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Starting from Seiberg’s electric-magnetic duality for supersymmetric QCD, we construct dual pairs of
nonsupersymmetric gauge theories. This is accomplished by first taking theNdimé of supersymmetric
QCD and its dual partner and then performing a special “orbifold projection” recently introduced by Kachru
and Silverstein. We argue that in the lafgdimit the two projected theories remain dual. The nonsupersym-
metric gauge theories which can be studied in this fashion have nonsupersymmetric field content, chiral
fermions, and exactly massless scalar maf@0556-282(99)01810-X]

PACS numbsgps): 11.15.Pg, 11.15.Tk, 11.30.Pb

I. INTRODUCTION This statement will be central to our derivation of nonsu-
persymmetric duality. Finally, Bershadsky and Johar{§gn
In recent years many examples of four-dimensional supershowed how the above statement can be proved in the con-
symmetric gauge theories have been found to exhibit nontext of largeN field theory with no reference to string theory.
Abelian electric-magnetic dualitjl,2]. The existence of a They also noted that the “orbifold projection” technigue can
weakly coupled dual description of the infrared physics of abe applied more generally to lar@géfield theories with less
strongly coupled gauge theory allows one to obtain a wealtlthan N'=4 supersymmetry.
of information on the low energy dynamics practically for  The precise definition of orbifolding will be given in Sec.
free. Ill. Roughly, the procedure is to identify a discrete global
Clearly, it is very interesting to explore if electric- symmetry of the parent field theory. One then also embeds
magnetic duality also occurs for nonsupersymmetric nonthis discrete symmetry into the gauge group by using a spe-
Abelian gauge theories. Unfortunately, only little progress incial representation of the discrete group. Now “orbifolding”
this direction has been made. Several groups have introducaiimply means to eliminate all the fields of the parent theory
soft supersymmetry breaking to supersymmetric dual pairs ofvhich are not invariant under the discrete symmetry. The
theories in an attempt to deform away from the supersymedaughter theories interactions are inherited from the parent
metric limit in a controlled fashion. However, intrinsic to this theory by keeping all terms of the Lagrangian which only
approach is that once the scale of supersymmetry breaking isvolve daughter fields.
increased to be near the scale of the strong dynamics, non- In this paper we apply “orbifolding” to supersymmetric
calculable corrections become large and make predictionCD and its electric-magnetic dual to generate new nonsu-
impossible. Other attempts at guessing nonsupersymmetrigersymmetric duals. The idea is simple: “orbifolding” takes
dualities based on 't Hooft anomaly matchif8] or intuition ~ a largeN parent field theory and generates a daughter field
from string theory{4] led to a few candidates of nonsuper- theory whose correlation functions are identical to the par-
symmetric duals. However, in the absence of decisive conent’s. The daughters are also larjegauge theories, but
sistency checks, these dualities remain suspect at best.  typically have less or no supersymmetry. Applying identical
In this paper we propose a new approach to generatingrbifolds to both the electric and magnetic theory of
nonsupersymmetric duals. This approach employs a neweiberg’'s supersymmetric QCD generates two daughters.
technigue which is motivated from recent advances in strin@ince the infrared properties of the parents were related by
theory. Namely, Madacend5] conjectured that four- duality, we conclude that the daughters must also be related
dimensionalA’'=4 superconformal SUW{) gauge theory is by duality. Note that we have “derived” nonsupersymmetric
dual to supergravity on five-dimensional anti—de Sitter spacéuality from Seiberg’s supersymmetric duality.
in the limit of largeN. Kachru and Silversteif6] extended A possible pitfall which could invalidate the derivation is
the conjecture to theories with less supersymmetry by orbithat Seiberg’s duality might not capture lafgghysics. This
folding the supergravity theory and determining the corre-is possible because the infrared limit in which the duality is
sponding “orbifold” field theory. Following up on this idea expected to hold might not commute with the lafgdimit.
[7] gave a general recipe on how to generate “orbifold pro-This would be the case if supersymmetric QCD includes
jected” daughter field theories from thé=4 supersymmet- states with masses of ord&incp/N which are not included
ric parent theory. Using string perturbation techniques, theyn Seibergs dual, but which become massless in the limit of
further proved the following statement to all orders in per-largeN. Such a situation does occur in QCD where the mass
turbation theorythe correlation functions of the “orbifold” of the »' goes to zero at largd [9]. Such incompatibility of
daughter theories are identical to corresponding correlationlimits has also been argued to occur near the monopole
functions in the parent theory in the limit of large N. points of A’=2 theories[10]. In Sec. Il of this paper, we
study this concern by checking=1 supersymmetric infra-
red results against larghl predictions in two cases: the
*Email address: schmaltz@abel.bu.edu gluino condensate for supersymmetric Yang-Mills theory
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[11] and the strength of meson couplings in supersymmetrichecks on this new duality, but we leave further exploration
QCD in the limit of large numbers of colors and flavors. We of the duality and more extensive consistency checks to fu-
find agreement with largl expectations in both cases and ture work.
no evidence for new massless states. Nevertheless, noncom-
patibility of the infrared and larg@! limits remains a worry
and a more thorough investigation in future work would be
desirable. In this section we compare expectations of the lakge
The new duals which we will derive in this paper are very expansiori14] with exact infrared solutions to supersymmet-
far from being pairs of generic nonsupersymmetric fieldric QCD due to Seiberg and many othg2s. In the examples
theories. A typical orbifold daughter and its dual has a prodwe discuss, we find agreement between the two techniques.
uct gauge group of the form SU{N)XxSU(d,N)X--- This result is not obvious because one might have worried
X SU(d,N) with gauge couplings given by that the largeN theory contains states whose masses scale as
AQCD/Nk for somek>0 and become arbitrarily light in the
g g g largeN limit. These states would be important to the infrared
—_——,...—]. (1.1)  (IR) physics of the largé limit. However, in the framework
( \/d_l \/d—z \/d_n ) of the exact supersymmetric results, these states are excluded
from the effective IR Lagrangian because their masses are of

Hered, are integers of order 1 anylis related to the running OrderAqcp. Thus the two methods can give completely dif-

gauge coupling of the parent theory. The daughters are oftef,ere_nt _results if the Iqrgel limit does not commute_ with the

chiral, and they typically have exactly massless scalars i#R limit taken by Seiberg and collaborators. This problem

addition to the massless fermions. That the scalars are kepPPears to arise near the monopole points in the Coulomb

massless to all orders in perturbation theory is clearly a remPhase ofV'=2 supersymmetric theories as discussefdL0].

