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Unitarity corrections to K1
˜p1g l 1l 2
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We perform a chiral one-loop calculation of the unitarity corrections to the processesK1→p1g l 1l 2 up to
O(E6), taking into accountp1p2 intermediate states. Branching ratios and differential branching ratios are
computed and presented to demonstrate the importance of the above corrections.@S0556-2821~99!06209-8#

PACS number~s!: 13.20.Eb, 12.39.Fe
g
ic
ti
is
tu
e
ic
co

l-

I

n,
ur
re

-
he
n

loo
nt
r
t

iv
r

y
s
t

de
le

ate

ion
two
-

lso
ef.
he

ing
d
fi-
in-

ur
this
cay
-
ss

Fi-
l-
are

c-
I. INTRODUCTION

The investigation of radiative rare kaon decays has tau
us that they form a complex of interrelated processes wh
share some common features. Experimental and theore
results on any of these reactions are useful in the analys
all of them. Since they can be analyzed using chiral per
bation theory~ChPT! @1#, the experimental exploration of th
entire complex provides stringent checks on this theoret
method. Recently, radiative kaon decays have attracted
siderable attention from the theoretical@2–5# and the experi-
mental@6,7# communities. Predictions for many of them a
ready exist in the literature@8–14#, and several new
experimental investigations are under way or planned.
particular, initial data on the processKL→p0ge1e2 @3#
have already been presented@7#, together with further data
on KL→p0gg. Confident that the objects of our calculatio
the decaysK1→p1g l 1l 2, are accessible to experiment, o
goal is to provide information on their rate and the cor
sponding decay distributions.

Analogously to what has been studied in the case ofKL
→p0gg, the reactionK1→p1gg takes place predomi
nantly through loop diagrams with pions in the loop. In t
former process, the decay distribution is quite distinctive a
the rate is predicted without any free parameters at one-
order. While the distribution agrees well with experime
the theoretical rate appears too small by more than a facto
2. Because of this, several authors have gone beyond
straightforward one-loop~order E4) chiral calculation. Add-
ing a series of higher order effects in a quasi-dispers
framework one has a surprising success at increasing the
without modifying the decay distribution greatly@10,9#. The
processK1→p1gg has been studied in a similar wa
@12,13#. The physics which determines the above decay
also involved in the reaction we consider. The experimen
study of the lepton-photon modes can achieve indepen
confirmation of the dynamics that drives the whole comp
of decay modes.
0556-2821/99/59~9!/094022~11!/$15.00 59 0940
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As was done in previous works, we separately calcul
the one-loop results within ChPT both atO(E4) andO(E6).
The first one gives a prediction for the rate and the variat
of the amplitude depending on the invariant mass of the
leptons,k1

2, which is carried by an off-shell photon. An ad
ditional parameter, in the form of a local counterterm, a
enters the calculation. In the second case, following R
@12#, we take into account the higher order behavior in t
experimentalK1→3p decay rate.

At O(E6) the higher order effects in theK1→3p vertex
are extracted from a quadratic fit to the amplitude. Accord
to the results of Refs.@12,13#, we shall not be concerne
with vector meson corrections, likely too small to be signi
cant, given the uncertainties in the several parameters
volved in this computation.

This paper is organized as follows: In Sec. II we fix o
notation and define the quantities used in the rest of
paper by summarizing some established results for the de
K1→p1gg. This provides a starting point for our calcula
tion, taking a photon off shell and going through the proce
K1→p1gg*→p1g l 1l 2. In Sec. III we describe the
O(E4) calculation, which we extend toO(E6) in Sec. IV,
taking into account the unitarity corrections at one loop.
nally, we recapitulate our conclusions in Sec. V. All the re
evant expressions for the integrals used in this paper
shown in the Appendix.

II. K˜pgg AMPLITUDES

Let us first review some previously known results forK
→pgg, and establish our notation for the following se
tions. We define the general amplitude forK→pgg as given
by

M @K~pK!→p~p!g~k1 ,e1!g~k2 ,e2!#

5e1me2nM mn~pK,k1 ,k2! ~1!

wheree1 ,e2 are the photon polarizations, andM mn has four
invariant amplitudes:
M mn5A~z,y!~k2
mk1

n2k1•k2gmn!1B~z,y!S pK•k1p•k2

k1•k2
gmn1pK

mpK
n 2

pK•k1

k1•k2
k2

mpK
n 2

pK•k2

k1•k2
pK

mk1
nD

1C1~z,y!«mnrsk1rk2s1C2~z,y!F«mnrs
pK•k2k1r1pK•k1k2r

k1•k2
pKs1~pK

m«nabg1pK
n «mabg!pKa

k1bk2g

k1•k2
G ~2!
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where

y5
pK•~k12k2!

mK
2

, z5
~k11k2!2

mK
2

. ~3!

