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We determine the three-neutrino mixing and mass parameters that are allowed by the solar and atmospheric
neutrino data when vacuum oscillations are responsible for both phenomena. The global fit does not apprecia-
bly change the allowed regions for the parameters obtained from effective two-neutrino fits. We discuss how
measurements of the solar electron energy spectrum below 6.5 GeV in Super-Kamiokande and seasonal
variations in the Super-Kamiokandé&Ga, and BOREXINO experiments can distinguish the different solar
vacuum solutions.S0556-282(199)09009-9

PACS numbegps): 14.60.Pq, 95.85.Ry, 96.40.Tv

[. INTRODUCTION Hence bothw < v, and v,— v oscillations may be observ-
able in future long-baseline experiments. We also find that
Recent data from the Super-Kamiokande experirfiies2f fqture measurements_of seasonallvariations in the solar neu-
have strengthened the interpretation of the sfBa6] and  trino signal can provide an unmistakable sign of vacuum
atmospherid8,9] neutrino anomalies in terms of neutrino osc_lllatlons, and can further constrain the allowed parameter
oscillations. Oscillations have also been invoked to describ&9'°ONS:

. . ' . In Sec. Il we review the formalism for oscillations of
the appearance of electron neutrinos and antineutrinos in tqﬁree neutrinos relevant to the atmospheric and solar phe-

Liquid Scintillation Neutrino DetectofLSND) experiment Joana In Sec. IIl we evaluate the current allowed two-
[10]. Because confirmation of the LSND results awaits futureneytrino parameter regions, and briefly review the evidence
experiments and recent measurements in the KARMEN dendicating that two distinctsm? are needed to describe the
tector exclude part of the LSND allowed regifitil], a con-  solar and atmospheric data. In Sec. IV we obtain three-
servative approach is to assume that oscillations need onlyeutrino solutions from a combined fit to the atmospheric
account for the solar and atmospheric data. Then the twand solar data. We conclude with a discussion of future tests
mass-squared difference scales in a three-neutrino model a@é vacuum oscillations in Sec. V.

sufficient to describe the data. A number of three-neutrino

models have been investigatEtR—17. One attractive pos- ll. OSCILLATION ANALYSIS

sibility is that both the atmospheric, and solarv, oscillate A. General probability expressions
; ; 2
ma;qmally [14] or near-maximally[15] at the 5my, and The survival probability for a given neutrino flaver, in
omg,,, scales, respectively. a vacuum ig22]
Most detailed oscillation fits have been done separately

for the solar and atmospheric data in effective two-neutrino 2 2i

S . P =1-42, |U_i|?|U ul?sirPA ., 1
approximations[18]. In this paper we make full three- (Vo= ve) %' ail 1Y ad Ik @

neutrino fits to the solar and atmospheric oscillation data to . . o o .
determine the allowed values for the general three-neutrinn€ré U is the neutrino mixing matrix(in the basis
mixing matrix under the assumption that one mass-squareffhere the charged-lepton mass matrix is diagbnal
difference, smZ,,,,, explains the atmospheric neutrino oscil- =8mf, L/AE=1.27(5mj /eV?)(L/km)/(E/GeV), sm3 smb,
lations and that the other independent mass-squared differ= mjz—mﬁ, and the sum is over ajlandk, subject tok<j.
ence,sm?,,,< dm2,.,, explains the solar neutrino oscillations The matrix elementsl ,; are the mixings between the flavor
via the vacuum long-wavelength scenarf@9,20. We (a=e,u,7) and the massjE&1,2,3) eigenstates, and we as-
choose a particular parametrization for the three-neutrinéume without loss of generality that; <m,<mj;. The solar
mixing in which the expressions for the atmospheric andoscillations are driven byA,,=Ag,, and the atmospheric
solar neutrino oscillations share only a single parameter, andscillations are driven byAz|=|A sy =A 3> Agun.

discuss the degree to which the two phenomena decouple. The off-diagonal vacuum oscillation probabilities in a
We find that the extension from two to three neutrino speciethree-neutrino model af@3]

does not improve the separate fits to either the atmospheric . % 12

or solar data. Although pure,— v, oscillations of atmo- P(ve—wv,)=4 |Ue3U#3|23'n2Aatm

spheric neutrinos are favored, there exist three-neutrino so- —4REU,ULU*,U ol sirA
lutions with non-negligibler ,« v, oscillations, even with ereeTpl T sun
the constraints from the CHOOZ reactor experimgzi]. —2Jsin2A4, 2
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P(ve— v,)=4|UU%|%siPA 4im states; thusP(v,—vz)=P(v,—vz) [and thereforeP(v,,
- ) —vg)=P(vg—wv,) from CPT invariancg at the atmo-
—4 R{UUQU U o) sinfAgy, spheric scale.
2 Jsin2A 3) Without loss of generality we work in the basis where the
sun: charged-lepton mass matrix is diagonal. The mattfixhat
relates the flavor eigenstates to the mass eigenstates may be
P(v,—v,)=4 |U,L3U’:3|2Sin2Aatm parametrized in terms of three Euler angles and @nee
R , phases for Dira¢dMajorana neutrinos. This can be under-
—4ReU U UL U 2SI Agun stood as follows. In the Dirac casb, is analogous to the
—2Jsin2Ag,,, 4) CKM mixing matrix in the quark sector, in which there are