nant of the supersymmetry in the parent theory which would®S We Wwill show in this section, the limits do appear to

disappear if—for example—we allowed the ratios of cou-commute for supersymmetric QCD, allowing us to use both

plings to differ from their finely tuned values in E¢L.1). technigues interchangeably. This result will be crucial to the
It would be very exciting if the results of this paper could arguments of Secs. Ill and IV.

be extended to finitdl. There are two avenues to pursue: one

could try to orbifold parents with higher supersymmetry so A. Gaugino condensate for supersymmetric glue

that the daughters still retain some supersymmetry; then, su-

persymmetric nonrenormalization theorems can be used to In this section we compare large expectations for su-
argue that the exact results continue to hold at fikiteAn persymmetric QCD with no flavors with the exact results.

example of such applications is the derivation of the Seiberg?-rhe contents of this subsection are not new and can be found

Witten curves for the Coulomb branch of certali=1 Lﬂéhfulsliiggre[nllrﬁsﬁzﬂt'iVxe start with the Lagrangian in
gauge theorie§12] by orbifolding =2 theories[13]. An- y normaiizatio
other interesting avenue to pursue would be to use the non- 1 1 1_
supersymmetric largél duality as a starting point to study £=-—| d?6W,W*+H.c=———(F,,)2+ —\DAX
the finite N theory in the 1IN expansion. Going to finité 49% 4g%" " 9
would introduce corrections to the duality of ordeN1/but )
one might still find a qualitatively correct picture. At finiké +iF Euv 2.1
one would expect the scalars to obtain a mass and possibly 3272 HU '
also some chiral symmetry breaking. It is conceivable that
the symmetries and consistency with the laMdimit turn
out to be sufficiently constraining to allow such a qualitative
analysis.

Finally, it would be interesting to see if the orbifolds con-

II. LARGE N SUPERSYMMETRIC QCD

The gauge field#\, and gaugino\ transform in the ad-
joint representation of the gauge group 8l)( and a trace
over SUN) indices is implied. The holomorphic gauge cou-

. L . ) pling gy, satisfies a simple renormalization group equation
sidered in this paper can be related to brane configurations Which terminates at one loop, and it is convenient to define

string theory or supergravity. One would expect to Iearrlth renormalization ar invariant holomorohi
more about both the field theories and string theory from e renormalization group invariant holomorphic scajgas

such an embedding. 2 2

The remainder of this paper is structured as follows. In AN=M3Ne871ai(M), (2.2
Sec. Il we compare some of the exact supersymmetric results
to largeN expectations. In Sec. Il we introduce the methodHere gﬁ(M) is the holomorphic coupling evaluated at the
of deriving a daughter field theory from a parent theory viarenormalization scalé. It is related to the conventional
“orbifolding.” We also prove—following[8]—that the cor-  coupling g of the Lagrangian with canonically normalized
relators of the daughters are trivially related to correspondingdsinetic terms via the Shifman-Vainshtein equation
parent theory correlators. In Sec. IV we apply the orbifold
projection technique to Seiberg’s electric-magnetic dual pair 872\ 82
to obtain an SUY)3 chiral nonsupersymmetric gauge theory Re( ) =—+ NIng2. (2.3
and its SUF —N)* dual. We also perform a few consistency 9

9?
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The largeN limit of the theory is obtained by taking to  important as gluon loops. The first alternative is the laxge
infinity while keeping limit which is most often applied to QCD phenomenology.
) We will take F large as well because we are interested in
g°=g°N (24 comparing largeN expectations with the results of Seiberg’s
duality which only exists foilF > N.

fixed. In terms of the rescaled coupling the Lagrangian The Lagrangian of supersymmetric QCD with flavors is

takes the form

Nj 1 Pt B f d26 W, W+ H
L= =—|-= JWe+H.c.
‘C:g:Z _ZF’U’VF# +NDN|, (2.5 62 4
where a chiral rotation of the gaugino field has been per- +f d40(QiTeVQi+6ieV6iT) , (2.9

formed to set#=0. In this form the largeN counting is

performed easifywith the usual well-known results. For the — ) o
purpose of countingy’s, gluinos can be treated identically as Where Q and Q are the quark chiral superfields,
gluons. The leading vacuum-to-vacuum amplitude is of ordef™ 1,... F is aflavor index, and we have scaled rescaled a'II
N2 and arises from planar diagrams with arbitrary number§'6|d§25Ud_1 as to move the dependence on the gauge coupling
of gluon and gluino loops. The expectation value of anyd” =9 /N into the overall factor. It is convenient to perform
operator which is defined as a trace of elementary fields is df'€ N counting in component form before integrating out the
orderN. We therefore expect that the gluino condensate is ofuXiliary fields. Every propagator scales ali 1évery vertex
order N. Let us check this prediction explicitly using the @SN, loops of color lines aN, and loops of flavor lines

exact resul{1,11] contribute F~N. It is then easy to see that the leading
vacuum-to-vacuum amplitudes are of ordi€rand are given
(tran)=e?mkINAS, (2.6) by planar diagrams with arbitrary numbers of lops of adjoints
and fundamentals. If one assumes confinement, one can es-
To continue, we need to determine tNescaling of A,,  timate the interaction strength of the confined degrees of
which is obtained by exponentiating E@.3): freedom. For example, for properly normalized “mesons”

M=QQ one finds
R A= Mgiefst/gZNz Msﬂefswz/ez NAS3.
" g2 9 (M- M) ~NLK2, (2.9
(2.7) 1/2
. . L . Thus mesons interact weakly with effective coupliNg~'~.
The last equa_hty _defmeA, W.h'Ch N both mdepende_nt o To compare this result with expectations from Seiberg’s du-
and renormalization group invariant. (and notAy,) is the 5ty \ve should keep in mind that we have assumed confine-
scale where the theory becomes strongly _coupled and Wh,eFﬁent. Consequently, we should only expect to find agree-
one expects hadron masses..Thus we find thgt the gIl_JmIq:]ent if the composite “mesons” are appropriate low energy
condensate scales likéas predicted. Note that with canoni- yeqrees of freedom. One might also learn something inter-
cally normalized gluino fields the condensate scaleblas esting by studying baryons which are more difficult to treat
Assuming confinement, the large expansion further pre- i, 1he |argeN expansion: we leave this for future work.
dicts that glueballs and their superpartners are weakly inter- e qual of supersymmetric QCD witN colors andF
acting with effective couplings of orderM/ Unfortunately, favors is an SUE—N) gauge theory withF flavors of dual
we cannot check this prediction because the massive haerﬂ'Jarks. There is also a fundamental “meson” which is
spectrum is beyond the reach of our exact infrared teCh(:oupIed to the dual quarks in the superpotentiél

