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Design and analysis of a high-accuracy version of the relativity-gyroscope experiment

Benjamin Lange*
1922 Page Street, San Francisco, California 94117-1804

~Received 18 May 1998; published 23 April 1999!

The detailed design of a high-accuracy orbiting relativity-gyroscope experiment is described, and the per-
formance calculations are given. A pure unsupported gyroscope in a spinning drag-free satellite at ambient
temperatures with conventional optical instrumentation can determine the geodetic relativity drift with errors as
low as 0.05mas/yr, an improvement of 103– 104 over the current GP-B experiment. Recent theoretical work
has suggested that under certain assumptions, the deviation of the modified Eddington parameter, 12g
'1/vJBD, from its value of zero in general relativity should lie in the range 1024– 10233 with some evidence
that the most likely values are between 1025 and 1029. The experiment described here could measure 12g to
an accuracy of about 731029, and this would extend the current experimental bound on 12g by over five
orders of magnitude. In fact, the accuracy may be sufficient to see a massless dilaton as predicted by string
theory. In addition if a nearby reference star is chosen, it is sensitive enough to possibly detect Earth-sized
planets. The experiment is designed to change altitude and be repeatable, and a series of 1-yr measurements at
various altitudes increases confidence in the results, determines the experiment errors, and is necessary for a
unique interpretation of the data.@S0556-2821~99!05308-4#
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I. INTRODUCTION

It is almost certain that general relativity is not the exac
correct theory of gravity because it does not fit into quant
mechanics or any of the force unification schemes and
cause it predicts space-time singularities. The real questio
at what level and in what form will a more exact theo
manifest itself, and resolving the mutual incompatibility b
tween general relativity and quantum mechanics would l
to a significant revision of physics. There is no shortage
theoretical attempts to answer this question, some of wh
are very well motivated. There is, however, a relative dea
of experimental measurements with sufficient accuracy
shed any light on this situation. This paper will describe
highly accurate version of the relativity gyroscope expe
ment which could help to fill the current gap in experimen
results. It would extend the present experimental bound
the deviation from general relativity by over five orders
magnitude, and the accuracy is sufficient to possibly se
massless string dilaton, thus confirming an important pre
tion of string theory. Until now a description of this versio
of the experiment known as the autocollimator unsuppor
gyroscope~AC-USG! has only been available in a very sho
publication@1# or in a long unpublished analysis@2#, and this
paper provides a more detailed presentation of the res
discussed in@1# and a short summary of@2#.

A. Fourth test

The three classical tests of general relativity proposed
Einstein in 1915–1916 are well known, but it is not genera
known that only two years later, in 1918, the Dutch ma
ematician Schouten proposed a fourth test. Motivated by
realization that the angular momentum vector of a gyrosc
free of Newtonian drifts would execute parallel transport

*Email address: blange@sanfrancisco.net
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it moved on a geodesic in curved space, he pointed out
since space was curved by the mass of the Sun, the ang
momentum vector of a gyroscope in orbit about the S
would not point in exactly the same direction after maki
one complete revolution and that this would manifest its
as a gyroscope drift@3#. He named this the geodetic drift an
suggested that the Earth could be regarded as a gyros
and the drift of its spin axis used to test this effect. Unfor
nately, he based his calculation on the curvature of space
not space-time and only got two-thirds of the correct answ
In 1920, Fokker published a paper correcting this error a
giving the correct value of 19.2 mas/yr for the geodetic re
tivity drift due to the Earth’s orbital motion@4#. Fokker’s
expression for the geodetic drift had actually been publis
in 1916 by de Sitter@5# in connection with the relativistic
precession of the Moon’s node, but he did not explici
recognize that this was true for gyroscopes in general or
the phenomenon was based on parallel transport in cu
space-time.~See also@6# for an excellent discussion of geo
detic drift including the two-thirds error.! Because of the
uncertainty in the classical drift of the Earth’s spin axis a
the inaccuracy of the measurements, it was not possibl
perform this test in Schouten’s and Fokker’s time. In the l
25 years, however, laser reflectors on the Moon’s surface
the Viking Mars Lander combined with the highly accura
JPL lunar and planetary ephemerides have made it pos
to test both de Sitter’s nodal drift and the Schouten-Fok
spin-axis drift to about 0.4 mas/yr, giving a relative accura
for the geodetic drift of about 2%.

Soon after the launch of the first satellites, it was realiz
independently and almost simultaneously by two researc
that a precision instrument gyroscope in space could be u
to do Schouten’s experiment. In an unpublished internal D
partment of Defense memo in 1959, Pugh suggested usi
gyroscope in space to test general relativity@7#, and at Stan-
ford University, Schiff~motivated by an advertisement in th
December 1959 issue of Physics Today for the cryoge
©1999 The American Physical Society04-1
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BENJAMIN LANGE PHYSICAL REVIEW D 59 102004
gyroscopic research program at JPL published a similar s
gestion in 1960@8#.

B. Relativity-gyroscope drifts

The relativity drift of a gyroscope consists of two par
the geodetic drift and the frame-dragging, gravitomagne
or Lense-Thirring@9# drift. In order to evaluate the scientifi
value of an orbital gyroscope experiment, it is useful to wr
the expression for the gyroscope drift in a form which a
includes alternatives to general relativity. Iffg is the geo-
detic andff d the frame-dragging drift angle, then in th
parametrized post-Newtonian~PPN! formulation of metric
theories of gravity the drift of a perfect gyroscope in or
around a spherical Earth with no other astronomical bod
present is

ḟg5S g1
1

2D v3g

c2 5S g1
1

2D M %Gh

c2r s
3 5S g1

1

2D ~M %G!3/2ĥ

c2r s
5/2

~1!

and

ḟf d52S g11

2
1

a1

8 D @J% 23r̂ s~ r̂ s•J% !#G

c2r s
3 , ~2!

wherev is the instantaneous satellite velocity,g is the accel-
eration of gravity,M % is the mass of the Earth,J% is the
Earth’s angular momentum,h is the specific orbit angula
momentum,r s is the radius vector of the satellite, and th
caret indicates the corresponding unit vector. The first te
in Eq. ~1! is more general than the last two and is valid f
any gravitational fieldg, not just the field from a spherica
body. g is the Eddington parameter, andg and a1 together
are a subset of the Will-Nordtvedtparametrized post-
Newtonian parameters@10#. Within the context of PPN
theory, g and a1 are the quantities which the experime
would measure. In general relativity,g51 anda150. In the
Jordan-Brans-Dicke~JBD! @11,12,13,10# and other scalar-
tensor theories withvJBD as the coupling parameter,g
5(vJBD11)/(vJBD12) and a150. Radar time-delay ex
periments from the Mars Viking Lander@14,10# and the av-
erage of a large number of VLBI gravitational-deflection e
periments @15,10# give u12gu,0.002, and solar system
measurements@10# have shownua1u,431024. For large
vJBD, 12g'1/vJBD so that these measurements now pu
lower bound onvJBD of 500.

In a circular orbit,fg grows at a constant rate, butff d
also contains periodic terms in two times the orbit frequen
As now planned, the experiment would measure the accu
lated average1 growth of ff d . For a spherical Earth and

1The amplitude of the periodic terms at 1500 km is about 1.5mas,
and the experiment is sensitive enough to see them. This w
avoid the problem of the proper motion of the star, but as of t
time, no study has been made of other twice-orbit error sour
Thus this possibility has not yet been seriously considered. If th
errors turn out to be reasonable, this would open the possibilit
measuring frame dragging to a few percent without knowing
star’s proper motion in right ascension.
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circular orbit, the average value of the frame-dragging drif
given by

f̄̇f d5S g11

2
1

a1

8 D @J% 23ĥ~ ĥ•J% !#G

2c2r s
3 . ~3!

Table I shows some typical values of the geodetic and a
age frame-dragging drifts for a gyroscope in a circular po
orbit with its spin axis in the plane of the orbit and perpe
dicular to the Earth’s angular velocity. The orbital aberrati
of starlight is also shown since it will be used to achieve
measurement null.