three Euler angles and one phase. For Majorana neutrinos,
e . o . the 3x3 mass matrix in the flavor basis must be symmetric
where the CP-violating “Jarlskog invariant” [24] is J  t may be complek25]. There are 12 independent param-
=32y y€ijk€ap MU UG U Upg} for any a, B, i, andj  gers, which can be taken as 3 real mass eigenvalues, 3 real
(€.9.,=Im{UgUgU5,U 3} for a=e, B=pu, i=2, andj  Euler angles, and 6 phases. Then three of the phases can be
=3). TheCP-odd term changes sign under reversal of theabsorbed into the definitions of the fields. However, only
oscillating flavors, or if neutrinos are replaced by antineutri-one of the three remaining phases has physical consequences
nos. We note that th€ P-violating probability at the atmo- in neutrino oscillations. Therefore for either Dirac or Majo-
spheric scale is suppressed to order:,/Sm2,,, with the  rana neutrinos we can choose the following parametrization
leading term cancelling in the sum over the two light-massor U [26]:

C1C3 C1S3 s,e” 0

Ve V1 V1
—C,S3—515,C3€' 0 Co,C3—5:5,53€'% ¢S
v, | =U| vz 2S3 123'5 2C3 123'5 152 v, |, (5)
I I
v, vy $,S3—S1C,C3€ —SyC3—S1C,S3€ C1Cy vy
|
L= X .=qj X i Vi i o__ e
wherec;=cos#;, sj=sin6, and s is the CP-violating phase. NM/NM_Q[(1_<S>A§&)H (S)ALe ], (12)

B. Atmospheric and long-baseline experiments and

The experimental indications are thémZ,,~10 2 eV? . o o .

and thatom?2,,~101° eV? for a vacuum oscillation expla- Ne/Ne=al (1= (S)Agm) +1 (ALl (12

nation of the solar neutrino data. Then for the oscillations of

neutrinos in atmospheric and long-baseline experiments witthereNg andNj, are the expected numbers of atmospheric

L/E=10? km/GeV, theA,,, terms are negligible and the and u events, respectively,=Ng/N°,, (S) is sirfAym ap-

relevant oscillation probabilities are propriately averaged, and is an overall neutrino flux nor-
malization, which we allow to vary following the SuperK

P(v,—v,)=1—(cisiP20,+ s5sinf20,)siPA ., (6)  analysis[2].

SuperK presentetl,, /N7, and N /Ng for eight different

P(ve— ve) =1—SINF20;SINPA 3. (7)  L/E bins[2] from a 535 day exposure. The data were ob-
- ) tained by inferring anL/E value for each event from the
P(veev,,)=S38iM20:SIPA 4y (8 zenith angle, and energy of the observed charged legEpn
5 . ) and comparing it to expectations from a Monte Carlo simu-
P(vee v,)=C38iIM20,8IMA 4, (9 lation based on the atmospheric neutrino spectii@f
folded with the differential cross section. Because of the fact
P(v, < v,)=C1SiMP20,SIPA 3y (100 that the charged lepton energy and direction in general differ

) from the corresponding values for the incident neutriap
When 6,=0 (i.e., Ugg=0), these reduce to pure,—v,  antineutring, the L/E distribution involves substantial
oscillations with amplitude sfi2é,, andve does not oscillate  smearing. We estimate this smearing by a Monte Carlo inte-
in atmospheric and long-baseline experiments. gration over the neutrino angle and energy spectf@sj
We define the oscillation amplitudé’i:t/,‘n, Agﬁn, A4S, weighted by the deep-inelastic differential cross sedti®).
AST ., and A% as the coefficients of the i, terms in  We generate events wis, and 6,, and determine the cor-
Egs. (6)—(10), respectively. The neutrino parameters canrespondingg, and 6, for the charged lepton. We bin the
then be determined from the atmospheric neutrino data bgvents inL/E,, using 6, to determineL and an estimated
the relations neutrino energy inferred from the average ratio of lepton
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momentum to neutrino energg*=E(E,/E,), analogous though the oscillations of. may involve bothv,, andv.,
to the SuperK analysi§2]. We calculate a value for the individual channelge— v, andve— v, are not measur-
(SirPA ) for eachL/E bin for a given value ofmZ,,,. We able in solar experiments, since the neutrino energies are

can then fit Eqs(11) and(12) to the data and determine the below the thresholds for and = production. The parameter
neutrino parameters in Eq6)—(8) and the normalization. 61 Measures the extent to which the solar oscillations have a

Without loss of generality we takémitm to be positive. constant component coming from the atmospheric oscillation

We do not consider matter effects in our analysis. For the&cale[32]- ar he sh ‘i dard sol
om2,,, favored by our fits, matter effects are small for the IS Iousrsso ar |ttslwe ﬂuse the ; ag)e 0 t't e standar fso ar
sub-GeV neutrinos that constitute most of the dggl. model (SSM) neutrino fluxes and absorption cross sections

