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We perform a chiral one-loop calculation of the unitarity corrections to the procsSsesz* yl*1~ up to
O(E®), taking into accountr* 7~ intermediate states. Branching ratios and differential branching ratios are
computed and presented to demonstrate the importance of the above corr¢80&a%6-282(199)06209-9

PACS numbd(s): 13.20.Eb, 12.39.Fe

[. INTRODUCTION As was done in previous works, we separately calculate
. . . the one-loop results within ChPT both @E*) and O(E®).
The investigation of radiative rare kaon decays has taug he first one gives a prediction for the rate and the variation

us that they form a complex of interre!ated processes whi.cia the amplitude depending on the invariant mass of the two
share some common features. Experimental and theoret'c(%[ptons,kz, which is carried by an off-shell photon. An ad-

results on any of these reactions are useful in the analysis Qfiijna parameter, in the form of a local counterterm, also
all of them. Since they can be analyzed using chiral perturgpters the calculation. In the second case, following Ref.
bation theory(ChPT) [1], the experimental exploration of the 12} we take into account the higher order behavior in the
entire complex provides stringent checks on this theoretic xperimentaK * — 3 decay rate.
method. Recently, radiative kaon decays have attracted con- at O(E®) the higher order effects in thé¢* — 3 vertex
siderable attention from the theoreti¢ah-5] and the experi-  are extracted from a quadratic fit to the amplitude. According
mental[6,7] communities. Predictions for many of them al- tg the results of Refs[12,13, we shall not be concerned
ready exist in the literature[8—14], and several new with vector meson corrections, likely too small to be signifi-
experimental investigations are under way or planned. Irtant, given the uncertainties in the several parameters in-
particular, initial data on the process,—m’ye*e” [3]  volved in this computation.
have already been presentefl, together with further data This paper is organized as follows: In Sec. Il we fix our
on K, — 7%yy. Confident that the objects of our calculation, notation and define the quantities used in the rest of this
the decayX ™ — 7" 91717, are accessible to experiment, our paper by summarizing some established results for the decay
goal is to provide information on their rate and the corre-K* — 7+ yy. This provides a starting point for our calcula-
sponding decay distributions. tion, taking a photon off shell and going through the process
Analogously to what has been studied in the cas&of K*—#"yy*—=a"ylT17. In Sec. lll we describe the
— %y, the reactionK*— 7" yy takes place predomi- (O(E*) calculation, which we extend t&(E®) in Sec. IV,
nantly through loop diagrams with pions in the loop. In thetaking into account the unitarity corrections at one loop. Fi-
former process, the decay distribution is quite distinctive andhally, we recapitulate our conclusions in Sec. V. All the rel-
the rate is predicted without any free parameters at one-loopvant expressions for the integrals used in this paper are
order. While the distribution agrees well with experiment, shown in the Appendix.
the theoretical rate appears too small by more than a factor of
2. Because of this, several authors have gone beyond the Il. K- ayy AMPLITUDES
straightforward one-loogorder E) chiral calculation. Add-

ing a series of higher order effects in a quasi-dispersive Let us first review some previously known results for
9 9 q p — vy, and establish our notation for the following sec-

framework one has a surprising success at increasing the r ' : h
without modifying the decay distribution greafl§0,9]. The Wins. we define the general amplitude for> 7y as given

processKk " — 7t yy has been studied in a similar way

[12,13. The physics which determines the above decays is M[K(pk)— m(p) y(K1,€1) y(Kz, €2)]

also involved in the reaction we consider. The experimental — e, €, MP (e Ky k) 1)
study of the lepton-photon modes can achieve independent tut2v ProKa. %2

confirmation of the dynamics that drives the whole complexwhereey, e, are the photon polarizations, and #* has four

of decay modes. invariant amplitudes:
|
‘kip-k -k -k
M= Az y) (KK~ kg) + B(zy) | P82 2 gy pgpr - P e P2 s
ky- ks Ky ko kq-ky

Pk - KoKy, + Pk - Kika,
kq-ks

K1gKzy
kq ko

+C1(Z:Y)8wp0k1pk2<r+Cz(ZaY) gl pK0'+(plIz8wlB’y+ p:és,uaﬁy)pKa (2)
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where Analogously to the leadingl =1/2 O(E* A(zy) and
Ci(z,y) amplitudes forK * — 7" yy which have been com-
puted in[17], we can write an expression for t#é*) ampli-

