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Penetration of the Earth by ultrahigh energy neutrinos predicted by low x QCD
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We calculate the cross sections for neutrino interactions with~isoscalar! nuclear targets in the energy domain
all the way up to 1012 GeV. Smallx QCD effects are included by using a unified BFKL-DGLAP formalism
which embodies non-leading log 1/x contributions. The few free parameters which specify the input parton
distributions are determined by fitting to DESY HERA deep inelastic data. The attenuation of neutrinos
transversing the Earth at different nadir angles is calculated for a variety of energy spectra for neutrinos
originating from different sources~from active galactic nuclei, gamma ray bursts, top-down models!, as well as
for atmospheric neutrinos. For this purpose we solve the transport equation which includes regeneration due to
neutral current neutrino interactions, in addition to attenuation.@S0556-2821~99!01409-5#

PACS number~s!: 13.15.1g, 12.38.Bx
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I. INTRODUCTION

The penetration of ultrahigh energy neutrinos through
Earth, with energiesE greater than 10 TeV or so, can b
strongly affected by neutrino interactions with matter. This
due to the increase of neutrino cross sections with energy
these ultrahigh energies we have significant attenuation
the neutrino fluxes on transversing through the Earth a
indeed, complete absorption for energies above ab
108 GeV or so, depending on the nadir angle of the neutr
beam. Realistic estimates of these effects are crucial for
dicting the number of neutrinos reaching the large km3 scale
detectors after penetration through the Earth. Clearly
magnitude of this ultrahigh energy neutrino flux has imp
tant implications for neutrino astronomy. For example, it
hoped that the neutrino flux coming through the Earth w
point back to its active galactic nuclei~AGN! origin @1#.
Clearly the magnitude of the signal, and the ability of t
Earth to reduce the background due to atmospheric ne
nos, are crucial in this exciting endeavor.

The inelastic interaction of neutrinos with nucleons is t
ditionally described by the QCD-improved parton model.
ultrahigh energy neutrino interactions we are probing a ki
matical region which is not accessible in current collider e
periments. To be precise the most powerful electron-pro
collider HERA at the DESY laboratory in Hamburg typical
probes the regionx.1024 for Q2.10 GeV2, whereas the
ultrahigh energy neutrino interactions can become sens
to the domainx;1028 andQ2;MW

2 . Here, as usual,x de-
notes the Bjorken scaling variable andQ252q2, whereq is
the four momentum transfer between the leptons in the
elastic scattering of a lepton on a nucleon. The Bjorken v
ablex is defined asx5Q2/(2p•q) wherep denotes the four
momentum of the nucleon.
0556-2821/99/59~9!/093002~12!/$15.00 59 0930
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In perturbative QCD it is expected that the gluon a
sea-quark distributions, and hence also the deep inela
scattering structure functions, should grow with the decre
ing values of the parameterx. This theoretical expectation
has been beautifully confirmed by the structure funct
measurements at HERA@2#. These measurements put impo
tant constraints on parton distributions in the smallx region
probed at HERA. In order to get predictions for the ultrahi
energy neutrino-nucleon cross sections one has to constr
reliable extrapolation of the structure functions to the reg
of very small values ofx which is probed in these ultrahig
energy interactions. The existing extrapolations, which
also incorporate the constraints from the HERA data,
based entirely on leading order~LO! or next-to-leading order
~NLO! Dokshitzer-Gribov-Lipatov-Altarelli-Parisi~DGLAP!
evolution @3–5#. This approximation may, however, be in
complete at lowx since it ignores the important resummatio
of ln(1/x) Balitzkij-Fadin-Kuraev-Lipatov-~BFKL-!type ef-
fects @6#. In this paper we wish to incorporate the QCD e
pectations at lowx which will take these effects into accoun
To be precise we shall base our calculation of the neutr
cross sections on the unified BFKL-DGLAP formalis
which incorporates both the ln(1/x) resummation and the
complete LO DGLAP evolution@7#. Because of the size o
the NLO ln(1/x) contributions@8# one might question the
reliability of this procedure. However our framework mak
it possible to resum dominant non-leading ln(1/x) contribu-
tions to all orders. This has the important effect of stabilizi
the non-leading contribution and turns out to give a phy
cally and phenomenologically acceptable suppression of
LO BFKL behavior. In this way we should achieve the mo
reliable dynamically-motivated extrapolation to very lowx to
date, which incorporates all the relevant QCD expectatio
The calculated neutrino cross sections are then used a
©1999 The American Physical Society02-1
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input in transport equation describing the propagation of
neutrinos through the Earth@9,10#. This equation will con-
tain both the attenuation of the neutrino flux together with
regeneration through the neutral current interaction. Simi
calculation which takes into account absorption and gi
prediction for the muon rates has been performed in@11#.