C. Significance of the experiment

Although in the final analysis the results of any measu
ment speak for themselves, it is always good practice to
sign an experiment in the light of the best theoretical kno
edge available. In the case of gravity, almost all mod
theories predict the existence of one or more additional s
lar sources of the gravitational field. These include gene
ized Jordan-Brans-Dicke theory, Kaluza-Klein theories, t
dimensional supergravity~the Chapline-Manton equation
@16#!, and the low-energy limit of string theory@17#. The
problem with the existence of a scalar field has been tha
‘‘natural’’ value would be so large as to be in strong di
agreement with experiment. Recently, however, Damour
Nordtvedt published two papers@18,19# which showed that
there is a generic mechanism in scalar-tensor theories wh
except during radiation dominance, causes them to conv
to general relativity as the universe expands; i.e.,vJBD goes
to infinity and 12g goes to zero. Later, it was shown b
Damour and Polyakov@20# that under the assumption tha
the various coupling functions all have extrema at a sin
value of the field, the same result also applies to the str
dilaton. Motivated by the fact that extended inflation@21#
must terminate with 12g of order unity to work at all, they
calculated numerical estimates of the present value of 12g
on the assumption that its value was 1 at the end of infla
and hence also 1 at the end of the radiation era. The Dam
Nordtvedt-Polyakov papers showed that at the present ep
12g should lie in the range 1024.12g.1028 for the JBD
scalar field with the most likely values being 1025– 1027,
and that for a string dilaton, the present value should
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s
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f
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TABLE I. Relativity drifts versus orbit altitude.

Orbit altitude
~km!

Orbital aberration
~mas/yr!

Geodetic drift
~mas/yr!

Frame-dragging
drift ~mas/yr!

0 5444 8444 54.77
650 5186 6623 40.92
750 5149 6393 39.22

1000 5061 5865 35.36
1500 4898 4977 29.04
2000 4749 4267 24.14
2500 4613 3691 20.29
3000 4489 3218 17.21
5000 4075 1984 9.63
4-2
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DESIGN AND ANALYSIS OF A HIGH-ACCURACY . . . PHYSICAL REVIEW D 59 102004
1026.12g.10219 with the most likely values2 being
1026– 1029. The important question still remains, howeve
whether the assumption of 12g of order unity at the end o
inflation is valid, and recently Damour and Vilenkin pu
lished a paper@23# showing that under the assumption th
12g was of order unity at the beginning of inflation, th
Damour-Nordtvedt mechanism implies a strong dilution o
scalar field during inflation, but that quantum creation
dilatons toward the end or just after inflation would st
leave a residual scalar field, which would give a value
12g of the order of 10221– 10233 at the current epoch.

Thus the theoretical situation concerning what value
12g might be expected at the present time is unclear,
there are still several results which are on reasonably s
ground.

~1! The Damour-Nordtvedt mechanism predicts that,
cept for the radiation era, the scalar fields will decay as
universe expands. This in turn has two important con
quences: first, one can no longer rule out scalar-tensor t
ries because of solar system measurements which show3

vJBD is greater than 500 or that fundamental constants do
vary with time, etc., and second, the Damour-Nordtv
mechanism run backwards implies that any scalar field
much larger in the early universe, perhaps leading to p
scalar gravity at some very early epoch. Thus a measurem
of 12g even at the 1028 level would not merely be a cor
rection to relativity in the eighth decimal place, but wou
completely alter inflation and preinflation physics.

~2! If Da/a represents the violation of the equivalen
principle, the Damour-Polyakov paper@20# derives a connec
tion between 12g and Da/a which is proportional to the
logarithm of the string mass scale. Thus, within the cont
of the Damour-Polyakov result, a measurement of both 12g
andDa/a would measure the string mass scale@24#. If this
scale is of the order of 331017 GeV, the relation between
12g and Da/a is about 1025, so that, for example, if the
equivalence principle has been measured to be smaller
10212 and if the Damour-Polyakov calculation is correc
12g must be less than 1027.

~3! The laws of physics during the inflationary era a
poorly known with the result that any conclusion based o
calculation during inflation is unreliable. In particular, wi
varying relative coupling between the scalar and ten
sources of the gravitational field over the history of the u

2This follows from applying the Damour-Polyakov result to th
moduli fields@22#.

3Recent papers which have calculated that nucleosynthesis p
a constraint onvJBD which is extremely large are almost certain
wrong@24,25,22#. In fact, it is relatively easy to show@24# that even
a constraintuju<1.02 only places a limit on 12g at the end of the
radiation era of approximately 0.1k, where k is the Damour-
Nordtvedt curvature parameter@18#, which is expected to lie be
tween 1 and 10. Although the exact results have yet to be ca
lated, it is not expected that the recent supernova results meas
the possible existence of a cosmological constant will materi
change the estimates of 12g given by Damouret al. @22#.
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verse, it is not clear at what epoch they should be set eq
i.e., at what epoch 12g is of order unity.

~4! If one believes in extended inflation, however, it fo
lows by combining the Damour-Nordtvedt and Darmou
Polyakov calculations that 1024.12g.10219, with
1025– 1029 being the most likely, and given the correctne
of the Damour-Polyakov result, it follows from equivalenc
principle measurements that 12g,1027 @26#. Thus any
measurement of 12g in the range of 1024– 1029 would have
important consequences for string theory and for the mec
nism of inflation.

It is possible to draw two general conclusions from t
above considerations:~1! In the light of modern theoretica
research, the most important emphasis for the relativ
gyroscope experiment is the measurement ofg. ~2! High
accuracy, at least 1027, is crucial. Because of these consi
erations and because an altitude dependence for the geo
drift of r s

25/2 is necessary to uniquely identify a scalar fie
@24#, this paper will concentrate almost exclusively on t
version of the experiment which consists of a series of hi
precision 1-yr measurements of the geodetic drift in altitu
increments of 100 km. A method for performing an accur
(;1026) measurement of frame dragging was presented
the Eighth Marcel Grossmann Conference in Jerusalem@27#
and will not be discussed here. In addition to the possibi
discussed above, that any scalar field was very much la
in the past, finding an additional scalar source of the gra
tational field of any size would radically alter the standa
model and be of profound importance to fundamental ph
ics.

In addition to the search for a nonzero value of 12g rep-
resented by the relativity-gyroscope experiments GP-B@28#
and the approach described in this paper, there are two
signs for satellite-based equivalence-principle experime
MiniSTEP @29#, which promises an accuracy of 10218g after
a run of 33104 s, and a new design@30,31# with the poten-
tial of 10222g with the same run time as MiniSTEP o
10224g with a run time of 108 s. If the Damour-Polyakov
relation Da/a'1025(12g), is correct, an equivalence
principle experiment with an accuracy of 10224g could mea-
sure 12g to an accuracy of 10219. It should be emphasized
however, that gyroscope drift and equivalence-principle
terminations are independent measurements, and the
way to settle the questions brought out in this section is
actually fly the experiments.

D. Description of the relativity-gyroscope experiment

The basic experiment would consist of placing a hig
quality gyroscope in orbit about the Earth with its spin ax
initially aligned with a distant star and then measuring t
angle between the gyroscope and the star versus time
order to prevent nodal regression from significantly chang
the orientation of the plane of the orbit with respect to t
gyroscope, the experiment must be done in either an equ
rial or a polar orbit. Since both relativity drift vectors ar
collinear in an equatorial orbit, a polar orbit is generally t
better choice. From Eqs.~1! and ~3!, it can be seen that the
geodetic and frame-dragging drift vectors are perpendic
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BENJAMIN LANGE PHYSICAL REVIEW D 59 102004
in a polar orbit so that there are two possible ways to do
experiment:~1! both drifts are measured simultaneously w
the gyroscopic spin in the nominal orbit plane, or~2! frame
dragging is measured separately with the gyroscope spin
pendicular to the nominal orbit plane. In the first case
measured value of the frame-dragging drift is proportiona
the cosine of the reference star’s declination and is somew
masked by the geodetic drift, which is 160 times as large
the second case setting the gyroscope spin nominally per
dicular to the orbit plane drives the final geodetic drift ang
to zero and avoids what is for frame dragging a large e
signal. The measurements can either be made with a si
gyroscope compared to a star whose proper motion has
viously been determined by precision astrometry or two
roscopes observing the same star can be placed in diffe
orbits so that their relativity drifts are different. The resu
would then be subtracted to eliminate the uncertainty in
proper motion of the star. The different orbits can either
two counterrotating orbits, two corotating orbits at differe
altitudes, or a polar orbit and an equatorial orbit.

