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Bimaximal lepton flavor mixing matrix and neutrino oscillation
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Recently, many authors showed that if the solar and atmospheric neutrino data are both described by
maximal mixing vacuum oscillations at the relevant mass scale, then there exists a unique bimaximal lepton
mixing matrix for three neutrino flavors. We construct the lepton mass matrices from the symmetry principle
so that maximal mixings for the atmospheric and the solar neutrino vacuum oscillations are naturally gener-
ated. Although the hierarchical patterns of the lepton sector are quite different from each other, we show how
two different mass matrices suggested in this work can be generated in a unified way. We also give comments
on possible future tests of the bimaximal lepton mixing matrix.@S0556-2821~99!50109-4#
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The recent atmospheric neutrino data from the Sup
Kamiokande Collaboration@1# present convincing evidenc
for neutrino oscillation and hence a nonzero neutrino ma
The results indicate the maximal mixing betweennm andnt

with a mass squared differencedmatm
2 .531023 eV2. The

long-standing solar neutrino deficit@2–4# can also be ex-
plained through matter enhanced neutrino oscillation†i.e.,
the Mikheyev-Smirnov-Wolfenstein~MSW! solution @5#‡ if
dmsolar

2 .631026 eV2 and sin2 2usolar.731023 ~small
angle case!, or dmsolar

2 .931026 eV2 and sin2 2usolar.0.6
~large angle case! and through long-distance vacuum ne
trino oscillation called ‘‘just-so’’ oscillation@6# if dmsolar

2

.10210 eV2 and sin2 2usolar.1.0. However, the recent dat
on the electron neutrino spectrum reported by Sup
Kamiokande@3# seem to favor the ‘‘just-so’’ vacuum oscil
lation, even though the small angle MSW oscillation and
maximal mixing between the atmosphericnm and nt have
been taken as a natural solution for the neutrino proble
@7#. Moreover, as shown by Georgi and Glashow@8#, solar
neutrino oscillations may be nearly maximal if relic neut
nos comprise at least one percent of the critical mass den
of the Universe. If this vacuum oscillation of the solar ne
trino is confirmed in future experiments@3,9#, the mixing
angles in the lepton sector will turn out to be large in contr
with the quark sector in which all observed mixing ang
among different families are quite small. This does not
pear to be achieved in such a way as to unify quarks
leptons at the grand unified theory~GUT! scale. One can
thus deduce that the origin of the lepton mass matrices wo
be different from the one in the quark sector@7#. Therefore, it
is worthwhile to find any possible mechanism providing su
neutrino mixing patterns. Gauge models such as the SO~10!
grand unification model@10# and the left-right symmetric
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model @11# have been constructed so that the so called ‘‘
maximal’’ neutrino mixing @12# for the solar and atmo-
spheric vacuum oscillations are naturally accommoda
There have also been attempts to derive such a neutrino
ing from a lepton mass matrix ansatz@8,12–14#.

Recently, Bargeret al. @12# showed that if the solar and
atmospheric neutrino data are both described by maxi
mixing vacuum oscillations at the relevant mass scale, t
there exists a unique mixing matrix for three neutrino fl
vors. Their solution necessarily conservesCP and automati-
cally implies that there is no disappearance of atmosph
ne , consistent with indications from the Super-Kamiokan
experiment. However, they did not construct the neutr
mass matrix from some simple symmetry principle, but
verted the process to obtain the neutrino mass matrix in
flavor basis from the mass eigenvalues and the bimaxi
mixing matrix by using the fact that a Majorana mass mat
or a Hermitian Dirac mass matrix can be diagonalized b
single unitary matrix. From the phenomenological point
view, Georgi and Glashow@8# also suggested the neutrin
mass matrix that is compatible with the ‘‘bimaximal’’ neu
trino mixing, cosmological observation, and the nonexi
ence of neutrinoless double beta decay.

The purpose of this Rapid Communication is to constr
the lepton mass matrices from the symmetry principle so
maximal mixings for the atmospheric and the solar neutr
vacuum oscillations are naturally generated. We note that
bimaximal lepton flavor mixing matrixVbi-max can be con-
structed from the product of two unitary matrices:

~UCKM
lepton!†[Vbi-max[S 1

A2
2

1

A2
0

1

2

1

2
2

1

A2

1

2

1

2

1

A2

D ~1!
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5S 1 0 0

0
1

A2
2

1

A2

0
1

A2

1

A2

D •S 1

A2
2

1

A2
0

1

A2

1

A2
0

0 0 1

D
[Un

†
•Ul , ~2!

whereUn andUl give the maximal mixing between the se
ond and the third generations and between the first and
second generations, respectively. As will be shown later,
charged lepton mass matrix can be diagonalized byUl ,
while the neutrino mass matrix can be diagonalized byUn .
This is an outstanding feature of our lepton mass matric
Although the hierarchical patterns of the lepton sector
quite different from each other, we will show how two di
ferent mass matrices suggested in this work can be gene
in a unified way.

