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Hadrons with a heavy color-adjoint particle
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We discuss the spectrum of hadrons with a heavy color-adjoint particle, motivated by the gluino of super-
symmetry. Using the lattice approach, we explore in detail the gluonic bound states — the ‘‘glueballino’’ or
‘‘gluelump.’’ We also make a first determination of the spectrum of the ‘‘adjoint mesons’’ which have a light
quark and antiquark bound to the heavy adjoint particle. A comparison of the spectra of these two systems is
also made.@S0556-2821~99!07109-X#

PACS number~s!: 11.15.Ha, 12.38.Gc
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I. INTRODUCTION

It is possible to explore the bound states in QCD o
particle with adjoint color. This is of interest for compariso
with phenomenological models. For a pioneering study
Ref. @1# which used the MIT bag model. It may also be

relevance to experiment should a massive gluino (g̃) exist
which is sufficiently stable to form hadronic bound stat
These color-singlet hadrons containing a gluino have b
called ‘‘R hadrons’’ @2#. They include the bound states of

gluino and gluons,gg̃ referred to as a ‘‘glueballino.’’ An-

other possibility is anR meson, ag̃qq̄ system, which might
also be referred to as the ‘‘hybridino’’ from its relationsh

to the gqq̄ hybrid meson. TheR baryon is ag̃qqq system

and it is possible that theg̃uds state might be the lightest o
the R hadrons@3#. It has been proposed@4# that theseR
hadrons may have astrophysical significance as compon
of cosmic rays and, in this case, the mass differences
tween differentR hadrons play a crucial role in determinin
whether the appropriate states could be stable.

A non-perturbative study of these states from first pr
ciples is possible by using numerical lattice techniques
this case, it is convenient to treat the gluino in the hea
gluino limit. This will be appropriate if the gluino mass
large compared to the QCD scale of order 1 GeV. In t
limit, the fermionic nature of the gluino will be irrelevan
and one can use a static adjoint source. In this context,
gluonic bound states are known as the ‘‘gluelump’’@5#,
while we choose to call the quark-antiquark bound states
‘‘adjoint meson.’’ We will be unable to address the issue
the spectrum of ‘‘adjoint baryons.’’

We use quenched lattices to explore the spectrum of
gluelump. This has been studied previously@5# but only lim-
ited results exist for SU~3! color @6#. A preliminary version
of our work has been presented elsewhere@7#. Here we make
a thorough study of manyJPC states and we extract the co
tinuum limit of the mass differences between the lower lyi
states.

The adjoint mesons have not been studied previously o
lattice. One reason is that, because the heavy adjoint par
does not propagate spatially, the light quark propagators
only needed at the same spatial sink as source. This fea
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common to studies ofB mesons and theLb baryon, means
that conventional light quark propagator methods are v
inefficient. A promising new method allows the releva
light quark propagators to be evaluated from nearly
sources to nearly all sites@8#. This has been used succes
fully for static quarks and here we use similar methods
tackle static adjoint particles. Our study is exploratory a
we will not be able to remove completely the systema
errors associated with lattice methods: extrapolation to li
quarks, continuum limit extrapolation, etc. We also u
quenched lattices which inherently implies at least a 1
systematic error from setting the scale.

II. GLUELUMP SPECTRUM

We explore here bound states of the static adjoint sou
in the presence of the gluonic degrees of freedom. This
been explored previously in lattice studies@5,6,9# and we use
similar techniques.

For a heavy gluino of zero velocity, one can ignore t
gluino spin and treat the propagation in the time direction
a product of adjoint gauge links. This approach, as is the c
for heavy quarks in the static limit, trades a dependence
the heavy particle mass for a lattice self-energy which
verges as the lattice spacinga is taken to zero. Thus we wil
only be able to compare with physical predictions for t
difference of masses between states with the same ad
particle content. This is, however, entirely sufficient for o
purposes.

For the adjoint gauge links, we use the real 838 adjoint
matrices related to their fundamental counterparts by

U4
Adj ab5

1

2
Tr~U4laU4

†lb! ~1!

where thel matrices are the conventional ones. For prop
gation of the static adjoint source, we need the time-direc
product of these links:

GA5) U4
Adj . ~2!

To create and destroy the gluelump states we use produc
fundamental gauge links (UG) which start and finish on the
©1999 The American Physical Society09-1
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M. FOSTER AND C. MICHAEL PHYSICAL REVIEW D59 094509
adjoint source site. The schematic method is illustrated
Fig. 1. We choose operators that are in irreducible repre
tations ofOh to explore the spin structure of the gluelum
states. In the continuum limit, states of the gluonic field
labelled byJPC. We relate continuum spins to those obtain
from the Oh subgroup by subduction. Note that the bou
states of an actual gluino~the glueballino! will be fermions,
but in the limit of a heavy gluino, the gluino spin is un
coupled so that our study gives all the relevant informati

For speed of computation, we chose to build the gluo
operators out of square elements. From these we cons
‘‘clover-like’’ operators from various sums of these squar
projected onto the adjoint representation with definite cha
conjugation:

Ha5Tr~laUG6laUG
† !. ~3!