Barring some unforeseen breakthrough in astrometry
will be necessary to use two experiments in separate orbi
remove the reference stars proper motion since both cur
and presently foreseen future astrometric measurements
not give sufficient accuracy. For a measurement of the g
detic drift, the best choice is two counterrotating orbits w
the gyroscope spin axes in the plane of the orbits, and f
frame-dragging experiment, two corotating orbits at differe
altitudes with the gyroscope spins perpendicular to the no
nal orbit planes are best@27#. When differing orbits com-
bined with subtraction are used to eliminate the proper m
tion of the star, the drift is not measured with respect to
distant stars, but with respect to an inertial reference defi
by the initial gyroscope direction. Whether this difference
significant or not is not known at this time.

The experiment analyzed here differs from GP-B in tha
operates at ambient temperatures and consists of a s
unsupported gyroscope which is maintained in the cente
its cavity by small nitrogen-gas jets on the satellite opera
by a translation control system; i.e., it is chased by a dr
free satellite@32#. The rotor would be made of single-cryst
silicon doped to between 1000 and 100 000 mho/m~0.1–
0.001V cm! so that rotor spin-up and alignment both in i
ertial and rotor-fixed axes would be accomplished with
three-axis eddy-current induction motor operating betw
16 and 160 kHz. The gyroscope spin axis is read out by
redundant two-axis autocollimators looking at small opti
flats on the north and south poles of the spherical gyrosc
rotor. Zero-point drifts of the instruments are eliminated
rapidly spinning the satellite, and it is this feature whi
makes low temperatures unnecessary. Using a single un
ported gyroscope instead of four electrically supported gy
scopes has great advantages in terms of drift performa
complexity, reliability, and cost. The question of cros
checking the gyroscope drift will be discussed later~Appen-
dix H 7!, and it will be seen that there are a number of be
ways to cross-check the drift errors than multiple gyrosco
in one satellite.

Figure 1 shows a schematic view of the 5-cm-diam gy
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scope rotor, housing, and instruments. The three pairs
coils on orthogonal axes show the three-axis eddy-cur
induction motor which must perform three functions: spin-
to 924 Hz, active damping~rotation of the spin axis in rotor-
fixed coordinates to the normal to the optical flats@33#!, and
alignment to the star. The two-axis fine-position sensors
autocollimators with the exit beam focused to a point at
center of the rotor, making them sensitive only to translat
~transcollimators; cf. Appendix C 4!. The UV light would
discharge the rotor if needed. The hemisphere behind
rotor is a cutaway of the electric shield and vacuum can,
the array of lines in the far background is an optional fib
optic bundle to detect the meridian passage of the flats
coarse active damping. The electric shield is divided in
three pairs of orthogonal electrodes for coarse position s
ing and charge measurement. The gyroscope and instrum
are enclosed in a multilayer Mumetal magnetic shield, a
this assembly is enclosed together with the two telescope
a thermally insulating chamber. The satellite would ca
sufficient nitrogen control gas for drag-free lifetimes
10–25 yr and sufficient monopropellant hydrazine for an
clination change of 6° and an altitude change of 1000 km

Before beginning a detailed analysis of the experim
performance, it is useful to make a few remarks about
croarcsecond measurements in general. A microarcsec
~mas! is very small, 5310212 rad, and the question naturall
arises as to whether or not measurements at this level
possible at all. In this connection it should be pointed o
that a number of groups have looked at microarcsecond m
surements in space with optical instruments and have c

FIG. 1. Gyroscope rotor, autocollimators, spinup coils, cav
wall, etc.
4-4
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cluded that they are possible. Reasenberg and a very l
number of coauthors@34# have published a study on th
POINTS project, which concludes that it can measure p
tion and parallax to 0.6mas and proper motion to 0.4mas/yr,
and Shao at JPL is planning similar accuracies with O
@35#. As early as 1959, Jones and Richards@36# reported an
optical lever with a noise-equivalent angle of about
mas/Hz1/2, which with 104 sec of averaging gives a measur
ment noise error of about 0.1mas. Furthermore, the VLB
group responsible for joining the radio and Hipparcos ref
ences is now measuring some radio stars with a precisio
tens of microarcseconds@37#. For the gyroscope experimen
it can be shown that instrument noise levels of a f
mas/Hz1/2 are possible, so that the principal problem is
design an experiment whose accuracy is limited only by
noise. This is done primarily by doing all measurements
null to the maximum extent possible, using satellite spin
greatly reduce any instrument zero-point drifts, subtract
the gyroscope readout from the telescope readout to el
nate satellite attitude errors, and by having a method of
curately calibrating the region smaller than the size of
null. The aberration of starlight will be used both to canc
the relativity drift to achieve measurement in null and
calibrate the autocollimator and telescope scale factors.
duced to its simplest terms, the problem boils down to m
suring up to60.2 arcsec~the null size! with an accuracy of
about 0.2mas. Because of the amplification of a thin tippin
plate, this becomes a problem of measuring610° with an
accuracy of 0.04 arcsec.

To determine the system performance and hence the
periment accuracy, there are basically four items to che
~1! the classical gyroscope drift errors,~2! the autocollimator
noise equivalent angle and scale-factor errors,~3! the tele-
scope performance including the noise equivalent angle
scale-factor calibration, and~4! the roll-coupled errors which
show up as zero-point errors or drifts. In addition, there
many ancillary issues which must be looked at. These
clude active damping during rotor spinup, the fabrication a
measurement of the rotor, details of the orbits which can
the gravity-gradient drift, the use of aberration of starlight
cancel the relativity drift angles, operational consideratio
etc.

In this paper all noise spectral densities and power sp
tral densities are one sided, and if the densities are assu
to be white over the range of interest, the error angle is gi
by the power spectral density divided by the square roo
the averaging time times 2. The use of very long averag
times to achieve high accuracy is acceptable provided
the noise is truly white and that the quantity to be extrac
from the noise is either constant or has a known or determ
able variation with time.

The reference frames used to describe the experim
have theirz axes nominally in the direction of the star~S
frame! or the gyroscope~G frame!, and theirx axes defined
so as to form the smallest possible angle with respect to
Earth’s north pole. For most discussions there is no dist
tion between these two frames, and with these definitio
the experiment measures they-geodetic drift so that they
axis is the experiment axis and thex axis is the cross axis.
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II. GYROSCOPE DRIFT ERRORS

The drift rate of the AC-USG gyroscope will be shown
this section to be about 0.04mas/yr. This extraordinarily low
drift corresponds to 10215 deg/h which is ten orders of mag
nitude better than the best inertial quality gyroscopes t
have ever been built on the Earth. How is it possible to
this kind of performance? The most important step is to
the experiment in space where the disturbing torques fr
the rotor support forces are either very small or nonexiste
but in addition, the satellite spin axis must be controlled
be accurately parallel to the gyroscope spin axis, the ro
should be unsupported~no electric support fields in the cav
ity!, a wide rotor-cavity gap~one cm! should be used, and
the orbit should be fine tuned to eliminate gravity-gradie
drifts. ~See@1# for more details and Appendix B for the or
bits.! As a result of the absence of electric support torqu
there are only about 24 drift sources. This increases the p
ability that no important drift source has been forgotten a
that the list is exhaustive. Table II summarizes the source
Newtonian drift,ḟ, of the AC-USG and is an extension of
similar table in Ref.@32#. a is the rotor radius,d the cavity
gap,vG the gyroscope spin rate,n the mean orbit rate,r the
density of the rotor,s the rotor conductivity,A the accuracy
of roll averaging,V the rotor charge potential,B the mag-
netic field,SAC the AC magnetic shielding factor, andp the
cavity pressure,«p is the permanent rotor moment of inert
difference ratioDI p /I , and in general« with the appropriate
subscript is any roundness, miscentering, or misalignm
factor. The definitions of the rest of the symbols in Table
are given in Appendix A for the important drifts and in@2#
and @32# for the minor ones.