P (ki—kp)  (kytkp)? 3
=T 2 T 5 - ©)  tude fork* " yy*,

m2 m2

The physical region in the adimensional variabjesndz is AB(2)= Geem [(z+1-r2)[1+21(m2)]+ (z+12— 1)
given by 2m(z—Qq) m 7 w
1 X[1+2I(mZ)]—c(z—q)}, 7
O$|y|s§)\l’2(1,r,27,z), 0<z=<(1l-r,)? (4 : (M)} =c(z=a)) @

whereGsg is the effective weak coupling constant determined

with from K— 77 decays at(E?):
m,, G
N1z,r?)=1+224r%-2z—2r2-2r%z, r =—. Gg= _F|VudV:s|981
mg J2
5
05°°=5.1, (8)

In the following sectiongk; andk, will be the momenta of
the off-shell and on-shell photons, respectively, with the off-\hare v is the Cabibbo-Kobayashi-Maskawa matfixg],
shell photon materializing into the lepton pair. Note that they
invariant amplitude#\(z,y),B(z,y) andC;(z,y) have to be
symmetric under the interchangelof andk, as required by ) 1 1-z
Bose symmetry, whil€,(z,y) is antisymmetric. I(m7)= fo dzlfo dz,

Using the definitiong2)—(5) the double differential rate

for unpolarized photons is given by " m2—z,(1—z;)k3
dzl—‘ mi 2 22122k1' k2+ Zl(l_ Zl) ki_ mi'f' ie
_ 2 a_ = 2
dydz 29773[2 ( 2| T ) m’ )
= —5[F(s)—F(k})]
, 1 , 2 |B|2 , S—k% !
+1Yy —Z)\(l,rﬂ,z) T+ C, . (6) 2

k
N _ _ ——[G(s)~G(K})]. €]
In the limit whereCP is conserved, the amplitudésand B s—ki
contribute toK,— 7%yy whereask;— 7°yy involves the
other two amplitude<; and C,. All four amplitudes con-
tribute tOK+ﬁ7.T+ yvy. Only A4ano.ICl are non-vanishing f[o s=(px—p+)2=(k;+ky)? (10)
lowest non-trivial order,O(E*), in ChPT. As argued in
[15,12, the antisymmetric character of tl&(z,y) ampli- and
tude under the interchange &f and k, means effectively
that while its leading contribution i€)(E®), this can only
come from a finite loop calculation because the leading
counterterms for th€, amplitude ara?(E®). Moreover, this
loop contribution is helicity suppressed compared to Bhe
term. This antisymmetri©(E®) loop contribution might be
smaller than the locaD(E®) contribution. a)

The notation is defined by

ll. O(E*) CALCULATION

First let us provide the straightforwart@d(E*) calculation n*
of M(K™—a*yI717) within ChPT. This is the generaliza-
tion to kZ+ 0 of the original chiral calculation of the authors
of [16,17], and it includes all th&?/m? andq=k?2/m varia-
tions of the amplitudes at this order in the energy expansion.
There can be furthekf/(l GeVY corrections which corre-
spond toO(E®) and higher. The easiest technique for this Fic. 1. Some diagrams relevant to the proceks
calculation uses the basis where the kaon and pion fields are 7+ 1|~ at O(E*) andO(E®). Either photon may also be radi-
transformed so that the propagators have no off-diagonalted from the incoming* or the outcomingr*. The lepton pair
terms, as described in Refgl6,17. Some of the relevant must be attached to one of the photons, and the on-shell photon may
diagrams are shown in Fig. 1. be radiated from one of these leptons.