The physical region in the adimensional variablesy andz is
given by

0<uyu<
1

2
l1/2~1,r p

2 ,z!, 0<z<~12r p!2, ~4!

with

l~1,z,r 2!511z21r 422z22r 222r 2z, r p5
mp

mK
.

~5!

In the following sectionsk1 andk2 will be the momenta of
the off-shell and on-shell photons, respectively, with the o
shell photon materializing into the lepton pair. Note that t
invariant amplitudesA(z,y),B(z,y) andC1(z,y) have to be
symmetric under the interchange ofk1 andk2 as required by
Bose symmetry, whileC2(z,y) is antisymmetric.

Using the definitions~2!–~5! the double differential rate
for unpolarized photons is given by

d2G

dydz
5

mK
5

29p3 H z2S UA2
B

2U
2

1UC1U2D
1Fy22

1

4
l~1,r p

2 ,z!G2S uBu2

4
1UC2U2D J . ~6!

In the limit whereCP is conserved, the amplitudesA andB
contribute toK2→p0gg whereasK1→p0gg involves the
other two amplitudesC1 and C2. All four amplitudes con-
tribute toK1→p1gg. Only A andC1 are non-vanishing to
lowest non-trivial order,O(E4), in ChPT. As argued in
@15,12#, the antisymmetric character of theC2(z,y) ampli-
tude under the interchange ofk1 and k2 means effectively
that while its leading contribution isO(E6), this can only
come from a finite loop calculation because the lead
counterterms for theC2 amplitude areO(E8). Moreover, this
loop contribution is helicity suppressed compared to theB
term. This antisymmetricO(E6) loop contribution might be
smaller than the localO(E8) contribution.

III. O„E4
… CALCULATION

First let us provide the straightforwardO(E4) calculation
ofM(K1→p1g l 1l 2) within ChPT. This is the generaliza
tion to k1

2Þ0 of the original chiral calculation of the autho
of @16,17#, and it includes all thek1

2/mp
2 andq[k1

2/mK
2 varia-

tions of the amplitudes at this order in the energy expans
There can be furtherk1

2/(1 GeV)2 corrections which corre-
spond toO(E6) and higher. The easiest technique for th
calculation uses the basis where the kaon and pion fields
transformed so that the propagators have no off-diago
terms, as described in Refs.@16,17#. Some of the relevan
diagrams are shown in Fig. 1.
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Analogously to the leadingDI 51/2 O(E4) A(z,y) and
C1(z,y) amplitudes forK1→p1gg which have been com
puted in@17#, we can write an expression for theA(4) ampli-
tude forK1→p1gg* ,

A~4!~z!5
G8aem

2p~z2q!
$~z112r p

2 !@112I ~mp
2 !#1~z1r p

2 21!

3@112I ~mK
2 !#2 ĉ~z2q!%, ~7!

whereG8 is the effective weak coupling constant determin
from K→pp decays atO(E2):

G85
GF

A2
uVudVus* ug8 ,

g8
tree55.1, ~8!

where V is the Cabibbo-Kobayashi-Maskawa matrix@18#,
and

I ~mp
2 !5E

0

1

dz1E
0

12z1
dz2

3
mp

2 2z1~12z1!k1
2

2z1z2k1•k21z1~12z1!k1
22mp

2 1 i e

5
mp

2

s2k1
2 @F~s!2F~k1

2!#

2
k1

2

s2k1
2 @G~s!2G~k1

2!#. ~9!

The notation is defined by

s5~pK2p1!25~k11k2!2 ~10!

and

FIG. 1. Some diagrams relevant to the processK1

→p1g l 1l 2 atO(E4) andO(E6). Either photon may also be radi
ated from the incomingK1 or the outcomingp1. The lepton pair
must be attached to one of the photons, and the on-shell photon
be radiated from one of these leptons.
2-2
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UNITARITY CORRECTIONS TOK1→p1g l 1l 2 PHYSICAL REVIEW D 59 094022
F~a!5E
0

1dz1

z1
logFmp

2 2a~12z1!z12 i e

mp
2 G , ~11!

