
PHYSICAL REVIEW D, VOLUME 59, 095010
Fixed points and fermion mass structure from large extra dimensions
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We examine the fixed point behavior of Yukawa couplings in supersymmetric theories with varying num-
bers of dimensions. We show that Pendleton-Ross fixed point behavior is greatly amplified in the MSSM with

no extra dimensions and 4 extra 515̄ multiplets or the MSSM with one extra large dimension and 3 extra 515̄
multiplets. We also show that power law running in models with large extra dimensions can give a hierarchical
set of quasi-fixed points for the Yukawa couplings in a manner which is similar to the Froggatt-Nielsen
mechanism. However, we also point out the limited perturbative domain in models with power law running.
@S0556-2821~99!02405-4#

PACS number~s!: 12.60.Jv, 11.10.Hi, 12.10.Kt
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I. INTRODUCTION

One interesting prospect for physics beyond the stand
model is that at high energies, beyond the reach of cur
experiment, hidden extra dimensions open up, revea
themselves through, for example, the appearance of Kal
Klein modes@1–3#. Above the first Kaluza-Klein threshold
there would be enhancement in the effects of the renorm
ization group. For example, in Ref.@2# it was recently noted
that consistent unification can occur at much lower sca
because, by changing the classical dimension of the ga
couplings, large extra dimensions cause the~effective! renor-
malization group equations to run as a power law with
ergy scale.

In this paper we follow up a different point which wa
emphasized in Refs.@4, 2#; that power law running may lie
behind the extraordinary hierarchies observed in the ferm
mass matrices. Reference@2# presented some interesting pr
posals in which large extra dimensions may provide an
planation for these hierarchies and hence an alternative to
Froggatt-Nielsen mechanism. It was noted, for example,
when the effective~one loop! renormalization group equa
tions ~RGE’s! are run upwards to the unification scale, t
Yukawa couplings appear to have a common Landau p
Hence it was suggested that the Landau pole could be ind
tive of ‘‘Yukawa unification.’’

Here we shall carry out a more detailed analysis of th
suggestions concentrating in particular on their domain
~perturbative! validity. Generally we shall find that, if the
Yukawa hierarchies are generated from scratch by the re
malization group, then perturbation theory breaks down w
below the unification scale. However we shall present a c
in which there is a hierarchical set of fixed points whichcan
be calculated within perturbation theory.

Our approach is to consider the existence of quasi-fi
points ~QFP’s! and their domain of attraction. This is be
0556-2821/99/59~9!/095010~9!/$15.00 59 0950
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cause, in any scenario of Yukawa ‘‘unification,’’1 at least
some of the Yukawa couplings must have common Lan
poles and hence, by definition, will be close to QFP’s. Fir
in the following section, we revisit the~effective! RGE’s for
the gauge and Yukawa couplings for cases where diffe
generations ‘‘feel’’ different numbers of large compact ex
dimensions via Kaluza-Klein~KK ! modes. At first sight, it
does indeed appear that some rather subtle features o
renormalization group in the minimal supersymmetric sta
dard model~MSSM! ~such as fixed point behavior! could be
made dominant by power law running.

In Sec. III we make a general examination of the expec
fixed point behavior~both Pendleton-Ross and quasi-fixe!
when we extend the MSSM by allowing different particles
feel different numbers of extra dimensions.

For the Pendleton-Ross fixed points we find that wh
both gauge and Yukawa couplings run as a power law~even
if the powers are different!, attraction to these fixed points i
generally neither more nor less marked than in the MS
because the lower unification scale exactly compensates
the enhanced running. In fact the parameters describing
properties of the Pendleton-Ross fixed point~the domain of
attraction for example! can be expressed in terms of the ru
ning gauge couplings and so ultimately depend only on
strength of these couplings at the unification scale. Mo
over, perturbativity limits place strong constraints on t
gauge couplings, so that the allowed fixed point behav
increases as the number of extra dimensions goesdown. In
Sec. III we also highlight a case where the fixed point b
havior is stronger than usual; when the beta function for
strong coupling isb351 the domain of attraction and focus
ing to fixed points is greatly increased. This corresponds

1We use this term loosely to mean a scenario in which
Yukawa hierarchy is generated by the renormalization group r
ning alone.
©1999 The American Physical Society10-1
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the MSSM with one extra large dimension and 3 extra
15̄ multiplets, or the MSSM with no extra dimensions and
extra 515̄ multiplets. In both these cases the fixed po
behavior can be very strong even for quite modest ga
couplings at the GUT scale. However we find that, if pert
bativity limits are satisfied, the maximum hierarchy whi
could be generated by Pendleton-Ross fixed points is;30.