The content of our paper is as follows. In the next sect
we discuss deep inelastic lepton-nucleon scattering at lox
within the unified BFKL-DGLAP framework. In Sec. III we
collect the relevant formulas needed for calculating the n
trino cross sections and present our numerical results
these cross sections calculated within the unified BFK
DGLAP scheme. We also confront our predictions with
sults of calculations based on NLO DGLAP evolution. Se
tion IV is devoted to the discussion of the transport equat
and its solution for the shadowing factor due to passage
the neutrinos through the Earth. In Sec. V we present
results concerning the changes of the initial fluxes with na
angle. We consider neutrino fluxes corresponding to ac
galactic nuclei, gamma ray bursts and the top-down mod
together with atmospheric neutrino background. Finally
Sec. VI we give our conclusions.

II. DEEP INELASTIC SCATTERING AT LOW x

Ultrahigh energy neutrino-nucleon interactions probe v
ues of Bjorkenx which can be several orders of magnitu
smaller than those which are accessible at the present
inelasticep scattering experiments at HERA. Here, as usu
x5Q2/2p•q whereQ2[2q2, with p denoting the nucleon
4-momentum andq being the 4-momentum transfer betwe
the leptons in the deep-inelastic processlN→ l 8X.

At low values ofx we must consider log(1/x) effects. In
Ref. @7# a formalism is presented which permits an extrap
lation of parton distributions to very smallx. Besides the
leading order~LO! log(1/x) resummation, the procedure in
corporates a major part of an all-order resummation. We o
line the method below. We begin with the BFKL equatio
@6# for the unintegrated gluon distributionf (x,kT

2), which
performs the LO log(1/x) resummation. The equation has th
form

f ~x,k2!5 f ~0!~x,k2!

1āSk2E
x

1 dz

z E dk82

k82 H f ~x/z,k82!2 f ~x/z,k2!

uk822k2u

1
f ~x/z,k2!

@4k841k4#1/2J , ~1!

whereāS5NcaS /p andk5kT ,k85kT8 denote the transvers
momenta of the gluons, see Fig. 1. The term in the integr
containing f (x/z,k82) corresponds to real gluon emissio
whereas the terms involvingf (x/z,k2) represent the virtua
contributions and lead to the Reggeization of thet-channel
exchanged gluons. The inhomogeneous driving termf (0) will
be specified later.
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The observable nucleon structure functionsFi are given
in terms of the gluon distribution by thekT factorization
formula @15#

Fi~x,Q2!5E
x

1 dz

z E dk2

k2
Fi

box~z,k2,Q2! f S x

z
,k2D , ~2!

where Fi
box describes the subprocessVg→qq̄, see Fig. 1.

Here the virtual gauge bosonV may be either ag ~describing
an electromagnetic deep inelastic scattering! or a W6 boson
~describing a charged current weak interaction! or aZ boson
~describing a neutral current weak interaction!. The proce-
dure~1! and~2! automatically resums all the leading log(1/x)
contributions to the observableFi .

The solution of the LO BFKL equation for fixedaS gives
a QCD or hard pomeron with intercepta(0)511l with l

5āS4 ln 2. The ln(1/x) resummation has recently been ca
ried out @8# at next-to-leading order~NLO!. It is found to
give a very largeO(aS

2) correction tol

l.āS4 ln 2~126āS!, ~3!

which implies that the NLO approximation is unreliable f
realistic values ofaS . Rather we must use a formalism
which contains an estimate of an all-order resummati
Clearly it would be desirable to identify physical effec
which could be resummed to all orders and which at
same time yield a NLO value ofl that is comparable to Eq
~3!. As it happens the imposition of the consistency co
straint @12,13#

k82,k2/z ~4!

on the real gluon emission term gives just such an effect.
variables are shown in Fig. 1. The origin of the constrain
the requirement that the virtuality of the exchanged glu
is dominated by its transverse momentumuk82u.kT8

2 . For
clarity we have restored the subscriptT in this equation.

