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Operator product expansion for Wilson loops and surfaces in the largeN limit
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The operator product expansion for “small” Wilson loopsAfi=4, d=4 SYM theory is studied. The OPE
coefficients are calculated in the Iargeandg%MN limit by exploiting the AdS-CFT correspondence. We also
consider Wilson surfaces in tt{8,2), d=6 superconformal theory. In this case, we find that the UV divergent
terms include a term proportional to the rigid string actigB0556-282(99)06710-7

PACS numbgs): 11.15.Pg, 11.25.Hf, 11.25.Pm, 11.30.Pb

I. INTRODUCTION in the calculation which is proportional to the rigid string
action.

Over the past year, the connection between anti—de Sitter The paper is organized as follows. In Sec. II, we examine
(AdS) spaces and conformal field theori@&FTs [1-3] has the OPE for a circular Wilson loop in some detail. We dis-_
provided a method to study strongly coupled field theoriesCUss what operators are allowed to appear in the OPE and list
In gauge theories, a natural observable is the Wilson loop. IE1€ operators of low conformal weight explicitly. We com-
the gravity description, these are related to string worldsheef@@r® this with the leading terms in the perturbative expansion
ending on the boundary of AdS space. In this paper, we shof the Wilson loop. We then discuss two approaches to the
how to calculate the operator product expangioRB of the proble_zm of caI(_:uIatlng the coeff_|C|er?ts of the QPE at large
Wilson loop in which we can approximate a Wilson loop by co_uplmg. T_he first method C(_)n5|sts in calculating the corre-
local operators when it is small. Since we are dealing with 4tion function between a Wilson loop and the various op-
conformal field theory, the Wilson loop should be small €rators of the theoryW(C)0;). The second method is to
compared to the distances which separate it from other Wilcompute the correlator between two Wilson loops and to

son loops or other operators. identify the contributions at each order in the size-to-
Our strategy for computing the OPE of a small Wilson Separationa/L, expansion. .
loop in the 4D super Yang-Mill§SYM) theory is as follows. In Sec. Ill, we find the minimal area string worldsheet that

At large N and g\z(MN, the bulk type IIB string theory is in describes a circular Wilson loop in the fundamental repre-

the small string tension and small curvature limit, so thaSentation. In Sec. IV, we identify the scalar modes that con-

classical string theory is a good approximation. In this conlribute to the supergravity interaction between two Wilson

text, the loops are represented in the bulk by clasgioii- loops and consider their' coupling to the string worldsheets.
mal areaworldsheets which end on the AdS boundgys]. e then compute the Wilson loop correlators and extract the
For example, two circular Wilson loops of radias which OPE coefficients. In addition we consider the potential be-

are separated by a distante correspond in the bulk to a tween two rectangular Wilson loops, which is a straightfor-

worldsheet with these two loops as its boundary. When th&/@rd application of the same techniques used to compute

ratio of the size of the loops to their separation is very smallCorrelators of loops. In Sec. IV D, we outline some qualita-
a/L<1, the worldsheet degenerates into two hemiSphere’gve features of the computation of exchange of tensor modes
connected by a very thin tub]. This degenerate world- Petween the worldsheets. )

sheet represents the exchange of light degrees of freedom in [N Sec. V, we consider Wilson surfaces in @2, d

the bulk between two otherwise unaffected minimal surfaces. © Superconformal theory. We find the minimal area mem-

each with a circle as its boundary. It is then straightforwargPrane worldsheet solution describing spherical Wilson sur-
albeit slightly tedious, to extract the OPE by properly iden-/ac€s and the supergravity modes Al S, S* which con-
tifying the light states being exchanged and their coupling td'iPuteé to their correlation. We find that there is a UV
the strings. For Wilson surfaces, the strategy is the same29arithmically divergent contribution to the area of the sur-
though one now considers membrane world volumesin face that is proportional to the action of a rigid string em-

theory rather than strings. Here we find a new divergent ternf€dded in the 5-brane world volume.
Several details about the bulk-to-bulk and bulk-to-

boundary Green'’s functions that we will need are presented
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of maximally supersymmetric Yang-Milléconforma) field A=0. The only operator of dimension zero is propor-
theory in four dimensions. This potential could be obtainedional to the identity.
by computing the expectation value of the Wilson loop, A=1. The only elementary fields of dimension one are
the scalarsX'. A gauge invariant operator would be X',
(W(C))# lim e Se™I®), (2.1)  but takingSU(N) as the gauge groUj], this trace vanishes.