Let us start with a generalS(3)L3S(3)R symmetric mass
matrix @15,16#:

M05CS 1 r r

r 1 r

r r 1
D . ~3!

By diagonalizing this matrix with the help of the unitar
matrix

U5S 1

A2
2

1

A2
0

1

A6

1

A6
2

2

A6

1

A3

1

A3

1

A3

D , ~4!

we obtain the eigenvalues

C~12r , 12r , 112r !.

For r 51, only the third element becomes massive, wh
enables us to explain why the third generation quarks
charged leptons are much heavier than the others@17#. Thus
we take r 51 for the charged lepton mass matrix. On t
other hand, the neutrino data does not seem to support su
hierarchy. Moreover, if we regard the neutrinos as a par
hot dark matter, all three neutrinos may be almost degene
in their masses@18,19#. This almost degenerate neutrin
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mass pattern can be achieved by takingr to be nearly zero
@16#. Therefore, we choose, as the first step,1

r 51 for charged lepton case,

and r 50 for neutrino case.

In order to generate the hierarchy of the charged lepton
tor and the phenomenologically acceptable form of the m
matrix for the neutrino sector, we introduce the symme
breaking terms so that the hierarchy or the mass differe
between two generations can be accommodated, and
maximal mixing between those generations can be gener
simultaneously. We will show that this can be achieved
the way that theS(3)L3S(3)R symmetry is broken down to
S(2)L3S(2)R . As is well known, Fritzsch and Xing@14,16#
constructed lepton mixing matrices based on the so-ca
democratic mass matrix that reflectsS(3)L3S(3)R symme-
try. However, they do not provide the maximal mixings f
the atmospheric and the solar neutrino oscillations. As w
be shown later, in order to achieve the bimaximal mixi
scenario we adopt different symmetry breaking schem
from those of Fritzsch and Xing. In Ref.@14#, Fritzsch and
Xing also commented on the bimaximal mixing scena
with completely different charged lepton and neutrino ma
matrices from ours. Their nonzero off-diagonal entries
different from ours, which implies thatS(3)L3S(3)R sym-
metry is broken down in different ways.

Now we consider the following 232 mass matrix, which
provides the maximal mixing between two flavors@20#,

S a b

b a D . ~5!

This form of mass matrix can be diagonalized by the unit
matrix

U5
1

A2
S 1 21

1 1 D , ~6!

and the eigenvalues are given as

~a1b, a2b!.

The matrix ~5! can be easily generated by considering t
so-called ‘‘democratic’’ 232 mass matrix, that reflect
S(2)L3S(2)R symmetry, and by adding a symmetry brea
ing matrix, which hasS(2) symmetry under the interchang
between the first and the second indices:

M25AS 1 1

1 1D 1BS 1 21

21 1 D 5S A1B A2B

A2B A1BD . ~7!

1Actually, the caser 50 might not require the diagonalization o
M0 because that case already corresponds to the diagonal
before diagonalizing. However, we need the diagonalization as l
as the value ofr is not exactly zero but small enough to be neg
gible compared to the parameterC and evenA,B.
2-2



l-

le
en
t

f
pt
n

o

tr

te
s

t

as

n
ni

ith

ss
eu-
o

ith
of

ers

ith
rino
can-

ed

nd

ing
is
t

d

x-

ta
t
ee,

not

RAPID COMMUNICATIONS

BIMAXIMAL LEPTON FLAVOR MIXING MATRIX AND . . . PHYSICAL REVIEW D 59 091302
With the help of Eq.~6!, one can easily obtain the eigenva
ues ofM which are given as

~2A, 2B!.

Since we want to get the bimaximal mixing matrix whi
keeping the hierarchical charged lepton masses and deg
ate neutrino masses, we add this symmetry breaking ma
M2 to the previous hierarchical matricesM0 appropriately.
Then, we relate the parametersA andB ~a! to the masses o
the first and the second generations for the charged le
sector, respectively, and~b! to the mass differences betwee
two ~the second and the third! generations for the neutrin
sector.

At the end, we can obtain the realistic lepton mass ma
ces. That is, we add the above symmetry breakingM2 matrix
as the submatrix ofM0 in the (e,m) basis for the charged
lepton sector,

Ml5S 0 0 0

0 0 0

0 0 C
D ⇒S A1B A2B 0

A2B A1B 0

0 0 C
D , ~8!

while we add it as the one in the (nm ,nt) basis for the
neutrino sector as follows:

M n5S C 0 0

0 C 0

0 0 C
D ⇒S C 0 0

0 C1A1B A2B

0 A2B C1A1B
D .

~9!