FIG. 1. Diagrammatic representation of thekT-factorization for-
mula ~2!. At lowest order inaS the gauge boson-gluon fusion pro

cesses,Vg→qq̄, are given by the quark box shown~together with
the crossed box!. The variablesk, k, andk8 denote the transvers
momenta of the indicated virtual particles.
2-2
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PENETRATION OF THE EARTH BY ULTRAHIGH . . . PHYSICAL REVIEW D59 093002
If condition ~4! is imposed on the BFKL equation it ca
be still solved analytically. The result is an all-order effe
which at NLO gives the large modification

l.āS4 ln 2~124.2āS! ~5!

of the LO value. However it is found that the all-order co
rection is a much milder modification, although still signi
cant. A related result can be found in Ref.@14#. We can
therefore make the BFKL equation~1! for the gluon much
more realistic by imposing the consistency condition~4!, as
well as by allowing the couplingaS to run.

Moreover we can extend its validity to cover the fu
range ofx. To do this we note that the BFKL equation em
bodies the important double leading log part of DGLAP ev
lution which is driven just by the singular 1/z part of the
splitting function Pgg . To obtain a reliable description
throughout the fullx range~and not just at smallx) we must
include the remaining terms inPgg , together with the quark
to gluon transitions. We also introduce in Eq.~1! the param-
eter ko

2 (ko
2.1 GeV2) which divides the non-perturbativ

(k82,ko
2) from the perturbative (k82.ko

2) region. Finally we
note that the contribution from the infrared regionk82,k0

2 in
Eq. ~1! may be expressed@7# in terms of the integrated gluo
distribution at scalek0

2, that isg(x,k0
2). All the above modi-

fications of Eq.~1! are encapsulated in a unified BFKL
DGLAP equation of the form

f ~x,k2!5 f̃ ~0!~x,k2!1āS~k2!k2E
x

1 dz

z Ek0
2

dk82

k82

3H f S x

z
,k82DQS k2

z
2k82D2 f S x

z
,k2D

uk822k2u

1

f S x

z
,k2D

@4k841k4#1/2
J ~6!

1āS~k2!E
x

1 dz

z S z

6
Pgg~z!21D

3E
k0

2

k2 dk82

k82
f S x

z
,k82D

1
aS~k2!

2p E
x

1

dzPgq~z!SS x

z
,k2D .

Now the driving term has the form

f̃ ~0!~x,k2!5 f ~0!~x,k2!1
aS~k2!

2p E
x

1

dzPgg~z!
x

z
gS x

z
,k0

2D
~7!

where in the perturbative domaink2.k0
2 we may safely ne-

glect the genuinely non-perturbative contributionf (0)(x,k2)
which is expected to decrease rapidly with increasingk2. It is
09300
,

-

important to note that Eq.~6! only involves f (x,k2) in the
perturbative regionk2.k0

2. The input~7! is provided by the
conventional gluon at scalek0

2, just as in pure DGLAP evo-
lution.

The last term in Eq.~6! is the contribution of the single
quark distribution to the gluon, with

S5(
q

x~q1q̄!5(
q

~Sq1Vq! ~8!

whereS andV denote the sea and valence quark moment
distributions. The gluon, in turn, helps to drive the sea qu
distribution through theg→qq̄ transition. Thus Eq.~6! has
to be solved simultaneously with an equivalent equation
S(x,k2).

Consider for the moment just theg→qq̄ contribution to
Sq . ThekT factorization theorem gives@15#

Sq~x,Q2!5E
x

1 dz

z E dk2

k2
Sbox

q ~z,k2,Q2! f S x

z
,k2D ~9!

whereSbox describes the quark box~and crossed-box! con-
tribution shown in Fig. 1.Sbox implicitly includes an integra-
tion over the transverse momentumk of the exchanged
quark. We have

Sq
box~z,k2,Q2!5

Q2

4p2k2E0

1

dbE d2k8aSH @b21~12b!2#

3S k

D1q
2

k2k

D2q
D 2

1@mq
214Q2b2~12b!2#

3S 1

D1q
2

1

D2q
D 2J d~z2z0! ~10!

wherek85k2(12b)k and

D1q5k21b~12b!Q21mq
2

D2q5~k2k!21b~12b!Q21mq
2

z05F11
k821mq

2

b~12b!Q2
1

k2

Q2G21

. ~11!

Equations~8!–~10! enable us to evaluate the singlet qua
distributionS in terms of the gluonf . We obtain
2-3
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S~x,k2!5Snon-p~x!1(
q
E

x

a dz

z
Sq

box~z,k8250,k2!