We also examine the running to QFP’s. This is the type
behavior which was indicated in Ref.@2# where an emphasi
was placed on the existence of Landau poles. For the
where we just extend the MSSM by allowing extra dime
sions, we find that running to fixed points cannot genera
significant hierarchy within the perturbative regime. Ho
ever we also present a model with additional singlets,
which the results are more promising. This model does h
standard-model-like hierarchies in the QFP’s which can
calculated within perturbation theory. We add, however,
caveat that although the hierarchical QFP’s lie within t
perturbative regime they should be thought of as bound
conditions to the perturbative theory. It is~currently! not
possible to calculate the domain of attraction of these fi
points.

II. RGE’S WITH EXTRA DIMENSIONS

We first write down the MSSM RGE’s in a useful matr
form which we will shortly generalize:

4p
dhU

dt
52hU •NU2NQ •hU2~NH2

!hU

4p
dhD

dt
52hD •ND2NQ •hD2~NH1

!hD

4p
dhE

dt
52hE •NE2NL •hE2~NH1

!hE ~1!

where

NH1
5S 3

2
g2

21
3

10
g1

2D23 Tr~hD
† hD!2Tr~hE

†hE!

NH2
5S 3

2
g2

21
3

10
g1

2D23 Tr~hU
† hU!

NQ5S 8

3
g3

21
3

2
g2

21
1

30
g1

2D2hUhU
† 2hDhD

†

NU5S 8

3
g3

21
8

15
g1

2D22hU
† hU

ND5S 8

3
g3

21
2

15
g1

2D22hD
† hD
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NL5S 3

2
g2

21
3

10
g1

2D2hEhE
†

NE5S 6

5
g1

2D22hE
†hE . ~2!

In these equations the parameters run logarithmically w
scale;

t5
1

4p
log

L

m
. ~3!

The NF factors come from the wave function renormaliz
tion of theF superfield corresponding to one-loop diagram
with either matter, or matter-plus-gauge particles in the lo

In the rest of this paper we shall closely follow the mode
described in Ref.@2#. We shall assume that the massle
fields appear only asN51 supermultiplets. If they have a
KK tower of N52 states this is because half of the sta
lack a zero mode as they are odd under aZ2 orbifolding. If
they do not have a KK tower of states this is because t
live, for example, at the fixed points of the orbifold or at th
intersection of two branes~for more details see Ref.@2#!. The
N52 hypermultiplets contain the usualN51 part plus mir-
ror partners with the opposite charges~so that, for example,
we can write mass terms for them!. TheN52 vectormultip-
lets consists of theN51 vectormultiplet plus an additiona
N51 chiral multiplet which corresponds to the longitudin
degree of freedom of the massive gauge bosons. Yuk
couplings involving the hypermultiplets are restricted inN
52 models in order to preserve theN52 supersymmetry.
However we will for the moment assume that a combinat
of trilinear N52 couplings and higher order interactions b
tweenN52 hypermultiplets generates a set of Yukawa co
plings at the GUT scale.

Now let us consider the contribution to beta functio
coming from extra sets ofN52 hypermultiplets appearing in
towers of KK modes. This is meaningful if the full~but
non-renormalizable! higher dimensional theory is well ap
proximated by a truncated model Ref.@2#. ~One should bear
in mind that the ‘‘RGE’s’’ we will derive do not have the
same physical interpretation as in renormalizable models
that they express the dependence of the physical param
on the cutoff.! For example one has to assume that hig
dimensional operators do not play a significant role in
evolution of the gauge and Yukawa couplings.2

First the diagrams with matter only. These diagrams c
have either one or two internal KK modes. If there is on
one, then, each time we pass a KK threshold, the diag
contributes the same as the equivalent MSSM diagram
gardless of whether the external state has, or does not h
KK modes, and independently of the KK number of the i
ternal mode. This is because the modes which live at orbif
fixed points ~or at the intersection of two branes! do not

2We would like to thank R. Rattazzi for conversations on the
points.
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FIXED POINTS AND FERMION MASS STRUCTURE . . . PHYSICAL REVIEW D 59 095010
conserve KK number since translational invariance in
extra dimensions is broken. These states, since they ar
cated at fixed points, are eigenstates of position and there
couple with the same coefficient to all the momentum eig
states.~Momentum is not really broken in these interactio
but is absorbed by the unknown dynamics which mainta
the brane or orbifold configuration.! If there are two internal
KK modes and the external mode is the zero mode of a to
of KK states, then the diagram also contributes the sam
the equivalent MSSM diagram since now KK number m
be conserved at the vertex. If, however, there are two inte
KK modes and the external state lives at a fixed point, th
every time we pass a KK threshold we must sum over
combinations of the two internal KK modes corresponding
that threshold.

