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Higgs-boson production in association with bottom quarks at next-to-leading order

D. Dicus,1 T. Stelzer,2 Z. Sullivan,3 and S. Willenbrock2,4

1Center for Particle Physics, Department of Physics, University of Texas, Austin, Texas 78712
2Department of Physics, University of Illinois, 1110 West Green Street, Urbana, Illinois 61801

3High Energy Physics Division, Argonne National Laboratory, Argonne, Illinois 60439
4Enrico Fermi Institute and Department of Physics, University of Chicago, 5640 S. Ellis Avenue, Chicago, Illinois 60637

~Received 30 November 1998; published 1 April 1999!

We argue that the leading-order subprocess for Higgs-boson production in association with bottom quarks is

bb̄→H. This process is an important source of Higgs bosons with enhanced Yukawa coupling to bottom
quarks. We calculate the corrections to this cross section at next-to-leading-order in 1/ln(mH /mb) andas and at
next-to-next-to-leading order in 1/ln(mH /mb). @S0556-2821~99!06609-6#

PACS number~s!: 14.80.Bn, 12.38.Bx, 13.85.Lg, 13.87.Ce
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I. INTRODUCTION

The standard-model Higgs boson has a very w
Yukawa coupling to bottom quarks, proportional tomb /v,
wherev'246 GeV is the vacuum-expectation value of t
Higgs field. Therefore, the cross section for the production
the standard-model Higgs boson in association with bot
quarks is relatively small at the Fermilab Tevatron@1# and
the CERN Large Hadron Collider~LHC! @2#, in comparison
with other Higgs-boson production cross sections. Howe
if the bottom-quark Yukawa coupling is enhanced, this p
duction mechanism can be a significant source of Hi
bosons@2#. Such an enhancement occurs, for example, i
two-Higgs-doublet model for large values of tanb[v2 /v1,
where v1,2 are the vacuum-expectation values of the t
Higgs fields. A value as large as tanb'mt /mb is obtained in
the simplest version of an SO~10! grand-unified theory. The
Higgs boson may be detected via its decay tot1t2 @3–5# or
bb̄ @5–8# at the LHC and the Tevatron, andm1m2 @9# at the
LHC.

In this paper we calculate the cross section for Hig
boson production in association with bottom quarks at ne
to-leading order. We argue that the leading-order subpro
is bb̄→H, where the initialb-quark distribution function is
calculated@10,11#. We show that the subprocessgb→Hb is
a correction to the leading-order subprocess of or
1/ln(mH /mb), and that the subprocessgg→bb̄H is a correc-
tion of order 1/ln2(mH /mb). We calculate both of these co
rections, and confirm the calculation performed by two of
ten years ago@2#. Our new contribution to this part of th
calculation is a proper understanding of the relative orde
the different subprocesses.

Once we properly identifybb̄→H as the leading-orde
subprocess, it is straightforward to calculate the orderas
correction from the emission of virtual and real gluons. T
calculation is performed here for the first time. We thus o
tain the cross section for Higgs-boson production in asso
tion with bottom quarks at next-to-leading order in bothas
and 1/ln(mH /mb), as well as at next-to-next-to-leading ord
in 1/ln(mH /mb). Our calculation is valid for both scalar an
pseudoscalar Higgs bosons.

Our calculation corresponds to the inclusive cross sec
0556-2821/99/59~9!/094016~9!/$15.00 59 0940
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for Higgs-boson production in association with botto
quarks, integrated over the momenta of theb quarks. It is
appropriate to use our results to normalize the inclusive cr
section from a shower Monte Carlo program, such asPYTHIA

or HERWIG, which uses bb̄→H as the hard-scattering
subprocess.1

The remainder of this paper is organized as follows.
Sec. II we explain how to properly count the order of t
various contributions to Higgs-boson production in assoc
tion with heavy quarks. In Sec. III we perform the calcul
tion of the 1/ln(mH /mQ) and 1/ln2(mH /mQ) corrections. In
Sec. IV we calculate theas correction. In Sec. V we presen
numerical results at the Tevatron and the LHC.