3
x

z
gS x

z
,k0

2D1(
q
E

k0
2

` dk82

k82 Ex

1dz

z
Sq

box~z,k82,k2!

3 f S x

z
,k82D1V~x,k2!1E

k0
2

k2 dk82

k82

aS~k82!

2p

3E
x

1

dzPqq~z!SudsS x

z
,k82D ~12!

where a5(114mq
2/Q2)21 and V5x(uv1dv). Here we

have separated off the non-perturbative contributions.Snon-p

is the contribution from the regionk2,k82,k0
2 and the next

term is the contribution from the regionk2,k0
2,k82. The

details are explained in Ref.@7#. An S→S contribution~from
the light u,d,s quarks! is also included. For the lightu,d,s
quarksSq

box(z,k8250,k2) in Eq. ~12! is defined with thek82

integration restricted to the regionk82.k0
2.

In this way coupled integral equations are obtained for
unintegrated gluonf (x,k2) and the integrated quark single
S(x,k2) distributions. The driving terms are specified by
economically parametrized non-perturbative contribut
Snon-p(x) and by the integrated gluon distribution at sca
k0

251 GeV2 which was taken to be of the form

xg~x,k0
2!5N~12x!b. ~13!

The valence distributionV(x,k2) was taken from the parton
set of Ref.@16#. With this input the coupled equations~6!
and ~12! were solved and a fit made of the deep inelas
electron-protonF2 data obtained by the H1, ZEUS, NMC
and BCDMS Collaborations@7#. An excellent description of
these data was obtained with physically reasonable value
the parameters:N51.57 andb52.5. Incidentally, the outpu
gluon atx;0.4 was reasonably compatible with the expe
tations of prompt photon data. In summary, Ref.@7# gives as
unintegrated gluon distribution and, throughkT factorization,
a sea distribution which can be reliably extrapolated to v
low values ofx.

III. THE NEUTRINO CROSS SECTIONS

Here we collect together all the relevant formulas wh
are needed to calculate the cross sections for neutr
nucleon interactions. We express the cross sections in te
of the structure functions for an isoscalar nucleon targetN
5(n1p)/2 @17–19#:

d2sn,n̄

dxdy
5

GFME

p S Mi
2

Q21Mi
2D 2H 11~12y!2

2
F2

n~x,Q2!

2
y2

2
FL

n~x,Q2!6yS 12
y

2D xF3
n~x,Q2!J ~14!

whereGF is the Fermi coupling constant,M is the proton
mass, E is the laboratory energy of the neutrino andy
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5Q2/xs. The massMi is either MW or MZ according to
whether we are calculating charged current~CC! or neutral
current~NC! neutrino interactions.

We may express the structure functionsFi in terms of the
valence and sea quark momentum distributions,Vq andSq ,
of Eq. ~10!. For the charged currentnN interaction we have

F2
CC5x~uv1dv!1Su1Sd12x~s1c1b1t !, ~15!

where the heavy quark contributions are calculated from
photon-gluon fusion mechanism. To be precise for
s→c and c̄→ s̄ contributions we use

2xq~x,Q2!5E
x

ac~k250! dz

z
Sq

box~z,k250,Q2!
x

z
gS x

z
,k0

2D
1E

k0
2

` dk2

k2 Ex

ac~k2!dz

z
Sq

box~z,k2,Q2! f S x

z
,k2D

~16!

with q5s or c and with Sq
box defined by Eq.~10! with mq

50. However the mass is included in the threshold facto

ac~k2!5F11
k21mc

2

Q2 G21

. ~17!

For the smallb→t and t̄→b̄ contributions we use the stan
dard on-shell factorization formula

2xq~x,Q2!5E
x

a dz

z
H~z,mq ,mq8 ,Q2!

x

z
gS x

z
,ŝD ~18!

with q5b or t ~and q85t or b) and where the scaleŝ
5Q2(12z)/z and

a5@11~mt1mb!2/Q2#21. ~19!

The functionsH are defined in Ref.@20#

F3
CC5uv1dv

FL
CC5Bu1Bd1

4aS~Q2!

3p E
x

1

dyS x

yD 2

F2
CC~y,Q2!. ~20!

The functionBq describes the boson-gluon fusion contrib
tion to FL

Bq~x,Q2!5
aS~Q2!

p E
x

1 dy

y

x

yS 12
x

yD yg~y,k0
2!