Now the diagrams with matter-plus-gauge in the loo
When we cross a KK threshold, they give the same con
bution as the equivalent MSSM diagram if the matter m
tiplet appearing in the loop has no KK tower of states. This
because of a cancellation between diagrams involving o
N52 multiplets~the same cancellation that gives vanishi
wave function renormalization for hypermultiplets in unbr
ken N52 theories!.

In general therefore one expects two types of contribut
to the beta functions at a given threshold: those which
volve a single summation and and those which involve
double summation over KK modes below that threshold.
shall denote these with a single and double tilde respecti
and shall, for the moment, neglect the usual MSSM con
butions. It is necessary to separate these two contribut
because as we shall see they give different scale depend
in the RGE’s. In an effective theory with truncated K
modes the general form of the RGE’s can be expressed

4p
dxi

dt
5xib i j xj ~4!

wherexi contains the whole set ofhi
2 or g2. ~Actually they

can only be written like this when the Yukawa couplings a
diagonal, but the discussion is the same for non-diago
Yukawas!. The beta functions are now rapidly changing w
scale and to estimate this we count the number of KK m
contributions below a cut-offL. If each KK mode is sepa
rated by a scalem0 and each addsb̃i j or b5 i j to the beta
functions, then the beta function for a givenL is approxi-
mately

b i j ~L!5XdS L

m0
D d

b̃i j 1Xd
2 ~d! !2

~2d!! S L

m0
D 2d

b5 i j ~5!

whered is the number of large extra dimensions,Xd is vol-
ume of the unit sphere ind dimensions,

Xd5
pd/2

G~11d/2!
, ~6!

and where we neglect the contribution from the usual MS
states.~We are, for the moment, assuming that all partic
feel the same number of extra dimensions. When the ga
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and Yukawa couplings feel different numbers of dimensio
we shall taketd to be the number of dimensions felt by th
gaugecouplings.! The infinitesimal solutions to the RGE’s a
a scaleL are then given by

4pdxi5
1

4p

dL

L
XdS L

m0
D d

xi b̃i j xj

1
1

4p

dL

L
Xd

2 ~d! !2

~2d!! S L

m0
D 2d

xib5 i j xj

5dtdS xi b̃i j xj14pd
~d! !2

~2d!!
tdxib5 i j xj D

~7!

where we have defined

td5
Xd

4pd S L

m0
D d

. ~8!

Note that whend50, td assumes the usual logarithmic form
In the limit that m0!L we can approximate the evolutio
with a power law running set of RGE’s.

Gathering together all of these results, we can now w
down the combined effect of the KK thresholds. We sh
assume that the higgs fields have towers of KK states
addition, to treat models with different numbers of gene
tions having KK towers, we define

V5S a1 0 0

0 a2 0

0 0 a3

D , ~9!

whereai50(1) when generationi is ~is not! the zero mode
of a tower of KK states. The contributions to the field reno
malization from the single summation diagrams are

ÑH1
523@Tr~hDhD

† !2Tr~hDVhD
† V!#2@Tr~hEhE

† !

2Tr~hEVhE
†V!#

ÑH2
523@Tr~hUhU

† !2Tr~hUVhU
† V!#

ÑQi j
5V i j S 8

3
g3

21
3

2
g2

21
1

30
g1

2D2hUhU
† 2hDhD

†

1VhU~12V!hU
† V1VhD~12V!hD

† V

ÑUi j
5V i j S 8

3
g3

21
8

15
g1

2D22hU
† hU12VhU

† ~12V!hUV

ÑDi j
5V i j S 8

3
g3

21
2

15
g1

2D22hD
† hD12VhD

† ~12V!hDV
0-3
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S. A. ABEL AND S. F. KING PHYSICAL REVIEW D59 095010
ÑLi j
5V i j S 3

2
g2

21
3

10
g1

2D2hEhE
†1VhE~12V!hE

†V

ÑEi j
5V i j S 6

5
g1

2D22hE
†hE12VhE

†~12V!hEV,

~10!

and the double summation contributions are

N5 Qi j
52VhU~12V!hU

† V2VhD~12V!hD
† V

N5 Ui j
522VhU

† ~12V!hUV

N5 Di j
522VhD

† ~12V!hDV

N5 Li j
52VhE~12V!hE

†V

N5 Ei j
522VhE

†~12V!hEV. ~11!