K,n

K+

c) d)
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TABLE I. Results for BK*— " y1717) at O(E%).

idz, mi—a(l—zl)zl—ie
F(a) o7 log quf , (11
2 . B(K"—m"ye'e") B(K"—m"yu"u”)
1 m.—a(l—zy)z;—ie
G(a)=f dz; log py, : ¢ = 1.8(fit) 1.4x10°8 3.9x10 1
° i 12 ¢ = 0 (WDM) 8.6x10°° 3.6x10° 1
c=-2.3(FM) 5.7x107° 3.9x10° 1
The above functions are related to those presented in Ref
[9],
(WDM) [20] predictsc=0, while naive factorization in the
F(a)= iz FCEP( iz) —11, (13 factorization model(FM) [22,2]] givesf::—2.3. In these
2mz 4mz models, because of the cancellation in the vector meson con-
tribution inc, the role of axial mesons could be relevit].
Ga)=— a R P(i N 1 (14 Thirty-one events for the proces”— 7" yy have been
2m?2 CER 4m? 6|’ observed at BNL(E787) [23], with the partial branching
i rato B(K*—x*yy, 100 MeVk<P,+<180 MeVl)
which are shown below: =(6.0x 1.5[sta} + 0.7 syst) X 10" 7. This has been extrapo-
lated with the help of ChPT, performing a maximum likeli-
1 . hood fit ofc to the spectrum. The results of the fit to the data
Feerx)=1- ;[arcsu{ ‘/;)]2 (x<1) support the inclusion of the unitarity corrections, giving as
the best fitc=1.8+0.6 and BK*— 7" yy)=(1.1=0.3
1 +0.1)x10°°, as also reported in the Review of Particle
=1+ ax Physics[24].
The O(E*) contribution to theC,(z,y) amplitude is
1-V1—-1x |2
X |0gm+lﬂ (x=1), (15 _2'”37
Ggaem Z—I’i z
1 1 Ci(2)= T o — | (19
Reer(X)= = -+ —[1= V1K Laresit V)] (x<1) 2—r24ir, = Z
m m m

1+ VI— 1K
| 1—J1—1m+_
ik T

The above results agree with the results obtaineldl#j in
the k3—0 limit.

L1
6 2x

X (x=1). (16

K

wherer ,=m, /my andT o=T (7°— yy*)~0. This ampli-
tude is generated by the Wess-Zumino-Witten functional
[25] (7%, 7)— yy* through the sequendé’— ™ (7P, %)
—a*yy*. This contribution amounts to less than 10% in
the total width.

The O(E* results can be expressed as total branching

ratios. They are summarized in Table | for three values, of
given respectively by the weak deformation model, the fac-

In Eq. (7) the pion loop contribution largely dominates torization model, and the fit to B(* — =" yy) mentioned
over the kaon loop part. The loop results are finite, but ChPTabove.

allows anO(E*) scale independent local contribution that

may be parametrized §49]

2

c= 3 [3(Lo+Lip)+Nis—Nis—2Ngg]  (17)
or, using the notation df17,2Q,

. 327

c=—3 [12(Lg+Lig —Wi—2wp—2w,],  (18)

wherec is a quantity of0(1). TheLq andL, are the local
O(E" strong couplings antll;4,N;5 andN;g (or wy ,w, and

The decay distributions im andy provide more detailed
information. We present them in Figs. 2-5.

IV. O(E®) CALCULATION

In this section we extend this calculation along the lines
proposed by the authors of Ref®,10] for K, decays and
D’Ambrosio and Portole for K* decays[12]. The former
provided a plausible solution to the problem raised by the
experimental rate not agreeing with ti& E*) calculation
when both photons are on shell. We have to add a new in-
gredient that involves known physics that surfaces at the next
order in the energy expansion, i.e. the known quadratic en-

w,) are O(E*) weak couplings, still not completely fixed by ergy variation of theK— 37 amplitude, which occurs from
the phenomenology, and which can be only computed in higher order terms in the weak nonleptonic Lagrangian
model dependent waj21]. The weak deformation model [26,10,2,27. While the full one-loop structure of this is
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dB(K*-»ntye*e”)/dz

LA e o L B
8.0x1078 [— —
6.0x1078 [— —
4.0x1078 — —
2.0x1078 —
L 7
ol roP Nl WOV TN IR N |
0.0 0.1 0.2 0.3 0.4 0.5
Z
FIG. 2. The differential branching ratio dRB(

—a"ye*te )/dz to order E is plotted vsz for c= 1.8 (solid line),
c=0 (dashed linfandc = —2.3(dotted line.

known[19,28,29, it involves complicated nonanalytic func-
tions and we approximate the result@¢E*) by an analytic
polynomial which provides a good description of the dat
throughout the physical regid80,28. Expanding in powers
of the Dalitz plot variables,

AYKISsatataT)

