms!.

The experimental results are reported in terms ofA(Dms)
andsA(Dms), which leads to the quoted 95% C.L. limit a

FIG. 2. The current constraints and the favored unitarity
angle. The constraint coming from Bs

0 oscillations is a limit at 95%
C.L., while the others represent a61s variation of the experimen-
tal and theoretical parameters entering the formulas in the text
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the value ofDms for which the area above one of the Gaus
ian distribution with meanA(Dms) and variancesA

2 (Dms)
equals the 5% of the total area. As noted in@24# the full set
of combinedA(Dms) and sA(Dms) measurements indee
contains more information than this limit and it is used
this procedure, with a different statistical approach. T
value ofDms can be calculated for each value taken by t
fit parametersr, h andj by means of formula~2.4!, together
with the value of its corresponding confidence level obtain
as described above. The valuex2

„A(Dms),sA(Dms)… of a
x2 distribution with one degree of freedom corresponding
this confidence level can then be calculated and added to
total x2 of the fit.

The results of the fit are the following:

r50.1620.07
10.09, h50.3860.06.

The 95% C.L. regions forr andh are

20.02,r,0.35, 0.27,h,0.50 ~95% C.L.!.

Figure 3~a! shows the allowed confidence regions in ther
2h plane, together with the favoured unitarity triangle, th
is also shown superimposed on the constraints of Fig. 2.

From these results it is possible to determine also
value of the angles of the unitarity triangle. The anglesa and

-

FIG. 3. The favored unitarity triangles and the confidence
gions for their vertices in the following assumptions:~a! the fit
using all data described in the text;~b! the constraint from the Bs

0

oscillations is not applied;~c! the LEP measurements are exclud
from the fit; ~d! no constraints from the neutral kaon system a
applied. The band in~b! displays the values ofr andh correspond-
ing to a value ofDms between the current lower limit and expecte
sensitivity. TheDms limit and the central values of the constrain
are shown in~a!, ~c!, and~d!.
1-4
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b are reported in terms of the functions sin2a and sin2b as
will be measured at the next B-factories. The numerical v
ues obtained from the fit are

sin 2a50.0620.42
10.35, sin 2b50.7560.09, g567212

111°.

In terms of 95% C.L. regions these last results can be
pressed as

20.71,sin 2a,0.70, 0.56,sin 2b,0.94,

44°,g,93°~95% C.L.!.

IV. INTERPRETATIONS

The fit procedure described above can also be use
extract information on the theory parameters that enter th
with a large uncertainty and at the same time, perform
estimation ofr and h independent of them. This can b
achieved by removing from the fit the constraint on the
rameter. The two parametersBK and f Bd

ABBd
are those af-

fected by the largest theory uncertainty. By applying t
method to the parameterBK , the fit yields

r50.1620.09
10.10, h50.3920.08

10.07, BK50.8020.16
10.27.

The value ofBK favored by the fit has an error larger tha
that on the estimated input parameter and thus cannot he
restricting its range of allowed values. The same proced
with f Bd

ABBd
as a free parameter leads to the results

r50.1920.09
10.08, h50.3860.06,

f Bd
ABBd

50.22220.011
10.026 GeV,

the value off Bd
ABBd

comes out to be well in agreement wi
the predicted one with a smaller uncertainty. The same p
cedure applied toBK and f Bd

ABBd
simultaneously gives

r50.1720.10
10.32, h50.3020.10

20.06,

BK50.8220.17
10.41, f Bd

ABBd
50.21720.022

10.047 GeV.

TheDms constraint has a big impact on ther uncertainty
as can be observed by removing it from the fit, which giv

r50.0220.26
10.14, h50.4320.09

10.06.

Figure 3~b! shows the experimentally favoured regions in t
r2h plane for this fit together with the lower limit an
expected sensitivity (Dms513.8 ps21 @15#! of the current
experiments toBs

0 oscillations. The confidence regions fo
Dms can be extracted from this fit as

Dms511.323.9
13.0 ps21,

5.7 ps21,Dms,17.8 ps21 ~95% C.L.!,

The LEP measurements have greatly improved the c
straints on the CKM matrix. Another fit has been perform
11301
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removing theDms constraint, derived mainly from the LEP
limits, and excluding the LEP measurement from the av
ages of the other input quantities; that is using

uVubu/uVcbu50.0860.02

uVcbu5~4065!31023

Dmd5~0.50060.030! ps21.