For the magnetic drifts, the magnitudes of the drifts
Table II are not given by simply substituting in the corr
sponding formula, but they must be determined by simu
tion since they depend on the details of the orbit. T
geodetic-relativity, gravity-gradient, eddy-current, and B
nett drifts can be very accurately calculated, and for t
reason only the drifts in the experiment axis~they axis in the
star reference frame! are shown in Table II. This is discusse
in more detail in the appendixes. The physical basis for
important drifts and their calculation is explained in Appe
dix A, and the orbital simulations are presented in Appe
dix B.

Figure 2 shows the gyroscope drifts as a bar chart. It
be seen that the largest drifts come from gravity gradie
eddy currents, electric fields, gas Brownian motion, flat d
ferential pressure, and large particles. There is no Barne
spinning-charge drift in the experiment axis~y axis!, but
rather a steady oscillation throughout the year at diurnal
riod with an amplitude of about 1.331026 mas superposed
on a constant term of the same amplitude. In the cross ax~x
axis!, however, there is a steadyx-Barnett drift of about
22.931022 mas/yr, and for this reason, the Barnett a
spinning-charge drifts will be considered among the imp
tant drift sources.

In addition to the calculations which support the very lo
drift of the AC-USG, there is experimental evidence that t
gyroscope drifts are really as small as claimed here. In 1
4-5
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TABLE II. Summary of drift torque sources and drifts.

Source of
torque Formula forḟ

Auxiliary formula, critical
values, comments, etc.

Drift
~mas/yr!

Gravity
gradient ḟav5

3

2
n2S «p

vG
1

kvra2

E
vGD uml

«p51024, compensation51023

orbits from Appendix B
3.0431022

S/C gravity
gradient

ḟav5
3

2

mS

r S
3 S «p

vG
1

kvra2

E
vGDA

A5roll average51027

mS51000 kg, r S51 m
2.2431023

Magnetic
eddy currents ḟav5

sBe'BeiSAC
2 CmAorbit

4r

sSAC
2 Cm51025 mhos/m,

Aorbit from Appendix B
7.0031023

Barnett effect ḟpeak5
5xmHeSACCBn

ra2gme/me

Magnetic susceptibilityxm

523.731026, SACCBn5331025 1.2031025

Spinning
charge ḟpeak5

5«0V(11a/d)BeSACCBn

2ra2 ḟs chg520.920S V

1 VD ḟBarnett
1.1031024

ResidualBi

field in shield ḟav5
Bi'

2 s«att

4r

Bi'50.331023 G
5 331028 T'1023Be , «att51028 6.2631023

Electric fields
in the cavity ḟ5

15«0«sphA

16ra2vG
FV

d S 11
d

aD G 2 VR due to charge510 V
max,«sph51026 1.2531023

Electric fields
with the flats ḟ5

15«0«mcA

16ra2vG
F V

gac
S 11

d

aD G2S r f

a D 3 «mc50.01, flat to rotor
radius,r f /a50.1

3.1131023

Misaligned
gas spin-
down torque

ḟ5
15bgasA«ml

8pra5

5
5A«ml

ra
pA ma

2pkT

«ml51024, p51029 Torr 6.531024

Gas Brownian
drift ^f2&5

4bgaskTt

hG
2 bgas5

8p

3
a4pA ma

2pkT
1.3131022

Differential
pressure ḟ5

15«sphAp

8ra2vG

Assume full cavity pressure
acts on only one side

1.9231025

Differential
pressure on
flats

ḟ5
15«mcAp

8ra2vG
S r f

a D 3 Assume full cavity pressure
acts on only one flat

1.9231023

Autocollimator
light beam
power

ḟ5
2PAC

c

«macr fA

hG
PAC54 mW, Appendix C 1 1.9531025

Position light
beams and UV ḟ5

2~Ppos1PUV!

c

«sphaA

hG

Ppos54 mW
PUV56.2310211 W

1.9531029

Iron cosmic
rays A^f2&5

15Ap

32

FeVI Fe

ca2vG
AnFet Ref. @38#, p. 575 1.3531024

South Atlantic
Anomaly

20 times the drift from proton
cosmic rays@@38#, p. 575#

8.0131025

Solar flares A^f2&5
15Ap

32

FeVI SF

ca2vG
AnSFt 4.5131025

Proton
cosmic rays A^f2&5

15Ap

32

FeVI H

ca2vG
AnHt 4.0031026
102004-6
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TABLE II. Continued.

Source of
torque Formula forḟ

Auxiliary formula, critical
values, comments, etc.

Drift
~mas/yr!

Photon
Brownian
drift

^f2&5
4bPhkTt

hG
2 bPh5

32

5 S p

3 D 2S p

K D 4S a

lm
D 4

h
8.6531025

Misaligned
photon spin-
down torque

ḟ5
15bPh«mlA

8pra5
5.6631028

Large particles See Appendix A 6 100 collisions per year of
0.5 micron-size particles

1.6531022

Anisotropicxm
fpeak5

5DxmBs
2

2m0ra2vG

Dxm50.1xm 5.1031025

Induced magnetic
moment in a
nonspherical rotor

fmisal5
5xmBs

2«geom

2m0«pra2vG
2

«geom51025 5.1031029

Einstein–de Haas
f5

5xmHs

ra2(e/me)gmvG

An angle, not a drift rate,
units aremas

3.06310213

RSS of all drift sources
~mas/yr!

3.8431022
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the Department of Aeronautics and Astronautics at Stan
University in conjunction with the Applied Physics Labor
tory at Johns Hopkins University flew a full three-axis dra
free satellite as part of the Navy’s Transit navigation satel
series known as TRIAD I@39#. The design goal for this effor
was to achieve a level of drag-free performance such tha
specific forces at the proof mass were less than ab
10211g. When the satellite was flown, actual flight test da
showed that the specific forces were no larger th
0.5310211g. This accomplished two important things:
10200
rd

-
e

he
ut

n

showed that the methodology used to calculate the disturb
forces@32# was correct, and it provided an upper bound
the drift that a gyroscope in a very similar cavity to the o
proposed here would have had.

The crucial point is that the calculations of the disturbi
forces on the proof mass were done from the same list a
this section and were done in the same way. Except
gravity-gradient and magnetic torques, all torques on the
roscope act through forces applied to the rotor; i.e., the o
pure couples arise from gravity gradient and magne
s
FIG. 2. Gyroscope drifts from the variou
sources.
4-7
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BENJAMIN LANGE PHYSICAL REVIEW D 59 102004
effects.4 The drift caused by a deterministic specific for
f xyz50.5310211g, acting on a gyroscope of roundnes
« round51026, with roll averagingA51027, is bounded by

ḟ,
5 f xyz« roundA

2avG
55.531027 mas/yr. ~4!

This bound shows that with one exception5 the 1972 flight
puts an experimental limit on all forces which could torq
the gyroscope. The AC-USG design uses a 10-mm gap
an optical pickoff, whereas the 1972 design used a capac
pickoff with a 9-mm gap. The only drift sources which we
not tested by the 1972 flight were the gravity-gradient, m
netic, and random-walk torques. These torques, however
the easiest to analyze because they have the simples
most accurate mathematical descriptions, and this paper
pay special attention to them in Appendixes A and B.