:261’1_6(3+ Y

1
,31_5,33"‘ V37s

2

2 X ! 2 XZ
—2({1+ 8| Y +§ —(§1+ &~ &)Y —3)
(20)
dB(K*>s7tyete™)/dy
4.0x1o-5_. I e I
3.0x1078 L ]
20x10-8 | ]
10x10-8 | —
0- 1
y
FIG. 3. The differential branching ratio dR("

—a*ye*e )/dy to order B is plotted vsy for ¢= 1.8 (solid line),
¢=0 (dashed linpandc=—2.3 (dotted ling.

a
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dB(K*»ntyutu”)/dz
e

3.0x10~10 —— T
[ ]

2.5x10~10

2.0x10~10

"1

1.5x10~10

1.0x10~10

5.0x10~11

dB

ratio
(K*—= 7" yu" u7)/dz to order B is plotted vsz for c=1.8 (solid
line), c=0 (dashed lingandc= — 2.3 (dotted line.

FIG. 4. The differential  branching

Here the subscripts 1 and 3 referAd=1/2,3/2 transitions
respectively, and the coefficients in Eg0) have been fitted
to the datd28]. We omit theAl =3/2 couplings{; and &5,
&% because of their big errors shown in the fits in HeB].
The Dalitz plot variables are commonly defined as

S27 51
X=—"2"
m

m

S3—S
Y=3—20, (21)
m7T

with s;=(px—p;)? for i=1,2,3, sp=(s;+5,+53)/3, and
the subscript 3 indicates the odd pion®(for K, decays and
o~ for K* decays.

In principle one can add the ingredients to the amplitudes
and perform a dispersive calculation of the total transition
matrix element. In practice it is simpler to convert the prob-

dB(K*»ntyutu”)/dy

somo-t10 [ T T T ]
1.56x10710 :— h
1.0x10-10 E— _5
5.0x10711 ;- _
%-0 = — 0.8

FIG. 5. The differential branching ratio dR(

—a*yu* u)ldy to order B is plotted vsy for c=1.8(solid line),
c=0 (dashed lingandc=—2.3 (dotted ling.
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TABLE II. Results for BK*— 7" 91 *17) at O(E®). justed to reproduce Eq20). One also has to add diagrams
with one or two photons radiating from the incomikg or

the outcomingr™*, or with one photon radiating from one of
B(K"—x*yete) B(K*—=atyutu™) the outcoming leptons. This causes infrared divergences,
which are to be treated in the usual way, as part of a general
calculation of radiative corrections to the proceks

c = 1.8(fit) 1.7x10°° 7.0<10°* —a*1*17. In practice, with an appropriate set of experi-
¢ = 0 (WDM) 1.1x10°8 7.3x107 1 mental cuts on the phase space parameters, it is possible to
e=—2.3(FM) 9.2x107° 8.5x 10" 1 restrict the outcome to a measurable non-bremsstrahlung

contribution only[31]. Below we shall give an example of
these cuts and a prediction for the experimental result once
they are implemented.

M The resulting calculation follows the same steps as de-
scribed in Sec. lll, but is more involved and is not easy to
resent in a simple form. We have checked that our result
duces to that of Ref12] in the limit of on-shell photons.

Remembering the definitions

lem into an effective field theory and do a Feynman-diagra
calculation which will yield the same result. We follow this
latter procedure.

The Feynman diagrams are the same as shown in Fig. f
although the vertices are modified by the presenc®(@*)
terms in the energy expansion. Not only does the dikect
— 3 vertex change to the form given in E@0), but also m, m,, S 7
the weak vertices with one and two photons have a related rw:m_’ rn:m_’ = m2’ q= m2’

. ) . . K K K K
change. The easiest way to determine these is to write a

gauge invariant effective Lagrangian with coefficients ad-the unitarity one-loop corrections yield the following:

(22

Oem Pk - Kipx - Ko Pi - Ky Pk -k
M,uv: 2 A(Zvyiq)(kZ/Lle_kl'k29uv)+B(Zvy!q)<Wg pK/,LpKV k k kZ/LpKV k k klvpK,u