G~a!5E
0

1

dz1 logFmp
2 2a~12z1!z12 i e

mp
2 G .

~12!

The above functions are related to those presented in
@9#,

F~a!5
a

2mp
2 FFCEPS a

4mp
2 D 21G , ~13!

G~a!52
a

2mp
2 FRCEPS a

4mp
2 D 1

1

6G , ~14!

which are shown below:

FCEP~x!512
1

x
@arcsin~Ax!#2 ~x<1!

511
1

4x

3S log
12A121/x

11A121/x
1 ip D 2

~x>1!, ~15!

RCEP~x!52
1

6
1

1

2x
@12A1/x21arcsin~Ax!# ~x<1!

2
1

6
1

1

2x F11A121/x

3S log
12A121/x

11A121/x
1 ip D G ~x>1!. ~16!

The above results agree with the results obtained in@12# in
the k1

2→0 limit.
In Eq. ~7! the pion loop contribution largely dominate

over the kaon loop part. The loop results are finite, but Ch
allows anO(E4) scale independent local contribution th
may be parametrized as@19#

ĉ5
128p2

3
@3~L91L10!1N142N1522N18# ~17!

or, using the notation of@17,20#,

ĉ5
32p2

3
@12~L91L10!2w122w222w4#, ~18!

whereĉ is a quantity ofO(1). TheL9 andL10 are the local
O(E4) strong couplings andN14,N15 andN18 ~or w1 ,w2 and
w4) areO(E4) weak couplings, still not completely fixed b
the phenomenology, and which can be only computed i
model dependent way@21#. The weak deformation mode
09402
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~WDM! @20# predictsĉ50, while naive factorization in the
factorization model~FM! @22,21# gives ĉ522.3. In these
models, because of the cancellation in the vector meson
tribution in ĉ, the role of axial mesons could be relevant@21#.

Thirty-one events for the processK1→p1gg have been
observed at BNL~E787! @23#, with the partial branching
ratio B(K1→p1gg, 100 MeV/c,Pp1,180 MeV/c)
5(6.061.5$stat%60.7$syst%)31027. This has been extrapo
lated with the help of ChPT, performing a maximum like
hood fit of ĉ to the spectrum. The results of the fit to the da
support the inclusion of the unitarity corrections, giving
the best fit ĉ51.860.6 and B(K1→p1gg)5(1.160.3
60.1)31026, as also reported in the Review of Partic
Physics@24#.

TheO(E4) contribution to theC1(z,y) amplitude is

C1~z!5
G8aem

p F z2r p
2

z2r p
2 1 ir p

Gp0

mK

2

z2
21r p

2

3

z2r h
2 G , ~19!

wherer h5mh /mK andGp0[G(p0→gg* );0. This ampli-
tude is generated by the Wess-Zumino-Witten functio
@25# (p0,h)→gg* through the sequenceK1→p1(p0,h)
→p1gg* . This contribution amounts to less than 10%
the total width.

The O(E4) results can be expressed as total branch
ratios. They are summarized in Table I for three values oĉ,
given respectively by the weak deformation model, the f
torization model, and the fit to B(K1→p1gg) mentioned
above.

The decay distributions inz andy provide more detailed
information. We present them in Figs. 2–5.

IV. O„E6
… CALCULATION

In this section we extend this calculation along the lin
proposed by the authors of Refs.@9,10# for KL decays and
D’Ambrosio and Portole´s for K1 decays@12#. The former
provided a plausible solution to the problem raised by
experimental rate not agreeing with theO(E4) calculation
when both photons are on shell. We have to add a new
gredient that involves known physics that surfaces at the n
order in the energy expansion, i.e. the known quadratic
ergy variation of theK→3p amplitude, which occurs from
higher order terms in the weak nonleptonic Lagrang
@26,10,2,27#. While the full one-loop structure of this is

TABLE I. Results for B(K1→p1g l 1l 2) atO(E4).