1
Q4

p2Ek0
2

dk2

k4 E0

1

dbb2~12b!2

3E d2k8S 1

D1q
2

1

D2q
D 2

f S x

z0
,k2D ~21!
2-4
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PENETRATION OF THE EARTH BY ULTRAHIGH . . . PHYSICAL REVIEW D59 093002
whereDiq andz0 are given in Eq.~11!. BesidesBu andBd ,
there is also boson-gluon production of heavy quarks wh
may be treated similarly to that forF2

CC.
The structure functions for the neutral currentnN interac-

tion are

F2
NC5~Lu

21Ld
21Ru

21Rd
2!

1

4H(
q

Sq1xuv1xdvJ , ~22!

where the sum overSq is given by the first three terms on th
right hand side of Eq.~12!, and

F3
NC5~Lu

21Ld
22Ru

22Rd
2!

1

4
~uv1dv!

FL
NC5~Lu

21Ld
21Ru

21Rd
2!

1

4(q
Bq

1
4aS~Q2!

3p E
x

1

dyS x

yD 2

F2
NC~y,Q2! ~23!

where the chiral couplings are

Lu512
4

3
sin2 uW , Ld5211

2

3
sin2 uW ,

Ru52
4

3
sin2 uW , Rd5

2

3
sin2 uW . ~24!

The parton distributions that are used to evaluate the n
trino cross sections are those described in Sec. II, which
obtained by solving the unified BFKL-DGLAP equation
with higher order ln1/x effects incorporated via the consi
tency condition. The various components of the CC and
neutrino cross sections are shown as a function of the la
ratory neutrino energy in Figs. 2 and 3 respectively. In e
case we see that for neutrino energiesE.105 GeV the sea
quark contributions dominate over the valence. The rise
the sea distributions with decreasingx is reflected in the con-
tinued rise of the sea components of the cross section
energy. We also note that forE.105 GeV the valence com
ponent of the cross section becomes independent of ene
This results from the fact that when Eq.~14! is integrated
overx andy, or to be precise overx andQ2, theQ2 integra-
tion is effectively cut-off atQ2;Mi

2 , together with the fact
that the number of valence quarks is finite. The thresh
effects of the heavy quark contributions are also eviden
Figs. 2 and 3. We combine the charged current and neu
current cross sections in Fig. 4.

In Ref. @7# we also solved the unified equation with th
omission of non-leading effects arising from the consiste
condition. Using those partons we obtain higher cross s
tions at ultrahigh energies as illustrated by the dashed c
in Fig. 5. Of course this is only shown for comparison sin
it is based on LO BFKL which is an unreliable approxim
tion @8#. Therefore throughout this paper we impose the c
sistency constraint~4! which generates the dominant no
leading ln(1/x) effects. In Fig. 6 a comparison is made wit
other recent calculations of thenN total cross section@4,5#
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based on NLO DGLAP evolution, with BFKL and highe
order ln(1/x) effects neglected. We see that our results a
those of@4,5# are remarkably similar considering their diffe
ent dynamic origin. Since we include resummation of ln(1/x)
effects we expect the continuous curve to give the most
liable extrapolation to ultrahigh energies. In fact we m
conclude from a comparison of Eqs.~3! and ~5! that our
all-order sub-leading ln(1/x) treatment gives an upper est
mate of the cross sections. Considering that the predict

FIG. 2. The totalnN charged current cross section and its d
composition into components of different origin as a function of t
laboratory neutrino energy.

FIG. 3. The totalnN neutral current cross section and its d
composition into components of different origin as a function of t
laboratory neutrino energy.
2-5
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are so similar, although they are based on different dyna
cal assumptions, we may conclude that the ambiguity in
trapolating the neutrino cross sections to ultrahigh energie
less than might at first be expected.

At ultrahigh energies the antineutrino cross sections
essentially identical to the neutrino cross sections, since
difference is due to the structure functionF3 which is con-
trolled by valence quarks. In Table I we list the various cro
sections as a function of energy.

FIG. 5. The comparison of the totalnN cross section calculate
with and without the consistency constraint~4! imposed.

FIG. 4. The totalnN cross section together with its charge
current and neutral current components as a function of the lab
tory neutrino energy.
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To gain insight into the (x,Q2) domain that is sampled by
ultrahigh energy neutrinos we show plots in Fig. 7 in whi
the contours enclose regions contributing different fractio
of the total cross section. The two plots illustrate the dep
dence of the domains on the neutrino energy. For the ul
high energy chosen for Fig. 7~b! we see that the main con
tribution comes from the domainQ2.MW

2 and x
;MW

2 /(2ME), whereM is the proton mass, as anticipate
from Eq. ~14!. For the lower energy used in Fig. 7~a! some
residual propagator effects are still apparent andQ2&MW

2

andx&MW
2 /2ME.