-k k?
2Pk Kz Pk -k ) 29

+C1(Z)8MVpUk€kg+D(Z!y!q)(klkl_kzg v k k kl,u,klv_l—kl,u,pKV k k kZ,U,pKV

where

2

Ggm - 1 z 1
A= é—(;{(zﬂi—l)mz'(mﬁ)]—c(z—q>}+{2<2a1—a3>+( 1437~ r—z) (ﬂl— §B3+\/§73)

82 1162 9(r2—2)21}[1+21(m? 82 2q|m§71|
_37217( gl_gl)l_g[ + (I'_n_—Z)+ (rﬂ—z)] [1+ (mﬂ)]_gTi( {1—€1) r,n,—l—z Og;z-}—i 4

8
- ?(4514' 51)[ —{2[1-2(Xy+x2) 11 1(2125) +X111(2Z2)

+ X[ 211(25) = 1 1(20) +11(29) [} + 2{[ 2XE — X1 (z+ D) ][ — 1 2(Z32,) + 1 o(Z52) ]+ [ 2X1 Xo— X1 (Z— 0) 12— X5(2+ ) /2]

X[215(2525) +1x(2125) = 1 2(Z525) — 1 (21 25) 1+ [ 2X5— Xo(2— ) [ (24 25) — 1 2(2123) I}

11 11 1—1212| 11|212q|m§’1l 24
+| 5(1=3r2)+ Sr2(1+3r2) far ) |1 ()] = 35| L1+log— 7|~ 5| o= 5)log— 7~ Zlaf. (24

, 8 1 m: 1(q m;
BmKZF(4§1+§1) —2|3+|4+1—2(Z—Q)|Og?—z €|097_|4 , (25)

24712 —3r

C,m2=2Ggm2 3z-12) (26)
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dB(K*-»>nmtyeteT)/dz

— T T T
1.0x10™7 [— =]
8.0x10~8 [~ —
8.0x10-8 [~ -
4.0x1078 |~
2.0x10~8 —

[ A

ok =r e~ |

0.0 0.1 0.2 0.3 0.4 0.5

b4

FIG. 6. The differential branching ratio dR("
—*ye*e )/dz to order E is plotted vsz for c= 1.8 (solid line),
¢=0 (dashed lingandc=—2.3 (dotted ling.

2
Dm2=i(4§ +é)11 —I—“—i(z—q)mgE
Koar, PRV 2 24 u?

+[2x,—(z—q)/2][ 211(212,) —11(25) ]+ (2y—Qq)

I
*[1(z0) =~ (D21 + (26— (Z+ )2l (27)

The integrals used in the above formulas are defined here and

given explicitly in the Appendix:

1 1-2; D,
|1(z’l‘zzm):f dzlf dz,7\z5log—, (29
0 0 m
12(2125) fl fl*zl 272y
——= | dz dz,—, 29
mﬁ 0 ! 0 2 D 29

dB(K*»ntyeTeT)/dy

5.0x10—3T..l....l....l....l....‘...
4.0x1078 |— —
3.0x1078 ~
2.0x108 |- —
1.0x1078 — —
L /." -
L (.
ol Lo e v L -
—0.50 -0.25 0.00 0.25 0.50

y

FIG. 7. The differential branching ratio dR("
—a*ye*e )/dy to order E is plotted vsy for ¢= 1.8 (solid line),
¢=0 (dashed linpandc=—2.3 (dotted ling.
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dB(K"»mtyutuT)/dz

C e L e e
6.0x10~10 |- —!
4.0x10"10 |—
2.0x10710 |—

N I PR

0.0 0.1 0.2

Z
FIG. 8. The differential  branching ratio dB

(K*—= 7" yu™ u7)/dz to order B is plotted vsz for c=1.8 (solid
line), c=0 (dashed lingandc= — 2.3 (dotted line.

5 1 1-29 D,
[smg= | dz; dz,D4log—, (30
0 0 m

m

2 _ 1d | E
lgmi= o ZlDZOng’ (32)

w

1 ) D,
|5: le(421—421+ 1)'09_2,
0 mz

(32
where
Dy =m2 — 2K, -Kpz12,— K571 (1~2y),
2 2
Do=m7—kiz;(1-2),
dB(K*»m yu*u”)/dy
JPSSUTTSS o B S B ] ]
3.0x10-10 [ —
2.0x10-10 [~ -
1ox10-10 [ -
i;
0.0 0.8

FIG. 9. The

differential
(K*—= 7" yu™ u7)/dy to order E is plotted vsy for c=1.8 (solid
line), c=0 (dashed lingandc=— 2.3 (dotted ling.

branching ratio dB
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B(K*>mtyete”) TABLE IlI. Results for BK™— 7" ye"e™) at O(E®) with the
cuts defined by Eq(34).

