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Doppler tracking of interplanetary spacecraft provides the only method presently available for broadband
searches of low frequency gravitational waveslQ °—1 Hz). The instruments have a peak sensitivity around
the reciprocal of the round-trip light tim& (~10°-10* sec) of the radio link connecting Earth to the space
probe and therefore are particularly suitable to search for coalescing binaries containing massive black holes in
galactic nuclei. A number of Doppler experiments—the most recent involving the probes ULYSSES,
GALILEO, and the Mars Observer—have been carried out so far; moreover, in 2001-2004 the CASSINI
spacecraft will perform three 40-day data acquisition runs with an expected sensitivity about 20 times better
than that achieved so far. The central aims of this paper(iar®® explore, as a function of the relevant
instrumental and astrophysical parameters, the Doppler output producetssal signals—sinusoids of
increasing frequency and amplitu@e so-callecthirp), (ii) to identify the most important parameter regions
where to concentrate intense and dedicated data analysidjiignm analyze the all-sky and all-frequency
sensitivity of the CASSINI experiments, with particular emphasis on possible astrophysical targets, such as our
galactic center and the Virgo cluster. We consider first an ideal situation in which the spectrum of the noise is
white and there are no cutoffs in the instrumental band; we can defimgeahsignal-to-noise ratigSNR)
which depends in a simple way on the fundamental parameters of the sacthitp-massM and luminosity
distance—and the experiment—round-trip light time and noise spectral level. Fareahgxperiment we
define thesensitivity functiorlY as the degradation of the SNR with respect to its ideal value due to a colored
spectrum, the experiment finite duratidn, the accessible frequency banfi, (f,) of the signal, and the
source’s location in the sky. We show that the actual valu¥ afucially depends on the overlap of the band
(fy,fe) with the instrument response: the sensitivity is best wheal/T andf, coincides with the frequency
corresponding to the beginning of the merging phase. Furthermore, fdg,amdT, , there is an optimal value
of the chirp mass—theritical chirp mass M o f, ¥ T, %" —that produces the largest sensitivity function;
lower values ofM correspond to a smaller bandwidth and lower SNR. Also the optimal source’s location in
the sky strongly depends oriy,f.). We show that the largest distance at which a source is detectable with
CASSINI experiments is-600 Mpc and is attained for massive black holes of comparable mass@d .,
andf,~10"5Hz. Sources not far from coalescence in the Virgo cluster wifiMig< M=<10°M would be
detectable with a SNR-1-30. The SNR and the range of accessible masses reduce drastically when a smaller
mass ratio is considered. We then turn our attention to galactic observations, in particular on the detectability
of a coalescing binary in the galactic center, where a small black hole of Mhassuld be orbiting around the
central massive onkl;=2x 10°M . CASSINI would be able to pick up such systems with=50M, ; for
M,=10*M the SNR could be as high as100—1000. It may also be possible to detect such binaries in more
than one of the three CASSINI experiments, thus reenforcing the confidence of detection.
[S0556-282199)04602-0

PACS numbg(s): 04.80.Nn, 97.60.Lf, 98.62.Js

[. INTRODUCTION ing sources are connected to collapsed objects with a mass in
the range~1M5—1000M . However, at low frequencies

The search for gravitational waves has grown greatly inlbelow a few Hz detectors on Earth are severely impaired by
the last few years: four ground-based laser interferometers-seismic noise. To observe sources of higher mass one must
the Laser Interferometric Gravitational Wave Observatoryuse instruments in space, sensitive in the mHz band.
(LIGO) [1], VIRGO[2], GEO600[ 3], and TAMA [4]—with The Doppler tracking of interplanetary spaceckafd] is
optimal sensitivity in the band-10 Hz—1 kHz are now un- the only method presently available to search for gravita-
der construction and are scheduled to be in operation by théonal waves in the low frequency regime-(0 °-1 Hz).
turn of the century; at the same time, the sensitivity of acousSeveral experiments have been carried out so far, all of them
tic narrow-band devices in the kHz regime is steadily im-with nondedicatedpace probes: Voyager[11], Pioneer 10
proving[5-9]. In this high frequency band the most interest-and 11[12,13], ULYSSES[14,15, GALILEO, and the Mars
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TABLE I. Summary of Doppler experiments to search for gravitational waless the effective length
of data availableg, the average effective Allan variance of the data, @ritle average round-trip light time
of the radio link during the data acquisiton runs. The frequency bands of the up-link
(S, 2.1GHz; X, 7.2GHz; K,, 32GHz) and down-link$, 2.3GHz; X, 8.4 GHz; K,, 34 GHz) car-
riers are shown in the two final columns. For the four short experiments carried out with Pioneer 10 and 11
and Voyager 1 sef21] and references therein.

Space probe T,/days ay T/sec  Up-link  Down-link
ULYSSES 3 Dec. 90—4 Jan. 91 35 x30 4 600 S SX
ULYSSES 20 Feb. 92-18 Mar. 92 14 XA0 ¥ 4430 S SX
ULYSSES Mar. 93—Apr. 93 19 141078 4100 S SX
GALILEO Mar. 93—Apr. 93 19 23108 945 S S
Mars Observer Mar. 93—Apr. 93 19 510714 1150 X X
CASSINI 26 Nov. 01-5 Jan. 02 40 31071 5783 XK, XKy
CASSINI 7 Dec. 02-16 Jan. 03 40 X307 7036 XK, XKy
CASSINI 15 Dec. 03—24 Jan. 04 40 X307 7859 XK, XKy

Observel16]. They suffer from the limitations of instrumen- is minimal and the spacecraft is therefore in a very stable
tation designed for other purposes and from several distudynamical and thermal state, thus in the best conditions for
bances, including those due to the ground sector; howevethe measurements. Making experiments at large heliocentric
their sensitivity is astrophysically interesting, even thoughdistances not only allows the coverage of a large spectral
the rate of detectable events is uncertain grdbably low, window but also gives the spacecraft a good immunity to
given the current instrument performances. At present a largaongravitational accelerations, whose effects are further re-
amount of data is available: a major experiment lasting 2&uced by the small area-to-mass ratidabout
days was carried out with ULYSSES in February and March2.1x 103 m?/kg).
1992 [15] and a 20-day coincidence experiment was per- The next, far away, and much more ambitious projects to
formed in the Spring 1993 with the spacecraft GALILEO, search for low frequency gravitational wave radiation will
Mars Observer, and ULYSSH36| (see Table)l probably involve interferometers in space with arms df40
The space probe CASSINI—a NASA-ESA-ASI joint mis- of km [19,2( (see also[21] and references therein for a
sion [17]—represents the next step in Doppler experimentsreview of detectors in spage
It was launched on 15 October 1997 with the primary target In the low frequency band we expect five main types of
being the study of the Saturn system, in particular its satellitsources(for an extensive discussion regarding the whole
Titan: at the first flyby with Titan, the Huygens probe will be gravitational wave spectrum we refer the readef2®,23):
released and descend into its atmosphere for a thorough in- (1) Catastrophic, wideband collapses of large masses,
vestigation. CASSINI carries on board much improved in-possibly in dense concentrations of matter and stars, leading
strumentation and will perform three long0 days each to the formation of a massive black hdl®BH); the search
data acquisition runs in 2001-2004 to search for gravitafor such signals motivated the original proposal of Doppler
tional waves[18] with expected sensitivity about 20 times experimentg24].
better than that achieved so far; indeed this mission offers (2) Short-period binary systems of solar mass compact
the most promising opportunity to date to search for lowobjects [25—-27; among them the binary pulsar PSR
frequency signals. The target planet Saturn will be reached913+16 [28,29, whose study over the past 25 years has
on 1 July 2004, after a long cruise phase which includes tw@rovided the most cleandirect evidencef the existence of
Venus, one Earth and one Jupiter flyby. This complex trajecgravitational wave$30]; however, stellar mass binaries are
tory provides the heavy spacecr&fi650 kg, over half of not detectable with present and near-future Doppler experi-
which is propellant for several orbital maneuvevgith an  ments, due to inadequate sensitivity and short duration.
additional 6 km/s velocity increment needed to reach Saturn. (3) Solar mass compact objects orbiting a massive black
The long cruise phase provides three opportunities for gravihole in galactic coref31—-33.
tational wave observations, about the solar oppositions in (4) Binary systems of massive black holes spiraling to-
December 2001, December 2002, and January 2004, wheyether toward their final coalescen@—34.
the spacecraft is beyond Jupiter's orbit, at geocentric dis- (5) Backgrounds of gravitational waves of primordial ori-
tances of 6.7, 8.0, and 8.8 AU. These periods have beegin or generated by the superposition of radiation coming
chosen in order to reduce the effects of interplanetary plasmfafom unresolved binarie37—-41].
on the radio link, which are indeed minimum when the Here we will consider signals emitted by binary systems
Earth-spacecraft line of sight is approximately parallel to thecontaining massive black holes, therefore sources at points 3
solar wind velocity. In the cruise phase the on-board activityand 4, and the main goals of the paper are the exploration of
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the structure of the Doppler output produced by inspiral sig-hals, which can be used to extract valuable information about

nals from coalescing binaries and the analysis of the all-skyhe central object66,67).

and all-frequency sensitivity of Doppler experiments with  From the data analysis point of view, where the structure

emphasis on the CASSINI mission. of the signal determines the choice of the optimal detection
Compelling arguments suggest the presence of MBH’s iralgorithm, it is convenient to divide the entire process of

the nuclei of most galaxies, as the near-inevitable by-produdbinary coalescencénto three separate phases.

of the infall of gas in their potential wel[42—44 and (a) Adiabatic inspiral the bodies are driven by radiation
MBH's are invoked to explain a number of phenomena, suchieaction from their initial distance to smaller separations, los-
as the activity of quasars and active galactic nueléi-4§.  ing energy and angular momentum. The emitted gravita-