niques. =u *Mqq, where u is the scale which appears in the
. . matching between the fundamental meson of the dual and the
B. Supersymmetric QCD with flavors composite meson of the electric theoty,=QQ. We now
In this section we consider supersymmetric QCD with wish to take the largd\ limit in the dual as well. We take
colors andF flavors in the largeN limit. There are two quali- largeN andF with fixed ratio, but we also need to determine
tatively different largeN limits to consider{i) largeN with F ~ how to scale the dual gauge and Yukawa couplings.
constant, in which case quark loops are suppressed becauseWe can fix the scaling of the dual gauge coupling by
there are less quarks than gluons to run in loopgiiptarge  assuming that the magnetic theory has a sensible Iarge
N with F/N constant, in which case quark loops are just asexpansion. This determines t@%za‘?N_ Demanding that
lops with internal meson®l do not destroy te expansion and
that the meson Yukawa coupling does not become irrelevant

1A lucid introduction to largeN counting can be found ifiig].  at largeN also fixes the largé bEhaVIOI’.Of./.L’VNlIZ.
Note that the usual largll arguments only apply to all orders in Now we can compare with our prediction from the elec-
perturbation theory, but it is expected that they continue to holdric theory. There we found that the mesons are weakly
nonperturbatively. The results of this section confirm this expectacoupled with coupling of ordeN ™2 by assuming that the
tion. theory confines, that is, by assuming that the mesons are
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proper infrared degrees of freedom. From the dual descripa group if given byI'-dimensional matriceg?, which are
tion, we see that the mesons are the correct infrared degreesfined by g,°g;i=g;(y%); . Here the superscripta
of freedom forN<F<3/2N and that their coupling ig ~* =1, ... I labels group elements, and there is no distinction
~N~12 as predicted. between lower and upper indices on the group elements. The
identity g4 is theI' XT" unit matrix 11 in this representation.
Using the fact thay,°g,# g, unlessa= 1, one immediately
IIl. “ORBIFOLD” PROJECTION obtains that all group elements except the identity element

. . . N . _are traceless:
In this section we discuss a projection technique which

allows one to generate pairs of field theories which have Try2=T6%. (3.9

identical largeN correlation functions. The theories which

can be related in this way generically have differing amounts

of supersymmetry, and often chiral theories are related tdhe regular representation is reducible: it can be shown that

nonchiral ones. One starts with a “parent” theory andthe decomposition contains each irreducible representation

projects to a “daughter” theory by eliminating all fields R; of the group with multiplicity equal to its dimensiod

which are not invariant under a specifically chosen discrete= dim(R)). Note that this property of the regular representa-

global symmetry of the parent Lagrangian. Even though thdion implies the well-known identity,(d;)?=T". In a con-

technique is more general, we will limit ourselves to Slj(  venient basis, the® are of the form

gauge theories with matter in the adjoint and fundamental

representations. In this section we first discuss the technique (r})

of “orbifolding” in general and then present three explicit

examplegand in Sec. IV we discuss the example of SN}3 (r2)

orbifold by Z5 in detail].
The orbifolding technique was first introduced in the con- . d times

text of Maldacena’s conformal field-theory—string-theory du-  , ’ (r¢)

ality [5] by Kachru and Silversteif6] and was further de-

veloped and formalized if7]. We will largely follow and

expand on the work of Bershadsky and Johar&jnwho

rederived the results d6,7] from the perturbative largé\ .

expansion in field theory. Before describing the projection (rf)

technique, we recall a few basic group theory facts.

(3.2

A. Group theory: Regular representation and projectors In the next section we will assigh N-dimensional vectors

A discrete finite groupG={g;,9,, . ..,0r} with group [corresponding to the gauge indices of an BN} gauge
multiplication o is associative, closed under multiplication, group] to transform under aN-fold copy of the regular rep-
has a unique identity element, and there exists a unique irresentation. These transformation matrices have the general
verse for each group element. Tregular representatiorof  form

dy N times da N times

(r1)

(r1)
(r3)

(r5)
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The fundamenta® and adjointA of SU(I'N) then transform  form only in finite dimensional representations can be as-
as signed to arbitrary representations & The orbifolded

a a avt theory is obtained by simply deleting from the parent theory

Q—mQ, A= MWAINW)"- (34  the fields which are not invariant under the action of each

element ofG. The Lagrangian of the daughter theory is ob-

We will be interested in the components of the mathix ined f th L ian by keeping the int
which are invariant under all such transformations. They arddined from the parent Lagrangian by keeping the interac-

easily determined by applying Schur’s lemma, which statedions which involve only invariant fields and discarding all
that a matrix which commutes with all elements of an irre_others. In the next subsection we will prove that the correla-

ducible representation is a multiple of the unit matrix. Weors of these daughter theories as defined here have the very
find that the invariant components Afare located in blocks ~SPecial property that their correlators are identical to the cor-
on the diagonal, transforming as an adjoint of S{N) relators of their parent&fter a rescaling of the gauge cou-

X SU(d,N) X - - - X SU(d,,N) C SU(T'N): pling constants by a group theoretical fagt@efore moving
on, it is probably useful to demonstrate the orbifolding pro-
A1®lg, cedure on three examples.
A1y 1. E le (i
2 . 3.5 xample (i)