3.0x10~8

25x1078 B(K"—m"yete)

2.0x108

¢ = 1.8(fit) 5.5x 10710
15x108 ¢ = 0 (WDM) 4.8x10° %0
c=—2.3(FM) 4.7x10°1°
1.0x10™8
5.0x10~9 | - Me+,,Me-,=30 MeV, (34

e e e EE the resulting theoretical branching ratios are reduced by
more than an order of magnitude. They are presented in
Table Ill. Preliminary experimental data are not conclusive

FIG. 10. The branching ratio B(* — =" ye*e™) is plotted vsc  at the present stage. In Figs. 12 and 13 we plot the differen-
at O(E*) (dashed lingand up to®(E®) (solid line). tial branching ratios up ta@(E®), taking into account the
above cuts in the phase space integration.

|
[S

|
n

o Pk Ky « Pk (39
Yom2 T mi V. CONCLUSIONS

) ] We have computed the unitarity corrections at one loop in
The above formulas lead to the total branching ratioschpT for the processesk*—m*yete” and K*

shown in Ta_lble II, in full analogy yvith the results of Sec. lll. _, _+ yu*tu~, allowing us to present predictions for their
The numencql results are obtained for the mass sgale 4t5] and differential branching ratios.
=m, and setting all the counterterms to[ T2]. The corre- As expected, the muonic rate is significantly smaller than
sponding decay distributions are plotted in Figs. 6-9. in the corresponding electronic mode, analogously to the
The uncertainty in the theoretical prediction is dom@atedcases studied in Refi3] and[4]. This is of course due to the
by the unknownO(E*) counterterm generated amplitude more limited phase space, as well as the fact that the photon
in Eq. (7). In Figs. 10 and 11 we plot B(* — 7" ye*e™)  propagator is further off shell in the muonic case. We again
and BK*— 7" yu*u™) as a function o, both with and  See that the more complete calculation presented above leads
without the O(E®) corrections just computed. to a conspicuous enhancement over the purely orfierak
If we implement the experimental cuts currently used atculation presented first. The vector meson diagrams here are
BNL to extract the non-bremsstrahlung contributionktd not expected to add a significant amount to the overall rates

—ayete [31], and have been omitted altogether. Their inclusion pro-
Me+e-=150 MeV, E,=30 MeV, dB(K*»>nyeteT)/dz
e e T T T T T T T T
BK™»myu" ") 3.0x1079 |— —
1oxto~10 — et —— - PEN T
; I | I ] L //f J
L i K \\ 1
-11 [ 1 - } .
8.0x10 T ] 2.0x10-9 |- (/ \\:._
- - i V]
L 4 F i =
8.0x10~11 — | - '
N L 1 ]
S - 1.0x10-% |- v
goxgomt - T~ - - L b
- T TTTT=TT ] - 1
- 4 o /o
L i | s
20x10711 — = Y I EEPRN -5 0% PN | |
L 0.0 0.1 0.2 0.3 0.4 05
[ 1 L. L] z
- -2 g 2 * FIG. 12. The differential branching ratio dB

(K*— 7+ yeTe )/dz to order E is plotted vsz for c= 1.8 (solid
_ FIG. 11. The branching ratio B(" — " yu"u") is plotted vs  [ine), c=0 (dashed ling and c=—2.3 (dotted ling with the cuts
¢ at O(E*) (dashed lingand up to®(E®) (solid line). defined by the inequalitie&34).
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dB(X >»ntyete™)/dy

|||||n||||;||||||||||||nr

2.0x1079 [— —
1.6x1079 [—
1.0x1079 —

5.0x10~10 [—

N SN I B
~0.50 -0.25

FIG. 13. Same as in Fig. 12 for the differential branching ratio
dB(K*—wtyete )/dy vsy.

vided a consistent contribution to thg decays, leading to
dramatic increases in th&(E®) results. Therefore, in the

PHYSICAL REVIEW D 59 094022

computation presented in this paper the enhancement is ex-
pected to be somewhat smaller.