B(K1→p1ge1e2) B(K1→p1gm1m2)

ĉ 5 1.8 ~fit! 1.431028 3.9310211

ĉ 5 0 ~WDM! 8.631029 3.6310211

ĉ522.3 ~FM! 5.731029 3.9310211
2-3



-

ta

es
ion
b-

FABRIZIO GABBIANI PHYSICAL REVIEW D 59 094022
known @19,28,29#, it involves complicated nonanalytic func
tions and we approximate the result atO(E4) by an analytic
polynomial which provides a good description of the da
throughout the physical region@30,28#. Expanding in powers
of the Dalitz plot variables,

A~4!~K1→p1p1p2!

52a12a31S b12
1

2
b31A3g3DY

22~z11z3!S Y21
X2

3 D2~j11j32j38!S Y22
X2

3 D .

~20!

FIG. 2. The differential branching ratio dB(K1

→p1ge1e2)/dz to order E4 is plotted vsz for ĉ51.8 ~solid line!,

ĉ50 ~dashed line! and ĉ 5 –2.3 ~dotted line!.

FIG. 3. The differential branching ratio dB(K1

→p1ge1e2)/dy to order E4 is plotted vsy for ĉ51.8 ~solid line!,

ĉ50 ~dashed line! and ĉ522.3 ~dotted line!.
09402
Here the subscripts 1 and 3 refer toDI 51/2,3/2 transitions
respectively, and the coefficients in Eq.~20! have been fitted
to the data@28#. We omit theDI 53/2 couplingsz3 andj3 ,
j38 because of their big errors shown in the fits in Ref.@28#.
The Dalitz plot variables are commonly defined as

X5
s22s1

mp
2

, Y5
s32s0

mp
2

, ~21!

with si5(pK2pi)
2 for i 51,2,3, s05(s11s21s3)/3, and

the subscript 3 indicates the odd pion (p0 for KL decays and
p2 for K1 decays!.

In principle one can add the ingredients to the amplitud
and perform a dispersive calculation of the total transit
matrix element. In practice it is simpler to convert the pro

FIG. 4. The differential branching ratio dB

(K1→p1gm1m2)/dz to order E4 is plotted vsz for ĉ51.8 ~solid

line!, ĉ50 ~dashed line! and ĉ522.3 ~dotted line!.

FIG. 5. The differential branching ratio dB(K1

→p1gm1m2)/dy to order E4 is plotted vsy for ĉ51.8 ~solid line!,

ĉ50 ~dashed line! and ĉ522.3 ~dotted line!.
2-4
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UNITARITY CORRECTIONS TOK1→p1g l 1l 2 PHYSICAL REVIEW D 59 094022
lem into an effective field theory and do a Feynman-diagr
calculation which will yield the same result. We follow th
latter procedure.

The Feynman diagrams are the same as shown in Fi
although the vertices are modified by the presence ofO(E4)
terms in the energy expansion. Not only does the direcK
→3p vertex change to the form given in Eq.~20!, but also
the weak vertices with one and two photons have a rela
change. The easiest way to determine these is to wri
gauge invariant effective Lagrangian with coefficients a

TABLE II. Results for B(K1→p1g l 1l 2) atO(E6).

B(K1→p1ge1e2) B(K1→p1gm1m2)

ĉ 5 1.8 ~fit! 1.731028 7.0310211

ĉ 5 0 ~WDM! 1.131028 7.3310211

ĉ522.3 ~FM! 9.231029 8.5310211
09402
1,

d
a

-

justed to reproduce Eq.~20!. One also has to add diagram
with one or two photons radiating from the incomingK1 or
the outcomingp1, or with one photon radiating from one o
the outcoming leptons. This causes infrared divergen
which are to be treated in the usual way, as part of a gen
calculation of radiative corrections to the processK1

→p1l 1l 2. In practice, with an appropriate set of expe
mental cuts on the phase space parameters, it is possib
restrict the outcome to a measurable non-bremsstrah
contribution only@31#. Below we shall give an example o
these cuts and a prediction for the experimental result o
they are implemented.

The resulting calculation follows the same steps as
scribed in Sec. III, but is more involved and is not easy
present in a simple form. We have checked that our re
reduces to that of Ref.@12# in the limit of on-shell photons.
Remembering the definitions

r p5
mp

mK
, r h5

mh

mK
, z5

s

mK
2 , q5

k1
2

mK
2 , ~22!

the unitarity one-loop corrections yield the following:
Mmn5
aem

2p FA~z,y,q!~k2mk1n2k1•k2gmn!1B~z,y,q!S pK•k1pK•k2

k1•k2
gmn1pKmpKn2

pK•k1

k1•k2
k2mpKn2

pK•k2

k1•k2
k1npKmD

1C1~z!«mnrsk1
rk2

s1D~z,y,q!S k1
2pK•k2

k1•k2
gmn2

pK•k2

k1•k2
k1mk1n1k1mpKn2

k1
2

k1•k2
k2mpKnD G , ~23!

where

AmK
2 5

G8mK
2

~z2q!
$~z1r p

2 21!@112I ~mK
2 !#2 ĉ~z2q!%1H 2~2a12a3!1S 11

1

3r p
2 2

z

r p
2 D S b12

1

2
b31A3g3D

2
8

3r p
4 ~2z12j1!