Also, as evidenced by our fits, the dominant oscillation is'chTef‘ BG]HaGm the new n?rlrgatlrl]zatlon?m Re{fZ]l.l l:tpr the b
v,— v, which is not greatly affected by mattg31]. How- an a cases, we 1o € neutrino oscination prob-

ever, matter effects could be important for the neutrino fluxaggg dvxléttrt'ir:li erign:b;?:?;g'g; g(r:?esj nsjr(r:]tkl)%? oafne?/een)f[:s
with smaller sm2,/E,, i.e., mult-GeV data in solutions P P ’

ith Sm2 <103 eV2 il baseli . i which can then be compared to the expectations of the stan-
wi Mam™= eV, or In long-baseline experments 454 solar model. We also allow an arbitrary normalization

[30] factor 8 for the 8B neutrino flux. The expected number of
neutrino events is then
C. Solar experiments
For neutrinos from the sub/E~10'"° km/GeV, and the N:f P (ve— 1) (Bdg+ bnon_s)dE, . (19)
sirfA,, terms oscillate very rapidly, averaging fo Then

the oscillation probabilities are For the Super-Kamiokande case, for which the interaction is

1 ve— ve, the events are binned by outgoing electron energy,
P(ve—ve)=1— Esinzzal—c‘l‘sinzzagsir?Asun, (13 and we have included the effects of the detector resolution.
The number of events per unit of electron energy is

1,
P(ve—v,)= Es%smzz 6, + 4c?s5C5[ S5C5(C5— S3s3) dN _ J docc P(ves 1)+ done
dE. dE, dE,
+5,5,C,C0S 205¢085]siA g
— 25,C25,C,S5C3SiN 6SiN 2A ¢y, (14) X[1=P(ve— Ve)]] G(Eq,Ee) ¢dE,dE; (20)

where docc/dE. (doyc/dE;) is the charge-current
(neutral-current differential cross section for an incident
neutrino of energye, andG(E,,E,) is the probability that
an electron of energf, is measured as having energy;
+2510552C253035in 5sin2A¢yp, (15) the electron energy resolution is taken from Rdf]. The
events are then put into 0.5 GeV bins starting at the 6.5 GeV
where p(yaﬂvﬁ):p(jﬁﬂja) from CPT invariance and threshold for the detector, to compare with the Super-
P(vz—v,) may be found fronP(v,— v;) by changing the Kamiokande data. We take as the input solar data the Home-
sign of 8. Since only the sum of oscillation channdt¢y,  Stake*’Cl rate[3], the GALLEX and SAGHS5] "'Ga rates,
—v,)+P(ve—v,)=1—P(ve—v,) is tested in solar ex- and 16 bins of the Super-Kamiokande detected electron en-
periments, theCP-violating parameter] cannot be con- €rgy spectrunil]. We then fit Eqs(19) and(20) to the data
strained from solar measurements. To see the effectsof and determine the neutrino parameters in@@) and the®s

1
P(ve—v,)= Ec'ﬁsinzz 61+ 4C2s5C4 S5C5(S5— S2C3)

—5,5,C,C08S 205¢088]siAgn,

violation one must measure neutrino flux normalizatiorg.
In our solar fits we combine day and night results, since
P(v,—ve)—P(ve—v,) they should not be appreciably different for vacuum long-
wavelength oscillations. We compare the model predictions
=P(ve—v,) = P(v,—ve) (16)  with the time-averaged data, since with current statistics the
Super-Kamiokande data does not reflect any seasonal varia-
=P(v;—v,)=P(r,—v,) (17 tion [1]. The possibility of detecting a seasonal variation in
) o Super-Kamiokande and other experiments with improved
= 251C157C253C3SINGSIN2A gy, (18)  statistics is discussed in Sec. V.
the corresponding differences for antineutrirfagich have Il TWO-NEUTRINO SOLUTIONS

the opposite sign or combinations that violat€ P explic-
itly, such asP(v,—ve) —P(v,— ve).

When 6,=0 (i.e., Ug3=0), the solar oscillation acts like In the limit §,=0 (i.e., Ug3=0), the atmospheric and
a simple two-neutrino oscillation with amplitude €@, al-  solar oscillations decoupl&2,33 and effectively reduce to

A. Independent solutions for atmospheric and solar data
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FIG. 1. Allowed region at 95% C.L. for our effective two-
neutrino fit to the Super-Kamiokande atmospheric neutrino data.
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FIG. 2. Allowed regions at 95% C.L. for our effective two-

neutrino fit to the solar neutrino data from Homestake, SAGE,
GALLEX, and Super-Kamiokande. The four “finger” regions from

two separate two-neutrino solutions, each with its own 0sCilrgpie 11 are labeled A. B. C. and D.
lation amplitude and mass-squared difference. Also, the only T

oscillation channel for atmospheric neutrinos ig— v, .
More specifically, for atmospheric neutrinos

P(v,—v,)=1-Ssir?20,Sin?A 3, (21
P(ve—ve)=1, (22
P( Ve<_’ VM) = 01 (23)

and for solar neutrinos

P(ve— ve) =1—Sirf203siAg,,. (24

theoretical flux normalization is exactthe best fit has
x2/DOF=22.8/14, which is acceptable only at the 6% C.L.
The calculated flux has a normalization uncertainty of about
+20% [34].