P00

A=2. At dimension two, the only trace over the gauge
. . group that is non-trivial is that of the scalar bilinear
wherel is the total length of the loop andl is a UV regu- tr(X'X?), which splits in two irreducible representations of
lator[7]. In.th|s paper, we consider the modified Wilson lOOpSO(G). One is thesinglet tr(X')2 which is expected to have
operator given by a large anomalous dimensi@8l, so it must be dropped from
1 the expansion at low orders in the supergravity regime. The
W(C)= — Tr pefddiAu(o)ah+ e'(s)X'(rrw?]’ (2.2  otheris the symmetric traceless teng®k tr(X'X?), which is
N the 20 of SQ(6). Its conformal dimension is independent of
) _ ) the coupling[3]. Since the20— 195® 14 underSQ(5), we
where A (o) are the four-dimensional gauge fields, thefing that the operator in th®O(5) singlet, i.e., the projection
X!(o), 1=1,...,6 are the six scalar fields af=4 SYM, and of ¢4 tr(X'X?) will appear in the OPE.

| . . . 2_ .
¢'(s) is a point on the five-spher@o 6°=1). As argued in A=3. At dimension three, we must consider the scalar

[4,5] this is the operator whi_ch Iead§ to a simple Calcmatior,‘operator tr&'X?XK). Once again, only the symmetric trace-
in supergravity. The reason is that, if the gauge symmetry i

; Yess partCl, tr(X'X?XK) (in the 50), has a protected con-
b_roken toU(N—1)X U(l_) through a nggs_ VEV, the mas- formal dimension. All other components ought to have large
sive W-bosons can be interpreted as strings stretched b

: . inomalous scaling dimensions.
:/V\\//?)%got:se CZ?’:;/ZOirr]l gggitiﬁgr?_giﬂg (I:r;la'?ges ui%aecrefhghgeasfgﬁ We must also consider the scalar bilinear in the fermions,
- ' : @ here A B inor indices for th
fields, a “scalar” charge under the scaldtd', whereé' is (¥a¥s.), where A and B are spinor indices for the

: . . R-symmetry group. This operator is in ti®— 10 and does
theSOd(G) orlentag(on ;)f the Higgs VEV, so that we get the notycontainyagn}SOp(S) singFI)ets so it will not contribute
second term in Eq2.2). e '

We expect that there exists an operator product expansiof% rWe can also have D(IF/”)’ which transforms as a two

X o . m under Lorentz transformations and decomposes as the
for the Wilson loop when it is probed from distances large X
compared to its characteristic siae 6— 195 underSQ(5) and should contribute to the OPE. For

a circular Wilson loop, the allowed components depend on
the orientations*” of the loop.
oM, 2.3 The final primaries at this order are tResymmetry cur-
rents,J;}”), which are in the adjoint 08 O(6), which is the
antisymmetric tensorl5. Under SQ(5), 15-5#10, so
where theO(" are a set of operators with conformal weights there is noSO(5)-invariant component. Therefore this op-
A™ In this notation, we 1e0® denote theith primary  erator does not contribute to the OPE.
field, while theOi(”) for n>0 are its conformal descendants.  Finally, we can also hav€(}s; tr(X'X?), which is a su-
For the circular Wilson loop solution, the expectation valueperconformal descendant &) tr(X'X’). In the particular
of all operators other than the identity vanishes, so that thease of a circular Wilson loop OPE, it is forbidden by rota-
coefficient of the identity is the expectation value of the loop.tional invariance.
The problem is to explicitly calculate the coefficien@) A=4. At dimension four, there are various chiral prima-
that appear in the Wilson loop OPE. In the field theory, thisries. The operators which conta80(5) singlets and should
can be done perturbatively at weak coupling, but, barring th@ppear in the OPE are the symmetric traceless rank 4 tensor

existence of nonrenormalization theorems, the result cannagyy, | tr(X'X’X*X%),  the field strength  operator

WO =(W(0)| 1+ X ¢{Vat”

in general, be reliably extrapolated to strong coupling. In fac@lAJ tr(X'XJFW), the energy-momentum tensor, and the La-
we will see that the coefficients are different. grangian. Additionally, one can have descendents ofAthe
Local gauge invariant operators are given by tra@®r  —2 3 gperators which already appeared above, as well as

the gauge groupof polynomials of the scalarx', the fer- o trace operators like€py tr(X'X))CR tr(X¥XY). In the 't

mions ¢, the Yang-Mills field strengttir,,, and their co- g0t limit, we expect to find only single trace operators.
variant derivatives. Since the operators appearing in the Wil- Summing up our results, we arrive at the following ex-
son loop must have the same symmetry properties as ﬂ}ﬁ’ession for the circular Wilson loop OPE:

Wilson loop itself, the operator@i(“) should be bosonic and

gauge invariant. We consider the case whee)=6' is a

constant. This breaks tH8Q(6) R-symmetry of the super- W(C) (0. 20(2) N o
conformal field theory t&Q(5), so weexpect that the)(™ W:H o a”Yy (9)NoCy tr(XTX7)
are SO(5) invariant. Therefore we will obtain operators
which are in irreducible representations ®€(6) that con- +cQa%Y R () N3CPHy i tr(XIXIXK)
tain singlets under th8 O(5) maximal subgroup. (0)3 2w ser al vl
We perform the analysis at each conformal dimension. te atdt (0 XF )+, 2.4
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whereo*” is a unit two-form which denotes the orientation ~_
of the Wilson loop,V, is a constant that ensures that opera- r ~
tors are “unit” normalized, in a sense indicated below and

Cﬁ...lk is a basis of symmetric traceless tensors such that the
spherical harmonics aré’A(B)=C|Al...,k0'l---B'k, with the G a
index A running over all the spherical harmonics of given

SQ(6) Casimir, se¢8] for conventions. o M X

A. Perturbative calculation of the OPE coefficients z

For small)\=g$MN, we can perturbatively expand the 9
Wilson loop (2.2) to find an expression for the OPR.4).
We find the first few terms to be

z=0
Wer C 2ma)k
ﬂ: + ugh...elktr()('l...x'k) o . . .
(Wper C)) k=2 kIN FIG. 1. The emission of a particle from a circular Wilson loop
- - of sizea onto the AdS boundary at a distancéom the loop.
2m7a T°a
- 0'5+  tr(X'F ) — ——tr(647F ,,)? _ .
2N mine the coefficients of the operator product expangiod).
Feer (2.5 The first and most straightforward method is to

compute the correlator of the Wilson loop with each operator
Some of these operators will get high conformal dimensionghat is expected to appear in the loop. This correlator gets
in the strong coupling limit and so we know that they will contributions only from the given conformal primary and its
not appear as leading terms in the expansion. There are, howescendents,
ever, operators whose dimensions are protected, such as the
symmetric traceless combinatioﬁsi.._,ktr(x'L --X'%). The
operator product coefficients will depend on the normaliza-  (W(C)O!) ©) at”
tion of the operators. We will choose them to be “unit” (W(C)) =G

boL2al +mzo c(Ma"(Om o).
normalized, in the sense tha®(X) O(y))=|x—y| 2. The ' 2.7
operators in Eq(2.5) are not normalized. In order to normal- ’
ize them, we have to compute their two-point functions.
These were calculated [8] and using those results, we find
that the operator product coefficients for the highest weigh
chiral primaries have the behavior

l—|ere we have isolated the contribution from the descendents
and their mixings with the primaries in the second term.
In the supergravity description, the Wilson loop will be
NA2 related to a string worldsheet ending on the boundary of AdS
CANT, (2.6) space. The correlation functiof2.7) can be calculated by
treating the string as an external source for the fields propa-
Where)\zgiMN_ For the other protected operators, we find agating in anti—de Sitter spacetime and then computing the
similar \P/N dependence, where the exponpris related to  string effective action for the emission of supergravity states
the conformal weight of the operator. We will see that foronto the point on the boundary where the operator is in-
large\, the dependence daiwill be the same, but that the  serted. See Fig. 1.

dependence is different. Of course the dependendd can Another approach to the problem of -calculating
be understood in a simple fashion by using lakgeounting  the OPE coefficients is to compute the correlator of a
arguments. pair of Wilson loops that are separated by a distance
which is large compared to their size. In the conformal

B. Supergravity calculation of the OPE coefficients field theory, the correlator can be calculated

We now describe how to calculate the coefficients infrom the operator product expansion for the two Wilson
the supergravity description. There are two ways to deterloops

(W(C,L)W(C,0)) A A, )
WCD)WICO) 1, & 1% 5O (L)O(0)

(m) ()
L2A(0)+i{m§¢{00} cicfMat AT O™ (L)OM(0)). (2.8
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In the last line, the first term is due solely to the primary ) x'+c'(x?+ 2%
. R . . . 1
fields, while the second contains the contributions from de- 1+2c-x+c2(x2+ 29
scendents.
In the supergravity approximation, these Wilson loop cor- .
relators can be calculated by computing the amplitude for the 7' = (3.3

2(y2 2\ *
exchange of light states between the two string worldsheets 1+2¢-x+ci(x™+29)

which have the Wilson loops as their boundafiék as rep-
resented in Fig. 2. We will actually calculate the OPE coef-
ficients in this fashion, since it is slightly simpler.