The coefficients for creating givenOh representations can b
determined from the projection table given in@10#. In choos-
ing the planar square as the building block, we are only a
to access 10 out of a possible 20OPC representations. How
ever, we expect the lower energy states to be created by
planar constructs.

The correlation of interest is then given by evaluati
HaGab

A Hb. Diagrammatically the correlation in a typica
group representation looks like that in Fig. 1.

Measurement of objects containing static propagator
hampered by cumulative statistical errors from multiplyi
links, each with a varianceO(1). Adjoint links are even
more sensitive to this effect@11#. In order to make effective
measurements at larger times where the excited state co
butions are minimized, we employ a link integration
multi-hit technique @12# which involves summing time-
oriented links over a set of independently generated alte
tives provided by performing a local heat bath algorithm
them. The force term is generated by the surrounding ga
links or ‘‘staples’’ from the original gauge configuration. W
choose to use 10 or 15 samples of the time-directed link w
this force separated by 3 Cabibbo-Marinari SU~2! subgroup
updates and then construct the average of the adjoint l
obtained from each of them.

We measure correlations for a given state using four
erators at both source and sink. These were constructed u
two sizes of square built from products of fuzzed links w
the fuzzing algorithm performed to two different numbers

FIG. 1. The gauge links involved in a gluelump correlation.
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iterations. Each iteration of the fuzzing algorithm makes
gauge invariant replacement of a link,Um(x), according to a
sum over 4 staples:

Um~x!→PSU~3!S CUm~x!1( Un~x!Um~x1 n̂ !Un
†~x1m̂ ! D

~4!

wherePSU(3) is a projection into the SU~3! group. The fuzz-
ing parameters and square sizes were tuned according t
lattice spacing to give the best signal. We measured corr
tions from all sites and time planes on various quench
lattices, as shown in Table I. The interpolation ofr 0 values
we used is also given for completness.

We then employed the variational technique on the 434
matrix of correlations in order to determine the linear co
bination of operators which maximizes the ground state c
tribution. In practice, since statistical errors increase w
time separationt, we determined the basis for the groun
state from a moderatet separation (t51 to t50) and then
explored thet dependence of that combination to largert.
Since the effective mass should decrease monotonically
increasingt to the ground state mass, we seek to find
level of the plateau. Since the statistical error increases w
t, a sensible prescription is to select the mass from tht
values beyond which the data are consistent with such a
teau. We are also able to obtain estimates of the energie
excited states from the variational approach.

In Table II we present the lattice effective masses fro
adjacentt values in the optimum variational basis, whe
such determination was statistically significant. We also g
some results for the first excited states. We compare
results with an earlier exploratory calculation of the glu
lump spectrum@6# based on 50b55.7 lattices. The mea
surement of theT1

12 and T1
22 masses was given a

2.046~89! and 2.096~89! at t53:2 respectively. These olde
results are seen to have the ordering we find but to unde
timate the mass splitting.

Figure 2 shows the spectrum of states calculated ab
56.0. The points marked with circles are the lowest eig
values from the ten measured representations. They are
ted againstJ assuming the lowest spin contained in theOh
representation. We also determine some higher energy ei
values for eachOh representation we study. These cou
either be radial excitations with the lowest spin assignm
or could be in a higher spin representation allowed by t
Oh representation~for exampleT1

12 can beJPC5112 or
312). In principle a thorough study of all eigenvalues in a
Oh representations in the continuum limit will allow theJPC

values to be assigned unambiguously. In the present app

TABLE I. Lattices used in the gluelump calculation.

b Size
Number

of lattices Square sizes C
Fuzzing
iterations r 0

5.7 123324 99 1,2 4.0 10,20 2.940
6.0 163348 202 2,3 4.0 20,30 5.272
6.2 243348 60 2,3 4.0 30,45 7.319
9-2



ig

t

s a
b
o

sin
a

a-
l
s

are

ss
in

nal
ap-
ign-
is-

pin
n in

try

ate
he
ate
,

d
.

HADRONS WITH A HEAVY COLOR-ADJOINT PARTICLE PHYSICAL REVIEW D59 094509
tion, we have used a solid triangle to show plausible ass
ments ofJ for these excited states. We see that in our 434
basis these energy eigenvalues qualitatively agree with
expected degeneracies in the continuum spectrum~for ex-
ample aJ53 state hasT1 , T2 andA2 degenerate levels!.