As reported by the SuperK Collaboration, the other two-
neutrino case with pure vacuum),« v, oscillations(which
corresponds t@,= 7/2) does not give a good fit to the data
(possible effects of matter are discussed at the end of Sec.
I1B). We find that the minimumy?/DOF for this case is
81.9/13, corresponding to a goodness-of-fit ok X0~ 12
Therefore thev, < v, scenario for atmospheric neutrinos is
strongly disfavored by the SuperK data. The results of the

In the Ueg=0 limit, fits to the atmospheric and solar data yyq-neutrino fits to the atmospheric data are summarized in

may be made independently.

B. Atmospheric data

For the two-neutrino case with =0 (only »,— v, oscil-
lations our best fit parameters are

om2,,=2.8x 1073 eV?, (25)
sinf26,=1.00, (26)
a=1.16, (27

where « is the overall flux normalization in Eq$11) and
(12), with x2,,=7.1 for 13 degrees of freedot®OF). This

x%/DOF corresponds to a goodness-of-fit of 90%. The 95%
C.L. allowed region forém2,,,, versus sif26, is shown in

Table I. Large amplitudev,— v, oscillations are also ex-
cluded by the CHOOZ reactor datf21] for &m2,,
=103 eV2,

C. Solar data

For the effective two-neutrino oscillation formula with
0,=0, our best fit to the combined solar data yields the
parameters

om2,,=7.5x10 teV?, (28)
SinF26,=0.91, (29
B=1.62, (30)

Fig. 1. Our result is very similar to the fit obtained by the with xZ,/DOF=21.6/16, acceptable at the 16% C.L. The
SuperK Collaboration. If we set=1 (i.e., assume that the 95% C.L. allowed regions fosm3,, versus sif2d; are
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TABLE |. Best-fit two-neutrino solutions to the atmospheric data for different oscillation scenarios. The
sirf26 in each case corresponds to the effective two-neutrino oscillation amplitude, owith, (6,) for

v,—v, (v,—ve) oscillations.

o~

Oscillation om,, (1073 eV?) sinf2¢ a X%/ DOF Goodness-of-fit
v, v, 2.8 1.00 1.16 7.1/13 90%
v, v, 1.1 0.85 1.00ffixed) 22.8/14 6%

Vv, Ve 11 0.88 0.71 81.9/13 %1012

shown in Fig. 2. We note that our allowed regions are veryoccurs for a Iargeﬁmgun, and the goodness-of-fit improves.
similar to those obtained in Reff35] with a somewhat dif- The allowed regions do not qualitatively change. However,
ferent analysis. Taken at face value, the preferred value Gbr the |arger5m§un regions, the’’Ga data is more easily
the 8B normalization would suggest that the SSM underestigccommodated by small changes of the parameters from
mates the®B neutrino flux by a sizable amount. However, their values in the global fit.

this seems unlikely because most alternative solar models

give a lower®B neutrino flux. The best fit values fgg=1

(the SSM 8B spectrum normalizatignare D. Existence of separate mass scales

In making our three-neutrino fits we assume that separate
mass-squared difference scales are necessary to explain the
) atmospheric and solar neutrino data. If #fm? scales were
sinf20,=0.74, (32 not distinct, or if one of the mass-squared differences were
. used to explain the LSND data, then either the solar or at-
with x7/DOF=26.5/17, acceptable at the 7% C.L. ‘mospheric probabilities would be in a region lofE where

We have alzso searched for the best-fit to the solar data ifhe gscillations have averaged, and there would be no energy
each of thebmg,,, “finger” regions in Fig. 2. The results are  yependence. An energy-independent suppression due to os-
given in Table Il, where these four best fits have been labelegjjations would be equivalent to letting the overall normal-

A, B, C, D in order of ascendingms,,. These fits corre- jzation vary. Oscillation scenarios where there is not a sepa-
spond to vacuum oscillation wavelengttfer a typical °8  rate mass scale associated with solar neutrinos have been
neutrino energy of approximately;D, 3D, 3D, and$D,  considered36].

whereD is the Earth-Sun distance. We see that the best fits |t has already been demonstrated in the literature that an
in the highersm?

om?, =6.5x10 1 eV?, (31)

sun

2un regions all have a lowefB normaliza-  energy-independent suppression is strongly disfavored by the
tion. They also tend to fit the Super-K data better, but dasolar data[37]. Even if one ignores thé’Cl data, and as-
somewhat worse on the radiochemical experiments. Interessumes that thé'Ga andve experimental rates are both con-
ingly, the two solutions with the Iargeﬂngun have sif26;  sistent with an overall suppression by 50%, the spectrum
=1. distortion of 8B neutrinos measured in thee experiments

Because the apparent suppression in @l measure- disfavors an energy-independent suppression. We have up-
ment differs from that of the’'Ga and SuperK cases, we dated this analysis, allowing for an overall flux suppression
consider the possibility that it had an unknown systematidgn addition to the variation of th€B neutrino normalization.
error. The results of fitting to just th€Ga and SuperK data The lowest valueP(v,— v) can achieve with three neutri-
are listed in the lower half of Table Il. The best fit now nos when all oscillations are averagediisWe found the

TABLE II. Best-fit two-neutrino solutions to the solar data in the four “finger” region$hof2,,, depicted
in Fig. 2. The top half of the table corresponds to a fit to all solar data, while the bottom half shows the results
for a fit with the 3’Cl data excluded. Thg? sums do not add to the total in some cases due to rounding.