Thus the 1972 flight results give strong support to
claim that the list of drift sources discussed in this section
exhaustive and that the methodology of calculation is c
rect. In the case of rotor charge, energetic radiation is
lieved to charge the rotor at a constant rate@40# and a large
charge could eventually build up on the rotor and cause
cessive drifts. Although no precautions were taken to av
proof-mass charge, no evidence for this was seen in
TRIAD I flight. The mechanism by which the proof mas
was discharged is unknown, but presumably the sa
mechanism which charged the proof mass provided an
izing medium for discharging. In spite of these results, it
still planned to actively discharge the rotor with UV ligh
since the discharge mechanism was unknown and the hi
vacuum planned for this flight may not provide a sufficien
discharging ionized medium.

III. AUTOCOLLIMATOR

The use of an autocollimator reflecting from a rotor fl
for the spin-axis readout has a number of advantages
other conceivable competing readout schemes:~1! an auto-
collimator is existing mature technology and is the scient
and industrywide standard of precision small-angle meas
ment,~2! it is an ultralow-noise device,~3! it is insensitive to
translational motion of the rotor,~4! it can be accurately
calibrated on the ground in a laboratory environment,~5!
unlike a liquid helium Dewar, it is very small and ligh
weight, and~6! it functions at room temperature and both
atmospheric pressure and in vacuum, making it easy to w

4A significant electric dipole moment accompanied by a z
monopole moment is not possible in a conducting spherical rot

5The exception is random-walk-type drifts caused by molecu
photon, or large particle collisions. In principle, it would have be
possible to bound this drift source since it can be shown that
dom walk in angle and position are connected byA^f2&
54A^x2&/avGt. No measurement of the random-walk compone
of the position errors was possible, however, so that the experim
gives no information on this drift source.
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with in the laboratory and fully functional in space. The d
tails of the autocollimator design and performance are gi
in Appendix C.

In order to use an autocollimator as the readout, the ro
must be fabricated with two optical flats at each end of
0-g maximum axis of inertia6 with the flat normals aligned to
this axis. The alignment error of the flats must be less th
the linear range of the autocollimator and must not gene
an AC signal at spin frequency so large that it swamps
measurement. Thus an important problem for the autoco
mator readout is the fabrication of the rotor. This proble
was solved in the late 1960s, and this solution is summari
in Appendix D.

Figure 3 shows a drawing of the autocollimator whi
would be used for the gyroscope readout and illustrates
principle of operation. As can be seen from the figure, wh
the mirror in the collimated output beam rotates about
axis perpendicular to the beam, the light in the return beam
displaced along the surface of the group of four photodiod
When the signals of two opposite pairs of photodiodes
subtracted, this produces an output signal proportional to
rotation angle of the mirror. The light source is a fiber-op
bundle which allows chopped high intensity light with ve
little heating and simplifies the problem of providing a r
dundant light source. With a 10-cm focal length and a 5-m
optical flat, the focal ratio of the resulting optical system
20.

For small angles and a constant satellite rotation rate,
x- andy-axis anglesax anday read out by an autocollimato
with unity scale factor looking at a gyroscope rotor spinni
at ratevG in a satellite rolling at ratevS areo

.
r,

n-

t
nt

6The maximum axis of inertia does not significantly depend ong,
but its measurement in an Earth-bound laboratory does. A bo
fixed moment caused, for example, by an offset of the cente
mass with respect to the center of support perpendicular to the
axis gives an apparent rotation of the maximum axis of inertia i
1-g field.

FIG. 3. Gyroscope readout autocollimator.
4-8
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TABLE III. Autocollimator signals.

Error term Symbol Size
~mas!

Frequency
~Hz!

Output signal level

Flat misalignment errors nx ,ny 105 924 Suppressed by filtering
Satellite attitude errors gx ,gy 103 0.16 Angles to be measure
Rotor polhode amplitude ap 103– 105 924 Suppressed by filtering
Zero-point errors bx ,by Set,100 dc Suppressed by filterin
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ax5nx sinvG2St1ny cosvG2St2ap

3sin@~V1vG2S!t1f#1gx1bx

and

ay52nx cosvG2St1ny sinvG2St1ap

3cos@~V1vG2S!t1f#1gy1by ,

wherenx andny are the flat misalignment errors~thex andy
components of the flat unit normal in rotor coordinates!, ap
is the instantaneous polhode angle,vG2S is the difference
angular velocity between the gyroscope rotor and the sa
lite, V is the polhode angular velocity,f is the initial phase
of the rotor x and y angular velocities,gx and gy are the
satellitez-axis angles in satellite-fixed coordinates relative
an inertial reference frame whosez axis is defined by the
gyroscope angular momentum vector, andbx andby are the
autocollimator bias or zero-point errors.gx andgy give the
satellite attitude relative to the gyroscope and are the qu
tities which are to be measured by the autocollimator. T
satellite attitude control system attempts to drivegx andgy
to zero. Ifax anday are the inertial satellite attitude error
i.e., the angles which rotate the gyroscope angular mom
tum vector ~inertial referencez axis! into the satellitez
axis, then gx5ax cosvst1ay sinvst and gy52ax sinvst
1ay cosvst so thatgx and gy oscillate at the satellite rol
frequency of vS/2p50.16 Hz. The gyroscope-minus
satellite frequencyvG2S/2p is almost exactly equal to th
rotor spin rate of 924 Hz, and the polhode radian freque
V equals«pvG , which gives a polhode period of about 1
sec. Thus the flat misalignment errorsnx and ny and the
polhode motion are well separated in frequency from
satellite attitude anglesgx andgy . The approximate ampli-
tudes of the terms are given in Table III. The zero-po
errors are set below 100mas by the automatic mass-trim
system and by the electronic bias signal shown in Fig. C2
Appendix C.

For the autocollimator shown in Fig. 3, the noise equiv
lent angle is 8.2mas/Hz1/2, which, for example, gives a mea
surement error of 0.06mas with 104 sec of averaging. This
very low noise is achieved by basing the design on the Jo
Pfund reticule concept. In 1959, Jones and Richards@36#
published a description of an optical lever~essentially a
single-axis autocollimator! based on his reticule with an ex
perimental noise equivalent angle of 14mas/Hz1/2 @36#. The
principle of the Jones design and the performance of
gyroscope readout autocollimator is discussed in detai
Appendix C. Although the noise angle derived in Append
10200
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C is only a calculated value, it should be emphasized that
performance reported by Jones was an experimental re
obtained in air at room temperature. Appendix C also giv
more detail on the separation ofgx and gy from the other
signals.

IV. TELESCOPE

At this time for the purpose of this article, the telescope
assumed to be a 40-cm Schmidt-Cassegrain with a fo
length of 10 m read out by one or two thin servo-controll
tipping plates rigidly attached to angle encoders. Rotation
the fine tipping plates translates the focused image of the
on a pyramid prism. The image is centered on the tip b
servo controller which rotates the plate, and this rotation
read out by the angle encoder. Because a large rotation o
fine tipping plate results in only a very small translation
the image, very small angle changes can be read out wi
standard angle encoder modified to include analog divis
of the least significant bit. The coarse tipping plates7 are able
to make coarse alignment adjustments of approximately62
minutes of arc. This would be used to align the telesco
zero point with the autocollimators just before the precis
measurements, and the coarse tipping plates would the
locked. Besides setting the zero point, they also make it p
sible to take low-precision data during the entire year wh
the annual aberration angles are out of null. The focal ratio
the optics is 25, and the field of view is 10 arcsec. Since
diameter of the diffraction circle is about 0.3 arcsec, the to
field of view is about 30 times as large as the diffracti
circle.