First, consider SU(N) pure gauge theory. The gauge
A,®1y indices are transformed by multiplication witlf, as defined
" in Eq. (3.3). Gluons in the adjoint of SU{N) transform as
We will also have use for a projector onto invariants of A,— YRA,(¥R)". The invariant gluons iA, form an ad-
the group. It is defined as joint  representation of  SWEN)XSU(,N)X---
. X SU(d,N)C SU(I'N). Thus the daughter theory consists of
1 a n decoupled SU{;N) pure Yang-Mills theories. The inter-
PR:F az::l r (3.6 actions of the daughter theory are obtained from the parent
theory by taking the parent Lagrangian and removing all
where ther? are representation matrices of thmot neces- terms which involve fields that were projected out. In this
sarily irreducible representatiofiR. Using case it is easy to see that the resulting Lagrangian describes a
. product of decoupled Yang-Mills theories. There is a small
bo boa 1 o subtlety regarding the Yang-Mills couplings of the SLN)
rPr=7 =" —fgl r'=Prg, (3.7 factors: they are not all equal to the couplings of the parent
theory. To see this recall that thi invariant component of
it is easy to show thaP?=P and thatP=1 in the trivial A, multiplies ad;-dimensional unit matriXEq. (3.9]. The
representation, whered@s=0 in all other irreducible repre- traces over colors in the Lagrangian therefore include also
sentations. Thus, when acting on a column vector transformiraces over these unit matrickgs which each yield a factor
ing in the representatioR, the projector extracts the invari- of d;. Therefore, the projected theory has overall factors of
ant components. d; in front of the Lagrangians for each of the Yang-Mills
Finally, recall that one can form tensor product represenfactors. By redefining couplings and rescaling fields, we can
tationsS® T with representation matrice8®t®. The projec- remove these factors. The end results is thatISWU)( with
tor onto invariants in such a tensor product representation igauge couplingg is projected to SUf;N) X SU(d,N) X ---
X SU(d,N) with gauge couplings

r

r
1
PS®T=F = Sa®ta. (38)

g g

g
B. How to “orbifold” a field theory (0102 - - ’g“)_(\/Tl’ Ja,

Using the regular representation and the projector defined
in the last subsection, we now defined the “orbifold” pro-
jection which takes us from a largs parent theory to a Note that these couplings are not renormalization group in-
daughter theory. We consider a theory with gauge groupyariant, but that ratios of couplings are invariant in the limit
SU(T'N). We define the action of the discrete graBmn all  of largeN. The statement that daughter and parent have iden-
the fields of the theory by the following procedure: assigntical correlation functions in the large limit turns out to be
the gauge indices thl-fold copies of the regular representa- trivial for this example. The statement here is that correlators
tion as in Eq«(3.3). A vector or an adjoint then transforms as of SU(d;N) gauge theory with coupling/\/d; are identical
in Eq. (3.4). Furthermore, we can also embed the discretdo correlators of SU{N) with coupling g/\T. We knew
group in the global symmetries of the theory. If the size of athat already since the larg¢limit only depends on the com-
factor of the global symmetry group grows withwe assign  binationg®N in either case. However, this example can be
the global group index to a multiple of the regular represenviewed as a useful consistency check on the arguments
tation as well. Global groups under which the fields transwhich we present in the next section.

) . (39
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2. Example (i)

Consider, as a second examplg=1 supersymmetric ~
SU(I'N) Yang-Mills theory. This theory has a global U@l)

symmetry which rotates the gluino field by a phase can °
now embed the discrete gro@ into the R symmetry such o
that the gluinos transform in a one-dimensional representa- o

tion R, of G in addition to their transformation from the
gauge indices. The gauge bosons do not cRrgharge and
transform according to their gauge charge omy,
— YA (¥R) . Gluinos carry both gauge arRicharge; they

transform as\ —r2y2\(+2)", wherer? is a transformation
matrix in a on;dir?’\éng?grzal re reselntation In other words, 'G: 1. Diagram corresponding to an SUCSUN)X---
P ) X SU(N) gauge theory with fermions in chiral representations.

ri'is a phase. The invariant gluons are the same as in the firgl,ch circle represents a gauge group factor, and straight lines with
example. Therefore, the gauge group of the daughter is agafirows correspond to fermion representations. Outgoing arrows in-
SU(d;N) X SU(d,N) X --- X SU(dN). The gluinos are more dicate a fundamental, whereas ingoing arrows denote antifunda-
interesting. Depending on which representati® we  mentals. For more details on this graphical notation and its appli-
choose, different components ®fsurvive the projection. In  cation to duality, se¢20].

the special case whef is taken to be the trivial represen-

tation, the gluinos are projected identically to the gluons and 3. Example (iii)

we obtain n decoupled V=1 supersymmetric SW(N) Consider, as a third and final example€=1 supersym-
gauge theories. In the more interesting case wRetie cho-  metric QCD withI'N colors andI'F flavors in the limit of

sen to be nontrivial, we find a nonsupersymmetric daughteiargeN andF andF/N fixed. This model requires a straight-
Consider, for example, the discrete grodp and pick the forward generalization of the orbifold procedure described in
representatioR={r2=e?"a" fora=1,... I'}. With this  [8]. In addition to using the regular representation to act on
choice the invariant gluinos are MXN blocks which are gauge indices, we also embed the discrete group into the
shifted to the right of the diagonal. The resulting nonsuperSU(I'F) X SU(I'F) global symmetry using aR-fold copy

symmetric theory has chiral fermion field content of the regular representation. We define the action of the
SU(I'F)’s such that all fields of supersymmetric QCD trans-
SU(N) SU(N) SU(N) SU(N) form with one upper and one lower index. Therefore, funda-
O g 1 e 1 mentals of SUCN) are antifundamentals of SOF) and
1 0 & 1 vice versa. Having only fields with one upper and one lower
1 1 0 1 index is not necessary, but makes the presentation more
. (3.10 transparent.

The theory also has U(%) baryon number, and axial
U(1) symmetries. As in the previous example, some of these
symmetries are anomalous so that we are really only dealing
with a discrete subgroup. We will nevertheless continue to

The interactions are determined by SU{ gauge invariance refer to these subgroups aglywhenever the context makes

with the gauge couplings of all the SN factors identified.  things clear. We define a “canonical” U(%)such that glui-

The overall normalization of the gauge couplings is identican0s have charge 1 and squarks are chargeless; supersymme-

to the normalization in the original theory because the irreily then determines the charge of quarks to-b. In order

ducible representations @- are all one dimensional. So the to perform the projection, we assign axia(l) and baryon

d; which appear in Eq(3.9) are all equal to 1. A convenient Number to the trivial representation &, and transformR

way of representing the matter content of this theory andgharged fields in a one-dimensional representation as in the

similar orbifold theories is to use “moosef19,20 or  Previous example. We will usQ, Q and'V, V" for the scalar

“quiver” diagrams [21]. The moose diagram corresponding @nd fermionic components of the quark superfields trans-

to Eq.(3.10 is given in Fig. 1. fprmlng in the fundamental gnd antifundamental representa-

The result we have obtained for this theory is much lesdions of SUT'N) color. The fields then transform as follows

trivial. We have related the chiral nonsupersymmetric theoryunder G: gluons and gluinos transform as befora,,

Eq. (3.10, to N=1 supersymmetric yang-Mills theory, a — YRAL(YR)T A=rfyin(R)". Squarks transform aQ

theory about whose vacuum structure we know a lot more.— y3Q(v2)" andQ— () 'QyE . And finally quarks trans-

form asW— (r{) YR (vf)" and W—(r}) T (y3) W12 .
Choosing as in the second example above the discrete

2y quantum theory th&R symmetry is broken by instantons to 9roup G=Z7r and representationR={e*""'7, for k

Zory . Strictly speaking, we therefore need to embed our global=1, . .. I'} for the embedding into U(%), we get the mat-

symmetry into this subgroup. Similar comments apply to @nd  ter content depicted in Fig. 2. The couplings of the projected

axial U(1) in the next example. theory are equal to each other because all ofdhen Eq.