In the next section, we will examine the details of the
circular Wilson loop solution. With the necessary informa-
tion in hand, we will then return to the computation of cor-
relation functions of Wilson loops.

Starting with a line on the boundary and a minimal area
surface in AdS space which ends on that liméhich just
extends along the line and tkalirectior), we can apply the
above conformal transformation and map it to a circle in
such a way that on the boundary we have a circle of raalius
Then the surface in AdS space is givert by

x''=\a?—Z2(e| cosy+ €, siny),
Ill. CIRCULAR WILSON LOOPS

AND AdS SUPERGRAVITY O=z=a, O=y<2m, (3.9

=/

According to[4], in order to compute the expectation
value of a circular Wilson loop in the larggN limit, we
should find the minimal area string worldsheet ending on &
circle at the boundary of anti—de Sitter space. We choose t
scalar charge of the Wilson loop to be constant, so that th
string worldsheet lives at a single point on the 5-sphere. This dzdz,b
implies thaté'(s)=#' in Eq. (2.2) is a constant. We could dA=dzdy\delg,,,(X)d X" dpx")=
find the classical worldsheet by solving the Euler-Lagrange
equations coming from the Nambu-Goto action in this back
ground, however, in this case there is a simpler way to fin

wheree,,e, are two orthonormal vectors on the boundary.
We see that this surface ends on the boundary on a circle of
hrgdlusa and it closes off az=a. It is useful to compute the
grea element,

(3.5

dAs in [4], we find that there is a divergence in the action,

the worldsheet 27T az a
We note that the Euclidean conformal group in 4 dimen- =—f dzf —3= — ——1). (3.6
sions,SO(1,5), has elements which map straight lines into €

circles, namely the special conformal transformations, .
Y P In terms of the theory on the boundary, this divergence

corresponds to the UV divergence in the Coulombic self-
(3.2 energy of a point charge. In the bulk theory, this divergence
is due to the contribution of an infinitely long straight string
ending on the circle. After subtracting the divergent term, we
find thatS= —1/a’, which is independent of the radiasof
1 the loop, as required by conformal invariance. We are choos-
ds2:?(d22+ dxdx), (3.2  ing units in which the radius of AdS space is equal to one, so

that a’ = 1/\4mwg.N.

IV. CONTRIBUTIONS FROM THE LIGHTEST SCALARS

; X+ c'x?
X
1+2c-x+c%?

wherec' is a vector inR*. We take the AdS metric

with the boundary az=0. The special conformal transfor-
mation (3.1) corresponds to the AdS reparametrization
We will be primarily interested in the contributions from
~ the lightest scalars, whose exchange will dominate the long
L ~ distance interactions. These light states correspond to the op-
erators of lowest dimension in the OPE for the Wilson loop.
The relevant modes may be determined from the Kaluza-

G a Klein (KK) mass spectrum listed in Fig. 2 or Table Il of
[10].

| P A. The dilaton

We will start calculating the coefficient of the OPE in
z front of the operator associated to the dilaton. We start with

12

7z=0 Iwhile this paper was being written, we learned that N. Drukker,
D. Gross, and H. Ooguri have independently obtained this circular
FIG. 2. The correlation between two circular Wilson loops.  Wilson loop solution9].
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this field because the calculation of the precise coefficient ibetween the worldsheets is very large, tigns very small
simpler. We will consider other cases later. The dilaton carand we can approximate the Green’s functié®) by
be expanded in Kaluza-Klein harmonics as
A A
[£7)) (47)) Z°Z
WA~ —
B, L%

G(W)gii~ (4.6)

6= ¢ (0. 4.1) By

) i ) whereL is the (large distance between the two loopa4,
The action for the dilaton is =4+k andap= (A —1)/272. Using Eqs(3.5 and(4.6) we
1 find that the integrals over the worldsheet reduce to simple
skm:_zf d1%4(V ¢)2 expressions involvingdzZ ~2 which are always convergent
2K19 atz=0. The final result is that

’1 , ‘ K2 2A
=fd5x2k Bz [(Voh2rmig], (42 (WWgj s 2 7T(k+1)(k+2)%Yk(0)2(§) ,

W2 & k+3 N A
where, in units wher®gs=1, 4.7
N2 so that
Bk:zk‘lwz(k+ 1)(k+2)’ “3 (A—2)(A=3) JgN
Cail,a=247734/ . (4.8
and we are normalizing the spherical harmonics a8]n ail. A-1 N “8