As found previously@6#, the JPC5112 and 122 states
are lowest lying. Surprisingly, the lightest 011 state is con-
siderably heavier. Since the overall lattice energy contain
unphysical self-energy, we examine mass differences
tween states for each lattice spacing. To determine a c
tinuum estimate, we study a dimensionless quantity choo
r 0(a) @r 0 is defined from the force between static quarks

TABLE II. Gluelump masses~ground state and first excite
state in some cases! for differentOh representations in lattice units

OPC b t52:1 t53:2 t54:3 t55:4

T1
12 5.7 1.845~6! 1.813~15! 1.811~48! 1.633~169!

2.506~1! 2.354~92!

6.0 1.339~3! 1.329~5! 1.326~5! 1.330~8!

1.736~3! 1.690~6! 1.683~17! 1.650~53!

6.2 1.152~2! 1.142~3! 1.145~3! 1.146~9!

1.469~3! 1.445~7! 1.446~11! 1.429~27!

T1
22 5.7 2.101~8! 2.006~33! 2.078~123!

2.709~37! 2.284~201!
6.0 1.505~2! 1.486~4! 1.486~8! 1.495~21!

1.883~4! 1.829~10! 1.779~28! 1.674~93!

6.2 1.276~3! 1.261~5! 1.247~8! 1.249~12!

1.587~4! 1.534~7! 1.532~21! 1.446~56!

T2
22 5.7 2.242~10! 2.280~45! 2.155~310!

2.740~29!

6.0 1.593~2! 1.579~4! 1.549~10! 1.557~30!

1.946~4! 1.892~10! 1.900~42! 1.874~145!
6.2 1.347~3! 1.331~7! 1.322~14! 1.296~17!

1.646~4! 1.609~8! 1.570~26! 1.502~107!
E12 5.7 2.470~18! 2.230~80! 1.862~465!

6.0 1.759~3! 1.735~8! 1.744~22! 1.683~78!

6.2 1.469~4! 1.452~9! 1.451~23! 1.426~41!

A2
12 5.7 2.542~26! 3.023~347!

6.0 1.779~4! 1.775~13! 1.684~33! 1.667~114!
6.2 1.499~6! 1.477~9! 1.460~28! 1.399~43!

A1
11 5.7 2.628~47!

6.0 1.786~5! 1.762~16! 1.721~48! 1.836~157!
6.2 1.502~7! 1.457~15! 1.474~41! 1.539~92!

E11 5.7 2.897~50!

6.0 1.936~6! 1.883~16! 1.927~60!

6.2 1.603~6! 1.575~14! 1.563~28! 1.556~91!

T1
21 5.7 2.900~37!

6.0 1.966~4! 1.918~14! 1.918~45!

6.2 1.641~5! 1.613~11! 1.599~34! 1.488~45!

T2
21 5.7 3.131~49!

6.0 2.085~5! 2.053~18! 2.216~104!
6.2 1.727~5! 1.698~18! 1.683~46! 1.661~111!

T2
11 5.7 3.144~52!

6.0 2.148~5! 2.130~18! 2.142~98!

6.2 1.788~6! 1.700~20! 1.749~81!
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F(r 0)r 0
251.65, corresponding to about 0.5 fm, and it is me

sured accurately@13,14# on a lattice from the static potentia#
to set the scale of the measured lattice mass differenceM.
Then we perform a linear fit toM (a)r 0(a), againstr 0(a)22,
since, in the quenched approximation, lattice corrections
of order a2. The data are illustrated in Fig. 3~which also
shows some additional low statistics results fromb55.9).
We thus obtain an estimate of the continuum limit ma
splittings. The results for the lowest few states are shown
Table III where the results quoted in MeV have an additio
overall scale error of 10% coming from the quenched
proximation scale. We also show the most plausible ass
ment of the spin in the continuum limit. One rather surpr
ing feature is the observed degeneracy of theA2

12 andE12

states — this is not compatible with a single common s
assignment; so we have assigned the lowest spin optio
each case.

In the continuum limit we expect theOh representations
to group into degenerate levels with the rotational symme
restored. Thus for anyJ assignment of aE11 state~for ex-
ampleJ52 or 4!, there should be associated a degener
T2

11 state in the continuum limit. Our results show that t
lightest E11 is not accompanied by such a degener
T2

11 state atb56.0 or at b56.2. We do find, however

FIG. 2. Gluelump spectrum atb56.0.

