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Comment on ‘‘Brans-Dicke wormholes in the Jordan and Einstein frames’’
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In the Brans-Dicke~BD! theory, wormhole existence is determined in the Jordan representation. The Ein-
stein representation correctly describes the geodesic motion of a test black hole that responds to the tensor mass
mT of a bounded gravitational system. The central body’s active massm as calculated in the Jordan frame
determines the change in time of the area of a bundle of light rays and the motion of a test particle in Keplerian
orbit. In the Jordan representation, strong-field BD wormhole solutions can exist and the energy density and the
radial and lateral tensions are negative at the wormhole throat. However, the Einstein representation minimally
coupled scalar field energy condition eliminates wormhole solutions within the BD weak-field approximation,
C521/~v12!. @S0556-2821~98!01924-9#

PACS number~s!: 04.20.Gz, 04.50.1h, 04.62.1v
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A recently published article by Nandiet al. @1# claims that
in the Jordan frame wormhole existence can occur only fo
very limited range of the Brans-Dicke~BD! parameterv.
The test for wormholes includes an examination of the a
radius @2,3# of a test object for a minimum at distance
greater than the event horizon of a gravitational system.
space-time location of an event is the same whether ca
lated in the Einstein or in the Jordan frame. However, co
sponding surface areas are different in the two represe
tions because the area of anr 5const surface in the Einstei
representation is (w/w0) times the area of this same surfa
in the Jordan representation. The Einstein representation
rectly describes the geodesic motion of a test black hole;
Jordan representation correctly describes the geodesic
tion of a test particle. The central body’s active massm as
calculated in the Jordan frame, determines how the area
bundle of light rays changes in time; also a test particle
Keplerian orbit measuresm @4,5#. In the Einstein representa
tion, geodesic motion is limited to test-black-holes whi
determine the Keplerian tensor massmT of a bounded gravi-
tational system.

I concur that an examination of the Einstein represen
tion of the BD theory shows that@1#

v.23/2 ~1!

since the stress energy for a massless minimally coupled
lar field satisfies all energy conditions@6#. Furthermore, from
the BD theory condition~whenB.0) @7#

l5@11C1~11 1
2 v!C2#1/2.0 ~2!

and the wormhole existence condition, Eq.~3!, that the areal
radiusR5(g22)

1/2 has a minimum as a function of the prop
length l 5*(g11)

1/2dr,

@~C11!/l#2.1, ~C11!.l.0, ~3!

one finds@1#
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C~12 1
2 vC!.0, C.21. ~4!

At Eq. ~9! below, I remark that Eq.~4! is also valid for the
casel,0,B,0. However, I disagree with the conclusion
reached in Ref.@1# regarding the existence of wormholes
determined in the Jordan representation. First, the conclu
that within the weak-field approximation wormholes can e
ist whenv is limited to

23/2,v,24/3 ~5!

is a computational error. The weak field approximation@7,8#

C521/~v12! ~6!

is used. Besides the fact that the use of this approximatio
inappropriate for strong field wormhole phenomena, the
thors of Ref.@1# found that Eq.~6! together with Eq.~4!
impliesv,2 4

3 . This condition together with Eq.~1! yielded
Eq. ~5!. However, Eqs.~3! and ~6! imply that

C115
v11

v12
.0. ~7!

That is,v cannot be chosen between22 and21 for worm-
hole existence in the weak field approximation. Also Eqs.~5!
and ~6! imply 22,C,2 3

2 which is inconsistent with Eq.
~3!. Thus, Eq.~5! is incorrect. Instead, Eqs.~3!, ~6!, and~7!
imply v,22 andC.0. This conclusion, together with th
Einstein representation minimally coupled scalar field ene
condition @1# that v.23/2, eliminates the weak field ap
proximation from wormhole investigations. At Eq.~9! be-
low, it is shown that whenl,0,B,0 the same conclusion
follow.

Secondly, the authors~in Ref. @1# as well as in their pre-
vious publication@9#!, use the notationr 0

6 and R0
6 for the

wormhole throat location. Under the conditions of Eqs.~2!
and ~3! r 0

1.B while r 0
2,B. This follows from Ref.@1#

@Eqs.~13! and ~14!#:

r 0
1r 0

25B2;

thus
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0,n2~n221!1/2[~r 0
2/B!B.0,1,~r 0

1/B!B.0

[n1~n221!1/2, n5~C11!/l.1,
~8!

and one must excluder 0
2 from consideration in this cas

(B,l.0). In Ref.@9# it was observed that the BD solution
are invariant under the simultaneous symmetry transfor
tions l→2l and B→2B, and that the post-Newtonia
limit determines the relationB5lm/2, wherem.0 is the
central body’s active mass@4,5#. For the casel,0,B,0,
Eq. ~3! becomes n5(C11)/l,21, (C11).2l.0,
C.21, and Eq.~4! still holds. Furthermore, in this case th
wormhole throat location is specified byr 0

2/B,0, andr 0
1 is

excluded. Note that this case is just a notational change
yields no new results:

2~r 0
2/B!B,052@n2~n221!1/2#n,21

5@n1~n221!1/2#n.1

5~r 0
1/B!B.0.1,

~r 0
1!B.05~r 0

2!B,0.uBu. ~9!