IV. TRANSPORT EQUATIONS

The ultrahigh energy neutrinos when penetrating throu
the Earth can undergo attenuation due to charged and ne
current interactions as well as the regeneration due to
neutral current interactions at higher energies. Both effe
are summarized in the transport equation for the neutr
flux I (E,t) @9,10#:

dI~E,t!

dt
52sTOT~E!I ~E,t!1E dy

12y

dsNC~E8,y!

dy
I ~E8,t!

~25!

wheresTOT5sCC1sNC and wherey is, as usual, the frac
tional energy loss such that

E85
E

12y
. ~26!

The variablet is the number density of nucleonsn integrated
along a path of lengthz through the Earth

a-

FIG. 6. The prediction for the totalnN cross section obtained
from a unified BFKL-DGLAP equation with~and, for comparison,
without! the consistency condition imposed, compared to other
cent calculations:@4# based on CTEQ parton distributions@34# and
@5# based on GRV dynamical partons@16#.
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t5E
0

z

dz8n~z8!. ~27!

The number densityn(z) is defined asn(z)5NAr(z) where
r(z) is the density of Earth along the neutrino path lengtz
and NA is the Avogadro number. Clearly the number
nucleonst encountered along the pathz depends upon the
nadir angleu between the normal to the Earth’s surfa
~passing through the detector! and the direction of the neu
trino beam incident on the detector. For exampleu50° cor-
responds to a beam transversing the diameter of the E
To compute the variation oft with the angleu we need to
know the density profile of the Earth. We use the prelimina
Earth model@21#.

It is convenient to represent the solution of the transp
equation~25! in the form

I ~E,t!5I 0~E!exp„2sTOT~E!t…C~E,t! ~28!

where I 0(E) denotes the flux of neutrinos incident on th
surface of the Earth from outer space. The functionC(E,t)
would be unity in the absence of regeneration. It satisfies
following equation:

dC~E,t!

dt
5E dy

12y

I 0~E8!

I 0~E!
exp@2„sTOT~E8!

2sTOT~E!…t#
dsNC~E8,y!

dy
C~E8,t!, ~29!

with the initial conditionC(z,t50)51. We solve this equa
tion numerically and determine the regeneration factorC as
a function ofE andt. The solution is sensitive to the beha
ior of sTOT for E8.E and on energy dependence of t
initial flux I 0(E) and on the value ofdsNC/dy. In particular
the flatter the initial spectrumI 0(E) the more it is possible to
sampleds/dy at energiesE8 much higher thanE and so the
amount of regeneration is increased. In practice the resu
a combined effect of the fall-off due toI 0 and the experi-

TABLE I. The charged-current and neutral-current cross s

tions ~in cm2) for nN and n̄N interactions, whereN5
1
2 (p1n).

En (GeV) sCC(nN) sNC(nN) sCC( n̄N) sNC( n̄N)

101 5.86310238 1.81310238 2.00310238 7.54310239

102 6.41310237 1.99310237 2.99310237 1.05310237

103 6.12310236 1.94310236 3.29310236 1.16310236

104 4.59310235 1.55310235 3.01310235 1.07310235

105 2.07310234 7.33310235 1.74310234 6.20310235

106 6.47310234 2.28310234 6.19310234 2.18310234

107 1.73310233 5.95310234 1.72310233 5.90310234

108 4.33310233 1.45310233 4.32310233 1.45310233

109 1.04310232 3.38310233 1.04310232 3.38310233

1010 2.40310232 7.61310233 2.40310232 7.61310233

1011 5.38310232 1.66310232 5.38310232 1.66310232

1012 1.17310231 3.53310232 1.17310231 3.53310232
09300
th.

y

rt

e

is

mental attenuation and the enhancement due todsNC/dy. To
illustrate the general properties of the solution we show
shadowing factor,

S5C~E,t!exp„2sTOT~E!t…, ~30!

of Eq. ~28! for two different, but physically relevant, form
of the initial flux. First we consider the flux of atmospher
neutrinos given by@22#

I 0~E!5cE23.6, ~31!