FIG. 3. TheOPC2T1
12 gluelump mass splitting in units ofr 0

versusa2 in units of r 0. The continuum limit is at the left and a
straight line behavior is expected for smalla.
9-3
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M. FOSTER AND C. MICHAEL PHYSICAL REVIEW D59 094509
that the mass difference in units ofr 0 between theE11 and
T2

11 is consistent, within statistical errors, with decreas
~like a2) to zero in the continuum limit. This suggests th
the lattice artifact errors~for instance those discussed he
from lack of rotational invariance! may be relatively sizable
for these higher lying states. This conclusion is also s
ported by Fig. 3 which shows a strongera2 dependence for
heavier states.

There is a correspondence between the gluelump ene
we have just determined and the limit of excited gluon
potentials asR→0. This has been noted before@5#. Here we
are in a position to explore the consequences of this relat
ship more fully since we have determined the gluelump sp
trum in detail.

The potential between fundamental color sources at s
ration R has been widely studied. Of special interest are
gluonic excitations of this potential — corresponding to e
cited energy levels@15–17#. In the limit asR→0, the static
source and anti-source will be at the same site and he
their color can be combined in a gauge invariant way
creating a singlet and an adjoint color source. This latte
just the situation we study here: the gluelump is an adjo
source in the presence of a gluonic field, while the co
singlet correlation is given glueball exchange~plus a vacuum
contribution when theJPC representation of the object cre
ated is 011).

Thus for the generalized Wilson loop in the limit of ze
spatial separation, we have

lim
R→0

W~R,t !5ce2Mgluelumpt1c8e2Mglueballt. ~5!

In the larget limit, the lighter of the two states will dominat
the correlation function. In most cases of present interest,
gluelump state is lighter than the glueball. We can obtai
relationship between the gluonically excited states of
generalized Wilson loop, in the limitR→0, and those mea
sured in the gluelump spectrum. This relationship in the c
tinuum is obtained by subducing the SU~2! representations
appropriate to the gluelump to theD`h representations ap
propriate to the generalized Wilson loop whenRÞ0. The
latter representations are labelled forJz50,1,2 asS,P,D
wherez is the axis of separation of the fundamental sour
which areR apart. The other labels of the representations
g,u for CP561 and, for theS states only, an additional6
label indicating whether the sate is even or odd under refl
tion in the plane containing thez axis. By subducing the
irreducible representation of the gluelump withJPC we will

TABLE III. Continuum limit estimation of theOPC2T1
12 mass

splitting.

State J D(Mr 0)a50 Energy~MeV! x2/NDF

T1
22 1 0.933~18! 368~7! 0.874

T2
22 2 1.438~25! 584~10! 1.749

E12 2 2.467~92! 973~36! 0.312
A2

12 3 2.468~60! 972~24! 0.113
A1

11 0 2.771~72! 1092~28! 0.137
09450
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find D`h representations withJz52J, . . . ,J, and labelsg,u
given by CP and, for anyJz50 states, an additional labe
given byP(21)J. These relationships are tabulated in Tab
IV.

The same identities asR→0 also apply explicitly to the
lattice discretization. Then theOh representations appropr
ate for the gluelump can be subduced into theD4h represen-
tations appropriate for the generalized Wilson loop withR
Þ0. Thus, as has been emphasized previously@5#, the
ground state gluelump with 112(T1

12) implies that asR
→0 there must be a degeneracy of the two-dimensionalPu

state (Eu) and aSu
2 state (A1u).

Although the above group-theoretical identities are a go
guide to the behavior of the excited gluonic potentials
smallR, the limit asR→0 of the excited gluonic potential is
not trivial to extract from lattice data withR5a, R
52a, . . . . Oneguide is to consider the gluon exchange co
tributions perturbatively. A way to investigate this is to co
sider the self-energies of the contributions: 2EF at RÞ0 and
EA at R50, whereF and A label fundamental and adjoin
colors. Since, to lowest order,EA59EF/4 for SU~3! of color,
there will be a mismatch and one might expect the energ
increase asR→0 since the adjoint self-energy is larger. An
other way to investigate this is to imagine that asR'0, there
is a gluonic field in the adjoint representation, so that
heavy quark and anti-quark are also in an adjoint and he
will have a Coulombic interaction energy given by21/8 of
the Coulombic energy between a quark and anti-quark in
fundamental representation~which is approximately given
by 20.25/R in lattice quenched studies!. This again suggests
that the excited gluonic potential should rise asR→0, here
as 0.03/R.

Lattice data for theEu representation for smallR from
SU~2! color studies@18# at b52.4 with values ofaVEu(R)
51.31, 1.32 and 1.38 forR53a, 2a anda respectively do
qualitatively support these estimates of the smallR behavior
of the excited gluonic potential and are consistent with
limit as R→0 which agrees with the lattice gluelump ener
@9# of aEgluelump51.50. Also in Fig. 4, we show the compar
son of the smallR excited gluonic potentials atb56.2 with
our SU~3! gluelump analysis, where both results use t
same Wilson lattice regularization and so are directly relat
This figure confirms the degeneracy of the excited gluo
energy levels asR→0 with a common value given by th
appropriate gluelump energy, as we found above.