A low-noise equivalent angle in the telescope is achiev
by using as large a telescope as practical and by looking
bright star. The use of the bright stars whose proper mo
uncertainty is typically of the order of 1 mas/yr is mad
possible by the elimination of proper motion through t
subtraction of separate experiments in two orbits. Solving
problem of proper motion was especially difficult. This ca
be illustrated by an imaginary relatively-gyroscope expe
ment performed by someone living 30 parsecs from our S

7Tipping plates are used instead of mirrors or a two-axis adju
able secondary because they give a much smaller change in a
adjustment for a given rotation. Multiple reflections are an add
complication, but they can be removed by biasing the coarse tipp
plates at an offset angle. In the case of the fine tipping pla
multiple reflections may require the use of a single two-axis pl
instead of two single-axis plates.
4-9
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BENJAMIN LANGE PHYSICAL REVIEW D 59 102004
who decided to use it as his reference star. The linear pro
motion could be backed out of the data with a series
measurements in 100-km-altitude increments, but just Jup
would cause the Sun to move in a circle with an appar
diameter of 140mas and an unknown period of 11.9 yr. Th
without counterrotating orbits, it is impossible to do a gyr
scope experiment at the 1-mas-accuracy level without know
ing the planetary structure of the reference star, a cle
impossible requirement at this time.

The telescope performance is calculated in detail in A
pendix E, which lists the results for several stars and t
different photomultipliers using a 40-cm telescope. T
noise angle varies between about 6 and 20mas/Hz1/2 depend-
ing on the star, and 10mas/Hz1/2 is chosen as a typical valu
for the calculation of the overall experiment accuracy.
order to achieve an absolute angle accuracy comparable
the noise, the scale-factor errors must be calibrated to
same accuracy. During the time that the counterrotating
bits are being established, there is about a year availab
do a preliminary scale-factor calibration~cf. Sec. VI!. In ad-
dition, in order not to require an unreasonable scale-fa
accuracy, it is necessary that the linear range over which
measurements are made be less than about 0.2 arcsec. T
accomplished by using the orbital aberration of starlight a
to cancel the relativity drift. For orbits higher than 1560 k
the geodetic relativity drift is less than the orbital aberratio
and exact cancellation is possible. Because the annual a
ration of starlight is also present and can be as large a
arcsec, precision data can only be taken at the beginning
the end of the year when the annual aberration returns t
starting value. The details of how this is done are also
plained in Appendix E. The important question arises as
how long the annual aberration allows the cancellat
within 0.2 arcsec to hold since this determines the amoun
averaging time available to reduce the noise. It is shown
Appendix E that the apparent angle between the refere
star and gyroscope can be made to remain within 0.2 ar
for about 23 days at the beginning and the end of the exp
ment giving an effective noise averaging time of abo
43 000 sec. The full 23 days is not available for averag
since the orbital aberration only allows data to be taken d
ing a relatively short part of the orbit. The results of t
calculations in Appendix E are summarized in Sec. VII
the experiment accuracy.

V. ROLL-FREQUENCY ERRORS

In a nonspinning satellite, if the point at which either t
autocollimator or the telescope reads zero were to shift o
the course of a year, this would be interpreted as a gyrosc
drift and would contribute directly to an error in the expe
ment. Spinning the satellite shifts all inertially fixed signa
such as the difference between the direction to the refere
star and the direction of the gyroscope angular momen
vector to the satellite spin frequency, leaving all satelli
fixed errors such as electronic and mechanical zero sh
partial darkening of the optics, detector degradation, ther
bending, etc., at zero frequency. It is this property wh
eliminates the need for very low temperatures to ‘‘freez
the instrument zero points for the 1-yr duration of the expe
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ment. Instead, the instrument zero points must only be st
for about one spin period of 6 sec.

Any zero-point error, however, which had a componen
satellite spin frequency and which changed over the cou
of a year would cause an experiment error. Because of
very high accuracy requirements of the experiment, th
errors must be carefully investigated. In Appendix F it
shown that the errors at satellite spin frequency from
sources are less than about 0.01mas.

VI. INSTRUMENT CALIBRATION

The discussion of the scale-factor errors in Appendix
C 3 and E 3 concentrates on techniques for reducing
scale-factor errors by making the linear range over wh
data are taken as small as possible so that the experimen
operate as close to null as possible. In the case of the a
collimator, this is done by separating the disturbing sign
in frequency and by designing the satellite attitude contro
track the gyroscope with a very small error. For the te
scope, the linear range is reduced by using the orbital a
ration of starlight to cancel the relativity drift and by on
taking data at the beginning and end of the year when
annual aberration has returned to its starting value. In
case the key trade-off is between the amount of time av
able for averaging and the size of the linear range. A lar
linear range gives more averaging time, but it increases
scale-factor errors. A compromise value of 0.2 arcsec
been chosen as a balance between these two factors. W
0.2 arcsec may seem small, it is 200 000mas, and for an
experiment with submicroarcsecond accuracy, the same
bration problem as with any non-null experiment is prese
In spite of averaged instrument noise levels well below
mas, an overall accuracy this low would be a hopeless pr
lem were it not for the fact that a precision calibration sign
with an accuracy of 0.014mas is available in the orbita
aberration of starlight.8 This is possible because mode
Earth satellite tracking systems achieve extremely high ac

8All aberration errors other than the satellite’s orbital veloc
relative to the Earth become common-mode errors and are e
nated when the results of two experiments in two orbits are s
tracted. In an experiment which does not do this, but rather u
precision astrometry to find the proper motion of the star, the ad
tional aberration errors come from three sources: the motion of
Earth relative to the Sun, the orbital motion of the Sun with neig
boring stars, and the change in the direction of the velocity cau
by galactic rotation. The velocity changes of the reference star
not important since only light that departs at an angle which exa
cancels the star’s aberration can arrive at the telescope. Fin
only changes in the above velocities cause errors. The velocity e
in the Earth’s orbit is approximately 531025 m/sec, corresponding
to an aberration error of 0.035mas @41#. The error from the Sun’s
orbital motion with respect to its neighbors can be calculated to
roughly 0.002mas. The velocity direction change due to galac
rotation is surprisingly large, about 4mas/yr, which can be compen
sated to about 0.8mas/yr. Errors caused by other masses in the lo
group of galaxies are completely negligible, being of the order
10214 mas.
4-10
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TABLE IV. Experiment errors.

Source Error Units Comments

Gyroscope drift 0.040 mas/yr Table II
Proper motion 0 mas/yr Counter rotating orbits
Geodetic-drift-calculation error 0.079 mas/yr Table A2

Autocollimator ~AC! noise density 8 mas/Hz1/2 Appendix C 1
Effective AC noise averaging time 21500 sec Telescope time/2~chopping!
Autocollimator noise error 0.039 mas Noise/~2Tav)

1/2

Weighted AC scale factor 0.03 mas Appendix C 3
One-half the AC unmodeled errors 0.025 mas
Telescope noise density 10 mas/Hz1/2 Table E1
Effective telescope noise averaging time 43000 sec Effective null time
Telescope noise error 0.034 mas Noise/(2Tav)

1/2

Weighted telescope scale factor error 0.03 mas Appendix G
One-half the telescope unmodeled errors 0.025 mas
Orbital velocity uncertainty 0.014 mas Reference@42#

Roll-coupled zero-point errors 0.01 mas Table F1

Readout~RO! noise error, AC and telescope 0.051 mas
Readout noise plus scale factors 0.076 mas
Two inst sets and two axes 0.038 mas
RO1Orb VEl Unc1roll errors 0.041 mas
Measure at begin and end of experiment 0.059 mas
Subtraction error with 2 sats 0.083 mas Total readout error

Experiment error, 1 yr 0.15 mas RSS 21/23drift and total RO
Experiment error, 10 yr 0.048 mas 10 measurements
Geodetic relative error, 1 yr 1.531028 Base is 23geodetic drift
Geodetic relative error, 10 yr 4.831029 '10 arcsec
Error in u12gu, 1 yr 2.331028 Five orders of magnitude
Error in u12gu, 10 yr 7.131029 below current limit
vJBD, 1 yr 4.43107 Lower bound
vJBD, 10 yr 1.43108
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racy and can typically determine satellite velocity to abo
231025 m/sec@42#. This makes orbital aberration the pr
cision angle standard of the experiment, which in turn
pends on precision satellite, lunar, and planetary ephem
des. This technique is also part of the GP-B base line,
the approach of calibrating the large-angle instrument@the
telescope here and the superconducting quantum interfer
device~SQUID! for GP-B# was taken from GP-B.