1

18
@116~r p

2 2z!19~r p
2 2z!2#J @112I ~mp

2 !#2
8

3r p
4 ~2z12j1!F S r p

2 2
q

12D log
mp

2

m2 1
1

2
I 4G

2
8

3r p
4 ~4z11j1!H 2$2@122~x11x2!#I 1~z1z2!1x1I 1~z2!

1x2@2I 1~z2
2!2I 1~z2!1I 1~z1!#%12$@2x1

22x1~z1q!#@2I 2~z1
3z2!1I 2~z1

2z2!#1@2x1x22x1~z2q!/22x2~z1q!/2#

3@2I 2~z1
2z2

2!1I 2~z1z2!2I 2~z1
2z2!2I 2~z1z2

2!#1@2x2
22x2~z2q!#@ I 2~z1z2

2!2I 2~z1z2
3!#%

1F1

9
~123r p

2 !1
1

12
r p

2 ~113r p
2 !S 11

1

3r p
2 2

z

r p
2 D G @112I ~mp

2 !#2
1

12S 11 log
mp

2

m2 D 2
1

2 S r p
2 2

q

12D log
mp

2

m2 2
1

4
I 4J , ~24!

BmK
2 5

8

3r p
4 ~4z11j1!H 22I 31I 41

1

12
~z2q!log

mp
2

m2 2
1

4 S q

6
log

mp
2

m2 2I 4D J , ~25!

C1mK
2 52G8mK

2
21r p

2 23r h
2

3~z2r p
2 !

, ~26!
2-5
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DmK
2 5

8

3r p
4 ~4z11j1!H I 32

I 4

2
2

1

24
~z2q!log

mp
2

m2

1@2x22~z2q!/2#@2I 1~z1z2!2I 1~z2!#1~2y2q!

3@ I 1~z1!2I 1~1!/2#1@2x12~z1q!/2#
I 5

4 J . ~27!

The integrals used in the above formulas are defined here
given explicitly in the Appendix:

I 1~z1
nz2

m!5E
0

1

dz1E
0

12z1
dz2z1

nz2
mlog

D1

mp
2 , ~28!

I 2~z1
nz2

m!

mK
2 5E

0

1

dz1E
0

12z1
dz2

z1
nz2

m

D1
, ~29!

FIG. 6. The differential branching ratio dB(K1

→p1ge1e2)/dz to order E6 is plotted vsz for ĉ51.8 ~solid line!,

ĉ50 ~dashed line! and ĉ522.3 ~dotted line!.

FIG. 7. The differential branching ratio dB(K1

→p1ge1e2)/dy to order E6 is plotted vsy for ĉ51.8 ~solid line!,

ĉ50 ~dashed line! and ĉ522.3 ~dotted line!.
09402
nd

I 3mK
2 5E

0

1

dz1E
0

12z1
dz2D1log

D1

mp
2 , ~30!

I 4mK
2 5E

0

1

dz1D2log
D2

mp
2 , ~31!

I 55E
0

1

dz1~4z1
224z111!log

D2

mp
2 ,

~32!

where

D15mp
2 22k1•k2z1z22k1

2z1~12z1!,

D25mp
2 2k1

2z1~12z1!,

FIG. 8. The differential branching ratio dB

(K1→p1gm1m2)/dz to order E6 is plotted vsz for ĉ51.8 ~solid

line!, ĉ50 ~dashed line! and ĉ522.3 ~dotted line!.

FIG. 9. The differential branching ratio dB

(K1→p1gm1m2)/dy to order E6 is plotted vsy for ĉ51.8 ~solid

line!, ĉ50 ~dashed line! and ĉ522.3 ~dotted line!.
2-6
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UNITARITY CORRECTIONS TOK1→p1g l 1l 2 PHYSICAL REVIEW D 59 094022
x15
pK•k1

mK
2 , x25

pK•k2

mK
2 . ~33!