However, the observational evidence of their existencdional wave is a sinusoid of increasing frequency and ampli-
comes mainly from observations of relatively nearby galax-tude (the so-calledchirp). In this paper we will make two
ies, whose nuclei do not show significant activity. Centralimportant assumptionsi) when the signal enters the sensi-
dark masses—which are believed to be “dead quasarstivity window of the detector, the orbit has already been
[49]—are mainly inferred by studying the spatial distribution circularized; in fact, the eccentricitg diminishes with the
and velocity of gas and/or stars in galactic cores. About terirequencyf according tee?(t) o f ~1%Yt) [68]. Even a binary
candidate massive black holes, with mass in the rangborn withe~1 and a period of 100 yr, say, would carry a
~10°M—-10M,, are known today and we refer the readerresidual eccentricitys10~4 when the signal can be picked
to [60-53 for recent reviews. The most striking evidence up by the instrument. For binaries composed of two MBH'’s
comes from the mapping of the gas motion via the 1.35 cnthat have undergone a common evolution inside a galactic
water maser emission line in NGC 4258 and the observationsore, this assumption is reasonable, even though a full un-
in the near-infrared band of the star motion in our galacticderstanding of massive binary evolution before radiation re-
center. In the case of NGC 4258, observations with the Venaction takes over is still lacking69—71. The conditione
Long Baseline Array have allowed to measure the velocity o<1 is likely to be violated for solar mass compact objects
the gas in the disk with an accuracy of 1 km/sec: the diskorbiting a massive one in a highly elliptic orbit, which may
rotates with a velocity exactly in agreement with the Keplermaintain a non-negligible eccentricity throughout the inspiral
law, due to the presence of an obscure object of mags31]. This would bring about a different scenario, with
=3.6x10°M, [54]. Regarding our galactic center, recent shorter lifetime and emission of gravitational waves at mul-
observations with the New Technology Telescope of theiples of the orbital frequency72]. (ii) In modeling the
proper motion of stars in the core have shown that theivaveform we will use the lowest-order Newtonian quadru-
speed scales as the inverse of the square root of the distangelar approximation, as we are mainly aiming at the estima-
from the center up to 20 000 km/sec; the inferred mass of thdon of the signal-to-noise rati¢SNR) and not at the con-
dark body is=2.5x10°M [55]. In both cases only exotic struction of signal templates for matching filt¢iz3,74.
(and highly implausiblg alternatives to a MBH can still be (b) Merger. when the body separatiarreaches a value of
considered56,57). about 6M, whereM is the source’s total mass, the orbit
Many galaxies have experienced at least a merger sindeecomes unstable and the binary begins the final deadly
the epoche>2 [58,59. If a MBH is present in each core of phase of plunge-in. The signal consists in a wideband burst
both interacting galaxies, the two massive objects would falbf duration~M, but the details of the emitted radiation are
into the common potential well, forming a pair which losesin large part still unknown.
energy and angular momentum through dynamical friction; (c) Ring-down the single black hole formed during the
eventually a binary forms and, driven by radiation reaction,merging phase settles down oscillating according to quasi-
progresses toward the final coalescence. This scenario proermal modes. The emitted waves consist of a superposition
vides, therefore, quite a natural way of producing massivef exponentially damped sinusoids.
binary black holesMBHB'’s) [34]. The apparent precession In this paper we will concentrate on radiation emitted dur-
and bending of jets in active galaxi€34,60 and Doppler- ing the inspiral phase. Such signals can be usefully classified
shifted broad emission line peaks in quagér are possible according to the best algorithm to extract them in a given
indirect evidence of the existence of such systems. Moredata se{15].
over, observations of MBHB's in the nuclei 192838[62], () Periodic signalsthe rate of change of the frequency is
0J287[63,64, and 3C 390.365] have been claimed. too small to be detected with the instrumental frequency
MBH'’s in the center of galaxies are surrounded by aresolution. Here the ordinary techniques for the search of
dense cluster of ordinary stars, whose tidal disruption properiodic oscillations of unknown frequency apply.
vides the gas to refuel the central object, white dwarfs, neu- (ll) Linearly “chirped” signals the frequency drift is
tron stars, and low mass back holes, probably in the madarger than the frequency resolution of the detector, but the
range~5M»—100M, . Contrary to ordinary stars, compact change in frequency due to its second time derivative during
objects are not disrupted by the hole and can occasionally hibe observation time can be neglected, so that we can assume
captured, presumably on highly eccentric orbits, forming bi-a linear increase of(t) with a constant ratg@=df/dt. An
nary systems with life shorter than the Hubble time. More-efficient technique to search for these signals has been de-
over, the orbits of objects with mass5M , around the cen- veloped in[75—-77 and already applied to several data sets
tral massive body would not be perturbed by other stars ifi15]; for every alloweds, the chirping signal is reduced to a
the core, providing therefore clean gravitational wave sigperiodic one and standard methods can be applied.
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These two classes correspond to sources which are farate on the more interesting wideband case and aim at
from coalescence—in facf(t)/dt=f83t) [see Eq. sources at larger distances, but detectable only for a smaller
(2.2]—and, for a given distance, weaker; therefore, thefraction of their lifetime. The largest “ken” is, of course,
search deptkthe maximum distance at which a binary would attained for class IV, which merges into the class of generic,
be detectableis very limited: in[15] we showed that, with wideband bursts. The search for bursts in the records of the
signals of this class, the galactic center is marginally accest993 GALILEO—-Mars Observer—ULYSSES coincidence
sible with the best data available today. experiment is currently in progreg$6]. However this analy-

(1) General chirps the assumed signal has the correctsis must be a rough one, as the structure of the signal in this
evolution in frequency, but the merger does not occur insid&trongly relativistic regime is essentially unknown and the
the record. use of data collected in coincidence by several instruments is

(IV) Chirps and burststhe record contains the final part crucial.
of the chirping waveform and the wideband burst produced The paper is organized as follows. In Sec. Il we review
just before the engulfment of one black hole into the horizonthe basic concepts and formulgartially to fix notation re-
of the other. garding the gravitational wave emission from binaries. In

These classes of signals can be distinguished in the reco®kc. Ill we introduce the signgl(t) produced at the output
by the frequency and its change; for a given frequency, it®f a Doppler detector by a gravitational wave tréit): in
drift increases with the class. Roughly speaking, this ordergg rier spacey(f) is the product ofa(f) and the Doppler

ing _corresp(_)nds to stronger sources and, therefore, to largﬁwrree-pulse response functic?r;,(f)' we review the main
attainable distances. '

Although in the final phase of the inspiral the two bodiesProperties ofr o(f) and in particular stress its di_fferent struc-
have high velocitiesy(/c>0.1) and the description of their turé atlow ¢=<1/T) and high {=1/T) frequencies. Section
gravitational wave emission requires a relativistic approactlV contains the main results of the paper: a thorough analysis
[22], we shall use the quadrupole Newtonian approximatiorPf the signal-to-noise ratio produced by inspiral signals in
for the estimation of the SNR. The use of this approximationPOPPIler experiments as a function of the parameters that
has the advantage that the inspiral signal depends on onflaracterize the source and Fhe instrument: thg c'hlrp mass
one physical parametethe chirp massM; see Eq(2.3). In (and the mass ratip the instantaneous emission fre-
principle it can be derived from the measurement of the freduency of the signal, when the instrument is “turned on,”
quencyf and its rate of changedf/dt; then the amplitude the durat]on of the observapd'q, the structure of the instru-
Acx M5R£23D provides the distancP of the source. We Ment noise spectra! densitg,(f), the location 6 of the
can therefore determine, for any given experiment, the largSource in the sky with respect to the detector arm, and the
est attainable distance; we call it, for a given class keeof round-tr'|p light timeT. This gnaly3|s is carried out in .fuII
the experiment. This is another example, similar to the ongenerality and can be applied to any Doppler experiment.
pointed out by Schutz ifi78], of the power of gravitational We define thadeal SNR pjq as that corresponding to unlim-
wave astronomy when a simple source model is availabldted bandwidth §= /2, and flat noise spectrum;y depends
The central aim of this paper is to fully develop the richnessonly on M, T, D, and the noise spectral levéy,. Of
of these concepts when applied to Doppler experiments angPurse, in a real experiment several factors—including the
to link possible astrophysical sourcgi&e those in the Virgo ~ finite observation time, the signal bandwidth, the frequency-
cluster and/or in the galactic centdp the actual data. In dependent noise spectral density, and the position of the
particular we will apply the main results to the set of experi-source in the sky—contribute to degrade the SNR. We define
ments scheduled during the CASSINI mission. the sensitivity functiorilY as the actual SNR with respect to

Dopp|er tracking of interp|anetary Spacecraﬂ provides dtS ideal value.Y is extensively studied in Sec. IV A, in
wideband detector of gravitational waves in the low fre-particular we show that the maximum value¥fs achieved
quency regime(but it can also be used as a narrow-bandwhen 0.1T=<f,<1/T and the binary chirp mass is close to
xylophone instrumenf79]). A very stable electromagnetic What we call its critical valueM =T, ¥, ®". In Sec. IV B
signal in the GHz radio band is continuously transmittedwe study CASSINI's sensitivityand compare it with that of
from Earth to the spacecraft and coherently transponded badkLYSSES, with emphasis on possible sources in the Virgo
in order to monitor the change of their relative velocity. Thecluster and the galactic center. We show that the maximum
optimal sensitivity of the detector is at frequencies of thereachable distance is600 Mpc; binaries close to the final
order of the inverse of the round-trip light tiniE of the  coalescence with fMo<=M=10°M, and comparable
Earth-spacecraft radio link. However, since in practice themasses would be detectable in the Virgo cluster with SNR up
duration of the experiment is not large, only a limited fre-to 30; in galactic searches, CASSINI would be able to pick
guency interval of a chirping signal is accessible. There are&ip (possibly in all three data setsignals from the inspiral of
two modes of search for a signal: if the frequency interval isa secondary black hole of makk,=50M onto the central
small, narrow-band searchone looks for sources far from one,M;=2x1 M. Finally, Sec. V contains a discussion
the final plunge-in, hence at a small distance. lideband about the probability of success of Doppler experiments
searchthe signal is stronger and one can detect radiatiolbased on simple conventional astrophysical scenarios and
emitted by binary systems farther away. In the past, theur conclusions.
analysis of Doppler data has been confined mainly to the We take units in whiclc=G=1, so that velocities are
narrow-band casglasses | and )] in this paper we concen- dimensionless and £ ,=4.926 sec.
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Il. EXPECTED SIGNAL Q%(1,0)=[coL(2¢)(1+cogt)?+4 cogusir(2¢)]
A. Chirped precursor 2.7
We consider a binary system of two compact objects of
massM, andM MEI\)I/pE/MZ and,uEMlep/M arejthe depends on the orientation of the binary and, for random

total and reduced mass, respectively; the orbital parameteyé‘lues’(Qz) =8/5, where( ) stands for the average with
evolve secularly due to the loss of energy and angular mo"®SPeCt tow and ¢: Q(¢,¢) ranges from Qfor c=m/2, ¢
mentum by emission of gravitational waves. =m/4) to 2(for .=0 orm) [91]. _

We shall assume that, when the gravitational signal enters 'Ntegrating Eq.(2.2), it is straightforward to derive the
the sensitivity window of the detector, the radiation reactionfrequency evolution of the wave,

has already circularized the orbit. Under this assumption, in 3/8 t) 38
the Newtonian quadrupolar approximation, the frequehcy f(t)= —(— M 5’8( 1- — , (2.9
of the emitted gravitational wave is twice the orbital fre- 8m\t, tn

quency of the binary, namely, and therefore the phase of the gravitational signal reads

M t _+\5/8
f2(t) = ———o, 2.1 = f "t )=d,—2| — )
(t) 2050 d(t)=27 t dt'f(t')=®p=2| 7| (2.9
wherer (t) is the orbital separation. In the Newtonian model, equivalently,
f(t) evolves according tp30] t(f)=t,— 5(8rf) ¥\ 58 (2.10
F(t)= %6778/3/\/1 5131131 2.2 O(f)=P,—2(87Mf) 53 (2.11
From Eq.(2.2), one can also derive the number of Newton-
where the overdot indicates the time derivative and ian wave cycles spent by a binary while it sweeps the rel-

evant frequency interval:

o f! 1

M= 3/5M 2/5_ 3/5M
H g N(f):f f—df’=Nn—;(8rer)‘5’3. 2.1
f !