II. COUNTING ORDERS

A. 1/ln„mH /mQ… correction

In this section we explain how to count the order of t
various contributions to Higgs-boson production in assoc
tion with heavy quarks. This counting is a generalization,
the case with two heavy quarks in the initial state, of t
counting developed in Ref.@12# for a subprocess with one
heavy quark in the initial state (qb→qt). The underlying
concepts for the organization of the calculation were dev
oped in Refs.@10,11#.

The actual physical subprocess for Higgs-boson prod
tion in association with heavy quarks isgg→QQ̄H, shown
in Fig. 1. Imagine that the heavy quark is very light com
pared with the Higgs-boson. When the initial gluon spl
into a nearly collinearQQ̄ pair, the amplitude is enhanced b
the propagator of the internal heavy quark, which is nea
on-shell. Integrating over the phase space of the exte
heavy quark yields a factor of ln(mH /mQ), so the splitting of
a gluon into aQQ̄ pair is intrinsically of orderasln(mH /mQ)
~for mH@mQ). Such a splitting occurs twice in each of th
first two diagrams of Fig. 1, once in each of the next fo

1PYTHIA andHERWIG use backwards evolution of the initial-stateb

distribution functions to give the initialg→bb̄ splitting.
©1999 The American Physical Society16-1
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DICUS, STELZER, SULLIVAN, AND WILLENBROCK PHYSICAL REVIEW D59 094016
diagrams,2 and not at all in the final two diagrams.
Another power of this logarithm appears at every orde

perturbation theory, via the emission of a collinear glu
from the nearly on-shell quark propagator. Thus the exp
sion parameter isasln(mH /mQ), and since the logarithm is
large, the convergence of the expansion is degraded.

The convergence of the expansion is improved by su
ming these collinear logarithms to all orders in perturbat
theory @10,11#. This is achieved by introducing a~theoreti-
cally defined! heavy-quark distribution function,Q(x,m),
and using the Dokshitzer-Gribov-Lipatov-Altarelli-Pari
~DGLAP! equations to sum the collinear logarithms. T
heavy-quark distribution function is intrinsically of orde
asln(mH /mQ), since it arises from the splitting of a gluon int
a nearly collinearQQ̄ pair @12#.

Once a heavy-quark distribution function is introduced
changes the way perturbation theory is ordered. The lead
order subprocess isQQ̄→H, as shown in Fig. 2~a!. It is
intrinsically of orderas

2ln2(mH /mQ), since each heavy-quar
distribution function is of orderasln(mH /mQ). ~There is also
a factor of the heavy-quark Yukawa coupling, which we su
press throughout this discussion.!

Consider next the subprocessgQ̄→HQ̄ ~and related sub-
processes!, shown in Fig. 2~b!. This subprocess gives rise t
a factor of ln(mH /mQ) from the region where the gluon split
into a nearly collinearQQ̄ pair. However, this logarithm ha
been summed into the heavy-quark distribution function
Fig. 2~a!, so it must be removed. This is achieved by su
tracting the diagram in Fig. 2~c!, which corresponds to the
subprocessQQ̄→H, but with the heavy-quark distribution

2In the middle four diagrams, one gluon splits into aQQ̄ pair, the

other into QQ̄H. Only the former gives rise to a factor o
ln(mH /mQ).

FIG. 1. Feynman diagrams forgg→QQ̄H.
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function given by the perturbative solution to th
DGLAP equation for a gluon splitting to aQQ̄ pair,

Q̃~x,m!5
as~m!

2p
lnS m2

mQ
2 D Ex

1dy

y
PqgS x

yDg~y,m!, ~1!

whereg is the gluon distribution function, and the DGLA
splitting function is given by

Pqg~z!5 1
2 @z21~12z!2#. ~2!

After the cancellation of the logarithm, the sum of the su
processes in Figs. 2~b! and 2~c! is of orderas times the order
of the other heavy-quark distribution function, i.e., of ord
as

2ln(mH /mQ). This is down by one power of ln(mH /mQ) with
respect to the leading-order subprocess, Fig. 2~a!, so it is a
correction of order 1/ln(mH /mQ).