= e

& 1 -~ O
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FIG. 3. Typical one-loop diagram with projectors.

FIG. 2. Diagram corresponding to an W gauge theory with

SU(F)*x SU(F)¥ flavor group. Each solid line with arrows indi- mental index, so that they are always represented by two

cates a fermion representation, while a dashed line indicates a scines with oppositely oriented arrows;. This orientation of

lar. The arrows indicate the representation under the gauge or flav@he arrows is important for the arguments befowurther-

group; outgoing arrows stand for fundamentals and ingoing arrowgngre, to simplify theN counting, we only consider interac-

for antifundamentals. tion vertices with color and flavor indices contracted in a
single trace. Such a vertex cannot be written as a product of

(3.9 are equal to 1. The special case of SN§3-SU(N)  two separately color and flavor invariant operators.

X SU(N) X SU(N) is discussed in detail in Sec. IV. Before presenting the chain of arguments which proves
the claim made above, we list two general properties of large
C. Large N correlators of parent and daughter theories N diagrams which are used in the pro6f In the largeN

In this section we apply and extend the arguments of Berl_lr_nlt, the_ perturbation series is dominated by_ p_Ianar d_lagrams
with arbitrary numbers of loopsLoops of adjoint or bifun-
shadsky and Johans@B] who proved that all correlators of : : .
. ) . damental fields contribute equislfactors as we are consid-
the daughter theories are given by corresponding correlatorg,rin F~N. (i) All external (doubls lines should be at
of the parent theory after a trivial rescaling of the couplings 9 '

The practical application of this result is that one can calcu:[alCheOI to a single index loop. This is true because the

late a correlator of théossibly non-supersymmetyidaugh- Ituzelgl(;)nV(\)/];]iecxl‘:eggsatlsllge];(l:rt]:)? ?NlOSStt?r:ea:;t;?ﬁa:Pg:ﬁjzox n
ter theory by instead doing the calculation in the full super- P ) 9

" : ore than one loop would cost additional powerdNofThus
symmetric parent theory and rescale the coupling constan{ag[ leading order in N all external fields attach to a single

in the end: quark loop which we can choose to be the boundary of the
g2 g2 diagram without loss of generality.
Maughte 9?=E> :Mparen( T)' (3.11) We now prove that Eq.3.11) holds at one loop by show-
I

ing that it holds for simply connected one-loop diagrams
Here M is a correlator of the daughter theory with contributing toM. Aty_plcal planar o_ne-lopp dlagram m_the
daughter g y daughter theory with five external fields is shown in Fig. 3.

some number of external fields. It depends on the variou X : .
coupling constantg; of the daughter theory which have spe- All the propagators in the d'agfa”.‘ correspond to flelt_js of the
daughter theory, but we can rewrite the diagram entirely as a

cial values as determined by the orbifold projection proce- involving fiel £ th h ith ;
dure (see Sec. 1B 1 diagram involving fields of the parent theory with appropri-

We will first show that correlators between the daughter21€ Projectors inserted. The external lines are restricted to
and parent are related ate loopby evaluating the color and daughter theory f|e!ds, but we can rewrltg them as parent
flavor traces for a typical one-loop diagram in both theoried€ory fields and Tlnsert_ a projector as in EQ.6), P
explicitly. Then we extend the proof to all orders by simply = (/1) Z7a®ra®y,, which projects onto the daughter
iterating the one-loop result. For most of this section, we willfields. Herey, and v} act on the indices represented by the
follow the proof in[8], which applies only to theories with double lines(color and flavoy, whereas the, act on the
fields in adjoint representations. But as already predicted ifiemaining indices which transform nontrivially under The
[8], the proof can easily be generalized, which is what wenternal propagators are also for fields of the projected
present here for the case of bifundamental matter fields, the
case relevant for “orbifolding” supersymmetric QCD.

In the proof we will use 't Hooft's double-line notation  3ygre general applications are possible as well. For example,
[14]. In this notation the flow of color and flavor indices theories with symmetric and/or antisymmetric tensors might be in-
through a Feynman diagram is made explicit. A propagatoteresting to study. Some care is required in extending the following
for a field in the fundamental is represented by a single lin&rguments to theories with such tensors as their index flow corre-
— with an arrow indicating the direction of the index flow. sponds to two lines with the same orientation.

For simplicity, we will limit ourselves to theories with ad-  “we will not discuss gauge choices and associated ghosts. The
joints and bifundamentals. We choose the representationarge N arguments as well as the orbifold projection are easily ex-
such that all fields carry one fundamental and one antifundaended with no fundamental changes to diagrams with ghosts.
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theory, but again we can instead use propagators of the par- We can now explicitly write the amplitude corresponding
ent theory and insert a projectér with every propagator. to the “group theory diagram” of Fig. 3:

The interaction vertice$q, . .. ,T, are all invariant undeg, r

and since all the lines coming into each vertex are projected,, 5i ottt

the interaction vertices can also be replaced by vertices froh™ © 4 a’b,cE’d:]_ T Yavp¥eval T Ta(7a®Ta) Ta(vo2Te)
the parent theory. We have now written the diagram entirely

in terms of parent theory propagators and vertices by adding X Ta(¥6®r)Ta(va®ra)]. (3.12

projectors for each internal propagator and external IIneThe traces simply follow from following the index lines in

Note that by rewrmqg the d|agrams in this way we relate thethe direction of the arrows and contracting all matrices which
daughter theory with couplings;=g/\/d; to the parent

! ) i e we encounter along the way in a big trace. This is simple for
theory with couplingg. (See the discussion in Sec. I1B1. e inner loop, but for the outer loop, we must also inclide