The results for the differential branching ratios follow a
pattern recognizable in all the previous calculations for ra-
diative rare kaon decays: A large peak is visible above the
two-pion threshold in the variable, with a tail extended to
low z, and a slightly asymmetrical and structureless distribu-
tion in they variable. Experimentally, the abundance of in-
formation supplied by the former plots makes them a pre-
ferred option(see for examplé7]). This is true also if we
reduce the phase space of integration performing experimen-
tal cuts.

We also note that comparing Figs. 10 and 11, one sees

that the dependence @nis markedly higher when electrons,
instead of muons, are present in the final state. This has

important consequences if one tries to extract the value of
from the data.
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APPENDIX: RELEVANT INTEGRALS

In this appendix we list the explicit expressions for the integrals used in the calculation of Sec. IV. We follow the notation

of that section. Fos<4m?2 andki<4m? we have

(D=2 [——(s k?)—m2[F(s)—F(k%)]— \/4m2—k2arctan\/T2+\/4m2—sarctan\/ } (A1)

4s (4m —s) s 4k2 4m
lW(z)= 2| 5~ ——/am? —sarctam/ \/4m —kf arcta 2 mrdt
"1
(A2)
1 2s (4m —s) / s 2k2 4m
Il(z§)=s—2 - ———"—\4m?—sarcta \/4m — k2 arcta
™
(A3)
4 3m2+k? mf, (—4m* +5m2s—s?) s m? 4m2—s s
z —+ arctarm / arcta
h(z)=—g+ 6(s—k2) T35 3sysvam2—s 4mi—s 2(s—k?)? m2 4m2—s
s Vami—K? / f k2 k] |m2 (—4mi+5m2s—s?) [ s
——+2 arcta < " arctam\/-————
m2 k2 3(s—k5)? sysyam2 —s 4m?—s
mi (—4m?+5m2k2—k}) ki m2k?2

-—+ arcta

J’_
K KVIEVam2 -1 Am; ki

2m2k3

2)2 “[F(s)=F(k}]

(s—k

 (s—K})?

4m -5 \/4m —k2 k2
arcta arctam\/ ———|, (A4)
i -k
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2 m? k2 1 ki\ mZ (8m?-6mZs+s?) s
1(25)=—= m?—3m2ki—— |+ —— arcta s
9 4(s—k? ) 24(s—k? ) 3(s—k3)? 4 3s 63\/§~/4m —s 2—s
me [s s\yamEs S kzrm %
——| S+ ————arcta ——— — ————————arctan\/ ———
3(S k2 D) _mi mi am_—s mi —ki

K [m2 (8m*-6mis+s?) s m (8mi—6m§k§+k;‘)
arcta -

—— yr e
"] s as et YN N

ki
arctam\/ ———
am?—k3

m?k3 s 2VAmi-sys s
+——=| - —+—————arcta 5
(S k ) mi T m-—s
K Jam? —kz\/_ K2
+ ——-2———arctal T F(s)+F(k )
m721_ 4m k

m2k$ 3\/4m -s
———3| F(s) = —F=——arcta
(s—k7)

3\/4m2— ki k2

—F(k})+ ———=——arctam\/ —— |, (A5)
VK2 am2—k2
13 (—6mi+k) (8mi+2mis—s?) s m? k$
l1(292,)=— —+ + arctam/ —F(s)]- ——=
1(2123) 124" 24— 1205 '—4m — — 2(3 @) S[F(k)—F(s)] 25 K2y
mi (8m* +2m2s—s?) / s m2  (8mi+2miki—kf) k?
X arcta +—- arctan\/ ———
35 bsys Vam? - 7S 3k 6k2\IZ\am2— K2 4m7—ki
m2ki | yam2—s t n\/ s N am?—K? t k2 6
+ arcta - arctam\/ ——— |,
(s—k3)? N5 4m?2 —k?
s)— arctam,/———
me o 2sk) (5K (s=kD?*| s amZ—s
VAm2—kg [ K .
——\/k—%arcta m , (A7)
15(2,23) 1 1 (kf ) m?2 [ s
=— + —+m? 2\/4m?—sy/sarcta -
mg 6(s—k) (s—k))? T (s—k3)? Tl 4m’ —s

m2  (—4m?+5mis—s?) s

w
arcta

sysVamZ—s 4m2—s

0,
T Eeay i S
—2v4ms— arcta -
k2 Y 3(s—k3)3

m2  (—4mi+5mik3—k3) K2 ] 2mZ2k3
k2

- arcta
K kK am2 -2 (s—k?)3

2\/4m -s s 2 am?—k? k2
——F———arcta arcta —| (A8)
2{ —kj
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2
sk1