The above formulas lead to the total branching rat
shown in Table II, in full analogy with the results of Sec. II
The numerical results are obtained for the mass scalm
5mr and setting all the counterterms to 0@12#. The corre-
sponding decay distributions are plotted in Figs. 6–9.

The uncertainty in the theoretical prediction is domina
by the unknownO(E4) counterterm generated amplitudeĉ
in Eq. ~7!. In Figs. 10 and 11 we plot B(K1→p1ge1e2)
and B(K1→p1gm1m2) as a function ofĉ, both with and
without theO(E6) corrections just computed.

If we implement the experimental cuts currently used
BNL to extract the non-bremsstrahlung contribution toK1

→p1ge1e2 @31#,

me1e2>150 MeV, Eg>30 MeV,

FIG. 10. The branching ratio B(K1→p1ge1e2) is plotted vsĉ
atO(E4) ~dashed line! and up toO(E6) ~solid line!.

FIG. 11. The branching ratio B(K1→p1gm1m2) is plotted vs

ĉ atO(E4) ~dashed line! and up toO(E6) ~solid line!.
09402
s

d
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me1g ,me2g>30 MeV, ~34!

the resulting theoretical branching ratios are reduced
more than an order of magnitude. They are presented
Table III. Preliminary experimental data are not conclus
at the present stage. In Figs. 12 and 13 we plot the differ
tial branching ratios up toO(E6), taking into account the
above cuts in the phase space integration.

V. CONCLUSIONS

We have computed the unitarity corrections at one loop
ChPT for the processesK1→p1ge1e2 and K1

→p1gm1m2, allowing us to present predictions for the
total and differential branching ratios.

As expected, the muonic rate is significantly smaller th
in the corresponding electronic mode, analogously to
cases studied in Refs.@3# and@4#. This is of course due to the
more limited phase space, as well as the fact that the ph
propagator is further off shell in the muonic case. We ag
see that the more complete calculation presented above l
to a conspicuous enhancement over the purely order E4 cal-
culation presented first. The vector meson diagrams here
not expected to add a significant amount to the overall ra
and have been omitted altogether. Their inclusion p

TABLE III. Results for B(K1→p1ge1e2) atO(E6) with the
cuts defined by Eq.~34!.

B(K1→p1ge1e2)

ĉ 5 1.8 ~fit! 5.5310210

ĉ 5 0 ~WDM! 4.8310210

ĉ522.3 ~FM! 4.7310210

FIG. 12. The differential branching ratio dB

(K1→p1ge1e2)/dz to order E6 is plotted vsz for ĉ51.8 ~solid

line!, ĉ50 ~dashed line! and ĉ522.3 ~dotted line! with the cuts
defined by the inequalities~34!.
2-7
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vided a consistent contribution to theKL decays, leading to
dramatic increases in theO(E6) results. Therefore, in the

FIG. 13. Same as in Fig. 12 for the differential branching ra
dB(K1→p1ge1e2)/dy vs y.
09402
computation presented in this paper the enhancement is
pected to be somewhat smaller.

The results for the differential branching ratios follow
pattern recognizable in all the previous calculations for
diative rare kaon decays: A large peak is visible above
two-pion threshold in thez variable, with a tail extended to
low z, and a slightly asymmetrical and structureless distrib
tion in they variable. Experimentally, the abundance of i
formation supplied by the former plots makes them a p
ferred option~see for example@7#!. This is true also if we
reduce the phase space of integration performing experim
tal cuts.

We also note that comparing Figs. 10 and 11, one s
that the dependence onĉ is markedly higher when electrons
instead of muons, are present in the final state. This
important consequences if one tries to extract the valueĉ
from the data.
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APPENDIX: RELEVANT INTEGRALS

In this appendix we list the explicit expressions for the integrals used in the calculation of Sec. IV. We follow the n
of that section. Fors<4mp

2 andk1
2<4mp

2 we have

I 1~1!5
1

s2k1
2 H 2

3

2
~s2k1

2!2mp
2 @F~s!2F~k1

2!#2A4mp
2 2k1

2 arctanA k1
2

4mp
2 2k1

21A4mp
2 2s arctanA s

4mp
2 2sJ , ~A1!

I 1~z1!5
1

s2k1
2 F2

4s

9
2

~4mp
2 2s!