(2.3

mo 1
= —= —
=M~ 34

is the so-callecthirp mass in this approximationM is the
only dynamicalparameter that regulates the evolution of the
frequency and the amplitude of the wave.

Let us consider a signal emitted by a binary at a luminos
ity distanceD and let. be the angle between the wave propa-
gation direction and the orbital angular momentumThe
strain at the detector reads

t,, ®,, and N, are integration constants, defined as the
values thatt(f), ®(f), and M(f) formally take whenf

= (r=0). Of course, the signal must be cut off when the
inspiral phase ends and the merger begins. The fully relativ-
istic two-body problem is still unsolved; it is mainly inves-
tigated using post-Newtonian approximatiotsee [81,87]
and references thergimnd numerical techniquesee[94—

96] and references therginFor simplicity we will neglect

h(t)=h. ()cos 2p+h.(t)sin 2¢ the radiation coming from frequencies higher than

-1
Hz,

, (2.9

t
=A(t)cos{2wJ dt'f(t")+¢
o ~1.9x10°3 (47)35

fooo=—— -
B0 632 M 16 Mg

whereh , (t) andh(t) are the two independent polarization (2.13

stateq 90|, ¢ is a polarization angle, . , . ,
S90%, P g corresponding to thennermost stable circular orbit i,

5/3 =6 M for a test mass in the Schwarzschild field of a nidss
A)=2Q(1e)—g [7f(1)]¥*=1.3x10"5Q(¢, ) Forr <ris (and velocity larger thans.;~0.408) orbits are
unstable. For general black holes and mass ratios we can
D \-1 f VIR write rigsoe=6 k M, with k=1 (several methods have been
x( ) ) (2.5 used to estimate the exact valuekpfbut a satisfactory an-
Mpc 1074 Hz) |10°Mg swer is still lacking; se¢97—10( for further detail$. In the

Newtonian approximation we assume tliat,= f(t;) sepa-
is the amplitude of the signal, and rates, at the timé., the inspiral phase from the broadband
plunge-in. The major feature of the relativistic corrections is,
therefore, toanticipatethe final plunge.
(2.6) If an experiment takes place in the time interval from
=0 tot=T,, we define

2 cost sin(2¢)
cog2¢)(1+cost)

po=tan !

gives the polarization phase. The quantity fp=f(t=0) (2.19
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as the frequency at which the signal enters the record at particularly useful for data analysis. It refers to the frequency
=0; the frequency at the end, after the observation fime  resolution 1T, of the experiment and will allow us to divide

is the two-dimensional parameter space!(f,), where the in-
spiral signal is defined, into periodic region a linear re-
gion, and ageneral chirp regior(of class Il and IV, depend-
ing whether the final burst is within the record or hdthis
distinction is justified by the great simplicity and low com-
If fo(1—T1/ty) " ¥¥>fiso, the record includes the merger putational load of the data analysis when the frequency is
signal and is of class IV; otherwise we have class Il signalsconstant(class ) or varies linearly with timgclass 1); these
The Newtonian time to coalescence for a system radiating afvo cases are extensively discussed, and applied to the data
frequencyf,, at the beginning of the record is given by of ULYSSES' second opposition, i15]. When

Tl —3/8
1- t_)  fisco-  (2.19

n

fo=f(t=T,)=min| f,

7,="5 (87f,) ¥ M5 (2.1 96

_ _ _ T2 (t)= — aPT2 M3 1B<1  (class ), (2.19
It is also useful to note that the time for a signal to sweep 3

from the frequencyf,, to the beginning of the final coales-

cence aff =f ., is we have periodic signals; when

TC:5(87T)—8/3M—5/3(f58/3_f;§é3). (2.17 ?.1;(7’[):%5#16/3T?Mm/3f19/3<1,
We define
et 1s T, 38 13 Tif(t)>1 (class 1), (220
5(87fisco) ¥ M 7B the frequency acceleration is negligitiléinear signals”);
fequency shes 1 depends omvt, 7 andT, and corer - TS
sponds to theIS(I:gl’rgest initial freque’nc:]/’ that prloduces class lll T>l’ and f,<fiseo (class WAV) (2.2

signals.

On the basis of the model of the waveform we can nowcorrespond to general chirps01]. Referring to a chirp mass
formalize the distinction of the signals in classes that weM and observation timd,, the initial frequencyf, that
introduced in Sec. |. Being based upon the actual record, it iseparates out the four regimes reads

( —-6/11 —-5/11
T M
5.1><10—5( ! [J Hz (-1,
1¢° se 1M
—-9/19 —10/19
T, M
fo=¢ 5.4x10°° Hz (-nry, (2.2
=) (106 secj 10°M, (2.2
1 —-17-8/3
M T, M
1.9x10 3 (479)%| ——— 1+8.7x 107 (47)%° ) Hz (II-IV).
| (47) (106M@) (47) (106 sed | 10° Mg

The partition of the planeX1,f,) in classes for a single CASSINI experimeiiy, & 40 days) is given in Fig. 1. The values of
7, that correspond to the transition between two adjacent classes read

—5/11

f

16/11
M T
6.1x 107 L C) sec (I-1),
10°Mo 10° se
—-5/19 24/19
M T,
={ 2.6x10° sec (-1, 292
n 1P Mg 108 set) 223
—8/5 M
1.1 10° | - sec (-1V).
| 1/4 1P M
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FIG. 2. To show how the partition of signals into different
FIG. 1. Classes of CoaleSCing binal’y Signals for one of the thre%|asses depends upon the observation ﬂ'mgve consider two bi-
CASSINI experiments T; =40 days). The upper panel shows the nary systems: M;=M,=10' M, (left panels and M=
partition of the plane {1,f,) in periodic (1), linear (II), and non- 2% 10PM,, M,=1000M (right panels The Newtonian time to
linear regions. The dotted line divides nonlinear chirps in signals otoalescence,, Eq.(2.23, and the initial frequency, , Eq.(2.22),
class Ill and IV. The dashed lines indicate the boundary betweeRre used to separate the classes: solid line between I and Il, dash-
signals of class IV and bursts—i.d;s, as a function ofM—for  dotted line between Il and I1I, and dotted line between Ill and IV.

M;/M;=0.01 (lower line) and 1 (upper ling. The lower panel  The frequency scale has been chosen softggtorresponds to the
shows the Newtonian times to coalescenge Eg. (2.23, com- top of the panel.

puted at the transition frequenésee upper pangfor each class of
signals.

[Mf(1)]*R<1, (2.26

As we mentioned in the Introduction, classes I-IV corre-ye expect this approximation to be satisfactory for the as-
spond to gravitational wave emission increasingly closer tGessment of the signal-to-noise ratio. Note also that
the final merger and, therefore, to stronger signals. In Fig. 2

we show the frequencfy, and the characteristic time, that
separate the four classes as function of the observation time.
For typical present and future data s¢see Table )l and

reasonable sources, most signals would show up in class Iy that the limit(2.26 is formally satisfied for a small mass

or V. _ ratio. Of course, as usual, the approximation will be fear-
We introduce now the Fourier transform lessly pushed to the limits of validity.
In the stationary phase approximation to the integral
(2.24 (2.24), for a frequency only a small intervalst contributes
' around the time(f) where

5/3
[MF(1)]7P< (M e e %) “m,  (2.27)

ﬁ(f)=fw e 27fth(t) dt

of the real functiorh(t) and hereafter will work in the more f(H=f. (2.28

convenient Fourier space. When the frequeh@y and the
amplitudeA(t) [Egs.(2.2) and(2.5] vary over a time scale
much longer than (t) it is convenient to use th&tationary
phase approximatiom order to compute the integré?.24).
In our case,

Note the slight inconsistency of notatiohis now the inde-
pendent variable in Fourier space, while earlier we have in-
troducedf(t) as a function of time. The time interval is of
order

&:[f(t)]—lmz (i) 1/277_4/3./\/[ —5/6f—11/6(t)
96 '
(2.29

corresponding to a local bandwid#f = 1/6t. A finite record
where we have neglected numerical coefficients of proporin (0,T;) will pick up only the part of the spectrum between
tionality. The evaluation of the actual error involved in this f, andf.; since dropping the data outside T9) is equiva-
approximation is a delicate matter; however, in the limit  lent to convolving with sin{T,)/f, one wonders how this can