Then, one can see that these matricesMl and M n can be
diagonalized byUl andUn , respectively, which in turn lead
to the bimaximal lepton flavor mixing matrixUCKM

lepton, as
given in Eqs.~1!, ~2! by combiningUn with Ul .

Eigenvalues of the mass matricesMl andM n are given as

Ml5~2A, 2B, C!

and

M n5~C, C12A, C12B!,

respectively. For the charged lepton sector, the parame
A, B, andC are determined by the following mass relation

A5me/2, B5mm/2, and C5mt . ~10!

In order to solveA,B, andC for the neutrino sector, we firs
require two conditions,

Dmsolar
2 510210 eV2 and Dmatm

2 5231023 eV2,

which can fit the available data quite well, where the m
differences Dmi j

2 5mn i

2 2mn j

2 should be identified with,

among the possibilities,Dmsolar
2 5Dm12

2 and Dmatm
2 5Dm23

2 .
Thus we will consider henceforth only this case. In additio
if the neutrinos account for the hot dark matter of the u
verse, one has to require
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u.6 eV.

Then the set of parameters (A,B,C) is given by

~A,B,C!'~10210, 0.00025, 2.0! ~eV!, ~11!

for which three light neutrinos are almost degenerate w
masses around 2 eV.

Now, we check if the solution of three neutrino ma
eigenvalues satisfies the constraints coming from the n
trinoless doubleb-decay, as well as other data from neutrin
oscillation experiments. The neutrino mixing matrix Eq.~1!
and neutrino mass eigenvalues lead to

^mne
&[(

i 51

3

Vei
2 mn i

.2.0 eV.

However, that value of neutrino mass is not compatible w
the current upper limit coming from the nonobservation
the neutrinoless doubleb-decay, which is given as@21#

^mne
&<~0.521.5! eV. ~12!

In order to be satisfied with this constraint,(umn i
u is allowed

only up to 4.5 eV. If we take this value, the set of paramet
(A,B,C) is determined to be

~A,B,C!'~10210, 0.00035, 1.5! ~eV!, ~13!

for which three light neutrinos are almost degenerate w
masses around 1.5 eV. If we begin to increase the neut
masses in order to make them dominant hot dark matter
didates, we cease to satisfy the (bb)n0 constraint.

Further test of the bimaximal mixing scenario is provid
with the long baseline experiments searching fornm→nt os-
cillation in the range ofDmmt

2 .1023 eV2 @22#. The MINOS
@23# and K2K @24# sensitivities toDm2 at 90% C.L. can go
down toDm251.231023 eV2 and 2.031023 eV2, respec-
tively, while the Imaging of Cosmic and Rare Undergrou
Signals~ICARUS! @25# sensitivity is achieved atDm253.0
31023 eV2. The bimaximal mixing scenario, in which
sin2 2umt is predicted to be 1 withDmmt

2 .231023 eV2,
can be tested at the MINOS and K2K experiments search
for the nm→nt oscillations in the foreseeable future, but
beyond the sensitivity toDm2 at 90% C.L. being achieved a
ICARUS. Future experiment on thenm↔nt oscillation from
the MINOS and K2K will exclude this scenario for charge
lepton and neutrino mass matrices.

Finally, we comment on that the bimaximal neutrino mi
ing matrix Eq.~1! predicts zero for theVe3 element which
makesne↔nm and nm↔nt oscillations to be effectively a
two-channel problem. This is supported by CHOOZ da
@26# which give the mixing angleu13 as less than 13° in mos
of the Super-Kamiokande allowed region. As one can s
the Ve3 element becomes zero in the limit ofu1350 @27#.
However, note that a nonvanishingVe3 element is not com-
pletely excluded, but rather it can be larger in the region
covered by CHOOZ@28,29#. To justify this bimaximal mix-
2-3
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ing scenario, the precise determination of theVe3 element
will probably be essential, which requires several oscillat
channels to be probed at the same time. From the fact
the nm→nt disappearance channel is sensitive only toVm3

2

and thenm→ne appearance channel is sensitive to the pr

uct Vm3
2 Ve3

2 , one can determine the elementVe3 by combin-
ing the regions to be probed in both channels. K2K@24# will
be expected to perform this, but it does not, at present, s
a

a

ys

98

ys

A

s
3

o,
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to achieve sufficient sensitivity in thenm→ne appearance
channel to probe the region ofVe3

2 allowed by Super-
Kamiokande and CHOOZ@29#.
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