Now consider the subprocessgg→QQ̄H, shown in Fig.
3~a!. This subprocess gives rise to a factor of ln(mH /mQ)
when either gluon splits into a nearly-collinearQQ̄ pair.
Since these collinear logarithms have been summed into
heavy-quark distribution functions, they must be subtract

FIG. 2. Feynman diagrams for~a! the leading-order subproces

QQ̄→H; ~b! gQ̄→HQ̄ ~there is also ans-channel diagram, not

shown!; and~c! Q̃Q̄→H, where the heavy-quark distribution func

tion Q̃ is given by the perturbative solution to the DGLAP equ
tions. Figures~b! and ~c! together constitute the 1/ln(mH /mQ) cor-
rection to the leading-order subprocess in~a!.

FIG. 3. Feynman diagrams for~a! gg→QQ̄H ~the complete set

of diagrams is shown in Fig. 1!; ~b!,~c! Q̃g→QH and gQ̃̄→HQ̄

~there are alsos-channel diagrams, not shown!; and ~d! Q̃Q̃̄→H,

where the heavy-quark distribution functionQ̃ is given by the per-
turbative solution to the DGLAP equations. These diagrams
gether constitute the 1/ln2(mH /mQ) correction to the leading-orde

subprocessQQ̄→H.
6-2
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This is shown in Figs. 3~b!–3~d!: each of the two collinear
regions must be subtracted, but we must also add back
double-collinear region@Fig. 3~d!#, which is subtracted twice
@Figs. 3~b! and 3~c!#. Once the logarithms have been ca
celled, the sum of the subprocesses in Fig. 3 is of orderas

2 .
This is down by two powers of ln(mH /mQ) with respect to the
leading-order subprocess, Fig. 2~a!, so it is a correction of
order 1/ln2(mH /mQ).

Thus we see that Higgs-boson production in associa
with heavy quarks contains terms of relative order un
1/ln(mH /mQ), and 1/ln2(mH /mQ), depending on whether th
initial state contains two, one, or zero heavy quarks, resp
tively. These are the only powers of 1/ln(mH /mQ) that ap-
pear, to all orders in perturbation theory@12#.

B. as correction

Now consider the correction to the leading-order subp
cess,QQ̄→H @Fig. 2~a!#, from virtual- and real-gluon emis
sion, shown in Fig. 4. Since these diagrams contain
heavy quarks in the initial state, they are of ord
as

3ln2(mH /mQ), i.e., down by one power ofas from the
leading-order subprocess.

There is a factor of ln(mH /mQ) associated with the emis
sion of a collinear gluon from a heavy quark@Fig. 4~b!#, and
this is handled in a similar manner to the collinear logarith
associated with a gluon splitting to aQQ̄ pair. The collinear
logarithm is summed, to all orders in perturbation theo
into the heavy-quark distribution function, and the colline
region is then explicitly removed by subtracting the subp
cessQQ̄→H @Fig. 4~c!#, with the heavy-quark distribution
function given by the perturbative solution to the DGLA
equation for a gluon radiated from a heavy quark. After
cancellation of the collinear logarithms, the sum of Figs. 4~b!
and 4~c! @as well as Fig. 4~a!# is a correction of orderas to
the leading-order subprocessQQ̄→H.

III. THE 1/ln „mH /mQ… CORRECTION

The leading-order hadronic cross section for Higgs-bo
production in association with heavy quarks, t
1/ln(mH /mQ) correction, and the 1/ln2(mH /mQ) correction are
obtained from the equations

FIG. 4. Feynman diagrams for~a! the virtual-gluon correction to

QQ̄→H; ~b! QQ̄→Hg; and ~c! Q̃Q̄→H, where the heavy-quark

distribution functionQ̃ is given by the perturbative solution to th
DGLAP equations. These diagrams together constitute theas cor-

rection to the leading-order subprocessQQ̄→H.
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sLO5Q^ sQQ̄→H
0

^ Q̄1Q̄^ sQ̄Q→H
0

^ Q ~3!

s1/ln~mH /mQ!5g^ sgQ→HQ
1

^ Q2 Q̃̄^ sQ̄Q→H
0

^ Q

1Q^ sQg→QH
1

^ g2Q^ sQQ̄→H
0

^ Q̃̄

1g^ sgQ̄→HQ̄
1

^ Q̄2Q̃^ sQQ̄→H
0

^ Q̄

1Q̄^ sQ̄g→Q̄H
1

^ g2Q̄^ sQ̄Q→H
0

^ Q̃
~4!