-

FIG. 7. A contour plot showing thex,Q2 domain of the domi-
nant contribution to theds/d ln(1/x)d log Q2 for the totalnN inter-
action at two values of the neutrino laboratory momentum:~a! En

5106 GeV and~b! En51011 GeV. The 20 contours are such th
they enclose a contribution of 5,10,15, . . . % of theabove differen-
tial cross section.
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which has a rapid fall-off with energy, and second, we co
sider the flux from active galactic nuclei~AGN! as given by
Ref. @23# for which the incident fluxI 0(E) is approximately
constant throughout the interval 103,E,105 GeV. The re-
sults are presented by the continuous curves in Fig. 8
three different incident directions,u50°, 40° and 80°, cor-
responding to values oft/NA51.131010, 0.4531010, and
0.07231010 gm/cm2, respectively. For illustration we als
show, by dashed curves, the pure attenuation factorA
[exp(2s TOTt) with regeneration omitted. Since the ne
trino cross sections increase with energy we observe tha
attenuation factorA leads to total shadowing once the ener
is sufficiently high. The energy at which this occurs depen
mainly on t. The regeneration, which increases the flux
the detector, is sensitive to the energy dependence ofI 0. For
a steeply falling flux, corresponding, for example, to atm
spheric neutrinos, regeneration gives a rather small eff
On the other hand for a flatter initial fluxI 0(E) the regen-
eration effect can be quite significant. In fact it can ev
enhance the initial flux by as much as 40%, as can be s
from the shadowing factor atu50° for the AGN flux used in
Fig. 8. A similar result was found in Ref.@9#. In the next
section we present the flux arriving at the detector from v
ous sources for a range of angles taking into account the
shadowing factor of Eq.~28!.

V. PENETRATION OF THE EARTH FOR GIVEN
INCIDENT FLUXES

The initial incident neutrino fluxI 0(E) is modified on its
passage through the Earth by the shadowing factorS of Eq.

FIG. 8. The shadowing factorS of Eq. ~28! for two different
initial neutrino fluxes incident at three different nadir angles on
detector. The angleu50° corresponds to penetration right throug
the Earth’s diameter. The two curves on each plot show the s
owing factor with and without NC regeneration included.
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~30!. For experimental purposes the relevant quantity is
neutrino flux I (E) reaching the detector at different nad
anglesu. The four plots in each of Figs. 9 and 10 show fir
the initial flux I 0(E) and then the flux at the detectorI (E)
for the three nadir anglesu580°, 40° and 0°. Recall that 0°
is penetration of neutrinos through the center of the Ea
The various curves are for neutrinos of different origin. F
convenience of reference we show the atmospheric neut
flux in both Figs. 9 and 10. In Fig. 9 we compare this bac
ground spectrum with three different models of the flux e
pected from active galactic nuclei~AGN! @23–25#. The AGN
flux stands out above the atmospheric neutrino backgro
for neutrino energies above about 105 GeV. However the
AGN spectrum is attenuated at ultrahigh neutrino energ
by shadowing. The smaller the nadir angleu the greater the
shadowing. For example atu580 or 40° the weighted flux
EdN/dE falls below 10215 cm22 s21 sr21 at E;108 and
107 GeV, respectively. Figure 10 shows the correspond
fluxes for neutrinos coming from gamma ray bursts@26# and
from a sample top-down model@27#. Similar attenuation can
be observed in Fig. 10 to that in Fig. 9.

So far we have discussed the effects generated by ine
tic neutrino interactions with hadronic matter. Another po
sible source of modification of the neutrino fluxes whi
penetrate the Earth may be due to neutrino oscillations@28–
31#. The properties of neutrino oscillations in matter ha
been discussed in@32#. They are characterized by an effe
tive oscillation lengthl m and mixing angleum which differ
from those in vacuum, which we denotel v and uv . To be
precise in the MSW model for mixing of two neutrino sp
cies we have

l m5 l vF112
l v

l
cosuv1

l v
2

l 2G21/2

~32!

tan 2um5
sin 2uv

cos 2uv1~ l v / l !
~33!

wherel originates from the matter contribution to the osc
lation length and is given by

l 5
A2p

GFne
5

1.773107

re
m ~34!

wherene is the electron density andre is the number density
in units of Avogadro’s number/cm3. An important property
of l m is that it saturates at the valuel given by Eq.~34! @33#.
That is

~ l m!max5 l .1032104 km ~35!

for matter oscillations in the Earth withre52210. This is in
contrast with the oscillation length in vacuum

l v54pE/Dmn
2 ~36!