2
me

6 2
kl mﬂ'

"= K4 s

2(2122) 1 1 /6m2+|<2 1 (4m4—12m2k2—k4) m?
m 12(s—kd) (s k?) 4 (s—k3)3

(s—kD*{m
s\/—\/4m -s rr\/T kz\/—\/4m k2
——————arcta arcta

k2 4am? 4m

(8m?—6mis+s?) [ s me (8m? —6m2k2+k?) K2
— arctal e o arcta >
sVsvVami—s ami-s 12 K2 kE\am2—K2 4m? — k7
3m*k? [2am2—sys s s K 2\am? kz\/— kf
2

arctal ——+ —————————arctal
2 2
(s—k3)*4| m’, amZ-s m mi 4?2 —

3m2k? [ 3\/4m -s 3\/4m —k3
— F(s)— ——=——arcta —F(k?)+ ———=———arctal , (A9)
1 o2 2
(s—kD)*| —k1

F(S)+F(k )

|2(Zizz)_ 1 1

= — + arcta
mZ 6(s—k3) (s—k?)?

- +
3 3 4m2— K2 3\k2

am? \/k_i\/4mi—ki K2 am2+\/4m2—k3 k2
— arcta 2——k2

1
(s—kE)?

2k?m?2 (2k2m2 + k2s—6m?s) s
—2mi+ —\4mi—s arcta 5
3s 3sy/s 4mz—s

(A10)

2

m

 3s

|2(z§z§) 1 1 2,2 m? p k3
M 245-K) 125 K2 o 1)_(s—k1) PRl ey

(8m?+2m2s—s?) [ s m2  (8m*+2miki—k?) k2 2m?2k?
+ arctal —t —— arctal +
6sys\am2—s ami—s 3ki  ek2\kZ\AmZ — K2 Am2—KZ | (s—k3)3

\/4m —k2 ”\/ \/4me— s s
— All
\/_ ———arcta NS arctam / ams|’ (A11)

X
12(Z32,) 1 4m \/_\/4m k2 f Amz\am? —k2
—=— —+ arctan S+ arctan
m2 12s—Kk3)  2(s—k3)?| 3 — K2
k2 1 2k?m?2 (2kim?2 + k?s—6mZs) s
— —2mi+ ———\4mi—s arcta , Al12
mi—kf] 2(s— ki)z{ T 3s g 3sv/s 4m2—s (A12)

, 13, 13 m? y ki | (8mo+2miki—ki) ki
lamig=— M7+ ——(s+k]) — ——5-[F(s)~F(k})]- arctam\/ -3 2
TR T2 1aa Y (s— k) Y 2s-Kk) | akzyieamE k2 m?— ki

(8m +2mis—s?) s k?m?2 \/4mi—k§ k?
arctam / + arctam\/ ———
6s\/_\/ﬁ ami—s| s— k2 V@ 4m2 —kj

\/4m -s (2k2m2+k s—10m2s+s?) s
——arctal 4m —-S arcta > (A13)
12s\/s ami-—s

I ,m2= ok 4menLMmi_k%)\/marcta —ﬁki (A14)
4Tk~ 718~ 73 3\Kk2 4m; —ky’
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579" 3K 3Kk2\k2 amZ -1

PHYSICAL REVIEW D 59 094022

In the cases whea>4m? or ki>4m?, we have to perform the substitutions

S 1

S
4mi—-s  2i

arcta

K2 1
arctam\| —5———— —
4m: —k{ 2

and

VAmZ—s—i+s—4mz,

VAm2 — k3 —i kK2 —4m?,

respectively, in formulagAl)—(A15).

(A15)
[ (1-V1-4mis
log| ———=|+in|,
1+ \1-4m?/s
1—\1—4m2/k3 AL6)
log| — ——|+in|, A16
1+\1—4m2/k3
(A17)
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