The coupling of the dilaton to the string worldsheet can be
found remembering that the supergravity calculations werdlotice that we are unit-normalizing the dilaton operator.
done using the Einstein metric, while the string worldsheet Of course we could have calculated this last result directly
couples to the string MetriG gying= e??geinsein- SO the cou- by computing the one point function of the operator associ-

pling of the string worldsheet to the dilaton is given by ~ ated to the dilaton in the presence of a Wilson loop. In fact,
as shown if11], the one point function is proportional to the

1 ) 412 1 ) o value of the dilaton near the boundary. This value is non-
Sdn—mf doye?*+ Ef d*o (7R ¢, zero because the string worldsheet acts a source for the dila-
(4.4)  ton. We can actually calculate the correlation function of the
operator with the Wilson loop for any position, not just for
wherey, is the induced metric on the worldsheet Lol large distances. We get
is the corresponding worldsheet curvature. In the case that
the radius of AdS space is large, the term involving the (WOX(X))
worldsheet curvature will be subleading compared to the first — (w)
term. Therefore we should neglect the curvature contribution
in the amplitudes we consider. (constY®( ) z'A
So now we want to calculate the contribution of the dila- = 7 f dA'[(i_ )2+ 2 78
ton to the expectation value of the product of Wilson loops.

=C, limz 2¢X(z,%)
z—0

27w

This contribution will be given by Vo) 2
=Cqi ,
(WWhg 1 a4 a8 YO [z =g g7
—_——= (K gy2_
R 5 Y0 [ 5o wo

wherer is the polar coordinate on the plane defined by the
, (4.9 loop andy is the distance on the plane orthogonal to the loop.
We see that when the operator approaches the loop we have
a singularity of the form 4* whered is the distance from
the loop. In fact, the resu(@.9) could be derived in a simple

formula summarizes the effects of dilaton exchanges be@y by first computingWO) for a straight line and then

tween the two worldsheets. Of course, the dominant term fo?‘,pplying Fhe conformgl transformation mapping the line to a
large N is the one dilaton exchange arising from the ﬁrst_cwcle. This resul{4.9) includes all the information about the

order expansion of the exponential. Notice that’ indicate Copnlfzormal descendents of the operaf@rappearing in the
points on the two separated worldsheets. If the separatioQ '

dA’ ,
Xf ra Gx(W(a,0"))gil

where the sum oveA indicates the sufmover all spherical
harmonics of total angular momentudt=k(k+4). This

B. “Tachyonic” scalars

2This sum gives a result that is independentolbut we leave the The leading term in the OPE expansion of the Wilson
result in this form to read off the contribution to the OPE of eachloop comes from an operator of dimension two. This opera-
Kaluza-Klein mode. tor comes from a field withm?<0 in the supergravity
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theory. Scalars arise from several supergravity fields. There Now we should find hovg couples to a string worldsheet.

are scalar KK modes of the metric over the 5-spHarehe
notation of[10])

hg(x,e):Ek mx)Y®(9), (4.10

These couplings will involve terms with derivatives. In the
calculation we are interested in these derivatives will act on
the Green's function of the field. Moreover, we will be
interested in extracting the leading pieceLinwherel is the
separation between two Wilson loops or a Wilson loop and
an operator. In that regime we will be able to approximate

as well as the scalar KK modes of the antisymmetric 4-formthe Green’s function by an expression lilg8/[ (X—X')?

aaﬂyf; b enp,5D Y N(0). (4.1

+2%], so that the only derivatives which will not produce a
subleading term in 1/ will be those acting on the numerator

of this expression. This implies that in calculating the cou-
pling to s from Eg. (4.16 we will be able to replace

One linear combination of these has tachyons in its SPeC; qerivatives by factors of, etc. The string worldsheet will
trum. Another scalar comes from the trace of the metric Orbouple to the various components of the metric on AdS

the AdS component” . We can algebraically express these

"
in terms of thew, as
5 16
“he_"_"" ky/(K)
Sha 154 YY),

(4.12

k k) =
; HY,Y® () =hx+

so they contribute to the states of this family.
From the field equations, given as Eg.33 of [10], one
sees that the modes* and b mix. The mixing angles, as

Couplings througha,s, s will be small if R is large, since
they will involve couplings to the worldsheet fermions. Fi-
nally we get the coupling to the worldsheet as

2

1 z
mf dA(—ZkSk)¥ (4.17)