1 d A 1 d nff £(1)153
(2.25

082001-7



BRUNO BERTOTTI, ALBERTO VECCHIO, AND LUCIANO IESS PHYSICAL REVIEW 39 082001

destroy the Fourier components outsidg,f.). The answer which roughly corresponds to the frequency of the quasi-
is that outside the frequency range defined fbyf(t), (0  normal oscillation for thd =m=2 mode of a Kerr black
<t<T,), the phase of the Fourier integré®.24 has fast hole with dimensionless spin parameltg|f M?=0.98, where
oscillations. The Fourier amplitude is then of order Sis the spin of the body. This choice &f., can be justified

as follows: thel=m=2 mode, very likely to be excited at

e the end of the black hole plunge-in, is the one with the long-
Adt~ = (2.30 est damping time and the resulting massive black hole will
quite probably carry a large intrinsic angular momentum.
The full expression of the Fourier transform bft), Eq. Estimating the total energ¥ e radiated during the
(2.4), computed according to the stationary phase approxiferger phase, in particular its dependence on (8mal)
mation is[102] mass ratiou/M, is a delicate matter. We have a transition
between the end of thédNewtoniar) chirp, with an adiabatic
eV f<fi energy loss and a luminosity
h(f):‘0 . (2.31
1 ISco! ~ 32 /.L2M3 (2 33
where 5 5 :
A= S vz o )MS/G (2.32 and an aperiodic trajectory with time scateM and a wide-
6] g2 L D ' band emission. Neglecting for a moment numerical coeffi-

cients, wherr ~M the chirp luminosity id = (u/M)?, cor-
is the amplitude and responding to a radiative amplitude, =LM/D=u/D.
Then one usually assumes that in the transition the luminos-
T 3 ity (and the amplitudedo not change their order of magni-
-7+ 1(877/\/11‘)*5’3 (2.33  tude, leading to a radiated energ¥mer=LM=pu?M
[90,104.
Looking in more detail at the physics, however, the chirp
; . . .. Juminosity L= —dV/2dt satisfies the virial theorem in terms
. The_eX|ster_1ce of an _analytlc_expressmn of the INSpIrae the potential energy. Of course, we do not expect the
signal in Fourier space justifies its use. Compared with the; o 1heorem to hold in the plunge phase, but one could say
ana!yS|s in the time domain, it foers two main adva_ntagesat least that, in order of magnitude, the energy loss is of the
the mstrumgn;al response functitsee Eqs(3..1)—(3.4)] IS&  order of the decrease in the particle energy, which must be of
simple multlpllcatlve factor and we can easily deal with col- . 1o, OfuM /1 = u; this leads tcE = i, a large factor
ored noise(see Secs. Il and I\ M/u larger than the previous estimate. The luminosity
would be /M and the radiative amplitude would be
B. Final burst JuM/D. This estimate has two problems: there is a large
) The theoreftical ktr)wlowlleggle of the signal emitted duringé;]”edeaergbﬁt':]%?”&id ;Se g‘lg 22;5350 :a;"so ggfzazm??r:nthe
the merger of two black holes is at present quite poor. | ' { !
involves the computation of the solutions of the EinsteinMasses and would not be recoverable in an ordinary pertur-
equzl':lti%ns in hiElhlé/ Eonlinear Iregimes; thislissE)ue has curgg:'g& aaﬂg(r)oal‘;/h.e\;\{ugr:rs]i?/reef%emae?i?gl tgﬁ(j'rztngf;;i”;;te\;vgl:f'
rently been tackled by several groups mainly by means o chsive :
intensive numerical computation on state-of-the-art machine@l03|*|1f04-tNOt(efthaé it "T/‘f\)/ll'esf :Eattdyrllr:jg the plunge O”Dg’ a
(see[94-96 and references therginHere we present a Small fracion{or orderu/M ot the total decrease In enengy
simple model for the energy spectral density emitted durindS radiated away; the rest disappears below the horizon. The
the merger, following the approach presented103]; al- ra(_jlatlve.power of the two phases is comparable, but the
though quite naive and crude, it is reasonable for an order d¢hirp emits more because, when<M, it lasts more, by a
magnitude comparison of the sensitivity of Doppler experi-factor of M/u. Following [103] and references therein we
ments to inspiral and merger signals, which shall be carrie@dopt
out in Sec. IV.
The wave emitted during the final stages of the life of a wu?
binary system is spread over a wide band. For the sake of Emerg= kmergﬁ; (2.36
simplicity, and lack of more detailed knowledge, we assume
it to be confined between the final frequency of the inspiral,

2. T, and he characersic fequentiynatwhich the | 156, 2 iece S shes would e 2 L
ring-down emission in. We will m L ) 9
g-down emission sets € assume ~0.16[103]. Lacking any evidence about the structure of the

V(f)=2mft,—®,

the phase.

-1 energy spectrum, we will make the simple assumption that
~_——=32x102 ) E is uniformly distributed over the band {,n,fiscd, SO
fqnm 27 M 3.2x10 ( 1P Mo Hz, (2.34 thn;e{rg y c(nm isco)
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Emerg froe<f<f =207 oshexi mi(1+cos8)T]
- —— fiece=f<fgnm ro(f)= — cosfexy] i (1+ cos
Emerg(f): (fqnm_fisco) 50 anm / 2
+ 5 exg2#ifT]. (3.9
(2.37
We recall here that the energy spectrum of the radiatiorpince the frequency appears multiplied by the round-trip
emitted during the inspiral phase is given by light time T, we introduce the dimensionless variable
723 E=T1T. (3.5

~ —./\/l5/3f71/3, foiscm
Einsdf)=1 3 (2.38  In agreement with the weak equivalence principle, the re-
0, f>fico- sponse of the instrument goes to zero in the low frequency
limit £<1 (this is the regime in which ground- and space-
Equations(2.37) and (2.38 will enable us to compare the based interferometers work
detectability of coalescing binaries during the inspiral and
merger phase with Doppler experiments, as the optimal -~ . ) 1, 3
signal-to-noise ratio is simply related to the energy spectrum (&) =17 sirf6— 5T sirf6(2+cosf) +O(£%).
[see Eq(4.5]; this analysis is carried out in Sec. IV. (3.6)

IIl. DOPPLER RESPONSE TO INSPIRAL SIGNALS To lowest order the anglé oNnIy affects the coefficient, but
, not the shape. A§ increases, (&) develops modulations in
In a Doppler experiment, Earth and a spacecraft are usegpitude and, more importantly, in phase, which depend on
as the end points of a gravitational wave dete¢®d]. Ay The heats produced by the superposition of the signals at
radio link is transmitted from Earth to the spacecraft, cohery,o timest, t— (cosé+1)T/2, andt—T result in minima and

ently transponded, and sent back to Earth, where, at the imgayima of the amplitude superimposed to the general in-
t, its frequency is measured with great accuracy;, CoMparing e asing trendh(t) = f2/%(t) [see Eq(2.5)] as shown in Fig.

the ~emitted and received frequencyg- and »(1), 3. they strongly depend on the angleand provide a sensi-
respectively—one 'determmes the Doppler _sl](ft):(.v(t) tive signature for its determination.

— vo)/vo as a function of time. The contribution to this effect g transversal character of gravitational waves is re-
produced by a gravitational wave(t) is usually called the  facted in the forward |6|<1) and backward |¢’|=|m

Doppler signal t) and read$10] — 6|<1) limits, when the wave travels in a direction almost
" parallel to the Earth-spacecraft line:
s(t)=f dt'r(t—t")h(t’); (3.1 e
- To(6)= ZI(1+2mi e 11+0(0%)  (|0]<1),
cosf—1 cosf+1
ro(t)= 2 S(t)—cosé 5(t— > 3.7
~ 0%
1+cos¢95t T - r9(§)=T[esz—1+2w§]+0(0’4) (|6'|=]m—6|<1);
5 3(t=T) (32 39

is the characteristithree-pulse responsef the instrument, both tend to zero and they have the same limiting amplitude,
as the incoming signai(t) is repeated in the detector output but different phases. Note that the two limits are not uniform
at three different timegand with different amplitudet, t and are violated at high frequencg>1).

—(cos#+1)T/2, andt—T; r4(t) depends on the anglé For generic values of it is convenient to use the squared
between the spacecraft and the source and the round-tripodulus of Eq.(3.4):

light time T=2L out to the distanc& of the probe. These

arise because a gravitational wave pulse meets and affects |~ §)|2:3C0§9+1 +00329_1n05(277§)

the photon in the round trip in three events: when the photon 0 2 2

leaves the transmitter and returns there after a fifrend

when it arrives at the spacecraft at the intermediate time —cosf(cogf+1)cog (co— 1) m¢]

E(s:oliat;—klg'g/tzhelgimglgr?g&?ncy domain the Doppler signal — cosf(cosf— 1)cog (cosp+ 1) wé], (3.9

- -~ which, in the limité<1, reads
s(f)=ry(f)h(f), (3.3
~ 1 1
~ 2 24240 _ 4z 242 5
whereh(f) is given by Eq.(2.31) and the Fourier transform 7 o(£)] = m2¢?sin'6| 1 3 1 400520) 7€ %’O(g )
of r,(t) reads (3.10
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FIG. 3. The effect of the Doppler filter, on inspiral signals. ¢

The plots show a comparison between the chirp amplitadid, s

Eq.(2.5) (solid line), and the Doppler amplitude for different values  FIG- 4. The square modulus of the Doppler filfej(£)|?, Eq.
of the angled (cosg=0, dashed line; cog=0.4, dotted ling and of (3.9), as a function ofé=f T for selected values of the angte
the chirp mass:(@ M=10°My, (b) M=1CF Mo, (© M (solid line, cos#=0; dotted line, co¥=0.4; dot-dashed line, cas
=10"Mg, (d) M=10P My (»=1/4 for all systemps The chirp  =0.8). The small box zooms the behavior [0f,(£)|? for £<1;
amplitudes are normalized #&(t=0)=1; the round-trip light ime  note that, only wher is small,|r ,(£)|? is a monotonic decreasing
is T=4000 sec. Note the increasing modulation induced by theunction of coss, which is not true foré=1.

Doppler response as the final merger is approached; this modulation

disappears as\/T increases because the filter degenerates in a 8 29
multiplicative factor[cf. Eq. (3.6) and Fig. 4. 1—5w2§2( 1- aﬂ'zéz) +0(&%) (¢<1),
_ [ry(&)|2=
[r,(£)|2, shown in Fig. 4, is an even function of césnd 1- = coq2mé) (1).
sum of four functions periodic i, with frequencies 0, 1, 3
(1—cos#)/2, and (1+cosb)/2, respectively. Its average is 313
3 Cd°§0+1)/2' As an example, fod—m/2 the response During an experiment neither the anglenor the round-
reads trip light time T is exactly constant, mainly due to the motion
of Earth; their time variation induces changes in the phase of
[T o(&)|?=sir(m&) +[(1—cog mé))*—2mEsin(m¢) ] the filter of ordermA@¢fT and wfAT. For the latterAT
) . ~2v,T,/c~2x10*T, (v,=30 km/sec is the orbital ve-
a a I i
x| o— N +oll o— E) } (3.19) locity of Earth and the effect is relevant when
2X10 47T ~1; (3.19

and it has a maximum fof=1/3. For large frequencies it the angle¢ affects the phase by a smaller amount. For

develops more and more lobes with angular scafe(d¢e  CASSINI experiments this occurs at about 5 mHz, which is

Fig. 4). Averaging|r ,(£)|? over the directiord one obtains above the most important sensitivity region of the instrument

the mean square response of the detector: (see next sectionWe will therefore consider constant both
and 6.