The projectors are represented in Fig. 3 by tieand  tensors which come from the interaction vertices. The
y®r. The y" act on the innermost index line, whereas thecarry a number of indices for each double line entering the
¥'s act on the exterior one. Thés act on indices off, which  vertices; for each double line, there are two color or flavor
are not displayed in the double line notation. For example, inndices and one index that thés act on. Theg® prefactor
the N’=4 supersymmetric theories considered &-8] the  comes from the coupling constants at the interaction vertices.
r's act on SU(4p indices. Finally, the indicea,b,c,d are  In general, there can be different coupling constants for dif-
all summed from 1 td" and the diagram has an overall factor ferent types of vertices. We generically denote them alyby
of 1/I"* from the projectors on internal propagators. Again, the difference will not matter in the end. What is

It will be the goal of the next few paragraphs to show thatimportant is that we define the couplings such thahdield
this daughter theory diagram is equal t& Himes the corre-  Vertex has a coupling” 2. This prescription is important
sponding parent theory diagrafwhich is obtained by leav- for the rescaling of couplings which needs to be done in the
ing out all the projectois end. Note that this assignment is automatic for gauge inter-

First, we remark that the diagram factors into an overallctions, is consistent with supersymmetry, and is required for
numerical “group theory factor,” which we calll, and the ~the existence of a nontrivial larde limit.

complicated rest of the diagram with all its spin and momen- To evaluate amplitude E¢3.12), re_call that they's are in
tum dependence. We define the “group theory diagram” tomult|ples of the regular representation whose generators are

contain the traces over color, flavor, and all other intemafraceless except for the identity generator. Therefore the dia-

indices as well as the coupling constants. Thus we can rng_ram vanishes unless
resent the Feynman diagram as a product of two diagrams:
one ‘“group theory diagram,” which contains the internal
index structure and coupling constants for which we use 'We can use this fact to eliminate one of the sums, say, over
HOF)ft’S double ”ne. notation, and a “Stripped diagram,” d, and Set’)’d: ’Y;)’E)’Z Since they’s form a faithful repre-
which has been stripped of all internal group structure, bukentation ofG, Eq. (3.13 also holds for group elements
whose propagators carry the momentum and spin depep—1g-1g-1g-1-1 Thus we also haveq=rlrir!. This
dence of the original Feynman diagram. The difference berayes us with

tween the daughter and parent theory diagrams is entirely in

the internal index structure. We are interested in the differ- 1 L

ence between daughter and parent diagrams for which thed=g°— > T Ti(vlerh(ierh)(vierh
“stripped diagram” is irrelevant. Thus from now on we will [ abe=1

only be concerned with the “group theory diagram” and

forget all momentum and spin dependence. It should be clear XTa(yc®T o) Ta(7p®p) To va®Ta)]. (3.19

that the factorization into a “group theory diagram” and a |n the next paragraph we prove that theg(r) can be com-
“stripped diagram” is general and continues to hold for all muted through thd@’s; we use this fact here to simplify Eq.
higher loop diagrams as well. We will use this fact when we(3.14 by moving all theT's to the right of the §®r)’s.
generalize to all orders. Then we can annihilate aff®r with y'@r and obtain

Vi vivi=1rn. (313

1 T
— 5 1

Note that we have been careless by not designating which index A=g9 r4 a,bzczl Ty TT4TsToTy]. (319
lines are flavor or color lines. This will be reflected in the equations
to come by an ambiguity over which representatigrendr matri- ~ The sums have all become trivial and give factord paind
ces are in. For example, thecould be either in aiN- or F-fold we finally have
copy of the regular representation, depending on whether they are
inserted on a color or flavor index loop. The difference is that A=g°N Tr{T,T3T,Tq]. (3.16
closed flavor loops give factors &fF, whereas color loops give
I'N. We will ultimately only be interested in the ratio of amplitudes This should be compared with the amplitude of the parent
in the daughter theory to amplitudes in the parent theory. In théheory which is almost identical: it has the same trace
ratio the difference between color and flavor lines drops out. Tr[T4T3T,T,] and coupling Constantg,‘;’arem but it has a
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factor of 'N from the closed loop. The two amplitudes differ
only by a factor ofl", which we can absorb into the coupling
constanig?. After the rescaling the loop counting parameter

g? is the same in both theoried;Nx g?/d; in the daughter L\/
andI’'Nx g?/T in the parent. Thus we have shown that Eq.
(3.17) holds at one loop.
Before we get to the generalization to all loops, we need C
/P~

to justify that we were allowed to commuiés with y®r'’s.

To do this we first put back explicit indices on the vertices

TLRUK--- TheL andR indices stand collectively for all the

indices of the internal propagators of the loop which enter

into the vertex from the left or right. ThEJK ... stand for

the external lines, one index for each external line. Now FIG. 4. Typical planar three-loop diagram.

recall that the interaction vertices of the parent theoryGre

invariant. Thus transforming all indices 8tR"VK--- with an  theory with the rescaled coupling. This completes the deri-
elementg, T leaves it invariant. Doing such a transforma- vation of Eq.(3.11) to all orders in perturbation theory.

tion introduces ay,®r,® 7; on each line emerging from. One might worry that the quality of correlation fungtions
On the external lines these matrices can be absorbed into ti§é daughter and parent theories, E§.11), could be spoiled
projectorsP using Eq.(3.7). We then have by nonperturbative effects, which would then invalidate the
dualities we derive. This worry about nonperturbative effects
TLRIK - = (Y lorH @y ) THRUK - (y.0 (r)) P e yhg, is not special to our situation, and we take the successes of

(3.17 large N expansions in general as evidence that Ia¥geer-
o ) turbative arguments also apply nonperturbatively. The agree-
where it is implied that the external linéRIJK... are all  ment of the nonperturbative gluino condensate calculation
projected, and the 1's on thg are chosen to conform with \ith Jarge N expectationgsee Sec. ) corroborates this ar-

the conventions used above. It is obvious from the doublgyument, and we will assume that Eg.11) continues to hold
line notation(see Fig. 3 that one of they's is directly con-  nonperturbatively.

tracted with they” and we can annihilate them. So we finally
find
IV. EXAMPLE: CHIRAL SU (N) X SU(N)x SU(N)
T Ty(L)y TLRIJK... _ TLRIIK... ¢/ T\(R) T
(va®(ra) =0T T ((ra) ®7a)R(:,3 18 In this section we construct our explicit example of a
: nonsupersymmetric dual pair. We begin by reviewing

which shows that we can commute thgsr, pasttheT’'s as ~ Seiberg’s electric-magnetic duality. Then we apply the orbi-
claimed. Note that in the process the matiy®r, changes fold projection to obtain the field content and interactions of
from the representation appropriate to act on the propagatdfe nonsupersymmetric dual pair. We conclude with a few
to the left of T in the loop to the one appropriate for the comments and perform consistency checks on the duality.
propagator on the right.