sm?

sun
Solution  (1071%eV?)  sirf26, B 8%l ™Ga  Super-K x2,  Goodness-of-fit

A 0.75 0.91 1.62 0.8 15 19.4 216 16%
B 2.49 0.86 0.84 59 2.2 18.2 26.3 5%
C 4.40 0.97 0.80 6.5 4.7 12.3 235 10%
D 6.44 1.00 0.80 7.4 5.3 15.0 27.6 4%
0.75 0.85 1.38 11 19.0 19.0 17%
2.47 0.77 0.78 1.3 16.0 16.0 30%
4.35 0.97 0.80 1.2 121 121 58%
6.35 0.97 0.78 13 15.2 15.2 35%
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best fit to the solar data with overall depletion betwgeand I I I I
unity and arbitrary®B normalization hag?/DOF=48.1/17,

which is ruled out at the 99.99% C.L. If th&Cl data are .
ignored, the best fit has only?/ DOF=25.0/16, ruled out at 1t
the 93% C.L. Therefore the distortion of the electron energy

spectrum present in the solar neutrino data favors the exis-

M

tence of a separate mass scale for the oscillation of the solar sinf; = 0 —,
neutrinos, which justifies the form of Eq$6)—(10) and i
(13—(15). < sing, =0.2
If one ém? is used to describe the LSND data and the ) i
other is used to describe the solar data, then the oscillation %
[2°]

due to Sm?gyp Will be averaged for thé./E of the atmo-
spheric neutrinos, so that the oscillation probabilities are in-
dependent of both energy and zenith angle. We find the best
fit in this scenario to havg?/DOF=233.2/13, which is ex-
cluded at the 99.8% C.L.

10°

IV. THREE-NEUTRINO SOLUTIONS

A. Bi-maximal solution

| | | |
0 0.2 04 0.6 0.8 1.0

The atmospheric data favor maximal mixing of atmo-
sphericv, with v, and no mixing withv,. The solar data sin*26,
also suggest, although not as strongly, that solar neutrinos
may also mix maximally, or nearly maximally. If we require
both atmospheric and solar oscillations to be maximal, ther
is a unique three-neutrino solution to the neutrino mixing
matrix [14], which corresponds t@,=0 and 6,= 6;= 7/4.
The corresponding oscillation probabilities for atmospheric

FIG. 3. Allowed regions at 95% C.L. from the Super-
gamiokande atmospheric neutrino data #m?Z,,, versus sif26,
when the overall atmospheric neutrino flux normalizatiens al-

lowed to vary, for sirg;=0 and sing;=0.2.

neutrinos are sin"26,=1.00, (40)
P(v,—v,)=1-siAum, (33 w=1.16, 1)
P(ve—ve)=1, (39
with x2,./DOF=7.1/12, acceptable at the 85% C.L. In Fig.
P(veev,)=0, (35 3 we show the 95% C.L. allowed region for 4, versus
om2,,, for various values of sifi; when the flux normaliza-
and for solar neutrinos tion « is allowed to vary. Although sif;=0 is favored,
nonzero values are allowed, which permit some- v, and
P(ve— ve)=1—SirAgyn, (36 ve— v, 0scillations of atmospheric neutrinos. In Fig. 4 we

show the 95% C.L. allowed region for sih versussmz,,
1 whena and sif26, are allowed to vary.
P(re—v,)=P(ve— VT)ZES'”ZAsun- (37) Another limit on sing; comes from the CHOOZ reactor
experimen{21] that measures, disappearance
One interesting aspect of this solution is that the solar
oscillations are 50% intarM_ an.d 59% intov ., although the Agtém:4pe3(1_ Pe)=<0.2, (42)
flavor content of thev, oscillation is not observable in solar
experiments. Further properties of the bi-maximal and nearly

bi-maximal solutions are discussed in Rif4]. which applies forémz,,=2x 102 eV2 The exact limit on
A% varies withsm2,,, and for sm2,, <102 eV2 there is
B. Atmospheric data no limit at all. For ém2,,=2.8x10 ° eV? and a=1.16,

full th ino fi h heric d ith sin#, is constrained to be less than 0.19. The result of im-
A full three-neutrino it to the atmospheric data with one ,,qjnq the CHOOZ constraint is shown in Figs. 3 and 4. In
SMym Scale has been made in Refi23,38. In terms of the kg 4 \ye see that the range of ginallowed by the fit to the

oscillation parameters defined in Sec. Il, our best fit Va'”e%tmospheric neutrino data and the CHOOZ constraint is
for the four parameters are