s1/ln2~mH /mQ!5g^ sgg→QQ̄H
2

^ g2Q̃^ sQg→QH
1

^ g

2g^ sgQ→HQ
1

^ Q̃2 Q̃̄^ sQ̄g→Q̄H
1

^ g

2g^ sgQ̄→HQ̄
1

^ Q̃̄1Q̃^ sQQ̄→H
0

^ Q̃̄

1 Q̃̄^ sQ̄Q→H
0

^ Q̃ ~5!

whereQ is the heavy-quark distribution function,Q̃ is the
perturbative heavy-quark distribution function@Eq. ~1!#, g is
the gluon distribution function, and they are convolved w
the various subprocess cross sections in the usual way.~The
parton distribution function written before the subproce
cross section is from hadron A, the one written after fro
hadron B, and the superscripts on the subprocess cross
tions denote the power ofas). This formula implements the
discussion in Sec. II on the proper way to count the orde
the contributions to Higgs-boson production in associat
with heavy quarks.3 One can check that the sum of the
equations is equivalent to Eq.~5! of Ref. @2#, although the
proper way to count orders was not known at that time.

For the calculation of the 1/ln(mH /mQ) correction ~and
also theas correction!, it is more convenient to regulate th
collinear divergence with dimensional regularization@11#
rather than with a finite heavy-quark mass@10#. The former
is accurate up to powers ofmQ

2 /mH
2 , which is small in the

region of validity of our calculation,mQ!mH . We perform
the calculation of the 1/ln(mH /mQ) correction both ways,
analytically in the case of dimensional regularization a
numerically in the case of a finite heavy-quark mass, and
agreement. The calculation of the 1/ln2(mH /mQ) correction is
only done numerically, using a finite heavy-quark mass.

We now describe the analytic calculation of th
1/ln(mH /mQ) correction using dimensional regularizatio
The calculation is similar to the QCD correction to the Dre
Yan process from initial gluons@13#,4 but with the vector
current replaced by a scalar current.

The spin- and color-averaged cross section for
leading-order subprocessQQ̄→H is

3The next-to-next-to-leading-order formula, Eq.~5!, not only sub-
tracts the double-collinear region, as described in Sec. II A, but a
subtracts the single-collinear regions.

4For a pedagogical treatment, see Ref.@14#.
6-3
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sQQ̄→H
0

5
p

6

m̄2~m!

v2
m2e

1

mH
2

d~12z!, ~6!

wherez[mH
2 / ŝ. The calculation is performed inN5422e

dimensions;m is the ‘t Hooft mass, which is introduced suc
that the renormalized Yukawa coupling is dimensionless
N dimensions. We use the modified minimal subtract
(MS) scheme to subtract ultraviolet~and collinear! diver-
gences, som̄(m) is the heavy-quark (MS) mass.

The spin- and color-averaged cross section for the sub
cessgQ→HQ is

sgQ→HQ
1 5

as

12

m̄2~m!

v2
m4e

1

ŝ
H Pqg~z!F2

1

e

G~12e!

G~122e!

1 lnS mH
2

4p

~12z!2

z D G
1

1

4
~12z!~7z23!J , ~7!

wherez[mH
2 / ŝ. The collinear divergence manifests itself

a pole ate50. The ‘t Hooft mass accompanies both t
renormalized strong coupling and Yukawa coupling, wh
are defined to be dimensionless inN dimensions.

The perturbative heavy-quark distribution function th
subtracts the collinear region in dimensional regularizatio

Q̃~x,m!52
as

2pEx

1dy

y
PqgS x

yDg~y,m!S 1

e
2g1 ln4p D .

~8!

This is the analogue of Eq.~1!, in which the collinear diver-
gence is regularized by a finite heavy-quark mass. Eit
distribution function can be used in Eq.~4!, and both yield
the cross section in theMS scheme. Using dimensional reg
larization, the first line of Eq.~4! yields the cross section

s̄gQ→HQ
1 5

as

12

m̄2~m!

v2

1

ŝ
F Pqg~z!lnS mH

2

m2

~12z!2

z D
1

1

4
~12z!~7z23!G . ~9!