The RGE’s can then be written

4p
dhU

dtd
52hU •S ÑU14pd

~d! !2

~2d!!
tdN5 UD

2S ÑQ14pd
~d! !2

~2d!!
tdN5 QD •hU

4p
dhD

dtd
52hD •S ÑD14pd

~d! !2

~2d!!
tdN5 DD

2S ÑQ14pd
~d! !2

~2d!!
tdN5 QD •hD

4p
dhE

dtd
52hE •S ÑE14pd

~d! !2

~2d!!
tdN5 ED

2S ÑL14pd
~d! !2

~2d!!
tdN5 LD •hE

4p
dgA

dtd
5b̃AgA

3 , ~12!

where@2#

b̃A5S 3

5
,23,26D1~4h1n515̄!~1,1,1!. ~13!

In the above,h532a12a22a3 counts the number of gen
erations with KK modes and we have allowed for the pos
bility of n515̄ sets of 515̄ multiplets.

These RGE’s describe the integrated effect of the
thresholds. In what follows we will assume that they can
resummed in the usual way to get a better approxima
than the leading log approximation used in Ref.@2#. In doing
this we note that the conventional resummation of one lo
Yukawa RGE’s can be understood as a series of nested
one-particle-reducible field renormalization diagrams.
09501
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specting these diagrams shows that these operators and
these appear at higher order. In particular~at this level! we
never need to know about the Yukawa couplings of the m
ror partners of the usual MSSM fields which appear in
hypermultiplets. We stress that ‘‘running the RGE’s’’ has
different physical interpretation to the usual procedure
renormalizable field theory although the mathematical pro
dure is the same. Here the RGE’s represent a summatio
diagrams which givefinite corrections corresponding to KK
contributions below the cut-offL.

We are also assuming that the perturbation theory is
valid over the region of integration; this point will be dis
cussed in the following section. Finally we must assume t
the effect of these RGE’s is almost continuous or in oth
words that there are many KK modes before unification.~In
Ref. @2# this last approximation was shown to be valid sin
td;20.!

III. FIXED POINTS WITH EXTRA DIMENSIONS;
THE PLOT THINS

Before considering the full running of the flavor depe
dent RGE’s we first discuss general renormalization gro
behavior with large extra dimensions. In the previous sect
we saw that the parameters scale as a power law with en
scale as opposed to the familiar logarithmic running seen
the MSSM. In addition, when particles feel different num
bers of dimensions the power is different. This natura
leads one to suppose that scaling effects will be very stro
and that they couldby themselvesbe responsible for the hi
erarchies observed in the fermion mass matrices@4,2#.

When renormalization group effects are strong, the m
features of the running are determined, more or less, by
presence of fixed points. There are two kinds of fixed poi
which are familiar from the usual MSSM; they ar
Pendleton-Ross fixed points~PRFP’s! and quasi-fixed points
~QFP’s! @5–8#. The PRFP is the true fixed point in the sen
that couplings are attracted towards it in the infra-red. Ho
ever, in the MSSM this is not the dominant feature. In t
MSSM QFP’s are the dominant feature~for the top-quark
Yukawa! because the top mass is relatively close to the p
turbativity limit, and the QFP corresponds to the value of t
Yukawa coupling when there is a Landau pole at the G
scale.

In this section we shall give a general discussion of w
form these two types of behavior take when there are la
extra dimensions using a simple example which will allow
to deduce all the fixed point behavior in the more comp
cated cases of interest. We shall find, rather surprisingly,
PRFP behavior is, in general, not expected to be a signific
factor. Of course, when compared to the energy scale,
running to the PRFP is indeed very strong since in 41d
dimensions the Yukawa couplings have classical dimens
So, however, do the gauge couplings~unless the they fee
none of the extra dimensions or the contributions to th
beta functions vanish! and it is these that set the scale
unification. It is not likely therefore, that PRFP’s play a lar
part in the generation of fermion hierarchies. We also fi
that QFP’s are not expected to be significant if the o
0-4
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FIXED POINTS AND FERMION MASS STRUCTURE . . . PHYSICAL REVIEW D 59 095010
extension we make to the MSSM is to allow some partic
to feel extra dimensions. A number of other scenarios
have hierarchical QFP’s however, and we will examine o
case which involves extra singlets.