The first value is that quoted above from the CLEO Collab
ration @16#, the second follows from@25# and the last has
been estimated from the current published and prelimin
results from the CDF and SLD Collaborations. This fit,
shown in Fig. 3~c!, yields

r50.0120.25
10.19, h50.3820.09

10.08

and

sin 2a50.6320.90
10.37, sin 2b50.6720.22

10.14, g588228
139°.

Some of the errors are reduced by as much as a factor t
by the inclusion of the LEP data.

If the fit is performed using the CKM matrix parametr
zation suggested in@26# the results are found to be:

r̄50.1620.08
10.09, h̄50.3860.06.

Gaussian distributions for the theoretical errors have b
implicitely assumed in what is exposed above. The fit h
been repeated excluding from thex2 function the quantities
BK , f Bd

ABBd
and j, dominated by these errors, allowin

them to variate in a flat distribution limited by them. Th
errors onr and h obtained in this approach are slight
larger than the previous ones:

r50.1820.07
10.11, h50.3860.08.

V. A REAL CKM MATRIX ?

To date the only experimental evidence for the violati
of CP in the CKM matrix, namely its complex phase d
scribed by a value ofh different from zero, comes from the
neutral kaon system. As different models have been p
posed to explain that effect, it is of interest to remove fro
the fit the constraint related to this process and then inve
gate the compatibility ofh with zero @27#. This procedure
yields the following results, graphically displayed in Fi
3~d!:

r50.1620.09
10.10, h50.3920.08

10.07.

The value ofh is not compatible with zero at the 95% an
99% of confidence levels either:

20.02,r,0.36 ~95% C.L.!,

20.07,r,0.41 ~99% C.L.!

0.22,h,0.53 ~95% C.L.!, 0.16,h,0.57 ~99% C.L.!.
1-5
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If the CKM matrix is assumed to be real, as recen
proposed for instance in@28#, all the circular constraints re
duce to linear intervals on ther axis, onto which the unitar-
ity triangle will then be projected. This hypothesis can
checked removing again the neutral kaon constraints f
the fit and modifying the formulas~2.3!, ~2.4! and ~2.5! im-
posingh equal to zero. The result of this fit, whose para
eters are reduced tor, A, mt , f Bd

ABBd
andj, is

r50.3220.06
10.05.

The value of thex2 function at the minimum is 6.7, leadin
to the conclusion that a CKM matrix real by construction c
fit the data.

VI. CONCLUSIONS

The combination of the precise measurements ofDmd ,
the updated limits onDms and the determination ofuVubu
helps in constraining the CKM matrix elements.

From a simultaneous fit to all the available data a
theory parameters the vertex of the unitarity triangle is
termined as

r50.1620.07
10.09, h50.3860.06.

yielding the following values for its angles:

sin 2a50.0620.42
10.35, sin 2b50.7560.09, g567212

111°.

The accuracy on sin 2b from this indirect analysis is al
ready at the same level as that expected to be achieved
ity

.

n-

11301
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the direct measurement at the B-factories due to become
erational in the next future. These limits greatly benefit fro
the inclusion of LEP data.

The fit suggests the value of the nonperturbative Q
parameterf Bd

ABBd
as

f Bd
ABBd

50.22220.011
10.026 GeV.

The parameterh related to the complex phase of the m
trix and thus to theCP violation is found to be different
from zero at more than the 99% C.L., even removing fro
the fit the constraints arising fromCP violation in the neutral
kaon system. Nonetheless the hypothesis of a real matrix
still fit the data without this constraint.

The fit also indicates theDms variation range as

Dms511.323.9
13.0 ps21

5.7 ps21,Dms,17.8 ps21 ~95% C.L.!.

These results improve those of similar previous analy
@24,29# and agree with another one based on a different
proach@15#.
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