This is just Eq.~7! with the term proportional to (1/e2g
1 ln4p) removed by renormalization, and the limite→0
taken. The remaining terms in the 1/ln(mH /mQ) correction
@lines 2–4 of Eq.~4!# yield the same expression.

The 1/ln2(mH /mQ) correction, Eq.~5!, can also be calcu
lated analytically using dimensional regularization. Ho
ever, we find it simpler to perform the calculation nume
cally, using a finite heavy-quark mass. The perturbat
heavy-quark distribution function that subtracts the collin
region is given by Eq.~1!, andmQ is kept finite throughout
the calculation.
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IV. THE as CORRECTION

The calculation of theas correction toQQ̄→H is also
similar to the correction to the Drell-Yan process@13,14#.
However, there is an additional feature: the ultraviolet ren
malization of the Yukawa coupling@15#. The electroweak
coupling is not renormalized in the Drell-Yan process due
a Ward identity which cancels the ultraviolet divergence.

The interference of the one-loop vertex correction in F
4~a! with the tree diagram in Fig. 2~a! yields the spin- and
color-averaged cross section

sQQ̄→H
1

5
p

6

m̄2~m!

v2
m2e

1

ŝ
d~12z!

3F11CF

as

2p
m2eS 4p

mH
2 D e

G~12e!

G~122e!

3S 2
2

e2
2

3

e
221

2p2

3 D G ~10!

(CF[4/3) which includes both the leading-order and ne
to-leading-order terms. The Yukawa coupling has be
renormalized in theMS scheme, which yields the counte
term @15#

L52me
m̄~m!

v
S 12

dm̄

m̄
D QQ̄H, ~11!

where

dm̄

m̄
5CF

as

4p
3S 1

e
2g1 ln4p D . ~12!

The cross section displays both a collinear (1/e) and an in-
frared (1/e2) divergence.

The emission of a real gluon~QQ̄→Hg) yields the spin-
and color-averaged cross section

sQQ̄→Hg
1

5CF

as

12
m2e

m̄2~m!

v2

1

ŝ
S 4p

mH
2 D e

G~12e!

G~122e!

3F 2

e2
d~12z!2

2

e

11z2

~12z!1
22~11z2!

lnz

12z

14~11z2!S ln~12z!

12z D
1

12~12z!G , ~13!

where z[mH
2 / ŝ, and the ‘‘plus’’ prescription is defined a

usual:

E
0

1

dz@ f ~z!#1h~z![E
0

1

dz f~z!@h~z!2h~1!#. ~14!
6-4
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TABLE I. Leading-order and next-to-leading-order cross sections, in~pb!, for Higgs-boson production in association with bottom qua

at the Tevatron (AS51.8 and 2 TeVpp̄) and the LHC (AS514 TeV pp). The next-to-leading-order cross section is the sum of
leading-order cross section and the 1/ln(mH /mb) andas corrections. All calculations are performed in theMS scheme using CTEQ4M parto
distribution functions withm5mUV5mH . The method to obtain the uncertainty in the next-to-leading-order cross section is described
text.

AS51.8 TeV pp̄ AS52 TeV pp̄ AS514 TeV pp

mH(GeV) LO NLO ~pb! LO NLO ~pb! LO NLO ~pb!