By using the same method as we used for the dilaton we

well as the normalized action for the mass eigenstates harptain

been conveniently presented by Leeal. [8]. They found
that the mass eigenstates were

k

s —10(k+4)b¥], M2=k(k—4), k=2,

- 20(k+2)[7Tk

tkz;[w'@rl(kbk] M2=(k+4)(k+8), k=0
20(k+2) bt T
(4.13

The lightest states correspond to the lowest modest, o0
we will focus on these modes. The action for tHewas
found to be[8]

S= f xS Bkgl[(VMSk)erk(k—4)(3k)2], (4.14

where

287 *N%k(k—1)

SR “-13

and our normalizations are as|[ig].
In order to compute the coupling sfto the string world-

2 2k

<WVV>S [£79) 2k (k) 2a
W? & B\ ke Dar) A OTE
_S ek Seyiogg
—kA v NYA (0) F’Z (41&
Similarly, we can calculate
(WOR) g a*
W ~ 242, [k N“‘Yg‘o(a)FR. (4.19

From these expressions we determine the OPE coefficients

NN

CsA= 2A/271\/KW (4.20

This equation should be compared to the weak coupling re-
sult (2.6). As expected th&l dependence is the same but the
powers ofg? N are different. This is no contradiction, since

sheet, we need to find all the supergravity fields that aréhe two calculation have different regimes of validity.

excited whens is nonzero and all the other *“diagonal”

modes are set to zero. From the equations that we saw above

we find a contribution tdnﬁ and there is also a contribution
to

D(”DV)S, (416)

v

C. The potential between two rectangular Wilson loops

The tools that we have collected to compute correlation
functions due to exchange of scalar supergravity modes be-
tween string worldsheets are also applicable to the study of
the potential between rectangular Wilson loops. For a pair of
rectangular Wilson loops, each of siaewhich are separated

where the parentheses indicate the symmetric traceless cofoy a distancé >a, as depicted in Fig. 3, the potential takes

bination.

the form[12]
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Ny We will use the worldsheet solutions p4] to compute
. the effective potential. We find that, for large separations, the
asymptotic behavior of the scalar Green’s functié®) is
‘ G(x,x)= 20k 2z : 4.2
k(X,X)—Tm +oo0 (422
The surface was given by
I 2
| R (423
i — “max ﬁ- .
z \ L 2Zmax \/W
2 where z,,« is determined by the condition thdix(0)
Zmax z=0 —X(Zmay|=2a/2, so thatzy,,,=al'(1/4)%/(27)%? The area
FIG. 3. The interaction between two rectangular Wilson Ioopselement is given by
of sizea, separated by a distante>a. .
dA=dtdz———o—. (4.24
e _ i JOW(C,L)W(C,0)) ~log(W(C,L))(W(C,0)) 2\ Zpax— 7"
T—e T The coupling to the field is given by
a2 1 (—2ks)22
=3 Votwer. (4.21 S5y j da 9% (4.29

max

Perturbatively, we will find that th&,~\P/N2. At large\,  where we used the same method as above to calculate the
the N dependence is the same, but thdependence will be coupling involving terms with derivatives af So the final

different. expression for the potential between two Wilson loops is
s)
Ve =_ —_
k+1)\7?2
_ ' ——
5 @ Pk 7| (=2K)Zna v ) Y0 )2
© fA By (kL1 2ma’ k+3 A
4
k-4 1\ [k+1\*
- 2 -2l ==
F(4) k(k+1) (k+2)(k+3)F(k 2)1“ 7 9N a2
= _; 3275 3k ki 12 NZ [T (4.26
P()T| ——

We have done the sumAY§(9)2=(k+ 3)(k+2)/(3x 2“1, We have included contributions to the potential coming from
all of the Kaluza-Klein modes of the fiekl The ones wittk=2 will give the leading contribution. Of course other fields will

also make contributions to the potential which are comparable to the terms abovex@tli-or example, we can calculate the

contributions to the potential from the dilaton

]
ao T(A—12)\m | (1225t L

b=~ =7 (K¢ g)2

v k,zmk By ryL=a-t 2m7a’ A+1) Ymk(e)
4T ——
4
r e A—1)2(A—2)2(A—3)T| A 1rA_14
1 ( )=( )=( ) 3T =7) g a2
:—Ek 322A+9773A*7/2 A—l 2 W LZA*li (4-27)
F(A)F(—Z )
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where nowA=4+k. As gs~\/N, these results agree with face. This term was also present in the case of a rectangular

the behavior illustrated in Ed4.21). Wilson surfacg4]. In this case, we see that there is also a
logarithmic divergence. The first question is what would this
D. Contributions from vectors and tensors divergence be in a more general case? It can be seen, by

analyzing the equations of motion of the theory, that for a
generic two-dimensional surfacg, this logarithmic diver-
gence is proportional to the “rigid string” actiofi4]