A. PRFP’s in a generic case

To be more specific, let us examine the renormalization
a Yukawa coupling,ht ~which, for the sake of argument, w
shall call the top quark Yukawa!, whose RGE is given by

4p
dht

dtd
5ht~aht

22cAgA
2 !. ~14!

If we put a53 and cA5(17/30, 3/2, 16/3) then this is th
hU33

RGE of the previous section whenhU33
is dominant.

This equation is also of the same form as that in the us
MSSM (d50) except in that casea56 and cA
5(13/15, 3, 16/3), and so we can use the same soluti
Defining

r A5a0 /aA

Rt5
ht

2

g3
2 , ~15!

where we use subscript-0 to denote values at the unifica
scale, we find the solutions

r A5122b̃Aa0Dtd ~16!

1

Rt
5

1

r 3R0P
2J

where

P~r A!5)
A

r A
cA /b̃A

J5
a

b̃3r 3P
E

r 3

1

Pdr 38 . ~17!

To discuss the fixed point behavior it helps to define
‘‘instantaneous’’ fixed point,Rt* (r ), which can be though
of as the value ofRt which is approached when the gau
couplings are renormalizing very slowly. That is

1

Rt*
5

1

r 3Rt* P
2J ~18!

or

Rt* 5
1

J S 1

r 3P
21D . ~19!

Substituting intoRt gives
09501
s
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n

Rt5
Rt*

11DS Rt*

R0
21D ~20!

where

D~r 3!5
1

r 3P
~21!

defines the domain of attraction of the fixed point. In t
usual MSSMD'r 3

7/9'0.377/9'1/2.
The virtue ofRt* (r 3) is that it separates the minor effec

of gauge renormalization from the ‘‘PRFP behavior’’ whic
is given byD. @We emphasize that this is not a new kind
fixed point. For example, if the gauge coupling renormaliz
tion is as fast as that of the Yukawas then, even ifRt is set to
be Rt* (r 3) at some scale, it will leave theRt* (r 3) line.#

The PRFP corresponds to taking the infra-red limit~i.e.,
r 3→` for positive b3 or r 3→0 in the MSSM! to find
1/(r 3P)→0 to give, for example,

Rt* ~0!521/J~0!57/18 ~22!

in the MSSM. Here we can identify some interesting ne
cases where the domain of attraction is very large. For
ample, we can add 43(515̄) multiplets to the MSSM to
makeb̃3511. In this case we findRt* (0)519/18 and

D'r 3
219/3. ~23!

Since positiveb̃3 means stronger coupling at unification,r 3
can be 3 for example. This gives a very large domain
attraction since nowD'1023 thanks to the large power ap
pearing above. In factb̃3511 appears to be the optimum
case. The top quark Yukawa is, in this instance, rapidly
cussed~from aboveand below! to the running value given by
Rt* (r 3) in Eq. ~18! as shown in Fig. 1.~This behavior is
unchanged by two loop corrections.! In models with one

FIG. 1. Renormalization of the top quark Yukawa in the MSS

with 43(515̄) multiplets. The bold line showsRt* (r 3). Its infra-
red limit, Rt* (`), corresponds to the Pendleton-Ross fixed po
The highest line corresponds to the quasi-fixed point of Hill. Tw
loop effects do not change the diagram significantly. The low
line corresponds to aht(MGUT)50.03.
0-5
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S. A. ABEL AND S. F. KING PHYSICAL REVIEW D59 095010
large extra dimension the equivalent would be to have
generation with KK modes and 3 additional (515̄) multip-
lets. Then, for a dominant third generation, we still have E
~23! with Rt* (0)519/9, and we conclude that in this case t
extra dimensions have not increased the running to PRF

What about the cases where there are additional powe
td in the RGE’s or when, as in the RGE’s of the previo
section, there are double summations over KK modes? E
in these cases~even more counter-intuitively! the fixed point
behavior is not particularly enhanced. Indeed when we so
the general equation,

4p
dht

dtd
5ht„a~ td!ht

22cAgA
2
…, ~24!

where nowa(td) is any function oftd , we find a solution
given by Eqs.~19!, ~20!, ~21! with J replaced by

Ja5
1

b̃3r 3P
E

r 3

1

a„td~r 38!…Pdr 38 ~25!

where

td~r 3!5td~MGUT!1
12r 3

2b̃3a0

. ~26!