2
oM

=2.8x10 3 e\?, (39) 0=<sin#;<0.29, (43
sin6,=0.00, (39 at 95% C.L.
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T / M2, =7.5x10" 1 eV?, (44
0% ; / sing;=0.00, (45)
- % sin205=0.91, (46)
i fobidin B=162, (47)

with xZ,,/DOF=21.6/15, acceptable at the 12% C.L. If the
8B normalization is fixed at the SSM valug€ 1), the best

e fitis
107 = om2,,=6.5x 10" " eV?, (48)
B sin#;=0.00, (49
I 4 Sirf26;=0.74, (50
: Py R v —r—— with x2,,/DOF=26.5/16, acceptable at the 5% C.L. The ad-
< dition of the extra parameter sth does not improve the fit

to the solar data. In Fig. 5 we show the 95% C.L. allowed
FIG. 4. Allowed regions at 95% C.L. from the Super- region for sif26; versusémZ,, for various values of sif;
Kamiokande atmospheric neutrino data fma,, versus sir,  when g is allowed to vary. As in the atmospheric neutrino
when siff2¢, and the overall atmospheric neutrino flux normaliza- case, sirg;=0 is favored, although non-negligible nonzero
tion « are allowed to vary. The CHOOZ constraint is also shown. y,5|yes are allowed. In Fig. 6 we show the 95% C.L. allowed
region for sirg; versussmZ,, when 8 and siff26; are al-
lowed to vary. The range of sy allowed by the solar data
A full three-neutrino fit to solar data can be made byis

varying 6, 63, 5m§un and the®B flux normalizationg, and

C. Solar data

using the expression in E@L3) for the oscillation probabili- 0=<sin#,=<0.49, (51
ties in Egs.(19) and(20). We find the best fit values for the
solar parameters at 95% C.L.
10F T T T T ] 10F T T T T q 10F T T T T .
: (a) Sinel =0 c- : (b) Siﬂel =02 é : (C) Sinel =04 :
| o | — [ —
—— ] S
&
>
(5]
[=
T F 4 'F 4 'F -
E - — — I =
0.1 ] ] ] ] 0.1 ] ] ] ] 0.1 ] ] ] ]
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
sin226; sin226; sin220;

FIG. 5. Allowed regions at 95% C.L. from the solar neutrino datadmﬁun versus sif26; when the®B neutrino flux normalizatior8
is allowed to vary, for(a) sin#;=0, (b) sin#,=0.2, and(c) sin 6,=0.4.
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FIG. 6. Allowed regions at 95% C.L. from the solar neutrino
data forémZ,,, versus sirg; when sirf26; and the®B neutrino flux

atm

FIG. 8. Allowed region at 95% C.L. of the,— v oscillation
amplitude in atmospheric and long-baseline experiments versus

normalizationg are allowed to vary.

D. Global atmospheric and solar fit

Since the atmospheric and solar fits have only one co

omZ,.,, determined from a fit to the atmospheric neutrino data set
when the CHOOZ constraint is included. The expected sensitivity
of a long-baseline experiment from Fermilab to Soudan using muon
storage rings is shown by the dashed line.

m-

mon parameter, sify, and the best separate fits to the two data sets both have sth=0, then the best fit to the com-

50 T I 1 | |
40~ =
combined ; 1
30 iA

i 7
- i
Ng B ,a’:’l T
= solar_ __.-" ¢

20— —
10k atmos.'.‘-"" ]

0 ) | 1 | | ) |

0 0.1 0.2 0.3 0.4 0.5
sin 6y

FIG. 7. Minimum x? versus sirg; for the atmospheric data set
(dotted ling, the solar data s€dashegl and the combined atmo-
spheric and solar data sésolid). All other relevant parameters are

allowed to vary in these fits.

bined solar and atmospheric data sets can be identified im-
mediately as given by Eq$38)—(41) and (44)—(47), with
x2,/DOF=28.7/28, acceptable at the 43% C.L. To see how
the fits vary with the common parameter, in Fig. 7 we show
X2in for the solar and atmospheric data sets versug;sias

well as the combinegk®. From the figure we see that the
dependence oj(ﬁnn on sing, is relatively weak for sirg;
<0.3 for the solar data set. Therefore, the parameter regions
allowed by the combined solar and atmospheric data sets are
essentially the most stringent of those allowed by the solar
and atmospheric data sets separately.

V. DISCUSSION

A. Long-baseline oscillations

The MINOS[39], K2K [40], Imaging of Cosmic and Rare
Underground SignaldCARUS) [41], and NOE[41] experi-
ments can test forv,—wv, oscillations for Mz
>10"2 eV?, and MINOS and ICARUS can also search for
v,—v.. Together these measurements could more precisely
determine sif26,, sin6,, and SmZ,,,. Further measurements
of atmospheric neutrinos will also help constrain these pa-
rameters. Full three-neutrino fits including the solar neutrino
data[32] can then determine one of the remaining two inde-
pendent parameters in the mixing matrix, e.g.22#, and
5m§un'

There is new physics predicted when 8j0, i.e., v
— v, oscillations with leading probability given by E¢).
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Lo T T T T LOTT T T T T
(@ dm*=75x107"" eV? (®) dm*=4.4x107"%eV?
A=091 a=1.62 A=097 a=0.80
0.8 — 0.8 [ -

FIG. 9. Ratio of the electron energy spectrum to
= 0.6 — 0.6 - - the SSM prediction for two different two-neutrino
2 + vacuum long-wavelength oscillation scenarios,
z + compared to the Super-Kamiokande data. The
§ shaded histograms show the results when oscilla-
© 04} 0.4 |- + — tions are included. The two cases shown @ehe

best overall fit to all solar neutrino data, solution A
from Table I, and(b) the best fit to just the Super-
Kamiokande data, solution C from Table II.
02— - 0.2 |- .
ol_1 1 1 I I oLl l I 1 1
6 8 10 12 14 6 8 10 12 14
E, (MeV) E, (MeV)