Equation~7! and the conclusions in the paragraph followi
Eq. ~7! still applying under this symmetry transformation.

Thirdly, the limits onr0 andR0
1 as r 0

1→B as presented
in Ref. @1# @between Eqs.~18! and~19!# are incorrect. Since

r 0
1/B5n1~n221!1/2, n5~C11!/l.1, ~10!

one cannot letr 0
1→B unlessn→1 andC→0. Note thatR0

1

is a monotonic function ofn:

4B,R0
1,`; ~11!

its minimum 4B occurs atn51 and its maximum atn5`.
The values at the wormhole throat (r 5r 0

15r 0) of the areal
radius @R(r 0

1)5R0#, the energy density~r!, and the radial
(pr) and lateral tensions~P! are given by@10#

R052B~n221!1/2Fn11

n21Gn/2

5r 0
21~r 01B!~r 01B!2/~2r 0B!~r 02B!~r 02B!2/~2r 0B!,

r05~pr !05@2~vC!2121#P052@c4w~r 0!#/@8pR0
2#,

~12!

where

n615~r 06B!2/~2r 0B!,

w~r 0!/w05Fn11

n21GC/~2l!

5F r 01B

r 02BGC/l

, ~13!

and
08850
a-

nd

w~n→1,r 0→B!5w0 , R0~n→1,r 0→B!54B,

r0~n→1,r 0→B!52@c4w0#/@8p~4B!2#. ~14!

In Ref. @1# the limit R0→01 as r 0→B1 is presented. As
shown in Eq.~13! this is incorrect. However, when 1.(C
11)/l5n, there is no wormhole throat andR(r )→01 as
r→B1.

Fourthly, as far as the traversability conditions, I find
singularities at the wormhole throat. In particular the^0101&
component of the Riemann tensor, entering the expres
for the radial tidal acceleration, is finite at the wormho
throat:

R101
0 ~r 0!5C/@~n221!~lr 0!2#5@~12vC/2!r 0

2#21.
~15!

At the wormhole throat (R5R0), the redshift function
@2,4,10#, F vs R has an infinite slope. However, in contrast
the statement in Ref.@1#, I find no jump discontinuity in
F(R) at R5R0 . Also at the throat the radial component
proper acceleration that an observer must maintain to rem
at rest is given byar5c2r 0 /@l(n221)1/2R0

2# which is posi-
tive indicating that an outward-directed radial acceleration
necessary to keep an observer from being pulled into
wormhole @2,6#. I have found that forv.2 3

2 , that C.0
and that both the energy densityr(r ) and the radial tension
pr(r ) are negative and finite for allr .B. The lateral tension
is positive ~focusing! at large r and negative~defocusing!
within the wormhole throat, changing sign outside the wor
hole throat location atr /B5x11(x1

221)1/2.r 0
1/B, where

x15n1 1
2 vC/l andC andv.0 @10#. The negative energy

density is a special case of defocusing which implies exo
matter at the throat@6#. The negative radial tension indicate
stretching and the negative surface tension is interprete
positive~outward! pressure preventing collapse of the worm
hole throat@2,6#.

Finally, deep within the throat atr 5B a naked singularity
occurs and all the measures of traversability diverge. T
singularity can be avoided by placing appropriate materia
r .B. In conclusion, in the BD theory the Einstein represe
tation minimally coupled scalar field energy conditio
requires thatv.2 3

2 which disallows wormholes existenc
within the weak field approximationC521/(v12). The
Jordan representation allows wormhole solutions to exist
strong fields@10#.

Note added.In Nandi’s accompanying Reply the tw
cases (C11,0,l,0,B.0) and (C11,0,l.0,B,0)
are introduced to argue for wormhole existence wh
C521/(v12) and2 3

2 ,v,2 4
3 . However, the Keplerian

massm is positive definite; henceB andl cannot have op-
posite signs. Furthermore in both these cases the red
function @2,4,10# F.0, and hence2g00→` as r→uBu
rather than the Brans class I behaviorF,0, and2g00→0 as
r→uBu.
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