Let us finally note that the operator product coefficients
involving other operators can be computed in a similar way
They will involve the contribution of various supergravity
fields to the correlator between two different Wilson loops.
In particular, the term tX'F ,,) term in the OPE2.4) cor- S, _d:f d20\(V2X1)2 (5.3
responds to the lowest mode of an antisymmetric tensor, 9! s, ’

B on AdS;.

uv )
wherey is the induced metric on the Wilson surface afid
V. THE SPHERICAL WILSON SURFACE AND AdS -, are the coordinates di® describing the surface. Notice that

. .3, is a surface in the boundary six-dimensional field theory.
t'or|1no[f4]t’hg \f;?s;'::ol%nttg?ttﬁgiggflg UZ?ct:r?f :r‘?nild]f;%”p'As emphasized ih14], this action is invariant under scale
; 9 imi <) Sup ! transformations in the target spa¢€,—AX', which is con-

theory in six dimensions to compute Wilson surface observ-_. . .
ables[13], even though an explicit formulation of the field sistent with what we expect in a conformal theory. Actually,

it is possible to prove that the action is also invariant under

t0 Eq.(2.2. Let us consider a spherical Wilson surface. Wegpemal conformal transformations, so that it is invariant un-

take the scalar charge of the surface to be congmpbint der the full conformal group.One implication of this loga-

n 9. In the gravity picture, the Wilson surf hould b rithmic term is that the expectation value of the Wilson sur-
'?he bdun dare gfaa r%ir?ir%gl Zreaemen’?l())rar?g V\?(;:r? dsvglﬂme ieface is not well defined, since we can add any constant to the
y .r\ogarithmic subtraction. Furthermore, it seems to indicate

AdS,xS" On(_e can elth(_er solve the equations of motion dl'that the expectation value of a Wilson surface is scale depen-
rectly to obtain the minimal world volume, or, by analogy dent

W't?hth% dISC(:jUSSIOI‘]l c')Adeec. ”It’) one cfan noltle that a flgttplane It seems natural to speculate that tensionless strings in this
In the boundary 0 pcan be conformally mapped to a six-dimensional field theory are governed by some super-

sphere. This flat plane is the boundary of an infinite mem'symmetric form of the action.3)

brane that is stretched b_etween the AdS boundary.zand Despite the fact that the expectation value of the spherical
- T.he conformal mapping maps the world volume into 3\ilson surface is not well defined, the connected correlation
3-hemisphere whose boundary is a 2-sphere that Cprre_Sponﬁﬁctions of Wilson surfaces do not receive extra divergent
to the CFT Wilson surface. A convenient parametrization o contributions. These correlators can be calculated in a com-

the solution is given in terms of the Poincare coordinates aﬁletely analogous fashion to the Wilson loops in Sec. IV

2_72 One considers a Wilson surface whose characteristic size is
X, =+a‘—z*cos L :
! 0 much smaller than its distance from any probe in the theory.
= [A2_ 2 Then one identifies the operators that are allowed to appear
Xp=va'—z"singcosy in the OPE and computes the necessary correlation functions
xs=aZ— 22 sin g siny, (5.1) to extract the OPE coefficients. The details appedd §).
where O0<z=<a, 0< =<, and O< ¢y<2w. Now we take the VI. CONCLUSIONS

radius of AdS to be equal to one, then the radiusRgf

=1/2,1,=1/(87N)3, and the tension of the two-brane is In this paper, we have made use of the connection be-

T(2)=,1/p(27r)2I3=2N/,77 tween anti-de Sitter spaces and conformal field theories in
b .

2 . .
We then find that the volume of the membrane is diver—the Iarg_eN andgyyN I|m|t. to compute. the operator product
expansion of “small” Wilson loops inNV=4, d=4 super

ent , : .
g Yang-Mills theory and Wilson surfaces in tH{6,2) super-
adzay/a?— 72 conformal theory in six dimensions.
S=T(2)f dV=T%4x — 3 By determining what supergravity states couple to the
€

worldsheet describing the Wilson loop, we found the set of
operators that are allowed to appear in the OPE. By comput-
. (5.2 ing the amplitudes for exchange of supergravity modes be-
tween a Wilson loop and the boundary and between two

We can make several observations regarding this expressig!IS0n 100ps, we were able to compute the correlation func-
for the action. First, we see that the action scaledNam

agreement with the scaling found for the “rectangular” so-

lution of [4]. As indicated in7], e should be thought of as @ 3t is enough to prove that the action is invariant under inversions
UV cutoff. So we see that we have two divergent terms. Thex'—X'/X?. This can be shown using identities liKézX'V2X'
quadratic divergence is proportional to the area of the sur=0, which use the fact thag,z=3,X'9zX" is the induced metric.