The allowed range at 95% C.L. for the,— v, oscillation  events rises for energies just below the current threshold of
amplitudeAS’  versussmz,, is depicted in Fig. 8; the effect 6.5 MeV. In Fig. 10 we show predictions for the electron
of the CHOOZ constraint is also shown. The maximgl energy spectrum in SuperK in the range 5 Mel,
—v, amplitude of about 0.15 occurs atsmZ,, <210 MeV for the four oscillation solutions A, B, C, and D
=1.7x10"2 eV2. Thesev,— v, oscillations could be ob- in Table Il. It is evident that solutions A and B may be
served by long-baseline neutrino experiments with proposeélistinguishable from C and D, and from each other, using
high intensity muon sourcdg2—44, which can also make data atloweE,. The energy spectrum measured in the SNO
precise measurements of < v, and v,— v, oscillations. experiment{46] will also provide additional information on

Sensitivity to AST (m2,./eV2)?>2.5x10"° is expected the energy dependence of the spectrum suppression.

[42] for the parameter ranges of interest here; matter effects
would not be large for an experiment from Fermilab to
Soudan[30]. For émZ,,=2.8x10 % eV?, A%7 could be
measured down t0:810 %; the expected sensitivity versus
smZ,,, is shown in Fig. 8. Precise measurementugf- v,

and v, « v, oscillations in such a long-baseline experiment
would uniquely specify th€ P-conserving part of the three-
neutrino model.

0.03 L L L L L
5mz (eVz) sin2 20, B
——=75x10"" 091 162
-2 249x10™ 086 084
--------------- 44010 097 080
—— 65x107 074 100
no oscillation

0.02

B. Future solar tests

In this section we discuss how future solar neutrino mea-
surements can distinguish between the different solar
vacuum oscillation solutions. We consider only the two-
neutrino solutions since the discussion easily generalizes to
the three-neutrino case.

One interesting feature of vacuum long-wavelength solu- 2
tions is that they can give a rise in the fraction of surviving
ve's for higher electron energies, in agreement with the Su- \
perK measuremertl]. Figure 9 shows the ratio of the elec- ]
tron energy spectrum to the SSM prediction for two different ol L 1 L 11 1

: 5 6 7 8 9 10
vacuum long-wavelength scenarios and the SuperK data. Fu- E, (MeV)
ture measurements at SuperK will improve the statistics in ¢

the highE, bins. However, with arhep flux that is ~25 FIG. 10. Electron energy spectrum in Super-Kamiokande for the
times greater than the SSM result, this rise at Higlcould  standard solar model with no oscillatiotsolid curve and for the

be due to contributions dfe pneutrinog45]. SuperKis also  four vacuum neutrino oscillation solutions Mong-dashey B
planning to lower their threshold for electron detection to 5(short-dashed C (dotted, and D (dash-dottel listed in Table 1.
MeV; this is particularly important since the number of Also shown is the current data from Super-Kamiokafitle

0.01

dN/dE, (arbitrary units)
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Another feature of vacuum solar solutions is that theyhave the values 0.030 and O, respectively, in the absence of
may cause a detectable seasonal variation as the distanescillations. The asymmetnj, is strongly correlated with
between the Earth and Sun varigsr,48. We define two  the electron energy spectrum distortion; such a correlation is
seasonal asymmetry parameters, a distinctive characteristic of vacuum oscillatidd$)].

For 8B neutrinos, due to their relatively higher energies
2(Nw—Ny)

A= (520  and longer oscillation wavelengths, the seasonal variation is
17 (Nw+Ng+Ng+Ngp) ' .
(Nw+Ns+Ng+Nsp) less pronounced than for solar neutrinos of lower energy.
The total SuperK event rate as a fraction of the SSM value
_ Nw+Ns—Ng—Ngp (53 Versus time of yedrl] is shown in Fig. 11; also shown is the

27 Ny+Ng+Ng+Ngp’ prediction for solution A in Table Il and the prediction for no
oscillations. The results for other oscillation solutions are
where Ny, Ngp, Ng, and Ng are the number of events similar to the prediction for solution A. Oscillation solutions
collected in the time periods from November 20 to Februaryproduce an enhanced seasonal effddt—49. The SuperK
19 (winter, Earth closest to the SyrFebruary 20 to May 21 experiment has not observed a significant seasonal variation
(spring, May 22 to August 2Gsummer, Earth farthest from with the current data sample, but could be sensitive to the
the Sun, and August 21 to November I$all), respectively. effects predicted by vacuum oscillations with increased sta-
SinceNg=Ngp (the same range of distances is covg¢réd tistics.
andA, are the only independent quantities that may be con- In order to extract the most information from the SuperK
structed from the four seasonal measurements. The quantitiata it is advantageous to plot the seasonal asymmetries ver-
A, is similar to the seasonal asymmetry defined in [R5, sus the observed electron energy. In Fig. 12 we skqw
andA; andA, are similar to the first two harmonics in the versusk, for solutions A, B, C, and D of Table Il. Although
analysis of the first paper in Rd#8]. The parametef; has  the asymmetries are not large, each solution has a character-
a significant nonzero value when the oscillation probabilityistic shape, especially solution A. The energy dependence of
increases or decreases monotonically as the Earth movés clearly distinguishes the oscillation scenarios from the
from perihelion to aphelion, whilé, has a significant non- asymmetry induced only by the seasonal flux variation. Simi-
zero value when the oscillation probability reaches a localar measurements can be done in the SNO experifaiit
extremum somewhere between perihelion and aphelion. DuEhe deviation ofA, from the value for no oscillations is at
to the 1f? dependence of the solar neutrino flux and themost about 0.003, and does not provide a good discrimina-
3.3% change ir from perihelion to aphelionA; and A,  tion between models.