— 11 _
[ry(&)|?= Ef_l|ra(§)|2 d(cos®) IV. SENSITIVITY OF DOPPLER EXPERIMENTS

The Fourier output of the detector,
wE—3 7P+ 3 2me)+
= - cog 2w
77_252 377252

2
S Eme), V(H=S(h+n(h), 4.3
(812 s the sum of the signa(f) and the nois@(f). The noise is
assumed to be stationary, with zero mean and spectral power
which, in the low and high frequency limit, reads density
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(n*(F)n(f"))y=8(f—£")S,(f). (4.2 6=m/2, for which [t ,(£&)|?=siré(é); from Egs. (2.31),
(2.32, and(4.4), averaging over the source angleg, we
We consider single-sided noise spe#f), formally from  get
0 to +, and take into account the finite instrumental band-

width with suitably large values at the boundaries of the 5 T43A1 503
sensitivity window. WherS,(f) is white the corresponding pa=K— 2 (4.9
Allan deviation[105] OyT
\/§ where
oy=\/— (4.3
Y T _ S <Q2([’!(P)> * — 713 2
K= 24 4/3 T4/3 0 f |rﬂ'/2(f)| df
is inversely proportional to the square root of the integration ™
time 7; for colored spectra, see, e.pLP6]. For simplicity we 213
use a continuous spectrugy(f), although, over an experi- == = 4.9
ment of durationT; and with sampling time\, the spec- 37°L(713)

trum consists of discrete Fourier modes spaced 1/ . . . -
from /T, to the Nyquist frequency 1/(2,) P % The idealken—the largest distance at which a source is ide-
! i ally detectable apjq=1—is

Since the shape of the signal in the inspiral phase can b
accurately predicted, the technique mitched filteringis T213 5 (506
particularly suitable (see, e.g.,[73,74 and references Dy=KY2——
therein. It can be shown that if the signa(f) is known to O'y\/;
within a constant(and real amplitudeh, its least squares
estimator has a variance given by

(4.10

For the CASSINI missior(see Table ), with T=10* sec
ando;7=9x10"2% Hz%, it has the value

s |2 = [s(f)|?
— =p2=4j SOF 45, (4.4 M NTT N
O o Sq(f) Dig=45
10°M o 10* se
The quantityp is appropriately called thsignal-to-noise ra- 2 —1/2
t~io and is related to the energy spectrum of the radiation x( ‘367 — Mpc. 4.11
E(f) by the relation 9x10 Hz
1 (= [f(F)2 For ULYSSES the ideal ken fokM=10°M, is =3 Mpc; in
szc—zf 29 E(f) df. (4.5 the coincidence experiment, the values for GALILEO and
D= Jo f28y(f) Mars Observer are=0.5Mpc and=2 Mpc, respectively,

where the values af, , 7, andT have been chosen according
It is useful to introduce an ideal reference value of the SNRg Table I.
and to discuss its depend_ence on the main parar_neters. FromThe ideal valug4.8) for the SNR neglects several degra-
Eq. (3.13, we can approximate the instrumental filtgr, as  dation factors of real experiments, includifty the direction

follows: of the source may be unfavorabl@) the frequency interval
5 (fp.fe) swept by the signal is finite because the record has a
~ , | &€ (<D, finite length and the instrument has its own cutoffs, &)
r (&)~ 1 (&>1). (4.6 the noise spectrum is generally red, which damages the SNR
in the critical low frequency band.
With a white noise spectrun,=o37=const, and taking _ Only experiments can provide a safe estimate of the noise
into account the frequency dependence of the sigsaé structure, espema!ly when aiming at_ hlgh sensitivities or
Egs.(2.3)), (3.3, and(4.6)], we have wide frequency windows. The sensitivity of past Doppler
experiments was limited mostly by phase noise due to inter-
g3 planetary plasma turbulence, whose spectrum is well mod-
(&<, eled by a power lavs,(f)«f P with p close to the Kolmog-
[s(f)[? U,Z,T orov value (2/3). The higher frequencieftypically above
S.(f) * £ (4.7) 10" 1 Hz) are dominated by the white phase thermal noise of
(£>1). the receivers, with a spectrum proportional ftb At the
032,7- opposite end of the observation window<(1/T), several

effects come into play and the spectral characteristics of the
This is a decreasing function ¢f both sides are integrable, noise are more uncertain. In general the functional depen-
so that in this ideal case the bulk of the sensitivity comesdence of the noise spectrum becomes very sensitive to the
from f~1/T (cf. also Fig. 7. We can define thadeal SNR  data processing, in particular to calibrations for the iono-
by takingé,=f, T<1, £.=f.T>1, and the direction angle sphere and, to a lesser extent, the static troposphere. Inaccu-
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rate modeling of the relative motion between the tracking TABLE Il. Characteristic parameters of the ULYSSES and
station and the spacecraft is an additional source of noise &ASSINI noise spectral density. The table shows the reference fre-
low frequencies. As the response of a Doppler detector t@uency 1T; the reference noise spectral density levg)
gravitational signals decreaséspectralwisp as 1f2, there ~ =Sn(1/T); the transition frequencies,,, f23; the exponentsy;;

was little interest in extending the observation window at2nd the frequenciefy (j=1,2,3) of each regime; see Eqg.12-

low frequencies and in general the time series of past experf#-14. When, as in our casg, f;,=1, T fo3>1 andas> a;, then
ments were high-pass filtered with cutoff frequencies slightly” f2=2""% Tfa=27%, andTia=Tfy 27 (Tfyg) 27,
lower than 1T. However, in order to understand better the

behavior of the Doppler noise at frequencies beloWw, the

Parameters ULYSSES CASSINI

Doppler residuals from the ULYSSES 1992 experiment werg1/T)/Hz 2% 104 104
also analyzed by making use of the available trajectory ang, /Hz 1 2.5x10° 24 9x 1026
media calibration data, without any free parameter to be fit-

ted for. The resulting power spectrum was a power law withg _;, 2%10~4 10~
spectral index approximately equal to2. A better orbital f 5/ Hz 5% 10-2 10-1
determination and a more accurate modeling of media effects

is likely to decrease significantly the noise at low frequenciesf /Hz 2% 104 7.07x10°5

. . . 1

and make its functional dependence on freq_u_enmes weake‘;.zn_|Z 8% 104 2 5%10°5

The structure of the noise changes significantly for the]c IHz 5102 7 95x¢ 10" !
CASSINI experiments. Interplanetary and ionospheric 3 '
plasma give negligible contributions, while the main limita-
tion is due to tropospheric water vapo8.6f P, 0.4<p -10 —2
<0.6). Keeping this noise source at levels below®2 -2 —1/2
1.5x 10 % at time scales between3@nd 13 sec requires “3 10 2
knowledge of the water-vapor-integrated content accurate to
10%. Such an unprecedented accuracy will be made possible
thanks to a new, advanced water vapor radiometer expresstipnal dynamics, so that the data have been actually low-pass
developed for CASSINI experiments. Significant contribu-filtered to 5x 10”2 Hz=f,5, and we can assume;> 1, for-
tions to the noise are expected from the frequency standamally achieved by settingez=10. The frequency window
and the antenna mechanical motions, especially wind loadsetweenf,,~1/T and f,; can be characterized by a power
ing. Thanks to the very high SNR, the thermal noise bejaw with indexa,~ —0.5, due to propagation noi§24,15.
comes relevant only at very high frequenciebout 1 HZ.  Below ~1/T=f, the procedure for the generation of residu-

The noise spectral density can be therefore approximategls essentially cuts off all frequencies and we have formally

with a simple enallytical expression made up with threezssymed a low frequency spectral index= — 10 (see Table
power law contributions: In.

3 iy As we have already anticipated in the Introducti@amd
S/(H)=Sp > <_) ' (4.12  we shall show more in detail in the next sectiprane of the
=1\ main conclusions of this paper is that low frequendies.,
=<1/T) are crucial to achieving a large SNR and to widening
the range of accessible masses. As we said, the noise spec-
— _ 2 trum for fT<1 is to a large extent unknown, as systematic
So=Sn(1M)=0y(DT “.13 effects, mostly related to the orbit determination process and
sets the spectral level; the frequencfesand the exponents the tropospheric correction, are likely to come into play. For
a;, satisfying the goal of assessing the expected SNR for CASSINI we take
the view that these systematic effects do not exceed the
3 - propagation noise above 16 Hz and keepr,=—0.5. The
]241 (TH) =1, (4149 level S, is given by the main specification for the Allan
deviation, i.e.,o,=3x10"*> at 10 sec, corresponding to
characterize the different contributions to the noise. We ca®x(10™* Hz)=9X10"?® sec; we also limit our band to a
define the transition frequencids, and f ,; as the intercept minimum frequency of 10° Hz. For the interval up td,
between two power approximations; for example, the transi=10 % Hz the only experimental evidence comes from
tion frequencyf ,, between regions 1 and(2haracterized by ULYSSES data and, accordingly, we chose=—2; this

where

the indicesa; and a,, respectively is given by value, however, is conservative, as in the processing of
ULYSSES data no particular attention was paid to the reduc-

f1o|* [ f12) 2 tion of the noise below 10* Hz. The effect of possible

f.)  \f,) (4159 " gifferent values of; will be explored in Sec. IV A. Thermal

noise, witha;=2, can be expected to set in at a frequencies
In the case of ULYSSES, high frequenciedominated by higher than~0.1 Hz; however, the limited sampling time
thermal noisgare strongly perturbed by the spacecraft rota-will prevent to go much beyond. In Fig. 5 we show the noise
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FIG. 5. Noise spectral density of CASSINs$olid line) and
ULYSSES (dashed ling S,(f) is computed according to Egs.

(4.12—(4.195 and Table II.

spectral density of CASSINI and ULYSSES, computed us-
ing Egs. (4.12 and (4.13 with the parameters given in

Table II.
Keeping S, and the frequenciet; (j=
now write the SNR in the form

IEC YL
po= SO—DY(gb &e, 0, ).