3As
A4mp

2 2s arctanA s

4mp
2 2s

1
4k1

2

9
1

~4mp
2 2k1

2!

3Ak1
2

A4mp
2 2k1

2 arctanA k1
2

4mp
2 2k1

2G ,

~A2!

I 1~z1
2!5

1

s2k1
2 F2

2s

9
2

~4mp
2 2s!

6As
A4mp

2 2s arctanA s

4mp
2 2s

1
2k1

2

9
1

~4mp
2 2k1

2!

6Ak1
2

A4mp
2 2k1

2 arctanA k1
2

4mp
2 2k1

2G ,

~A3!

I 1~z2!52
4

9
1

3mp
2 1k1

2

6~s2k1
2!

1
mp

2

3s
1

~24mp
4 15mp

2 s2s2!

3sAsA4mp
2 2s

arctanA s

4mp
2 2s

2
mp

4

2~s2k1
2!2 F2

A4mp
2 2s

mp
2

arctanA s

4mp
2 2s

2
s

mp
2

12
A4mp

2 2k1
2

mp
2

arctanA k1
2

4mp
2 2k1

21
k1

2

mp
2 G2

k1
4

3~s2k1
2!2 Fmp

2

s
1

~24mp
4 15mp

2 s2s2!

sAsA4mp
2 2s

arctanA s

4mp
2 2s

2
mp

2

k1
2

1
~24mp

4 15mp
2 k1

22k1
4!

k1
2Ak1

2A4mp
2 2k1

2
arctanA k1

2

4mp
2 2k1

2G1
mp

2 k1
2

~s2k1
2!2

@F~s!2F~k1
2!#

2
2mp

2 k1
2

~s2k1
2!2 FA4mp

2 2s

As
arctanA s

4mp
2 2s

2
A4mp

2 2k1
2

Ak1
2

arctanA k1
2

4mp
2 2k1

2G , ~A4!
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I 1~z2
2!52

2

9
1

mp
2

4~s2k1
2!

1
k1

2

24~s2k1
2!

1
1

3~s2k1
2!2 S mp

4 23mp
2 k1

22
k1

4

4
D 1

mp
2

3s
2

~8mp
4 26mp

2 s1s2!

6sAsA4mp
2 2s

arctanA s

4mp
2 2s

2
mp

6

3~s2k1
2!3 F s

mp
2

1
sAsA4mp

2 2s

mp
4

arctanA s

4mp
2 2s

2
k1

2

mp
2

2
k1

2Ak1
2A4mp

2 2k1
2

mp
4

arctanA k1
2

4mp
2 2k1

2G
1

k1
6

3~s2k1
2!3 Fmp

2

s
2

~8mp
4 26mp

2 s1s2!

2sAsA4mp
2 2s

arctanA s

4mp
2 2s

2
mp

2

k1
2

1
~8mp

4 26mp
2 k1

21k1
4!

2k1
2Ak1

2A4mp
2 2k1

2
arctanA k1

2

4mp
2 2k1

2G
1

mp
4 k1

2

~s2k1
2!3 F2

s

mp
2

1
2A4mp

2 2sAs

mp
2 arctanA s

4mp
2 2s

1
k1

2

mp
2

22
A4mp

2 2k1
2Ak1

2

mp
2 arctanA k1

2

4mp
2 2k1

22F~s!1F~k1
2!G

2
mp

2 k1
4

~s2k1
2!3 FF~s!2

3A4mp
2 2s

As
arctanA s

4mp
2 2s

2F~k1
2!1

3A4mp
2 2k1

2

Ak1
2

arctanA k1
2

4mp
2 2k1

2G , ~A5!

I 1~z1z2!52
13

144
1

~26mp
2 1k1

2!

24~s2k1
2!

1
~8mp

4 12mp
2 s2s2!

12sAsA4mp
2 2s

arctanA s

4mp
2 2s

1
mp

4

2~s2k1
2!2

@F~k1
2!2F~s!#2

k1
4

2~s2k1
2!2

3F2
mp

2

3s
1

~8mp
4 12mp

2 s2s2!

6sAsA4mp
2 2s

arctanA s

4mp
2 2s

1
mp

2

3k1
2 2

~8mp
4 12mp

2 k1
22k1

4!