These considerations are useful@19# to understand the ex
tensive results on the spectrum of excited gluonic levels
have been determined recently@17#.

TABLE IV. Connection between gluelump and two-body pote
tial asR→0.

GluelumpJPC Two-body potential states

112 Pu , Su
2

122 Pg , Sg
1

222 Pg , Sg
2 , Dg
9-4
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III. ADJOINT-MESON SPECTRUM

The state with a static adjoint source bound to a quark
anti-quark is now studied. We refer to this as the adjo
meson and label the states by theJPC of the quark–anti-
quark subsystem but with a suffixA to indicate the adjoint
source. In the context where the adjoint source is conside
to be an approximation to a heavy gluino, such a bound s
has also been called theR meson@2# and might logically be
called a hybridino since it is the supersymmetric partner o
hybrid meson. Note that the bound states of a gluino w
actually be fermions, but in the limit of a heavy gluino, th
gluino spin is irrelevant and the study with a bosonic adjo
source gives the required information.

The lattice adjoint meson is generated by coupling
static adjoint source to a light quark–anti-quark system.
for the case ofB meson studies~and those of theLb baryon!,
much improved statistics are available if one can evaluate
light quark propagators from all sites as sources. This can
achieved using stochastic propagators@8#.

The stochastic inversion is based on the relation

Gi j 5M i j
215

1

ZE Df~Mjkfk!* f i exp@2f i* ~M †M! i j f j #

~6!

where, in our case,M is the clover-improved Wilson-Dirac
fermionic operator and the indicesi , j ,k represent simulta-
neously the space-time coordinates, the spinor and colo
dices. For every gauge configuration, an ensemble of in
pendent fieldsf i ~we use 24 following@8#! is generated with
Gaussian probability:

P@f#5
1

Z
exp@2f i* ~M †M! i j f j #. ~7!

FIG. 4. The static quark potential energy in units ofr 0 at b
56.2 from Ref.@16# for the ground state (A1g) and excited gluonic
states (Eu and A1u) versus separationR in lattice units. The left-
most points are~in increasing energy! the gluelump energies fo
T1

12 , T1
22 and T2

22 representations. This illustrates the expec
degeneracy atR50 between the two excited gluonic states whi
must both equal the lowest gluelump energy.
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All light propagators are computed as averages over
pseudo-fermionic samples:

Gi j 5H ^~Mf! j* f i&

or

g5^f j* ~Mf! i&g5

~8!

where the two expressions are related byGi j 5g5Gji
† g5.

Moreover, the maximal variance reduction method is appl
in order to minimize the statistical noise@8#. The maximal
variance reduction method involves dividing the lattice in
two boxes (0,t,T/2 andT/2,t,T) and solving the equa
tion of motion numerically within each box, keeping th
pseudo-fermion fieldf on the boundary fixed. According to
the maximal variance reduction method, the fields which
ter the correlation functions must be either the original fie
f or solutions of the equation of motion in disconnect
regions. The stochastic propagator is therefore defined f
each point in one box to every point in the other box or
the boundary. Hadronic correlators are then evaluated w
the hadron source and sink in different boxes. In order
implement this requirement, we only evaluate correlators
t>2. For further details, see see Michael and Peisa@8#, es-
pecially their application to theLb meson. Note that, in any
method which involves solving the lattice Dirac equation,
is not consistent to use multihit improvement for the tim
directed gauge links.

We construct creation operators for the adjoint quark
linear according to

H Adj
a 5c̄~x!laGc~x! ~9!

such that the correlation function is given by combining th
with the static adjoint sourceGA, defined previously, and
replacing quark propagator terms,c̄ ic j as^f j (Mikfk)* & as
described above. The correlation function is given by

C~G,t22t1!5(
x

@c̄~x,t1!laGc~x,t1!#†Gab
A ~x,t1 ,t2!

3@c̄~x,t2!lbGc~x,t2!#

5
1

Ns~Ns21! (
x

(
iÞ j

Tr~ fund!

3@f j~x,t1!laG~Mf i !* ~x,t1!f i~x,t2!

3lbG~Mf j !* ~x,t2!#Gab
A ~x,t1 ,t2! ~10!

wherei and j are different samples of theNs pseudofermion
fields. We symmetrize the placement oft1 and t2 about the
boundaries of the stochastic source att50 or T/2. Where
t22t1 is odd we average over the two possible placemen

We measure the correlation for observables withG
5g5 ,g i and I, corresponding toPA ,VA andSA ~scalar! me-
sons, respectively, averaging over the components ofg i for
theVA case. OtherJPC combinations were found to be mor
poorly determined with masses comparable to the sc
case,SA , or higher.
9-5
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TABLE V. Lattices used in the adjoint-meson calculation.