The sensitivity functionY

Y (ép.€e,0; )

= [L - [;(&)Tlﬁmlzdf}

(4.19

(4.17

“ideal”

measures the change of SNR with respect to the
case, Eq(4.9), and satisfies

Y (0,0,7/2;0)=

1,2,3) fixed, we

(4.18
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53/5 £\ 813135
T-35¢-8/50 1 _ b
(8 )8/5 1 b fe

8/313/5
=M, 1—(f—b) } (class I-ll). (4.19

We see that, givem, andT,, there is a critical value of the
chirp mass

53/5

_ Y  T-3/5¢-8/5
MC_(87T)8/5T1 fb
-8/5
T 3/5
b 1
=9.2X
e bre=vs (40dayj Mo
(4.20

above which, in class I-I1ll, no measurement is possible. At

this critical value, wheri,<f 5., T1 basically coincides with
the time to coalescence, [Eq. (2.17)].

When M< M., the detected signal is intrinsically nar-
row band; the fractional bandwidth

fo—f
== é (4.21)
b
is small and given by
L3 M)5’3 3T, o
-8\ M, 8 7. (4.22

This case, in which there is little power and information, is
less interesting.
When the data set includes the mer@ggass 1V}, instead

of Eq. (4.19 we have
£, | 83]) ¥
—( ) “ (class V).

fi'sco

Ty
M=M, P

(4.23

The coefficient within square brackets can be greater than
unity, so that the inequality\t< M. does not apply.

Since, with decreasing frequency, the spectral density of
the SNR decreases or has a weaker growth beldw itfis

Generally this function is less than unity and gives a degravery convenient to havé f,<1. Whené.=f.T<1 the re-

dation; we must, however, point out that the valwg for

the angled is not alwaydi.e., for any arbitrary choice af;)

sponsei & sirfg, Eq. (3.6), weakens the signal. Whefy,
>1 the response introduces strong modulations that depend

the best; furthermore, we have defined the “white noise”on # and we have full sensitivity. This is the interesting

considering the level of the real noise & 1/T, so that
S,(f) may actually be smaller than the white noise for
—2/3 the SNR spectral

>1/T. Notice also that wheny,=

region and will be explored in Sec. IV A using the dynamical
behavior of the source.
Before discussing in detail the behavior of the SNR in

density is not integrable and the total SNR is dominated bybservations of inspiral signals as a function of the relevant

the low frequency end, .

parameters, it is instructive to compare the SNR of Doppler

The crucial physical parameter of a binary is its chirpexperiments on the inspiral and merger phasep;f, and
massM, which characterizes the rate of change of the gravipye4correspond to the optimal SNR achievable by observa-

tational wave frequency and, from Eg®.15 and (2.16),

sets the relationshifexcept for class 1Y

tions of the same source in the two regimes, from @)
we can write
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. W 12 T
f isco 20 Epef ) df 100 f o Ty T T 3
5mﬂ= o TS0 (4.24) :
e fam [T ()] ~
agnm |l g ~
E f)df
ffisco fzsn(f) merg( )
10F 01 F A
o T IRRTTT IRTTT T AR I .

We stress that in the previous relationship we have assume
optimal filtering not only for the inspiral but also for the

g 10* 105 10® 107 108 ]
£
. . . . RS
merger signal; if for the former the assumption is realistic
QE

chirp mass / Mg

(cf. [107]), for the latter it is indeed very optimistic. Notice
also thatpjnsp is the largest SNR obtainable for a chirp, as we 1k
integrate over the widest frequency barig (fis.o) for a data F
set of lengthT; (cf. Sec. IV A), and we have averaged the
three-pulse response function over the argglef. Eq(3.12.
For a given source, ifdjsp/ pmerd >1 (<1), it is therefore
“more convenient” to search for it by means of observations

of the inspiral(mergey signal. 01 F
_ Inserting into Eq. (:1.24) the flat spectrum(2.37 for . 12)4 L ""1"0. "1}',. "1':), E—r
Emerd f) @and(2.38 for Ej,s(f), the ratio of SNR’s becomes chirp mass / M,
Pinsp Kmerg “2[ T 16 FIG. 6. Comparison of the sensitivity of CASSINI experiments
=1.1J ( 0 16) in observations of inspiral and merger signals. For a given source,
Pmerg ) 10*se the plot shows the ratio of the two optimal SNR'’s as a function of
13 —12 the chirp mass and for the mass ratios 1 and 0.01, labé&)eand
M ld (b), respectively. The solid and the dotted lines refer, respectively,
2x10' Mg, 5x10° Mg ' to the low frequency cutoff of 10 Hz and 10* Hz. The small
box shows, for the same cases, the relative ovelldy. (4.26), of
(4.29 the inspiral and merger signal with respect to the instrument re-
sponse. The time of observation is assumed t® se40 days and
where the noise spectral densitg,(f) is computed according to Eqgs.
e om— 1/2 (412—(415) and Table II.
f”isco [ro(&)I? q
s £7°S(€) ‘ offer a chance of carrying out such searches; this work is
J= — (4.26  currently in progress—under the assumption of very simple
Thanm [T o(€)]? shapes of the waves—for the analysis of data recorded in
foisw £25,(¢) § coincidence during the tracking of ULYSSES, Mars Ob-

server, and GALILEJ16].

measures the relative overlap of the inspiral and merger sig-

nals with respect to the instrument response. In Fig. 6 we A. Sensitivity function
Show (pinsp/ Pmerg @ndJ as a function of the chirp mass for , : ) .
two different mass ratios, 1 and 0.01, for a nominal In this section we discuss the dependence of the sensitiv-

CASSINI experiment of 40 days witB,(f) given by Egs. ity functiqn Y(§l?,§e,_0;aj_) on the majn parameters th"?‘t
(4.12—(4.14). The value of the chirp masst~ 10" M, (for characterize the inspiral signal and the instrument, in particu-

a low frequency cutoff of 10° Hz) sets the transition: for Iar_lt_he_”po?si?letr(]:al:_sef of degrafdgltion Ijrotr_n thetri]deal ;/alue.
M>10' Mg, Prmerg Fapidly exceedpins, by a factor~10 o illustrate the first reason of degradation—the unfavor-

or more. The drop of the ratipisy/pmerg is due to the fact able anglef9—as well as the behavior &f depending on the

that with large chirp masses progressively greater parts of thféequency range swept by the signal during the observation

inspiral signal lay outside the sensitivity range. Assuming dime, we show in Fig. 7 the spectral sensitivity functis(f)

low frequency cutoff of around 10 Hz, as done in past for CASSINI's nominal noisgsee Fig. 5 and Table)ll Its
experiments, the transition occurs at a lower valuerdf ~ Peak lies in the interval 01 ¢=<1, broadening and diminish-
=5x10° M, and the drop of finsp/ Pmerg 1S Much steeper. ing as cog increases. FOE<1,Y(f) is a monotonic, de-
As a consequence, foM=10"M, the neglect of the creasing function of cog while as¢ exceeds unity, oscilla-
merger signal in searching templates is not serious;Mbr tions of increasing frequency occur. The overall effect of the
=10"M, coherent search techniques that include mergeangle 6 is given by the functionY (¢.=0, &,=«,0;a,),
waveforms would rapidly increase the instrument range oplotted in Fig. 8, where we also kee as a free parameter
sight, by more than one order of magnitude. However, ain order to show the effect of the redness of the noise spectral
present, our poor knowledge of the burst waveform makes itlensity at low frequenciesthat is, f<1/T); for ;=

of little use in the search. Only coincidence experiments can-0.9, Y (.=0, &,=%=,0;a;) has a maximum at the ex-
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FIG. 7. The spectrun¥ (f) of the sensitivity function; see Eq. FIG. 8. The deterioration of the sensitivity functior, and

(4.17. We have used the CASSINI noise parameters, Table Il andherefore of the SNR, due to the angldetween the source and the

Fig. 5 (solid line, coss=0; dotted line, cog=0.4; dot-dashed line, probe and the redness of the spectrum at low frequencies, given by
c0s6=0.8). a4 [cf. Egs.(4.12—(4.15 and Table I, as described by the func-

tion Y(&.=0, &,==,0;a,). In the upper panel we show, as a
function of @1, the maximum value of (£.=0, &,==,6;a;) (tri-
angles and the anglef,,,, (circle at which it is attained. The
“normal” value 6= m/2 occurs abovex;=—0.9. The lower

pected value cog=0. This is not true anymore for redder
spectra, and the value of cést whichY reaches the maxi-

mum depends omyy; for «,=—2 it corresponds to cas panel shows the behavior af(£.=0, &,==,6;a;) as a function

=0.68. i . . of cos for the casea;=0 (dashed ling a;=—1 (dot-dashed
Concerning the second reason for degradation—the |Im|-me), ;= —2 (solid ling), anda; = — 3 (dotted ling; the values of

ited bandwidth of the signal—we show firtig. 9) the ef- , anqa, are—1/2 and+2, respectively, corresponding to those of
fect of f, and fo. The deterioration can be stron¥: can  the CASSINI experiments. Note that, fag< — 1, the smallest de-
significantly deviate(by one order of magnitude or more terioration does not occur at the obvious value @e8; in particu-
from the ideal value. When both, andé. are<1, Y isa Jar, for a;=—2 it occurs at co$=0.68, so that a small signal
smooth function off, andf,, but as soon as they enter the enhancement with respect to the ideal case is possible.
regionf=1/T, there are oscillations. We have used hamed

laten the “nominal” CASSINI form of the noise spectrum In Fig. 11 we show how the sensitivity function is af-

(Fig. 5). fected by the round-trip light timd for the same fiducial

It is interesting to investigat&” in relation to relevant ourcegand with a run of 40 daysThe variation ofT shifts
astrophysical parameters. We concentrate on four fiduciq e response function—E3.9) and Fig. 4—in relation to

“best” sources defined by choosing the initial frequerigy he search bandf(,f.). The deterioration with increasing

and assuming that the coalescence occurs at the end of t €que to the fact thag, becomes smaller than unity and one
record, so thaf,=fg andf.=fis.,. Each of them is a binary loses signal in the high frequency side.

with equal masses(=1/4), which determines the chirp Finally, in Fig. 12 we investigate the effect 6f on Y
mass in terms of the critical chirp mass for a nominal run of, ' '

: . for each value off,,, we have computed the corresponding
40 days; see Eq4.20. This sets also the final frequency _ .. : ) :
f.—f..._and the number of wave cycles recorded at the Olecr|t|cal chirp masg4.20 for a 40-day experiment and then