2

2a a
=7T?)| + ——2In—=1+0(¢)
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tions of a Wilson loop with a CFT operator and with anotherBy evaluating the action at a solution of E&3), one finds
loop. From these expressions, we were able to deduce thbat
coefficients that appear in the OPE for the states that we
considered. - ' . . ' o= }J 49+ 1y
We also investigated Wilson surfaces in tt&2) six- 2 Jm
dimensional field theory and we found that there is a UV
logarithmically divergent contribution to its expectation , , . ,
value proportional to the action of a rigid string embedded in X JM,ddHX VI)I)Gx,x") Vg(xT)I(X).
the 5-brane world volume.
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PHY 9407194. We will find it most convenient to compute the Green’s
function in the upper-half space representation of anti—de
APPENDIX: GREEN'S FUNCTIONS Sitter spacetime, with metric
Scalar Green’s functions on anti—de Sitter space have d )
been discussed in a large number of pag&i,16—19 in dszz? d22+i21 dxi|. (A7)

connection with the types of correlation functions we are
looking to compute. We will repeat some of these caIcuIa—A
tions in this appendix.

Consider the action of a real scalar fieldon Euclidean

s the scalar Green’s function can only depend on the dis-
tanced(x,x’) between the sources, in this metric it will be a

anti—de Sitter spacetime, of radius one, with soulce function of
1 2 B z7 1 1
szf dd“x\/ﬁB[—(qu)zﬂL — $?—PJ|, (AL) (z—2)%+32%,|x—x/|? 2 coshd(x,x")—1"
AdS 2 2 (A8)
whereB is some constant. The equation of motion is Note thatW is singular precisely atz(x) =(z’,x’), which is
— the location of the singularity in the Green’s functig®). It
B(=Vi+m9)e=1J, (A2) s easy to show that the solution for E@\4) which goes to

zero at the boundary is given in terms of the hypergeometric
where V= (1/1/g)3,(/gg*"3,) is the Laplacian. Imposing function
the boundary conditiod)|3M=02yieIds a unique solution for
¢, as long as the operater Vi+m?, is positive definite. o - _
This is the case for alin?= —d?/4 [20]. G(W)= EWA 2F1( AA+ T’ZA —d+1;- 4W) '
Solutions for¢ which minimize the actioriAl) are given (A9)
by the integral equation
whereA =d/2+ Jm?+d?/4 will be the conformal weight of
the associated operator ang is

¢(x)= J'Mdd“X’Vg(X')G(X,X’)J(X’), (A3)

I'(a)
where the kerneG(x,x’) is the covariant Green’s function %o~ a2 d
for the equation of motiortA2), satisfying 27T A= §+1
, / A-1
B(—Vi-ﬁ-mz)G(X,X )=W5w“)(x—x ). (A4) a= 57 for d=4. (A10)
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2. Computation of correlation functions
Let us consider the field in the bulld3) produced by a
source on the boundary. To be precise, we thk€) to have

support very close to the boundary, wherec is a numerical factor which we will determine from
suppd(x’))=1{z'|o<z'<e, (A11) the 2-point functio_n. Now, evaluating the action obtained
from Eq. (A6), we find that

d)o(i’)=cf05dz’z’A‘d‘1J(x’), (A15)

for infinitesimal e. Then, using the bulk-to-bulk Green’s
function (A9), we can write

s=@f dd o
. B |X—=X'|
¢(x)=LMddx’fodz’ Va(x)G(x,x")I(x"). (A12)

xf dzf—d—lJ(x)f dz’z’27971)(x)

In the region over which we integra®, W~0, so that we

can approximate f i’ ¢|OQX)?,TE ) (A16)
7)) A
G(W)~EW , (A13)
The two-point function is then
so that
5°S @
¢(x)~@f ddx’ ) fdxozA d=13(x"). Spo(X)dpo(X')  BC? [R—X'|?2" (ALD)
B Jom z +|X
(A14)

Choosing the convention that the operator corresponding to
Now, to make contact with Witten's analysis 8], we  this scalar is unit-normalized©0)=1/x?*, we determine

want to define a dimensioth— A sourcegy(X'): thatc=+/aq/B.
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