Hence, onlyRt* (r 3) is changed by any extra powers oftd

and the domain of attraction,D(r 3), remains the same
Moreover it is not possible to consistently have a hierarch
set of PRFP’s within perturbation theory.

Let us demonstrate the implications for a simple examp
For the terms coming from double summations over K
modes in the previous section, there is a doubled powe
td . We plot the resulting renormalization@with a(td)56td#
in Fig. 2 for the MSSM with a single extra dimension and
additional (515̄) multiplets. The extra power has not in
creased the fixed point behavior significantly.@We stop the
renormalization at low scale at the mass of the lightest
mode (L5m0).#

FIG. 2. Renormalization of a Yukawa coupling with doub

power law scaling with one extra dimension and 33(515̄) mul-

tiplets. We choose 2a0b̃351 andtd(MGUT)5211/2p ~so thatr 3

53 corresponds toL5m0!.
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From the above discussion we conclude that large e
dimensions donot generically lead to enhanced PRFP beha
ior. The power law running to PRFP’s is accompanied by
equally rapid running of the gauge couplings so that the
result is merely that unification~or loss of perturbativity! is
reached at a much lower energy scale. We also see that P
behavior is a dominant feature ofstrong unification ~larger
r 3 gives stronger attraction! @4,9,10#. In models with extra
dimensions the PRFP behavior is therefore ultimately limi
by perturbativity constraints. Generally we require thatn
11-loop diagrams contribute less thann-loop diagrams,
which gives@10#

Nb̃3a0&4p, ~27!

whereN is the number of degrees of freedom contributing
the b-function. In this case

N5XdS L

m0
D d

. ~28!

Perturbativity then requires

b̃3da0uDtdu&1 ~29!

and hence

r 35122b̃3a0Dtd&112/d. ~30!

So r 3'3 is the perturbativity limit ford.0. On these quite
general grounds therefore, it seems unlikely that one co
generate a hierarchy of greater than 319/6'30 from the ef-
fects of PRFP’s alone.

B. QFP induced hierarchies

Now we turn to QFP behavior which happens in an e
tirely different region of parameter space. Here we shall fi
that hierarchical QFP’s can exist within perturbation theo
The QFP corresponds to takingR0→` in Eq. ~20! and
hence,

Rt
QFP'

Rt* ~0!

12D~r 3!
. ~31!

Now consider, simply as an example, what happens when
gauge couplings feel none of the extra dimensions but
Yukawa coupling does? This could occur if there were ex
multiplets in the KK levels so that the contributions to th
gauge beta functions come from completeN54 multiplets
and hence cancel, but the Yukawa couplings still rece
contributions from towers ofN52 multiplets.~Since this is
just an example we shall not go to the trouble of actua
building such a model.! Here one would expect power law
running to have a significant impact and indeed it does.
this case we can work with the usual logarithmic variab
td[t, and put

a„t~r 3!…'XdS MGUT

m0
D d

e16pd~r 321!, ~32!
0-6
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where we have takena051/24. The prefactor means that

Ja'2
3

16pd S MGUT

m0
D d

D~r 3! ~33!

is potentially huge. Temporarily ignoring the question of p
turbativity, Eq.~16! tells us that

Rt
215D~r 3!XR0

211
3

16pd S MGUT

m0
D dC. ~34!

All of the the solutions are ‘‘pinched’’ to very small value
by the QFP solution near the grand unified theory~GUT!
scale. Deviation from the QFP is usually expressed with
parameterr5Rt /Rt

QFP . Here we find

r'12
16pd

3R0
S MGUT

m0
D 2d

. ~35!

So that, unlessR0 is extremely small, the Yukawa coupling
effectively follow thequasi-fixed point solution.

We can see that QFP’s will be important whenever
factor, a(td) is large during the renormalization. For pow
law running we might hope to be able to generate hierarc
if, for example,a(td)5td

n ; by examiningJa above we find

ht5g3ARt;1/Atd
n~MGUT!. ~36!

In Fig. 3 we show the running for the Yukawa couplin
whend51, td510, a(td)56td

3 , and with the same values o
cA as in Fig. 2. The GUT scale values for the Yukawa co
plings are the same as in Figs. 1, 2, so in this case it app
that hierarchies of 102 in the Yukawa couplings have bee
generated. Note that when the gauge couplings are run
as a power law we must respect the perturbativity constra
so that QFP’s are generally more important whena0 is small
and we haveweakunification.