40 12.30 7.4564.17 31021 15.10 9.3665.19 31021 3.16 2.1061.03 3101

60 2.71 1.9960.85 31021 3.41 2.5061.07 31021 9.94 7.5262.98 3100

80 8.23 6.5262.41 31022 10.70 8.5263.13 31022 4.12 3.3361.16 3100

100 3.05 2.5660.86 31022 4.05 3.3861.12 31022 2.01 1.6960.54 3100

120 1.28 1.1160.35 31022 1.74 1.5160.47 31022 11.00 9.5562.92 31021

140 5.90 5.2861.57 31023 8.22 7.3362.17 31023 6.47 5.7661.68 31021

160 2.91 2.6760.75 31023 4.15 3.7961.07 31023 4.02 3.6161.01 31021

180 1.51 1.4260.39 31023 2.21 2.0660.56 31023 2.63 2.3960.65 31021

200 8.21 7.8362.49 31024 1.23 1.1760.31 31023 1.78 1.6560.43 31021

250 2.04 2.0360.61 31024 3.24 3.1960.97 31024 7.66 7.2361.79 31022

300 5.84 6.0161.75 31025 0.98 1.0060.29 31024 3.74 3.5860.85 31022

400 6.10 6.6762.36 31026 1.17 1.2560.35 31025 1.15 1.1460.26 31022

500 7.70 8.8663.05 31027 1.70 1.9360.67 31026 4.34 4.3460.92 31023

600 1.07 1.2960.80 31027 2.75 3.2561.10 31027 1.90 1.9360.40 31023

700 1.54 1.9761.21 31028 4.72 5.8363.60 31028 9.21 9.4461.89 31024

800 2.28 3.0861.90 31029 0.83 1.0860.66 31028 4.79 4.9760.98 31024

900 3.42 4.8763.00 310210 1.49 2.0161.24 31029 2.64 2.7760.54 31024

1000 5.18 7.8264.81 310211 2.70 3.8562.37 310210 1.52 1.6060.31 31024
on
ol-
in

on
c-

a
th

,

ally
,
ass
When combined with the cross section from virtual-glu
emission, Eq.~10!, the infrared divergences cancel. The c
linear divergence is subtracted by constructing the comb
tion

sas
5Q^ sQQ̄→H

1
^ Q̄1Q̄^ sQ̄Q→H

1
^ Q

1Q^ sQQ̄→Hg
1

^ Q̄2Q̃^ sQQ̄→H
0

^ Q̄

2Q^ sQQ̄→H
0

^ Q̃̄1Q̄^ sQ̄Q→Hg
1

^ Q

2 Q̃̄^ sQ̄Q→H
0

^ Q2Q̄^ sQ̄Q→H
0

^ Q̃, ~15!

which is the analogue, for virtual- and real-gluon emissi
of Eq. ~4!. The perturbative heavy-quark distribution fun
tion in Eq. ~15! is given by

Q̃~x,m!52
as

2pEx

1dy

y
PqqS x

yDQ~y,m!S 1

e
2g1 ln4p D ,

~16!

where

Pqq~z!5CFS 11z2

~12z!1
1

3

2
d~12z! D , ~17!

is the DGLAP splitting function for a quark radiating
gluon. The sum of virtual- and real-gluon emission, after
subtraction of the collinear divergence, is
09401
a-

,

e

s̄QQ̄→H
1

1s̄QQ̄→Hg
1

5
p

6

m̄2~m!

v2

1

ŝ

3H d~12z!1
as

p
Pqq~z!ln

mH
2

m2

1CF

as

2p F S 221
2p2

3
23ln

mH
2

m2 D
3d~12z!22~11z2!

lnz

12z
14~11z2!

3S ln~12z!

12z D
1

12~12z!G J , ~18!

which is the sum of Eqs.~10! and ~13!, with the term pro-
portional to (1/e2g1 ln 4p) removed by renormalization
and the limite→0 taken.

Since the derivation of Eq.~18! involves the removal of
both collinear and ultraviolet divergences, there are actu
two independent scales (m) present. To make this explicit
consider the leading-order running of the heavy-quark m
and the strong coupling@15#:

m̄~m!5m̄~m0!S as~m!

as~m0! D
1/b0

, ~19!
6-5
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as~m!5
as~m0!

11b0@as~m0!/p# ln~m2/m0
2!

, ~20!

whereb05(1122Nf /3)/4 ~see the Appendix for the next-to
leading-order equation!. The perturbative expansion of Eq
~19! at next-to-leading order is

m̄~m!5m̄~m0!F12CF

as

4p
3lnS m2

m0
2D G . ~21!

Using Eq. ~21! to replacem̄(m) with m̄(mUV) in Eq. ~18!
yields our final expression for the correction from virtua
and real-gluon emission,

s̄QQ̄→H
1

1s̄QQ̄→Hg
1

5
p

6

m̄2~mUV!

v2

1

ŝ
H d~12z!

1
as

p
Pqq~z!ln

mH
2

m2

1CF

as

2p F S 221
2p2

3
23ln

mH
2

mUV
2 D

3d~12z!22~11z2!
lnz

12z
14~11z2!