. : . _~“evaluated the sensitivity function for three different sources’
tector. Table Ill summarizes the main properties of the fidu y

al in all f > that h ‘orientations in the sky; essentially, for eafiwe tune the
cial sources. In all four casek>fy, so that we have a observation on the mass that produces the highest SNR. The

\;vrfael?earnt?l:ﬁ?;%hc?ir:ii;r\e/eﬁﬁgrce s chirp mass is only SIIghﬂk@\rgesst values of Y are achieved for I0°Hz<f,
Keepingf, and M fixed, we first study the effect of; =10"*Hz, corresponding to fMo <M =10°Mo .
onY. As T, decreases, the signal becomes of class Ill and
we lose a progressively greater part of its end. Using the
same chirp mass, the final frequenfgydecreases according In this section we analyze the sensitivity of Doppler
to Eq.(2.15. This progressive restriction of the search band-experiments—in particular CASSINI—for inspiral signals;
width is responsible for the great deterioration in SHRy.  we estimate the achievable signal-to-noise ratio as function
10). Since we have assumed that there is no signal beyonaf the chirp mass\ and the initial frequency, (as well as
the coalescence frequendy,,, the sensitivity function re- the mass ratip We consider in detail two targets, the Virgo
mains constant fof ;>40 days. cluster ©=17 Mpc) and the galactic centeD&8 kpce);

B. Sensitivity of past and future Doppler experiment
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FIG. 9. The behavior of the sensitivity functiah as a function FIG. 10. The behavior of the sensitivity functiahas a function
of the final frequency. (in units of the round-trip light timd) for  of 7. for the four fiducial sources described in the text and in
selected values of the initial frequendyf,=£,=0.1,1,10(see la-  Taple 11l [panels (a)—(d), respectively, with f,=105,

bels. The CASSINI noise parameters have been uedle Iland 5% 10-5, 1074, 5x10°* Hz, equal masses, coalescence at the
Fig. 5). To the right of the arrows we have broad band searchegnq of the record, and chirp mass almost equal to its the critical
with fe—fp>f, (solid line, cosy=0; dotted line, cog=0.4; dot-  yajye for a 40-day run. The deterioration &g decreases reflects

dashed line, co8=0.8). the loss of signal-to-noise ratio due to the narrowing of the band-

width (solid line, cos9=0; dotted line, cog=0.4; dot-dashed line,
the results are presented so that they can be scaled t0 88s9=0.8). Notice the different scale in pan@).

arbitrary distance and location in the sky.

CASSINI will perform three experiments, each lasting 40
days at the epoch of three solar oppositions, i.e., when the
Sun, Earth, and the probe are approximately aligned, in this
order, so as to minimize the noise due to interplanetary

plasma(see Table | and Fig. 2318]. The CASSINI radio . o2 . AL ] - S L 3
system has been expressly designed to ensure very high freg ;5 | (@)1 3 () ]
qguency stability. Commands and telecommunications are§ . ] § ]
handled with a two-way link irX band(7.2—-8.4 GHz, while T o, E 1 2 ]
precision Doppler experiments exploit a dedicated two-wayE E ] E ]
link at the K, band (32—-34 GHz. The higher carrier fre- 8 o05 | . 3
quency reduces the interplanetary plasma noise at level# “ . N
smaller than 10'° for integration times between 1Gand P e e i ahatd P NIRRT B
10* sec about solar oppositions. The ground segment at the 2 4 6 8 10 2 4 6 8 10
K, band is provided by a new, high performance 34 m an- RILT / 1000 see RILT / 1000 see
o A RN LS RN LR RN 3 LS AR RS RARE RERN RAN
TABLE IIl. Main properties of the four fiducial sources used in g E 1 5 ]
the text. The assignment of the initial frequerfgy, in the case of 215 [ (c) 3 215 (d) 3
equal masses and coalescence at the end of the record, determin § é‘
the final frequency . (for a 40-day rup, the chirp mass\1, and the A5 1F 4 & 1f -
number of wave cyclesV, recorded at the instrument while the 3 C 1 3 C ]
signal sweeps the frequency intervé), (f,). g 05 B Neo, 3 g 05 | 3
» - ~..::_-__~_:_:._.___.:“; @ r .. 1
fy,/Hz fe/Hz MIMg N obobinilonn b TonTn o Loloo Toootss =
2 4 6 8 10 2 4 6 8 10
10°° 5.3x10°° 3.6x 10 52 RTLT / 1000 sec RTLT / 1000 sec
—5 — 4
igjo gii 18_3 Sgi 182 523 FIG. 11. The behavior of the sensitivity functiahas a function
£ 104 2.7>< 10-2 7.1>< e 2761 of the round-trip light time for the same four fiducial sources of the

previous figure(solid line, cos9=0; dotted line, co®=0.4; dot-
dashed line, co8=0.8). Notice the different scale in pan@).
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FIG. 12. The behavior of the sensitivity function as a function of
the initial frequencyf, for wideband searches of class IlI, wifl
=fg, fe=Tfisco, aNdT;=40days. The corresponding value of the
chirp mass—near to the critical val@é.20—is given by the solid
circles(solid line, cos9=0; dotted line, co=0.4; dot-dashed line,
€0s6=0.8).

FIG. 14. Detectable inspiral signals emitted by binary systems
in the Virgo cluster for the third CASSINI experiment of 40 days.
The contour plots of the SNRn amplitude for the levels 1, 5, and
10 are shown. The top and bottom panels refer to the mass ratios
M,/M;=1 and 0.01, respectively. In the latter case no signals are
observable ap=10. The dashed diagonal line gives the critical

. . ) ; chirp massM. ; see Eq(4.20. The dotted line marks the transition
tenna located in the Goldstone sit@alifornia) of NASA's - petween signals of class 11l and IV. Notice that fdr = M, (upper

Deep Space Network. Another advanced station will be builhane) the two lines almost coincide.

in Sardinia(the Sardinia Radio Telescopand it is hoped

that it will track CASSINI in theK, band (up and dowh orders of magnitude better than previous experiments. In ad-
The radio system of the CASSINI mission has a specificatiorlition, the sensitivity will be improved, with respect to past
for the overall Allan deviation in th&, band of 310715,  missions, by the longer time of observation and, possibly, by
for integration times between i@nd 10 sec, one to two the combination of the three records. Figure 13 shows the
round-trip light time and the value of c@sfor the Virgo
cluster and the galactic center during the cruise of the space
probe to Saturn. Since it turns out that the three planned
experiments have comparable sensitivities, we give explicit
results only for the last one, in 2004.

Figure 14 shows for the Virgo cluster three different lev-
els of SNR in the planeM,f,): p=1, 5, and 10. It con-
firms the theoretical suggestion that the detectable events of
class lll lie in a narrow strip below the critical value of the
chirp mass. All events above it are of class IV and include
the merger. This plot shows how the SNR changes as func-
tion of both M and f,: at p=1 and for black holes of
comparable masses, the smallest detectable chirp mass is
=5x10° Mg . Lower masses are excluded because the sys-
X : | tems are too far from coalescence; masses larger than
Y ] ~10° M, are not accessible because their emission frequen-

cies are too low. Note the drastic curtailment if a low fre-
quency cutoff at T~10 * Hz is assumed, as was done in
the past with ULYSSES; the strongest signals fall below
fy,T=1. The SNR is very much reduced when a small mass

FIG. 13. CASSINI's cruise to Saturn. The solid line gives the ratio is assumedlower pane); an important and unknown
round-trip light timeT as function of time and we show also the factor in assessing the detectability of gravitational radiation
variation of cos for the Virgo cluster(dash-dotted lineand the ~ from MBHB's is the statistics of this ratio.
galactic centerdotted ling. The three gravitational wave experi- One wonders if a source in the Virgo cluster detected in
ments (bold lineg take place during days 695-735, 1071-1111,the last opposition is traceable also in the second or the first
and 1443-1483 from 1 January 2000. (albeit at a smaller SNRthus adding important phase infor-

104
8000
6000

4000 &

round-trip light—time / sec

2000

0 500 1000
days from 1st January 2000
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FIG. 15. Signal-to-noise ratio for inspiral signals emitted by  FIG. 16. The signal-to-noise ratio as a function of éaturing
binaries in the Virgo cluster{=17 Mpc) with coalescence at the the CASSINI third oppositionT,=40days, for inspiral signals
end of the record—that i,=fg andf,= f;,.—as a function of the emitted by binary systems located at the same distance of the Virgo
chirp mass. The solid line refers to the cddg=M,, while the  cluster © =17 Mpc) withf,=fg andf.=f,, thatis final coales-
dashed line toM,/M,=0.01. We have considered the CASSINI cence at the end of the recofdquares M=10° M, ; triangles,
third opposition andr, =40 days. Mo=10"Mg; circles, Mo=10F My ; for all =1/4). The de-

crease fofcosf—1 is, of course, due to the approach to the case of
mation. We checked that fdr; =40 days this is not the case: propagation along the instrument's beam; the saddle in correspon-
detectable sources are too near coalescence, in relation to thence of|cosg|=0 for M=10° M, is due to the fact that the
(roughly) 1 yr separation between different runs. We havefrequency band swept by the signal encounters a minimum of the
then tried doubling the observation time =80 days response function dff~ 1, which vanishes for co#=0 (see Figs. 4
(“extended” experiments and interestingly found that for and 9.
some sources the three extended data sets can be combined:
the strongest sources detectable in one opposition are alg@st 25 year$55], and a secondary, smaller object of mass
visible in the previous one. A single, extended experimeni,. In Fig. 17 we show for the third CASSINI opposition
does not show drastic improvements over the nominathe SNR contour levelp=1,5, 100 in the planeM,,f).
record; however, the accessible portion of the plat¢,{,)  Of course, there is no signal above
becomes slightly wider. Of course, a drastic improvement in
sensitivity and detection probability would be expected for a f ~2%10°3
continuous run of a few years. 5¢0

How far is the farthest detectable system? From Fig. 15
we see that the highest SNR, about 28, produced by a sour€ef. Eq. (2.13)], essentially independent dfl,. CASSINI
in the Virgo cluster is attained for a system of comparableproves to be a fairly sensitive instrument for such signals; in
masses=5x10" M, ; atp=1 this corresponds to a distance fact, each of the three experiments is sensitive to secondary
~600 Mpc; ifM,/M;=102, the ken is reduced by a fac- objects of mass down to-10M,-50My and for M,
tor =5, =100M the expected SNR can bel0; see Fig. 18. Re-