Perturbativity constraints also apply to the Yukawa co
plings, so that it might appear that there is some contra
tion in having such large coefficients for the Yukawa co
plings in the RGE’s. As for the gauge couplings we sho
require that

FIG. 3. Renormalization of a Yukawa coupling which feels
extra dimensions ofN52 multiplets when the gauge couplings fe
only one extra dimension. We choosea051/24 and the same star
ing values for the Yukawa coupling as in Figs. 1 and 2.
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tda~ td!ht
2&4p. ~37!

However the rough QFP values in Eq.~36! satisfy this bound
if td&4p. Hence the QFP solutions should be thought of
boundary conditions. Once the model has dropped into
perturbative regime the Yukawa couplings will run to the
fixed points, however we cannot explain why the mod
drops into the perturbative regime in the first place~although
we shall make some additional comments about this in
discussion!.

Now let us consider what models may exhibit such lar
a(td). The RGE’s we derived in the previous section we
for cases in which all particles feel the same number of ex
dimensions. Here the largest terms are the double summa
terms with a(td);td . Given the values oftd(MGUT)
(&20) found in Ref.@2#, it is not possible to generate th
required hierarchies unless the Yukawa couplings some
feel more dimensions. This seems to be an unavoidable
dition for generating large hierarchies from power law ru
ning.

It does not seem possible to achieve this simply by hav
the particles feel different numbers of dimensions~at least
within perturbation theory!. For example, one might try hav
ing the gauge particles feeld dimensions and the matter an
Higgs particles feeld8.d dimensions. In this case w
modify the Yukawa RGE’s by multiplying all of the Yukaw
terms in Eqs.~10!, ~11! by

dtd8
dtd

5
td8d8

tdd
~38!

where

td85
Xd8

4pd8 S 4pdtd

Xd
D d8/d

, ~39!

and by replacingd by d8 on the right-hand side~RHS! of Eq.
~12!, andtd by td8 . However the gauge beta functions recei
contributions from alld8 dimensions of matter and Higg
particles; hence we should also multiplyh by td8d8/tdd and
thus the gauge couplings become strong before unificat
In this case our previous perturbativity limits on the gau
couplings restricttd8&1 and prevent it from generating
significant hierarchy.

There are three possible ways we can allow the beta fu
tions of the Yukawa couplings to feel more dimensions
KK modes; let the gauge particles interact with addition
~vector and chiral! multiplets so that they feel entireN54
multiplets rather thanN52 hypermultiplets from at leas
some of the extra dimensions; introduce additional n
perturbative gauge couplings for some of the fermio
modify the Yukawa couplings themselves by adding ex
singlets which are fully dynamical fields above the scalem0
@2#. We shall now examine the last idea~although much of
the discussion will apply to the other two!.

We begin with a model in which none of the matter mu
tiplets feel extra dimensions~the h50 scenario of Ref.@2#!
0-7
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and the Higgs and gauge multiplets feel one (d51). We add
two singlets, which we callF and F̄, so that the Yukawa
couplings are of the form

W5hFi j S F

m0
D nFiS F̄

m0
D nF̄ j

Fi F̄ jHu,d . ~40!

We shall choose thenF’s and nF̄’s to be functions of the
generation numbers of the multipletsF to introduce the re-
quired flavor dependence in the evolution of the couplin
Above the scalem0 the wave function renormalization dia
grams are replaced by diagrams withnF1nF̄ extra loops of
F andF̄ particles.

The wave function renormalization receives contributio
which scale as (L/m0)3(nF1nF̄)11 @2# so that the RGE’s of
Eq. ~12! are modified by multiplying the Yukawa terms b
an additional factor

t
d

3~nFi
1nF̄ j

!
~41!

where nownFi
1nF̄ j

counts the number of singlets appeari

in the leading diagram. For example, letnFi
andnF̄ j

be sim-

ply 32 i and 32 j . To modify the RGE’s we define

h i5td
3~32 i ! . ~42!

In the wave function renormalization diagrams for the ma
fields we then replace

~hUhU
† ! i j→d i j h i(

k
hUik

hk~hU
† !ki

~hU
† hU! i j→d i j h i(

k
~hU

† ! ikhkhUki
~43!

and similar for the down and lepton fields. In addition t
Higgs, F and F̄ renormalizations are suppressed by o
power of td ~since the matter multiplets do not have a tow
of KK excitations! so we can safely neglect them. We no
resum the RGE’s in the usual way~again bearing in mind
that the resummation is merely a convenient way of incl
ing finite threshold effects!.