3S ln~12z! D 12~12z!G J , ~22!

TABLE II. The two-loop runningb mass at various values o

the renormalization scalemUV , given the initial valuem̄b(Mb)
54.25 GeV.

mUV(GeV) m̄b(mUV)(GeV)

40 3.23
60 3.11
80 3.04

100 2.98
120 2.94
140 2.90
160 2.87
180 2.85
200 2.82
250 2.77
300 2.73
400 2.68
500 2.63
600 2.60
700 2.57
800 2.55
900 2.53

1000 2.51
12z
1

09401
where we now distinguish between the renormalization sc
(mUV), associated with the running coupling, and the fact
ization scale (m), associated with the parton distributio
functions.

V. RESULTS AND CONCLUSIONS

Our numerical results for Higgs-boson production in a
sociation with bottom quarks at the Tevatron (AS51.8 and
2 TeV pp̄) and the LHC (14 TeVpp) are presented in
Table I.5 All cross sections are evaluated with the CTEQ4
parton distribution functions@16#. The factorization (m) and
renormalization (mUV) scales are both set equal tomH . The
runningb mass is evolved from an initial value ofm̄b(Mb)
54.2560.15 GeV@17#6 using next-to-leading-order evolu
tion equations~see the Appendix! @18#.7 The value of the
runningb mass at various values ofmUV are listed in Table
II. Using m̄b(mH), rather thanm̄b(Mb) or Mb , to evaluate
the Yukawa coupling decreases the cross section by a

5The contribution fromqq̄→bb̄H is negligible at both machines
6Mb is the pole mass, which equals 4.64 GeV at one loop. Thi

the appropriate value to use inm̄b(Mb), since theMS mass given in
Ref. @17# is obtained from the pole mass at one loop.

7When theb mass appears in the kinematics or the perturba
heavy-quark distribution function@Eq. ~1!#, the CTEQ mass~5.0
GeV! should be used.

FIG. 5. Percentage change in the cross section for Higgs-bo
production in association with bottom quarks from the correctio
of order 1/ln(mH /mb), 1/ln2(mH /mb), and as , as a function of the
Higgs-boson mass, at the Tevatron. The next-to-leading-o
~NLO! correction is the sum of the 1/ln(mH /mb) andas corrections.
6-6
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50%. We use the standard-model Yukawa coupling, with
enhancement factor, throughout. Although there is a lo
bound of about 70 GeV on the mass of supersymme
Higgs bosons@19#, there is no strict lower bound on the ma
of Higgs bosons in a general two-Higgs-doublet mo
@19,20#, so we include the results for a few smaller mass

We show the percentage change in the cross section
the corrections of order 1/ln(mH /mb), 1/ln2(mH /mb), andas ,
as a function of the Higgs-boson mass, in Figs. 5~Tevatron!
and 6 ~LHC!. We find that the 1/ln(mH /mb) correction is
significant and negative at the Tevatron~LHC!, ranging from
294%(286%) for mH540 GeV to 235%(236%) for
mH51000 GeV. The size of this correction is a measure
the validity of our calculation; as it approaches appro
mately2100%, it is no longer justified to regardbb̄→H as
the leading-order subprocess. Our calculation is increasin
justified as one increases the Higgs mass, but
1/ln(mH /mb) correction is significant even formH
51000 GeV.

The as correction is also significant, and happens to
positive, such that it largely cancels the 1/ln(mH /mb) correc-
tion. The as correction ranges from156% for mH
540 GeV to 178% for mH51000 GeV at the Tevatron
The correction increases as the Higgs-boson mass
proaches the machine energy due to the presence of a
Sudakov logarithm@21#.8 Such an effect is not present at th
much higher-energy LHC, where the correction ranges fr
152% for mH540 GeV to142% for mH51000 GeV.

8We do not attempt to sum the Sudakov logarithm.

FIG. 6. Same as Fig. 5, but at the LHC.
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The 1/ln2(mH /mb) correction is modest, ranging from
120%(117%) for mH540 GeV to13%(14%) for mH
51000 GeV at the Tevatron~LHC!. This supports our
counting of the order of the various corrections. Since
have not calculated the other next-to-next-to-leading-or
corrections, of orderas

2 and as31/ln(mH /mb), we do not
include the 1/ln2(mH /mb) correction in our final result, given
in Table I.