The generalization of the derivation of E.11) to all A. Parent theory duality
order is very simple. The leading larfediagrams are planar . .
with arbitrary numbers of color and flavor loops. Again, a _tﬁsglsare?t theo(;y,gcnoosej _Tlh supersymm?trlc QICbD |
general planar diagram can be split into a numerical grouﬂvI colors an " a.vclrs. € nonanomalous globa
theory factor which we represent by a double-line diagra ymmetries of this “electric” theory are summarized in the
times a factor containing all the spin and momentum infor- ollowing table:
mation. The second factor can be ignored because it drops

out in the ratio of daughter to parent. To compute the “group | SU(3N) | SU(SF)  SU(sF) | B R
theory diagram”(see Fig. 4 for a typical three-loop example Q| o & 1 1 F—N

in the daughter theory, we proceed exactly as before; we N T
rewrite the diagram entirely in terms of parent theory propa-_

gators and vertices with projectors. Then we choose one d@ | O 1 O _ i ﬂ
the internal index loops and shrink it to an effective vertex N F @1

by calculating the trace for this loop. Note that this calcula-
tion is identical to the calculation we just did for the one- _
loop derivation. We obtain a new diagram with one fewerwhereQ andQ denote the quark superfields. We will always
loop and a new effective vertex with an effective coupling.denote the scalar component of a chiral superfield with the
As before, we find that the effective vertex is the same asame letter as the superfield. Thus for the squarks we will
what we would have obtained if we had calculated in thealso useQ andQ, and we will use¥ and¥ for the fermionic
parent theory with a coupling constant rescaled by'1/We  components of the quark superfields. The vector superfield
now iterate this procedure by shrinking loop after loop. Eachwhich contains the gluon& also contains an adjoint of fer-
time we find that we get the same answer as in the paremhions, the gluinos.
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The two nonanomalous () symmetries can be deter- In the following subsections we perform orbifold projec-
mined by assigning charges to the three fermion fieldgions on both electric and magnetic theories. At leading order
N subject to the SU(R)?U(1) anomaly cancellation in largeN, we expect the orbifold theories’ correlators to be
constraint. The charges of the scalars are then determined lgjven by their supersymmetric parent theories’ modulo the
supersymmetry. All the global symmetries except@®ym-  rescaling of the coupling constants. Since the parent theories
metry commute with supersymmetry, implying that bosonare dual in the IR, we conclude that the daughters are also
and fermion components of the superfields have identicatiual.
charges. TheR charges of bosons and fermions differ be-
cause the superspace coordin&téransforms with charge
one.

Supersymmetric QCD has an IR dual witiN&3(F
—N) dual colors and B flavors. The fields of this “mag-

B. Projecting the electric theory

The projection is carried out by identifyingZy subgroup
of the global symmetries and then projecting out all the fields
which are notZs invariant. As explained in Sec. Ill, thg,

netic” theory transform as

symmetry is taken to act as a multiple of the regular repre-
sentation on the SU(8) and SU(F) indices. In addition, it

SU(3N) | SU(3F) SU(3F) | B R may also be mixed with any of the finite global symmetries.
_ 1 N For example, it could be acting trivially on all global
q |0 O 1 = — charges; it could be embedded into baryon nuniber theR
N F symmetry, or into one of the two discrete symmetries. If the
q | 0O 1 0 1 ﬂ projection involves a subgroup of tiiesymmetry, fermions
N F and bosons are projected differently and supersymmetry is
m 1 ﬁ O 0 2|:_N broken. . . .
5 | will first describe the action on SU(8) and SU(F)

4.2

and then discuss the different possibilities for the finite glo-

bal charges. SU(8) and SU(F) indices transform in mul-
Hereq,q are the dual quark superfields with fermion com-tiples of the regular representation. The regular representa-
ponentsy, &, andm is the meson superfield; it is related by tOn of Z3 is given by the matrices

duality to the composite fiel® Q of the electric theory. The
fermionic components ai will be denoted byy. The mag-

. ) 1 00 1 0 O 1 0
netic theory also has a tree level superpotemiat mqqg )

Two discrete subgroups of the global and gauge symme- 010](0 o 0]],{0 o 0f¢,
tries given above will be important for the projection which 0 0 1 0 0 ®? 0 0 w

we perform in the next subsection. Both correspond to con-

tinuous U(1)k symmetries in the classical limit, but are bro-

ken toZsy andZz ey by instantons in the quantum theory. w=e2m3
The charges of the various fields under the two symmetries

are given in the following table:

(4.4

It suffices to check invariance under the second group

[[» Q Qv W | |X aqy¢ ¢ my element above because it generates the group. We take an
5 SU(3N) index to transforms by multiplication with a matrix
Zan 111 0 100-1-1 1 in an N-fold copy of the regular representation. For the sec-
Zggnyll1 00 -1 -2l111 0 00 -1 ond group element thisNBX 3N matrix is
4.3

Note that the role of the two symmetries is exchanged under
duality. - —= -= == ==

There are a number of consistency checks which have
been performed on this duality. One check is that there exists
an operator map between gauge-invariant chiral operators
which is consistent with all the global symmetries: | |

. (49

wzllN

wherely is the N X N unit matrix. The gluons in the adjoint

QQ~ m, _

QN sgf N representation of SU($) then transform as

~N_.qF—N

Q =a A,—QaA,QL. (4.6)

The global anomalies of both theories match, both theorie# is clear that only the block-diagonal componentsigfare
have the same moduli space of vacua, and finally the dualitinvariant. Thus the projection breaks the SW)3to its
is consistent under deformations of the theory. SU(N) X SU(N) X SU(N) subgroup.
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The projection of the matter fields depends on the chosefor groups SUF) X SU(F). It is clear that we will not gain
embedding of the; into the global symmetries. As a warm- any new insight into the dynamics of supersymmetric QCD
up, we first discuss the case where the adlytransforma- by studying this projection since it just relates supersymmet-
tion comes from the gauge and SU{Bindices: ric QCD to itself modulo a rescaling of the number of colors

In this case supersymmetry will be unbroken. Thus gaugiand flavors.
nos are projected identically to gauge bosons. The quarks We will show in the next subsection that the dual theory
and squarks both transform asNBF under SU(N) is also simply projected down to three independent copies of
X SU(3F). Transforming the fundamental color index with SU(F—N) gauge theory. Thus we see that the projection
Q4y and the antifundamental flavor index with theéF 3 commutes with duality in this case.