Lattice Propagator Gauge
b size samples k CSW configurations M P MV

5.7 83316 24 0.13843 1.57 20
5.7 123324 24 0.13843 1.57 20 0.736~2! 0.938~3!

5.7 83316 24 0.14077 1.57 20
5.7 123324 24 0.14077 1.57 20 0.529~2! 0.815~5!

6.0 163324 24 0.13714 1.76 10 0.309~2! 0.488~5!
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Because the stochastic inversion method evaluates
many samples of the correlation from each gauge config
tion, it is feasible to obtain results from moderate numbers
gauge configurations. The lattices used are detailed in T
V. At b55.7 we use the parameters for tadpole-improv
clover fermions studied previously@20#. With two values of
the hopping parameter, the lighter of which corresponds
proximately to the strange quark mass, we are able to exp
the dependence onk of the spectrum and the extrapolation
the chiral limit. We also evaluated stochastic propagator
b56.0 with non-perturbatively improved clover fermions
be able to explore the lattice spacing dependence.
masses of the pseudoscalar and vector mesons quote
Table V come from previous studies@20,21# using conven-
tional propagators for these lattice parameters.

We construct isotropic extended~fuzzed! operators by re-
placing the light quark fields using

c l~x! fuzzed5S6~m51,3!Um
~ l !~x!c~x1 lam! ~11!

where U2m(x)5Um
† (x2m̂) in this context. HereU ( l ) is a

product of fuzzed links in a straight line of lengthla, each
link defined according to Eq.~4!. At b55.7 we explored two
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choices of fuzzing, namely 2 iterations withC52.5 and 12
iterations withC54.0, each with links of length 1 in Eq
~11!. The smaller number of fuzzing iterations gave a mo
accurate value for the correlations and this was chosen
the 123 spatial lattice for theVA and PA studies. Forb
56.0, we used 6 iterations of fuzzing withC52.5 but used
links of length 2. By replacing in Eq.~10! with fuzzed op-
erators all thef fields at t1 or at t2 or at both ends, we
generate a 232 correlation matrix.

As in the gluelump case, we performed a variation
analysis on the data to obtain estimates of the ground s
mass. Because the excited state contributions are relati
large, we uset values of 3 and 4 to establish the optim
variational basis. The variational estimates of the mass
given in Table VI from the effective mass at the adjacent
values at which the plateau is first seen~mostly this ist of 5
and 4!. Some of the variational masses versust are also
shown in Fig. 5,

For the larger lattices, 123324 and bigger, a two expo
nential fit was made to all elements of the correlation ma
expressed as

Ci j ~ t !5 (
k51,2

ci
~k!e2Mktcj

~k! ~12!
TABLE VI. Ground state adjoint meson masses.

Lattice masses:
G b Size k variational analysis Fit t range x2/NDF

g5(PA)
5.7 83316 0.13843 1.892~57!

5.7 123324 0.13843 1.924~22! 1.923~27! 4→8 0.8
5.7 83316 0.14077 1.889~40!

5.7 123324 0.14077 1.937~47! 1.883~63! 4→7 0.6
6.0 163324 0.13417 1.695~44! 1.468~153! 5→10 0.9

g i(VA)
5.7 83316 0.13843 1.877~19!

5.7 123324 0.13843 1.926~10! 1.925~11! 4→8 0.6
5.7 83316 0.14077 1.875~24!

5.7 123324 0.14077 1.816~21! 1.868~44! 4→6 0.6
6.0 163324 0.13417 1.578~63! 1.440~70! 5→10 1.0

I (SA)
5.7 83316 0.13843 2.262~73!

5.7 123324 0.13843 2.273~38!

5.7 83316 0.14077 2.337~173!
5.7 123324 0.14077 2.280~51!
9-6
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between source and sink operators,i and j. One of these fits
is illustrated in Fig. 6. Errors in the estimates of the s
parameters in the fit were made by bootstrap resamp
methods using 99 resamples of the configurations. Beca
of the relatively small number of gauge configurations, t
error estimate may be underestimated. We find that theVA
mass is more accurately determined presumably because
taken as the average of three spin components. The fi
masses are presented in Table VI.

We find that thePA and VA states are lightest with th
scalar state having a weaker signal and lying significan
higher. We concentrate in our discussions on these low
lying states.