FIG. 7. Uncertainty in the cross section for Higgs-boson prod
tion in association with bottom quarks at the Tevatron, obtained
varying the factorization scalem about its central value,m5mH ,
from mH/2 to 2mH .

FIG. 8. Same as Fig. 7, but at the LHC.
6-7
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The largest uncertainty in the cross section comes fr
varying the factorization scale,m. We show in Figs. 7~Teva-
tron! and 8~LHC! the percentage change in the cross sec
from its central value (m5mH) due to varyingm between
mH/2 and 2mH , while keepingmUV5mH fixed. The scale
variation is generally larger at next-to-leading order than i
at leading order,9 which indicates that the leading-order sca
variation is not a reliable estimate of the uncertainty. T
next-to-leading-order uncertainty ranges from about630%
for mH5100 GeV to about 68.5%(613%) for mH
51000 GeV at the Tevatron~LHC!.

There is a much smaller uncertainty in the cross sec
from varying the renormalization scale,mUV , betweenmH/2
and 2mH . The next-to-leading-order uncertainty ranges fro
about62.5% formH5100 GeV to about66%(64%) for
mH51000 GeV at the Tevatron~LHC!. This is significantly
less than the leading-order uncertainty of about611% at
both machines. There is also an uncertainty in the cross
tion of about68% from the uncertainty in theb-quark mass.

Since theb-quark parton distribution function arises fro
that of the gluon@Eq. ~1!#, an additional source of uncer
tainty is from the gluon-gluon luminosity, which depends
t'mH

2 /S @22#. We use the uncertainty advocated in R
@22#: 610%(At,0.1); 620%(0.1,At,0.2); 630%(0.2
,At,0.3); 660%(0.3,At,0.4). We combine all four
sources of uncertainty discussed above in quadrature,
report the uncertainty in the next-to-leading-order cross s
tions in Table I.

Our calculation can also be applied to Higgs-boson p
duction in association with top quarks@2,23,24#. However, it
is only valid for mH@mt , wheret t̄→H can be regarded a
leading order andgt→Ht can be regarded as a small corre
tion of order 1/ln(mH /mt). For mH;mt , one must regard
gg→t t̄H as the leading-order subprocess. Theas correction
to this subprocess has not yet been calculated. Howeve
has been calculated in the opposite limit to the one we
considering, namelymH!mt ~with mH ,mt!Aŝ) @25#.

In summary, we have calculated the cross section
Higgs-boson production in association with bottom quarks
next-to-leading-order in 1/ln(mH /mb) andas , and at next-to-
next-to-leading order in 1/ln(mH /mb). The most important ef-
fect of the next-to-leading-order corrections is taken into
count by evaluating the bottom-quark Yukawa coupli

9In these figures, the leading-order cross section is calculated
leading-order parton distribution functions@16#.
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using theMS mass evaluated at the Higgs-boson mass.
1/ln(mH /mb) andas corrections are both large, but have th
opposite sign, such that the total next-to-leading-order c
rection is relatively modest.
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APPENDIX

The next-to-leading-order running of the heavy-quarkMS
mass is described by the equation@18#

m̄~m!5m̄~m0!S as~m!

as~m0! D
g0 /b0 @11A1as~m!/p#

@11A1as~m0!/p#
,

~A1!

where

A152
b1g0

b0
2

1
g1

b0
, ~A2!

b05
1

4 S 112
2

3
Nf D , g051,

b15
1

16S 1022
38

3
Nf D , g15

1

16S 202

3
2

20

9
Nf D ,

whereNf is the number of quark flavors of mass less th
m(m.m0). For m,mt , Nf55; for m.mt , Nf56, with the
running mass continuous atm5mt .

The relation between the pole mass and theMS mass at
next-to-leading order is

MQ5m̄Q~MQ!S 11CF

as

p D . ~A3!

The next-to-leading-order evolution of the strong co
pling is supplied as a subroutine by CTEQ@16#. An analytic
expression can be found in Ref.@17#.
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