X 3F dimensionalQl, we find that the invariant fields are ~ Let us now discuss a nontrivial projection which breaks

N X F blocks on the diagonal dp: supersymmetry. We embed thg in the discreteZ;y R sym-
metry. In addition to the transformation from the regular rep-
resentation, each field is multiplied layto the power of its

Q: | | Zay charge[see Eq(4.3)]. For example, the gauginos trans-

form with an additional factor ofo compared to the gauge

bosons)\—>wQ3N)\Q§N. The invariant gauginos itNxXN

| Q | . (4.7) block notation are

A
Ao | (4.8

Similarly, only the block-diagonal components @Qfsur- A3
vive the projection. The interactions of the daughter theory
are obtained from the parent theory by simply dropping any
interaction terms involving noi- invariant fields. Squarks and quarks transform @ wQ3QQ%: and
The result is three completely decoupled identical copies? — Q1 W Qse. All matter fields which survive the projec-
of supersymmetric QCD with gauge groups Sly(and fla- tion are given in the following table.

SU(N) SUN) SUN) | SUF) SUF) SUF) SUF) SUF) SUF) | B R
b ] O 0 1
Ay 0 0 1
Nz | O O 0 1
Q, | O A 1 F—N
N F
o 0 5 1 FoN
N F
0 SR 1 FoN
N F
Q, | § O 1 F-N
N F
Q, 5 O ~1 F-N
N F
Qs i O _1 F-N
N F
v, l __N
N F
v, | O d 1 —N
N F
v, O g 1 —N
N F
W, O 5 1 -N
N F
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v, | © O _% _?N
W, 5 o _% _?N
W, u o 21 =N

N F

The Lagrangian of the orbifolded theory contains the usuatubsection, we find—not very surprisingly—that the dual
kinetic terms for all the fields with gauge covariant deriva-gauge group is projected as
tives. In addition, there are Yukawa and scalar couplings of

the form SU(3N)— SU(N) X SU(N) X SU(N).
£~Z [Q?)\i\lfi+1+6f)\il\l_fil+z Q; t?Q; The projection on gluinos and quarks depends on our
! a choice of embedding for U(%). Recall the warm-up ex-

ample where we embedded thg trivially into U(1)g. Do-
, 4.9 ing the same in the dual also preserves supersymmetry; thus,
we have gluinos in the same representations as gluons and

) dual quarks are projected similarly to electric quarks, Eq.
wheret® are generators of the SNJ algebra; gauge and (4.7 The new ingredient is the meson fiefd it also simply

flavor indices are traced over. In canonical normalization forgets projected to three blocks on the diagonal. Thus we find
all fields, the spalar couplings are equalfoand gauge and three decoupled copies of SEII theories with dual quarks
Yukawa couplings are. and meson fields for each. This is obviously the dual of three
o ) _ copies of supersymmetric QCD with gauge group E)I(
C. Projecting the magnetic theory and duality Thus we find no surprises; the orbifold projection applied to
To orbifold the magnetic theory, we again assign gaugdhe electric-magnetic SU(8)«— SUE(F—N)) dual pair
indices to transform in the regular representafitmorder to ~ yielded 3 times an SU{) — SU(F—N) pair.
decide how to treat global indices, we need to copy exactly Much more interesting is the nontrivial projection dis-
what we did in the electric theory. The magnetic theory hagussed in the electric theory. Again, the dual gauge group
the same global symmetries as the electric theory, whiclyets projected to SUN) X SU(N) X SU(N). The projection
uniquely fixes the projection. of the matter fields is also straightforward using the charge
Performing the projection as described in the previousassignments given in Eq&.2) and(4.3):

2

-Qft7Q,

SUN)  suM) SU®) | SUF) SUF) SUF) SUF) SUF) SUF) | B R

N | O g 0 1
s O g 0 1
s | O 0 1
a1 O O i E
X F

dz 0 O i E
N F

ds ] O i N
X F

q | O 0 1N
N F

o O 0 .
N F

s O g 21N
N F

Note that since the regular representation is real, it does not matter whether we assign fundamental or antifundamental indices to transform
in the regular representation.
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" ] O 1 N-F
Y F

V2 O 0 1 N-F
Y F

s ] O 1 N-F
3 F

vo| o o | 1 NoF
N F

ve = 0 _1 N-F
Y F

Z . ; 1 NF
X F

F

M2 0 O 0 oF=N
F

s 0 0 0 PN
F

X1 ﬁ (] 0 1— ZE

F

X2 ] O 0 1— ZN

F

X3 E| O 0 1— 2;

This theory has a slightly more complicated Lagrangian than It is straightforward to compare the anomalies in both
the electric theory due to the remains of the superpotentialectric and magnetic theories. All the anomalies for the glo-
term. We find bal symmetries given in the tables agree. This also follows
from our derivation of the dual pair as follows: the anomalies
c~S mentioned above are all calculated with a planar triangle
7 diagram with global currents at the vertices. According to the
_ — . o general arguments presented in the previous section, these
+ Mg X2 dix - 1t Gia | | gimy o) diagrams are related to the corresponding anomaly diagrams
in the parent theoriesupersymmetric QCD and its dyaia
) (4.10 rescaling by a factor of = 3. Since the anomalies matched
in the electric and magnetic descriptions of supersymmetric
QCD and since the global group of the daughter theories is a

_3 .. subgroup of the global symmetries of the parents, the anoma-
=3N. Completely analogous to the parent theory dualityjos myst match here as well. Note that this derivation makes

this duality also exchanges strong and weak coupling. it clear that the anomalies also match for finike which

We postpone performing a full set of consistency checksyight pe of significance for attempts to continue the pro-
on our proposed duality to future work. Here we just give theposed duality to finiteN.

map of gauge invariants containing only scalars:

QiTXi—llﬂi —1+aﬁ\i i1t Ea: q/t%q; —q t%;|?

+[gim; 4|2

Note that this dual is weakly coupled in the infrared for
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