There are several systematic errors that contribute to
measurements of the mass of these states. We are us

FIG. 5. Effective lattice mass versus lattice time for theVA

~octagon! and PA ~cross! adjoint mesons andT1
12 gluelump

~square! for b55.7 ~top! and b56.0 ~bottom! with light quarks
approximately corresponding to strange quarks.

FIG. 6. Effective lattice mass versus lattice time forVA at b
56.0 with two state fit to LL~octagon!, LF ~cross!, and FF~dia-
mond! correlations. Here the light quarks approximately correspo
to strange quarks.
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finite lattice volume, finite lattice spacing and an unphy
cally large quark mass and hence there will be extrapola
errors. There are errors in extracting the ground state fr
the larget plateau also. Of course the error from using t
quenched approximation applies too. We now discuss
extraction of the masses of physical significance.

The effective masses are plotted in Fig. 5. These ma
are generated from the optimum combination of paths fou
in the variational analysis and are plotted as a function
lattice time. We see that atb55.7, a plateau is attaine
indicating that excited state mass contributions are remov
Furthermore, the values from the fits to the correlations
in agreement with this plateau value, as shown in Table
There is more excited state contamination in theb56.0 mea-
surements as shown by the slower approach to a plat
This is related to the physical time extent of the correlat
which is considerably shorter for a given lattice time in t
b56.0 case~a factor of approximately 1.8!. Fitting two
states to the matrix of observables for a ranget values will be
a safer way to extract the ground state mass in this case.
is seen in Table VI to give a lower mass value than
variational method which strictly gives an upper limit. F
the pseudoscalar case atb56.0 the signal is considerabl
more noisy, and so the plateau assignment is even less c

At eachb value the vector and pseudoscalar adjoint m
son masses are very similar. As an estimate of the m
difference, we combine the variational and fit values
strange light quarks atb55.7 which yields M (PA)
2M (VA)550(70) MeV. This result is consistent with th
expected situation, as discussed later, that the pseudos
meson is slightly heavier than the vector. Since the vec
adjoint meson mass is better determined, we base mos
our subsequent conclusions on it.

We now consider finite lattice volume effects. Atb
55.7 we have two lattice volumes available for direct co
parisons. We see no significant discrepancies between
adjoint meson masses on these lattices. The spatial vol
used atb56.0 is comparable to the larger volume atb
55.7; so should be safe. Of course, in the limit as the lig
quark mass becomes chiral, these spatial volumes migh
inadequate.

The k values used in the calculation corresponded
rather heavy quarks~strange quark or heavier!. The adjoint
meson, which we model, is composed ofu andd quarks. At
b55.7 we used two values of the quark mass. This ena
us to make an extrapolation to light quarks as illustrated
Fig. 7. We plot the data from the fits above asMr 0 against
(Mpr 0)2 where we expect both quantities to be appro
mately linear in the constituent quark mass. Thus the fig
enables us to make a linear extrapolation in the light qu
mass with the chiral limit being the point at whic
(Mpr 0)250. We find masses in lattice units at the chir
limit of light quarks ofM51.808(91) forVA and 1.841~139!
for PA . Note that this extrapolation corresponds to a diffe
ence in mass between a vector adjoint meson with ch
light quarks and one made ofs quarks of 73(55) MeV.

The slope ofMr 0 versus (Mpr 0)2 that we find atb
55.7 is consistent, within the large statistical errors, w
that found @8# in similar studies of theB meson andLb

d
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baryon using staticb quarks. As noted there, quenched latti
studies tend to find a smaller mass difference than exp
ment. The experimental value of theBs to Bd mass differ-
ence is 96 MeV and we might expect the difference of ch
and s-quark adjoint mesons to be twice this, which is
smaller value than that we found above. Thus we may c
clude that the estimate of the chiral limit of the adjoint m
sons quoted above may well have some systematic e
coming either from the extrapolation or from the quench
approximation.

We now consider finite lattice spacing effects and
continuum limit. Since the self-energy is unphysical, w
study differences between the lightest gluelump and the
joint meson masses at the sameb and for a light quark mass
corresponding tos quarks. Thus the self-energy of the a
joint source is cancelled and we can extract a continu
limit of this splitting. The adjoint meson results use an im
proved Sheikholeslami-Wohlert~SW! clover action to re-
duce ordera effects. In practice we have used a tadpo
improved ansatz forCSW at b55.7 which will not com-
pletely remove ordera effects while theb56.0 measure-
ment uses a non-perturbative improvement coefficient,CSW,
which should remove O~a! effects completely. We plot the
mass differences versusa2 in Fig. 8. This figure shows tha
the errors are sufficiently large that extrapolation to the c
tinuum limit is not feasible. However, the consistency of t
result at our two lattice spacings does suggest that they
be good estimates of the continuum value. Combining
two values then implies a differenceMs(VA)2G(112)
5120(70) MeV.