We can estimate the QFP’s as follows. Assume that
tially the hU Yukawa couplings are all roughly the same si
at the GUT scale and taketd(MGUT) to be large~as it has to
be in order to generate a hierarchy at all!. We then approxi-
mate the RGE’s usingh1@h2@h3 . ThehU11

RGE takes the
same form as Eq.~14! with

a11~ td!'3h1
2 . ~44!

Its low-scale quasi-fixed value ishU11
;1/h1 . WhenhU11

is

near its quasi-fixed value, the RGE forhUi1
takes the same

form as Eq.~14! with

a1i~ td!'3h1h i , ~45!
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so that its quasi-fixed value ishU1i
;1/Ah1h i , and so on.

The final form for the quasi-fixedhU is found to be

hUi j
;1/Ah ih j5S e4 e3 e2

e3 e2 e

e2 e 1
D ~46!

where

e;td~MGUT!23/2. ~47!

The final hierarchy is

~ht ,hc ,hu!;~1,e2,e4! ~48!

and the CKM matrix is of the form

K;S 1 e e2

e 1 e

e2 e 1
D . ~49!

With this ansatz the QFP’s assume a structure with hie
chies similar to those in the standard model ife;0.1 and
clearly, in this case, the structure with singlets is similar
that one would have with the usual Froggatt-Nielsen mec
nism. However this is also true for two examples we ha
not considered that do not have additional singlets. Note
from the mass hierarchies we generally expect to get an
timate of the scale (m0) at which new KK states will appear
sincee;0.1 we findtd;102/3'5 and henceMGUT;15m0
for d51. Consulting Ref.@2# we see that this implies

m0;107 GeV. ~50!

The perturbativity discussion of the preceding section c
be carried over directly to the present case and now, un
tunately, we again find that the~low scale! QFP’s are close to
the naive perturbative limit as is also the case for the t
examples we did not consider. Perturbation theory does
allow us to follow the renormalization of the Yukawa co
plings very far from their low scale values.

IV. DISCUSSION

In this study we discussed various aspects of fixed po
behavior in theories both with and without extra dimensio
We found that in models where the strong gauge beta fu
tion is b3511 ~the MSSM with no extra dimensions and
extra 515̄ multiplets or the MSSM with one extra larg
dimension and 3 extra 515̄ multiplets! the effects of
Pendleton-Ross fixed points are greatly enhanced. How
we argued that the maximum hierarchies that can be ge
ated from Pendleton-Ross fixed points within perturbat
theory are;30.

We also examined the effect of successive KK thresho
on the running of Yukawa couplings to QFP’s. We find th
adding extra dimensions can enhance the effects of th
fixed points appreciably; QFP’s can be a dominant feature
the one loop ‘‘running.’’ With very simple assumptions on
0-8
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can generate standard-model-like hierarchies in the QFP
the Yukawa couplings. Recent work on general questi
regarding fixed points in supersymmetric theories@8# leads
us to believe that a similar fixed point structure exists for
soft supersymmetry breaking terms.

However we also highlighted some difficulties with th
picture. Most importantly, perturbation theory is only val
when the Yukawa couplings are already near their~low-
scale! quasi-fixed values. Hence, the low scale QFP’s
close to the perturbative limit and have, for example,
same status as gauge couplings in strong unification mo
@9,10#. ~Indeed, from this analysis, it seems likely that a
attempt to generate significant Yukawa hierarchies thro
the renormalization group will lead to a break down in p
turbation theory.!

Beyond perturbation theory it is very difficult to say an
thing about the domain of attraction of these fixed points a
hence it is not possible to determine to what extent hie
chical QFP’s actually constitute a prediction. Despite this
find hierarchical QFP’s intriguing and deserving of mo
study. A hint that further progress may be possible~which
we shall not explore here! lies in the fact that, for the mode
B

N
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we presented, the dominant pieces of the beta function
the Yukawa couplings appear to have signs which altern
with order in h2. This follows from the fact that, at any
order, diagrams with Yukawa vertices dominate over tho
with gauge vertices, so that the beta function involves
same set of diagrams as the Wess-Zumino model. Sign a
nation is characteristic of asymptotic series which are Pa´-
Borel summable and indeed using this technique for
Wess-Zumino model shows that the domain of attraction
the QFP’s are substantial@7#. Coupled with the properties o
the underlyingN52 properties this may allow domains o
attraction which are larger than the naive perturbative lim
would imply.
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