The actual calibration consists of modeling the errors w
a calibration polynomial or some other set of functio
which describes them as a function of thex and y-input
angles. Since the two instrument axes could possibly
cross coupled, it is necessary to have bothx- andy terms in
the calibration of a given axis. Ifx andy are the inputs and
mx is the output of thex axis of an instrument, then a typica
third-order calibration polynomial would have the formmx
5a1 1 (11a2)x1 a3y 1 a4x21a5xy1a6y21a7x31a8x2y
1a9xy21a10y

3, where theai are of the order of 1024. For
the relativity-gyroscope experiment, the questions beco
how much calibration time is available, how many calibr
tion points can be taken in this time, what accuracy is p
sible with this number of points, at what order should t
10200
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calibration polynomial be cut off, and what are the erro
introduced by the unmodeled terms beyond the cutoff ord
It is shown in Appendix G that it is sufficient to perform th
calibration through third order. The reason is that all eve
order terms (a1 , a4 , a5 , a6, etc.!, not just the zero-point
errora1, are separated from the data by the satellite spin,
with a third-order calibration polynomial, the unmodele
terms are fifth order and higher. The conclusion of Appen
G is that a third-order model achieves an accuracy of 0
mas after 43106 data points~i.e., six months of calibration!
and that the additional error caused by the unmode
higher-order odd terms is about 0.05mas at full scale.

VII. OVERALL EXPERIMENT ACCURACY

Table IV shows the experiment errors and the calculat
of the final overall errors for the measurement of 12g or
equivalently ofvJBD. The drift and readout errors are firs
listed separately and then later combined. The readout n
averaging time comes from the fact that passes in null la
minimum of 180 sec at the beginning of the experiment a
900 sec at the end, but only about one-half of this time
4-11
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FIG. 4. Summary of experimental errors.
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accessible for averaging since the peak null of60.2 arcsec is
not available the whole time. The effective telescope no
averaging time is the reciprocal of the average of the re
rocals of one-half of the start and end times in null. For
scale-factor errors, the weighted third-order curve of Fig.
and about one-half of the unmodeled errors are used bec
the readout does not spend all of its time at full scale. T
averaged errors are then reduced 2 times by a factor of1/2

since there are two independent sets of instruments and
instrument has two axes which essentially measure the s
quantity because of the roll. The aberration error due to
uncertainty in the orbital velocity and the zero-point errors
roll, however, are not considered to be uncorrelated and
therefore combined with the previous result without reduc
them by 2. The readout errors are then increased 2 time
21/2 because there are two measurements at the begin
and the end of an experiment and because the final sign
generated by subtracting the results of the two satellite
eliminate proper motion. The gyroscope drift and geode
calculation errors (321/2 for two satellites! are then included
to give the final error in a single 1-yr experiment. The gyr
scope alignment error is covered by the initial readout er

The relative error is calculated by dividing by 10 arcsec
arcsec for each satellite, which is consistent with increas
the overall error by 21/2 because of the subtraction of the tw
measurements. The 10-yr errors assume that the experi
is repeated 10 times in altitude increments of 100 km a
that no variation from ther s

25/2 altitude dependence is de
tected. In this case the 10-yr average is the 1-yr aver
divided by 101/2. The final result is that 12g can be mea-
sured to less than one part in 108. Figure 4 shows a summar
of the errors as a bar graph.

VIII. RESOLVING THE DISCREPANCY WITH GP-B

It is claimed that the AC-USG is 103– 104 times more
accurate than a helium-temperature design based on ele
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cally supported gyroscopes read out by a SQUID magn
meter ~SQUID-ESG!. How can this much improvement b
possible? A much more direct form of this question can
posed: How is it possible to improve on the GP-B expe
ment by 3 or 4 orders of magnitude when so many peo
have looked at it, when it has been discussed at many c
ferences, and when more than 30 Ph.D theses have
written on various problems associated with the proje
This is a question which it seems that almost anyone wo
ask, and it deserves a careful response. The short answ
that early in the GP-B program the constraint that the exp
ment be performed at low temperatures was imposed on
project, and when this constraint is removed, the possibili
of high accuracy open up naturally. To really resolve t
discrepancy, however, it is necessary to compare the
designs point by point. There are still the same four ba
items to investigate: gyroscope drift, gyroscope readout
ror, telescope error, and zero-point errors at roll frequen
In addition, two other points—taking data in null and mu
tiple measurements versus altitude—are examined.

A. Gyroscope drift

The biggest improvement in drift comes about throu
better roll averaging caused by controlling the satellite s
to be parallel to the gyroscope instead of pointing to the s
GP-B does not use the gyroscope as an attitude refer
because it is difficult to employ mechanisms in the cryoge
telescope with the result that the telescope cannot tolerate
large deviations from null which would be caused by t
annual aberration. On the other hand, GP-B must take da
large aberration angles since averaging over the entire ye
necessary to achieve the desired accuracy.

In addition to improved roll averaging, the use of an u
supported gyroscope results in only about 24 sources of
rious drift torques compared to over 70 for the ESG, and
gap is about 300 times larger. In addition, the cavity of t
4-12
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AC-USG is smoothly spherical, whereas the GP-B cav
contains the gas spin-up channel. The results is that the
culated gyroscope drift for GB-B is about 4000 times wo
than the AC-USG drift for the ESGs and 400 times worse
the GP-B USG,9 and in addition the results of the 1972 dra
free flight have little relevance for the GP-B cavity design

B. Gyroscope readout errors

One of the most important reasons for the greatly
creased accuracy of the AC-USG is that an autocollimato
a much more sensitive angle measuring device tha
SQUID magnetometer. The noise-equivalent angle of
SQUID is about 0.19 arcsec/Hz1/2 @44,45,46#. This is about
20 000 times larger than the autocollimator. The reason
this is that the London moment is very tiny, corresponding
a uniform field in the rotor of 1024 G at a spin speed o
130–150 Hz. An accuracy of 1029 rad ~0.2 mas! demands
that the SQUID be able to detect 10213 G and that there be
no disturbing magnetic fields at roll frequency any larg
than 10213 G.

One important disturbing signal for the SQUID readout
magnetic flux trapped in the rotor. The GP-B rotors ha
about 1025 G cm2 of trapped flux, which corresponds to
magnetic field of 1026 G for a diameter of 3.8 cm
@44,45,46#. 1026 G is equivalent to 1800 arcsec or 0.5° for
London moment of 1024 G. Although this is separated from
the data signal by the rotor frequency, it is still about 17

times larger than the desired accuracy of the system. In s
of this very large disturbance, a recent analysis has sh
that the accuracy goal of 0.2 mas can still be met with 1 y
continuous averaging@46#. Furthermore, a continuing effor
is being made to reduce the trapped flux~cf. the GP-B papers
from the Eighth Marcel Grossmann meeting!. It is very un-
likely, however, that this readout method could ever rea
microarcsecond levels.

C. Telescope readout errors

Since the AC-USG telescope is not placed in a cryosta
can be about 3 times larger, and this reduces the no
equivalent angle of the instrument by about a factor of
An additional factor of 2 is gained by the less stringent I
window attenuation requirements, and a further factor of
can be achieved by using the brightest stars. GP-B does
use the bright stars because of the large uncertainties in
proper motions, and without the counterrotating orbits
must rely on stars whose proper motion has been determ
to be at least 200mas/yr. In practice, this means the fifth
magnitude VLBI radio stars whose proper motion will pro

9At the author’s insistence, it is now planned to operate one of
ESGs in GP-B as a USG by making it the drag-free proof mass.
result is that the theoretical drift for that gyroscope dropped fr
the calculated value of 150mas/yr for the other three ESGs to 1
mas/yr. Because of this, the fifth sphere in the quartz block, wh
served only as the drag-free proof mass, has been removed from
latest version of the system.
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ably soon be known to about 100mas/yr @37,43#, but still
about a factor of 1000 bigger than the requirement for
AC-USG.