In order to have an idea of the change in SNR due tanarkably, most of the sources visible during one experiment
different anglesd, in Fig. 16 we have studied this depen- are detectable also in the others; in fact the time to coales-
dence for the third experiment in three different case$: cence is  =2995(f,/5x10 4 Hz) ®3(100Mq/u)
=10°Mgy, 10Mg, 1Mo (fo=fg, fo=fico» 7=1/4). (2X10PM/M)?? days (cf. also Fig. 19. If a candidate
Note that, forM=10° Mg, cosé=0 is a local minimum, signal is spotted in one of the data sets, it is therefore pos-
rather than the expected maximum: this is due to the fact thatible to chase it also in the other oppositions, which provides
signals fall in one of the high frequency minima of the three-a robust method of accepting or discarding detection by co-
pulse response; see Figs. 4 and 7. Figures 14, 15, and I&rently tracking the gravitational phase over a period of
therefore allow one to have an overall picture of the all-skysome years. This is a direct consequence of the fact that
sensitivity of CASSINI; see Eq$4.16 and (4.17). many signals would be recorded as class Il andthiérefore

We turn now to galactic observations and consider a bifar from the final coalescengas is shown in Fig. 17 by the
nary system in the center of our galaxy composed of a pridotted and dashed lines in the plaé/, f); this is in con-
mary black hole of massl; =2x10° M, whose existence trast with what appends for observations in the Virgo cluster,
is strongly inferred from observations carried out over thewhere most of the signals show up as class IV. The good

-1

M
! Hz

2X10° Mg
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FIG. 17. Detectability of radiation emitted by the inspiral of a
secondary black hole of mad4, orbiting a primary object with
massM,;=2X10° M, in the galactic centerl{=8 kpc) during
the CASSINI third experimentT(; =40 days). The contour plots of
SNR =1, 5, and 100 in the planeM,,f,) are shown. The dash-
dotted line divides the planeM,,f}) in signal of class ll(below)
and Il (above, while above the dotted line the signals are regis-

tered as of class IV. .
1992, and 1993 with the probes ULYSSES, GALILEO, and
Mars Observer. In 1993 all three spacecraft have been simul-

FIG. 19. Time of “visibility” Ty and probability of success for
the detection of radiation emitted by the inspiral of a secondary
black hole into a primary of magdl;=2x10° M, in our galactic
center during the CASSINI third opposition. The curves refer to
four different thresholds of detectiop =1, solid line;pp=5, dot-
ted line; pp=10, dashed linepp= 15, dot-dashed line

sensitivity for nearby sources also allows one to search fo

possible binary systems in other galaxies of the Local Groupi2n€ously tracked for about 3 weeks, with a triple coinci-

It is interesting to compare CASSINI's sensitivity with dence e_xperiment whose data are bging analyz_ed; this experi-
past Doppler experimentSable ). The best Doppler data ment will be useful to search for signals coming from the

available today come from observations carried out in 1991M€rger phas¢le]. .
We concentrate on the ULYSSES 1992 experiment

[14,15. After preprocessing, only 14 days of data have been
retained, around the Sun opposition. Their Allan deviation
(at 1000 seris variable, with only its best value near the
specification, X104 Data outside the bandwidth
=2.3x10 #*-5x10"? Hz have been discarde@ee Fig.
5): at high frequencies the data are affected by the rotational
dynamics of the spacecraft and by thermal noise; low fre-
quencies were cutoff by high-pass filtering. In the intermedi-
ate band the noise spectrum is well approximated by a power
law o f %5 (see Table I\. The low frequency cutoff limits,
for events of class lll, the chirp mass to values below the
fp

critical chirp masgEq. (4.20]
—8/5 T, |73
M =5%X10° ( j Mg .
¢ 2.3x10°% Hz 14 day ©
R (4.27)

108 10¢

1000

100 |

signal-to—-noise ratio

10 100 1000 10t
secondary mass / Mg

Equation (4.27) clearly indicates that the most interesting

FIG. 18. Expected optimal signal-to-noise ratio produced in"€gion in the (M, f,) plane is not accessiblef. Fig. 14 and
CASSINI records by inspiraling binaries in the galactic center. Thetherefore the largest attainable distance is strongly reduced.
plot shows the maximum SNR—i.e., computed fge=f5 and coa- ~ Moreover, the noise spectral density, as defined by Egs.
lescence at the end of the recorB, €40 days), and therefore,  (4.12—(4.195 with the parameters reported in Table(see
=f,s.s—produced by binary systems witl,;=2x10°My and a  Fig. 5), is about two orders of magnitude larger than for
secondary black hole of madé,<M; as a function oM,, during ~ CASSINI. According to Eq(4.10, the idealken (we recall
the CASSINI third opposition. that it is defined for SNR= 1) is
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M 5/6 S -12 frequency isf,=fg [EQ. (2.18]; its value is plotted in Fig.
Dig= SCySmm— 18 as a function oM,. But we can detect the signal also at
1.3x10°Mg 2.5x10*" Hz a smaller SNR, wheif, is smaller and the source far from

(4.28 bandwidth is smaller. For a given minimupg, in the SNR
we have computed the “visibility time'T (which depends
on M,) and plotted it in Fig. 19, together with the detection
Therefore, in conventional astrophysical scenarios, ULyprobability RTp=Tp(M,)HoM/M,, as a function ofM,.
YSSES experiments are relevant only for the galactic centeThis probability has a maximuitwith largeM, the visibility
(whose angular position with respect to the spacecraft wagme increases, but the expected number of events decjeases
#~109°) and the Local Group. It is straightforward to checkThis determines the most favorable value Mf,, about
that atp=5 secondary black holes witfl ,=10° M would ~ 100M,, and the correspondingpptimistic success prob-
be detectable. ability in each experiment, about 18.
We turn now to caséb). To go to very large distances
V. CONCLUSIONS and to reach the largest number of.sou.rces, we must aim at
large masses and use low frequencies, in the hand 1. In
We have analyzed the sensitivity of Doppler detectors tahis frequency range, the noise spectral density is well de-
gravitational waves emitted by coalescing binaries in theirscribed by a single power la®,(f)=S, (f/f;)*1. Detection
inspiral phase. For CASSINI experiments sources in thef large masses at large distances may conflict with the red-
Virgo cluster would be observable at a signal-to-noise ratimess of the noise. To analyze this limitation, consider a
up to =30; furthermore, binary systems withl;~M,~ wideband-detected signal at low frequendy~f,—f
5X 10" M at distance~600Mpc are within the range of <1/T; then we can use the approximati¢d.10 for the
the instrument. If in the center of our galaxy there is a masresponse and obtain
sive black hole of X1° M, orbiting black holes with

T 2/3 coalescence. The SNR decreases essentially because the
x( l pc

4430 se

mass=50M would be easily detectable; for larger masses T43 )53
the signal-to-noise ratio can be considerably higher and p2=k—2(be)2/3_a1(Tf1)ff, (5.2
therefore one can reach other galaxies within the Local SoD

Group. These are considerable improvements in sensitivity
and range of accessible masses with respect to past Dopp[‘ghere k is a dimensionless coefficient. One wonders if
experiments. greater distances can be reached by decredging o an-

This analysis has been made in relation to astrophysicallgwer this question, let us concentrate on the dependence on
reasonable sources, but without any concern for the probabifs :
ity of such events and their detection. Considering our igno-
rance about sources of gravitational waves, in particular for M5B

. . . . K . 2 2/3—aq —2-aq

events in galactic nuclei, this point of view appears reason- P °<—2fb of, ) (5.2
able, especially for nondedicated experiments like CASSINI; D
however, it is healthy and sobering to assess what one can
predict on the basis ofery simple and conventional astro- Where we have used the approximatit~ Mo f, % for
physical modelsThe estimation of the event rate is a muchthe chirp masgsee Eq.(4.20]. For a given SNR the total
debated problem in low frequency gravitational wave experinumber of detectable sources with this chirp mass is of order
ments (see [19,32,35,36,3P and references therginwith
sensitivity not good enough to detect signals from known NocD3ocft:3(l+a1/2) (5.3
stellar mass galactic binaries. We briefly consider here two
modgls:(a) acqretion of small black holes onto a m:assiveand increases with decreasing frequencywif>—2. The
one in a galactic core ar(b) coalespence of two MBHB's of || Jinal case a,=—2 separates the two alternatives,
comparable mass, possibly resulting from the mergers of tWQ hether it useful or not to go to lower frequencies.

galar)(()leﬁét? f(t)r:esr(r:]ca)\ﬂtz)r(\tj (I);rD:F()jﬁifarmi)égerrlerger::t’ivtehley are' If we assumenaively and optimisticallythat each galaxy
ppL tp » gS ot P ol gl  in the Universe contains a massive black hole and has under-
holeeMuiSn C:T;:)isglng;\llai(?f({ﬁ)e: i%pgﬁrsegalzcticc?:n;; rhazc goneN,, merging events leading to the formation of a binary
' ) with time to coalescence shorter than the Hubble time, we
captured N=M/M, massesM, at the uniform rateR .., estimate the event rate Rs NNgHo, whereNy is the
:HO'X”MZ during the whole life of the Universed, total number of detectable galaxies. As we have seen in the
=10"hy9 yr, wherehyq is the Hubble constant normal- previous section, with the nominal noise t&nof CASSINI

i_zedtto 102_ km sec! Mpc™*; each of these captures gives js p~ o0 Mpc and therefore the probability of detection is
rise to a chirp.

In order to determine the probability of success, consider 3 4
first a given secondary mass, (and a fixed primanM;,  p_2%x 103N Ng. ( 3Ty ; b c) ( Ho f) _
which determines the chirp mas3he SNR is largest when ™\ 1010/ | 120days | 600Mpc |3 Gp
coalescence occurs at the end of the record, so that the initial (5.9
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Of course, larger distances could be attained if we knew thamounts and the search techniques are very similar to those
waveform produced during the final collapse and the mergeimplemented for Earth-base@nd, in future, space-borne
could be included in the search. In the present situation ofaser interferometers, Doppler experiments can also be used
ignorance, however, a good level of confidence in the detedo test filtering and processing techniques.
tion of merger signals requires coincidence experiments.
We conclude that, in conv_entlonal astrophysical sce- ACKNOWLEDGMENTS
narios, the events we are looking for do not have a large
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