6k1
2Ak1

2A4mp
2 2k1

2
arctanA k1

2

4mp
2 2k1

2G
1

mp
2 k1

2

~s2k1
2!2 FA4mp

2 2s

As
arctanA s

4mp
2 2s

2
A4mp

2 2k1
2

Ak1
2

arctanA k1
2

4mp
2 2k1

2G , ~A6!

I 2~z1z2!

mK
2 52

1

2~s2k1
2!

2
mp

2

~s2k1
2!2

@F~s!2F~k1
2!#1

k1
2

~s2k1
2!2 FA4mp

2 2s

As
arctanA s

4mp
2 2s

2
A4mp

2 2k1
2

Ak1
2

arctanA k1
2

4mp
2 2k1

2G , ~A7!

I 2~z1z2
2!

mK
2 52

1

6~s2k1
2!

1
1

~s2k1
2!2 S k1

2

3
1mp

2 D 2
mp

2

~s2k1
2!3

F2A4mp
2 2sAs arctanA s

4mp
2 2s

2s

22A4mp
2 2k1

2Ak1
2 arctanA k1

2

4mp
2 2k1

21k1
2G2

2k1
4

3~s2k1
2!3 Fmp

2

s
1

~24mp
4 15mp

2 s2s2!

sAsA4mp
2 2s

arctanA s

4mp
2 2s

2
mp

2

k1
2

2
~24mp

4 15mp
2 k1

22k1
4!

k1
2Ak1

2A4mp
2 2k1

2
arctanA k1

2

4mp
2 2k1

2G1
2mp

2 k1
2

~s2k1
2!3 FF~s!2F~k1

2!

2
2A4mp

2 2s

As
arctanA s

4mp
2 2s

1
2A4mp

2 2k1
2

Ak1
2

arctanA k1
2

4mp
2 2k1

2G , ~A8!
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I 2~z1z2
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1
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2
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4
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2
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2
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4
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2
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4

4mp
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6
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2
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2
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4 26mp
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sAsA4mp
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4mp
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2
mp

2

k1
2

1
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4 26mp
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2A4mp
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2
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2

4mp
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1

3mp
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4mp
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2
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2
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2
2A4mp

2 2k1
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2
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2
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2
3mp
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4mp
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2
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2
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2

4mp
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2
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2
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2
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4mp
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2
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2
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2mp
2
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2 2sG , ~A10!

I 2~z1
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1

24~s2k1
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2
1
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2 2k1
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4

~s2k1
2!3
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4

~s2k1
2!3 F2

mp
2

3s

1
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4 12mp
2 s2s2!

6sAsA4mp
2 2s

arctanA s

4mp
2 2s

1
mp

2

3k1
2 2

~8mp
4 12mp
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22k1

4!

6k1
2Ak1

2A4mp
2 2k1

2
arctanA k1

2

4mp
2 2k1

2G1
2mp

2 k1
2

~s2k1
2!3

3F2
A4mp

2 2k1
2

Ak1
2

arctanA k1
2

4mp
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4mp
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mK
2 52

1
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1
1
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4mp
2

3
2
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2

3
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2
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4mp
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2
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2
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2

4mp
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1

2~s2k1
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2mp
2

3s
2A4mp
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~2k1

2mp
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2s26mp
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4mp
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~s1k1
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4
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@F~s!2F~k1
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4
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2!
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~8mp

4 12mp
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22k1
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2Ak1
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2
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2
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2

1
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6sAsA4mp
2 2s

arctanA s
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2
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2
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2
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2
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2

1
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4mp
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2mp
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4mp
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2
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2
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2

3
1
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2

3Ak1
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2

4mp
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1

8mp
2

3k1
2 2

2~4mp
2 2k1

2!A4mp
2 2k1

2

3k1
2Ak1

2 arctanA k1
2

4mp
2 2k1

2. ~A15!

In the cases whens.4mp
2 or k1

2.4mp
2 , we have to perform the substitutions

arctanA s

4mp
2 2s
→2

1

2i F logS 12A124mp
2 /s

11A124mp
2 /s

D 1 ipG ,

arctanA k1
2

4mp
2 2k1

2→2
1

2i F logS 12A124mp
2 /k1

2

11A124mp
2 /k1

2D 1 ipG , ~A16!

and

A4mp
2 2s→ iAs24mp

2 ,

A4mp
2 2k1

2→ iAk1
224mp

2 , ~A17!

respectively, in formulas~A1!–~A15!.
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