At b55.7, where we are able to make a chiral extrapo
tion, we find that theVA and PA adjoint mesons are
210(103) MeV and 34(161) MeV, respectively, heav
than the lightest (112) gluelump. Our result atb56.0,
though only at one light quark mass, suggests that these m
differences may be somewhat larger. Indeed, combining
values from 5.7 and 6.0 for theVA with s quarks@as above
with Ms(VA)2G(112)5120(70) MeV] with that for the
difference betweens quarks and the chiral limit@see above:

FIG. 7. Dependence of thePA ~crosses! and VA ~squares!
masses in units ofr 0 on the light quark mass~evaluated asr 0

2Mp
2 )

at b55.7, showing the extrapolation to the chiral limit.
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Ms(VA)2M (VA)573(55) MeV] yields an overall estimat
of the mass difference in the chiral limit ofM (VA)
2G(112)547(90) MeV.

IV. DISCUSSION

We have made a first non-perturbative study, albeit in
quenched approximation, of the adjoint meson spectrum.
are also able to compare our results for the adjoint me
and the gluelump, since the unphysical lattice self-ene
cancels in this comparison. We first summarize some of
phenomenological predictions for these spectra.

In one of the first analyses of this state@1#, Chanowitz and
Sharpe present a bag model calculation of the adjoint-me
mass spectra, over a range ofMgluino. They find that theJPC

ordering of the vector and pseudoscalar states places the
tor particle as being the lighter of the states examined o
the range ofMgluino examined. Their determination of th
spectrum places the lightest gluelump~glueballino! as
slightly heavier than the adjoint meson for largerMgluino.
Bag model calculations also give theJPC5112 gluelump as
the ground state — the ‘‘magnetic’’ gluon mode.

The ordering of the conventional meson spectrum can
understood qualitatively from the color-spin interaction ar
ing from one gluon exchange@22#. This interaction makes
the pseudoscalar meson lighter than the vector. Now for
joint mesons, this same one gluon exchange will have a
efficient21/8 of the conventional meson case. This sugge
that the level ordering should be reversed — with the vec
adjoint meson being lighter. However, the splitting would
much reduced — by a factor of 8. For our light qua
masses, thep-r splitting is anyway smaller than experimen
so we expect near degeneracy of theVA andPA states — as
indeed is consistent with our results.

For the flavor non-singlet adjoint meson states, there w
be extra terms in the correlation which we have not eva
ated. Also there will be mixing with gluelumps states —

FIG. 8. The mass difference in units ofr 0 between the vector
adjoint meson and the lightest gluelump state versus lattice spa
squared@r 0

22(a);a2#. The dotted horizontal line is the experimen
tal pion mass (0.35 in units ofr 0). The adjoint meson results hav
approximately the same light~strange! quark mass.
9-8
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especially for the vector adjoint meson which mixes with t
relatively low-lying 122 gluelump.

If the gluino turns out to be the lightest supersymmet
particle and it is stable, it is of interest to establish the se
hadronic bound states of the gluino which are stable. We
make a start on this study by comparing the glueball a
adjoint meson spectra we have determined in the quenc
approximation. The lightest gluelump has the gluonic fie
with JPC5112. The next gluelump state is 368(7) Me
heavier withJPC5122 and, if unmixed, will not be able to
decay hadronically to the ground state since bothp and 2p
modes are forbidden~by isospin and parity respectively!.
The lightest non-singlet adjoint mesons are theVA and PA
and we find them to be somewhat heavier than the ligh
gluelump stateG(112), although with a significant system
atic error coming from the extrapolation to light qua
masses. We obtainM (VA)2G(112)547(90) MeV. For an
adjoint meson composed ofs quarks, we have smaller error
since we do not need to make a chiral extrapolati
Ms(VA)2G(112)5120(70) MeV andMs(PA)2Ms(VA)
550(70) MeV.

The S-wave hadronic processesVA→G(112)1p and
G(112)→VA1p are allowed whenVA is composed ofu,d
light quarks. It is thus of interest to establish if the ma
ys
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difference is such as to make either of these processe
energetically allowed decay. We are unable to answer
categorically because of systematic errors from the vari
extrapolations needed. However, our results do suggest
VA is indeed heavier thanG(112) but that energy difference
is less thanmp , so thatVA would be stable. For thePA state,
no one pion decay toG(112) is allowed. An allowed pro-
cess isPA→VA1p, and soPA would be unstable if it is
more than 140 MeV heavier thanVA which does not seem to
be the case from our results. As mentioned above, the fla
singlet adjoint mesons are even more difficult to study
rectly. Mixing with gluelump states may have a significa
effect for them and could depress the 122 gluelump mass,
for instance.
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