which increases with increasing energy. Most importan
we see that at sufficiently high energyl v / l becomes very
large and the effective mixing angleum tends to zero; see Eq

a

d-
2-8
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FIG. 9. The initial fluxI 0(E) and the flux at the detectorI (E) for three different nadir angles corresponding to three models for A
neutrinos@23–25#. The background atmospheric neutrino flux is also shown. All the fluxes are given for muon neutrinos. The corresp
fluxes from@23–25# were given originally for muon neutrinos and anti-neutrinos, and their value has been divided by factor 2.
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~33!. In fact for the very small values of the mass differen
of the neutrinos (Dmn

2.1026 eV2 suggested by the dat
@30,31#! we can safely neglect the modification of the ne
trino fluxes due to neutrino oscillations in their passa
through the Earth forE.1 TeV or so. Of course neutrino
oscillations can, in principle, modify the fluxI 0(E) arriving
at the Earth.

VI. CONCLUSIONS

In this paper we have extended the recently developed@7#
unified BFKL-DGLAP framework to calculate the total cro
09300
-
e

sections of ultrahigh neutrino interactions with nucleons. T
framework incorporated non-leading ln(1/x) effects which
are generated by the consistency condition given in Eq.~4!.
In this way it was possible to resum to all orders the dom
nant part of the non-leading ln(1/x) effects and to obtain a
physically acceptable description of the structure function
low x. Indeed this unified BFKL-DGLAP approach gave a
excellent description of theF2 data from DESY HERA and
enables us to extrapolate the structure functions to the re
of the very small values ofx which are probed in the ultra
high energy neutrino interactions. We compared our pred
tions for the cross sections with the results of the two rec
2-9
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FIG. 10. As for Fig. 9, but showing neutrino fluxes from gamma ray bursts@26# and from a top-down model@27#. All the fluxes are given
for muon neutrinos. The corresponding fluxes from@26,27# were given originally for muon neutrinos and anti-neutrinos, and their value
been divided by factor 2.
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calculations which were obtained within the NLO DGLA
framework. We find that all three approaches give results
the neutrino cross sections within 30–40 % or so. We m
conclude that the potential ambiguities in the extrapolat
of the cross sections are much smaller than might have b
expected. However the present calculation, which include
treatment of ln(1/x) effects at smallx, should be the more
reliable for ultrahigh energy neutrino interactions. It shou
be stressed that the inclusion of the dominant non-lead
ln(1/x) effects was crucial for obtaining this result. Extrap
lation based on the LO BFKL equation would generate cr
sections which would be enhanced by a factor of more t
09300
r
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n
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two at ultrahigh neutrino energiesEn;1012 GeV. This LO
approximation is, however, known to be unreliable.

The calculated neutrino cross sections were next use
an input in the transport equation describing the modificat
of the neutrino flux during the penetration of the Earth. Th
equation incorporated both the attenuation effects of the n
trino ‘‘beam’’ as well as the regeneration of neutrinos due
neutral current interactions. We solved the equation fo
variety of initial neutrino fluxes and discussed the dep
dence of the shadowing factor upon the nadir angleu. We
found that although attenuation of the neutrino flux is t
major effect, nevertheless enhancement due to neutrino
2-10
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generation can become appreciable for fluxes which ext
to the very high neutrino energies, like those originati
from AGN sources. The calculations of the neutrino fluxes
various nadir angles show that at sufficiently high energ
neutrinos become strongly attenuated. The smaller the n
angle the lower the energy of complete attenuation.

To sum up we have demonstrated that a framework wh
incorporates QCD expectations at lowx, including the BFKL
effects with the resummation of the non-leading ln(1/x)
terms, gives neutrino cross sections which are compat
with those obtained within the NLO DGLAP framework
This strongly limits potential ambiguities in the possible v
ues of the cross sections extrapolated from the DESY HE
domain to the region ofx and Q2 which can be probed in
ultrahigh energy neutrino interactions. Due to large value
these cross sections the attenuation effects reduce the fl
of ultrahigh energy neutrinos particularly at small na
angles. Nevertheless there is a window for the observatio
AGN by km3 underground detectors of the energetic dec
muons. We have found that the AGN flux exceeds the atm
spheric neutrino background for neutrinos energiesE
e
o
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.
rt
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*105 GeV. Typical results are shown in Fig. 9. These illu
trate the possibility of observing AGN at various nad
angles by ‘‘neutrino astronomy.’’
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