The GALLEX and SAGE"'Ga experiments may also ex-

T T T T T T T T T T 1 hibit a seasonal variation with increased statistics if there are
5 PR vacuum oscillations of solar neutrinp80,51]. In Fig. 13 we
| == O =T5xI0 eV sin 26 =091, B=1.62 | plot the predictions foA, versusA; in the GALLEX and
no oscillation SAGE experiments for a range @mZ,, from each of the
0.6 [— — 01 ‘ ‘ :
om® (10710 eV) sin>20
_ - ———= 075 0.91
008 1= ... 2.49 0.86 T T
............ 4.40 0.97 "" "‘.“:\
————— 6.44 oo 0 S 5
0.06 |— no oscillation U Y
A :;a.?—’ /‘/
1 Rl 7 \
e :" /'/ \
0.04 — L 4'/ pE i _
pa Y 3
s \
04 — - [ TTTTTeeLl 4 /' ‘.
7{ ----- *
0.02 |- L —
4
|— — f’,
0 ! | | J |
10
oal—L 1 1 1 1 0141 (| § 8 12 14
JJ) FM AMIJ J A S OND E, (MeV)

FIG. 11. Predicted event rate as a fraction of the SSM value in

FIG. 12. Predicted values for the seasonal asymmairye-

Super-Kamiokande versus time of the year for vacuum oscillatiorfined in Eq.(52) versus electron energy in the SuperK experiment

solution A in Table Il(dashed curveand for no oscillations when
the overall event rate is normalized to the observed védoéd).

for the four vacuum neutrino oscillation solutions (lng-dashed

curve), B (short-dashex C (dotted, and D (dash-dotteglisted in

The other solutions in Table Il give similar results. Also shown is Table Il. Also shown is the energy-independent value for no oscil-

the current data from Super-Kamiokardg.

lations (solid).
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FIG. 14. Same as Fig. 13 for the BOREXINO experiment. Cross
sections have been calculated for final-state electron kinetic ener-
gies in the range 0.26 Me¥T,<0.665 MeV.

FIG. 13. Typical predicted seasonal asymmetAgsversusA;
[defined in Egs(52) and(53)] in the GALLEX and SAGE experi-
ments for solutions from the four “finger” regions of Fig. 2a)
sirf26,=0.74, 6mZ,,=(0.62-0.67)x10 °eV? and sirf26,
=0.91, sm?,,=(0.73-0.77)x 10" *° eV? (long-dashed curves(b)
sif20;=0.86, omZ,,=(2.45-2.53)x10 °eV? (short-dashex
(c) sirf26,=0.97, mZ,,=(4.36-4.49)x 10 ° e\? (dotted, and
(d) sirf26,=1.00, smZ,,= (6.38—6.51)x 10~ *° eV? (dash-dottey

The predictions of best-fit solutions A, B, C, D from Table Il are . .
indicated by the solid circles. In casé® and(d), 6m2,, can vary we plot the predictions foA; versusA, in the BOREXINO

; 2 i
over a wider range than shown; the additional values give orbits irf':‘)(per"’nent for a range afm,, from each of the four “fin-

A;—A, space that are slightly shifted from those shown here. Theg_er” regions in F_ig. 2. The Seasonal asymmetriesf are poten-
arrow on each curve is at the maximum valuedo?,, for each tially larger than in the’’Ga case since thBBe neutrinos are

range. The no oscillation predictiofwhere the only variation in & much larger fraction of the signal. Although there are some
signal comes from the variation of the flux due to the elliptical regions where the predictions of two or more solutions over-
orbit) is shown by a cross. lap, combining the asymmetry information with the event

rate should significantly reduce the allowed parameter re-

four “fi_nger”7regions in Fig. 2. Most of the seasonal asym- 4ions for the vacuum solutions, and could select the appro-
metry in the "'Ga experiments is due to the monoenergeticyriate “finger” region.

"Be neutrinos which constitute about 25% of the signal in
the SSM.

The BOREXINO experiment52] will primarily measure
the ‘Be neutrinos E,=0.862 MeV) using the process
ve—v,. The final-state electron kinetic enerd@y, has a
maximum value of 0.665 MeV for'Be neutrinos. The
pp neutrinos have a maximum, of 0.26 MeV, and also
there is a considerable background fog<0.25 MeV.

Therefore selecting events in the range 0.26 MéN

rameters have previously been discussed in the literature
[47,50. Here we examine how the seasonal asymmetries in
Egs. (52) and (53) may be used to further discriminate the
different vacuum neutrino solutions in Table II. In Fig. 14
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