D. Roll-frequency zero-point errors

Since the AC-USG satellite spin rate is about 30 tim
faster than the GP-B spin rate, there is a considerable re
tion in the amplitude of roll-frequency temperature variatio
from this source. This can be seen from Fig. F1, wh
shows that although this problem can be solved with su
cient insulation, there can be many orders of magnitude
ference in attenuation over a frequency range of 30. Thi
due to the fact that the frequency dependence occurs in
argument of an exponential. GP-B does not spin very m
faster because the centrifugal force from the spin indu
additional drift in the ESGs which rises as the square of
spin speed. In addition to the spin rate difference, the se
tivity of well-designed optics to temperature is about 0
arcsec/K/m compared to 10 arcsec/K for the SQUID mag
tometer@44#. Since the size of the autocollimator is about 0
m, the autocollimator is about 100–1000 times less sensitiv
to temperature variations at roll than the SQUID.

E. Taking data in null

GP-B would have difficulty taking data in null becaus
the gas-spin-up system for the gyroscope is a one-time
vice without provision for applying the precision alignme
torques necessary for a good null. Fine alignment from
electric suspension torques is tentatively planned, but the
nal alignment error is still expected to be about 10 arc
@45,46#. In addition, the trapped flux makes it difficult t
achieve a good null since its 0.5° signal is far outside of
useful null range of 1.5 arcsec at 650 km.

F. Multiple measurements versus altitude

The GP-B design is excluded from making multiple me
surements versus altitude because the liquid helium o
lasts for about 16 months and because the very large ma
the Dewar and liquid helium precludes adding a propuls
system to change altitude. In addition, the ‘‘one-shot’’ natu
of the gas spin-up makes it impossible to stop the gy
scopes, change the altitude, and then respin them.

G. Overview

The common thread which runs through this comparis
is that the use of liquid helium temperatures places c
straints on the design which block the use of most of
techniques which can lead to high accuracy. In addition,
difficulties of working at helium temperatures is the reas
that 40 yr will have passed by the time the project comes
fruition in 2000. The arguments for low temperatures ha
varied over the years, but the four which are now given
that it allows the use of a SQUID magnetometer, which is
ultralow-noise device, it prevents zero-point drifts becau
materials are much more stable, it allows a high vacuum
10214 Torr, and it allows a superconducting magnetic shie
with an AC attenuation of 10212. It is interesting to note tha
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TABLE V. Summary of techniques for achieving high accuracy.

Technique Advantage

Drag-free satellite~DFS! Accurate orbit
Unsupported gyroscope~USG! Simple torque model and 1972-DFS drift bounds
Wide gap Surface fields and large particles suppressed
Spinning satellite Roll average drifts and eliminate zero-point erro
All measurements in null Reduce scale factor errors
Spin attitude reference to gyroscope not star Improve roll averaging by 103– 104

Autocollimator ~AC! gyroscope readout High accuracy, small, light weight, and standar
Continuous AC calibration from flats Highly stable calibration signal
Active damper Fast spin-up and alignment
Eddy-current induction spin-up motor Standard motor, fast spin, reusable, good align
Active mass/inertia trim All zero points coincide
Transcollimator translation readout Very low noise and wide gap with AC technolo
Tipping plate, encoder, analog divider High accuracy with standard techniques
Rotor charge control Reduced to practice by GP-B@40#

Cancellation by orbital aberration Take data in null
Calibration by orbital aberration Highly accurate angle standard, taken from GP
Counterrotating experiments Eliminate star proper-motion error
Fine-tuned orbits for gravity-gradient cancellation Easily manufactured, high-optimum-speed rot
Long-life mission Repeat the experiment many times
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in all of these points it is possible to find a design whi
improves on the advantages listed above by a factor of 1
1000. For example, the autocollimator has a noise-equiva
angle about 104 times smaller than the SQUID, the materia
stability requirement is orders of magnitude less severe w
a high spin rate, a vacuum of 10214 Torr is not needed be
cause improved roll averaging and a more careful estimat
«ml reduce the drift from gas drag by about 107, the SQUID
sensitivity to roll temperature variations is about 100–10
times greater than the autocollimator, without a SQUID m
netometer a magnetic shield with an AC attenuation of 10212

is not needed, etc.

IX. SUMMARY

The achievements of sufficient accuracy in the gyrosc
experiment to have a chance of seeing a massless scalar
or string dilaton depends on a number of techniques wh
are listed in Table V.

The drag-free satellite keeps the gyroscope rotor cent
in the cavity without support and makes precision predict
and fine-tuning of the orbit possible without disturbanc
from solar radiation pressure or air drag. The unsuppo
gyroscope removes the need for electric support fields in
cavity and makes a wide gap possible. The wide gap eli
nates the danger from surface electric fields such as the p
effect and the remote danger of a large impurity jamm
into the gap. Spinning the satellite separates the instrum
zero-point errors from the gyroscope-star angle and roll
erages satellite-fixed gyroscope drift sources. Taking m
surements in null avoids the need of precision calibrat
over extreme ranges. Controlling the satellite spin to the
roscope instead of the star improves roll averaging by at l
103 and gives an attitude reference during an entire or
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The autocollimator provides a very-low-noise gyrosco
readout with existing technology and can be continuou
calibrated from the flat error. The active damper makes
possible to rapidly align the gyroscope spin axis with t
normal to the optical flats on the rotor. The eddy-curre
induction motor works with the wide gap, can reach a
gyroscope spin speed, and is crucial to precision alignm
of the gyroscope, which in turn is crucial to operating t
telescope within the 0.2 arcsec null. It can be used mult
times and thus allows the rotor to be spun down, the sate
altitude changed, and the rotor respun, damped, and alig
for a new run. The active mass trim makes it possible
align the satellite maximum axis of inertia with the autoco
limator zero point and to align the center of mass of t
satellite to the center of the cavity. The transcollimator
lows precision measurement of the rotor position in the c
ity with a wide gap and no electric fields using existing a
tocollimator technology. The tipping plate, angle encod
and analog divider allow the star error angle to be read
high precision using standard AD converters. Rotor cha
control, if needed, would prevent an important source
drift. Cancellation and calibration using the orbital aberrati
makes satellite tracking the precision angle standard of
experiment and allows a small linear range for the telesco
Two experiments in counter rotating orbits are necessar
eliminate proper motion of the reference star and many o
errors in the quality of the incoming light~Appendix E 2!.
Fine-tuning the orbit suppresses gravity-gradient drift wh
allowing a rotor which can be easily manufactured a
which reduces other sources of gyroscope drift by havin
high optimal spin speed for minimum gravity-gradient dr
~cf. Appendix A 1!. Finally, the long-life mission allows the
experiment to be repeated versus altitude giving the altit
4-14
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DESIGN AND ANALYSIS OF A HIGH-ACCURACY . . . PHYSICAL REVIEW D 59 102004
signature of the relativity drift, which is necessary for
unique interpretation of the results, decreases the experim
error, and allows the gyroscope drift and overall system
rors to be independently cross-checked from the scatte
the data.

Using the above techniques, the error calculations in S
VII predict that the relativity drift can be measured to
accuracy of 0.05mas/yr with a series of ten 1-yr experiment
This would place an upper limit onu12gu of 731029, which
is 33105 times smaller than the present bound. Accurac
of this level are sufficient to possibly detect a massless sc
field or string dilaton. The limiting error is the inability to
calculate the expected geodetic drift due to orbit track
errors.
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APPENDICES

The following Appendices for this paper had been
chived in the Electronic Physics Auxiliary Publication Se
vice ~E-PAPS! @47#.

APPENDIX A

Calculation of the Major Gyro Drifts

APPENDIX B

Zero-Gravity-Gradient Orbits

APPENDIX C

Autocollimator Performance

APPENDIX D

Summary of the Technique for Placing the Optical Fla
on the Rotor

APPENDIX E

Telescope Performance

APPENDIX F

Roll-Coupled Zero-Point Errors and Drifts

APPENDIX G

Instrument Scale-Factor Calibration Accuracy

APPENDIX H
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