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Flavor-symmetry restoration and Symanzik improvement for staggered quarks

G. Peter Lepage
Newman Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 14853-5001

~Received 29 September 1998; published 16 February 1999!

We resolve contradictions in the literature concerning the origins and size of unphysical flavor-changing
strong interactions generated by the staggered-quark discretization of QCD. We show that the leading contri-
butions are tree level inO(a2) and that they can be removed by adding three correction terms to the link
operator in the standard action. These corrections are part of the systematic Symanzik improvement of the
staggered-quark action. We present a new improved action for staggered quarks that is accurate up to errors of
O(a4,a2as)—more accurate than most, if not all, other discretizations of light-quark dynamics.
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I. INTRODUCTION

The staggered-quark discretization of QCD has sev
advantages for numerical simulations. In particular, num
cal evaluation of quark propagators is far more efficient w
staggered quarks than with any other standard discretiza
This is especially true for small quark masses where a ch
symmetry of the staggered-quark action prohibits addit
mass renormalizations, in close analogy with continu
QCD. This chiral symmetry also implies that errors caus
by the nonzero grid spacing,a, are automatically quadrati
in a, rather than linear as in Wilson’s formulation. The
advantages are offset by the fact that staggered quark
ways come in groups of four identical flavors, which is t
many for QCD. The multiplication of flavors is not in itself
major problem; the effective number of flavors is easily a
justed in simulations. The real problem is that the stand
staggered-quark action allows relatively large flav
changing strong interactions, which are completely absen
real QCD. These flavor-changing interactions greatly co
plicate the interpretation of staggered-quark simulations
deeper understanding of their origins is essential for pr
sion work with staggered quarks, particularly at larger latt
spacings.

Recently, in @1,2#, it was observed that the domina
flavor-changing interaction is due to one-gluon exchange
tween quarks. It was also observed that this interaction
short-distance lattice artifact of relative ordera2 which can
be removed by tree-level modifications of the lattice acti
A more recent study, however, contradicts this conclusion
arguing that the one-gluon mechanism is redundant
O(a2), and therefore that flavor-changing interactions
higher order ina or as @3#. In this paper we resolve thi
contradiction by showing that one-gluon exchange is ind
responsible for the dominant flavor-changing interaction,
originally argued; the flavor-changing effects are not red
dant inO(a2). Furthermore, these effects can be canceled
a simple modification of the quark-gluon interaction, simi
to but more complicated than the ‘‘fat-link’’ improvemen
shown to reduce flavor-changing effects in@4#. Our fat link is
similar to that in@2#, but less complicated.

Fat-link improvement was first introduced as a heuris
scheme for reducing flavor-changing interactions in st
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gered quarks. In fact it is part of the systematic Syman
improvement of the lattice quark action. As mention
above, the standard action has no errors inO(a) ~for light
quarks!. There are only two sources ofO(a2) error at the
tree level. One is the flavor-changing interaction due to o
gluon exchange; the other is a kinetic term common to
standard quark discretizations@5,3#. In this paper, we show
how to correct for both of these. The result is a lattice qu
action that is accurate up to errors ofO(a4,a2as)—the most
accurate to date@6#.

II. FLAVOR-CHANGING INTERACTIONS

The staggered-quark formalism is derived from the si
plest discretization of the quark action in QCD, the ‘‘naive
quark action:

S5(
x

c̄~x!~g•D1m!c~x!. ~1!

HereDm is a discrete version of the covariant derivative,

Dmc~x![
1

2au0
„Um~x!c~x1am̂ !

2Um
† ~x2am̂ !c~x2am̂ !…, ~2!

Um(x) is the gluon link-field, andu0 is the mean-link tadpole
improvement@7,1#. This action has an exact ‘‘doubling’
symmetry under the transformation

c~x!→c̃~x![ ig5gr~21!xr /ac~x!

5 ig5gr exp~ ixrp/a!c~x!.
~3!

Thus any low energy-momentum mode,c(x), of the theory
is equivalent to another mode,c̃(x), that has momentum
pr'p/a, the maximum allowed on the lattice. This ne
mode is one of the ‘‘doublers’’ of the naive quark actio
The doubling transformation can be applied successively
two or more directions; the general transformation is
©1999 The American Physical Society02-1
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c~x!→c̃~x![)
r

~ ig5gr!zr exp~ ix•zp/a!c~x! ~4!

wherez is a vector with one or more components equal to
and all the others 0. Consequently there are 15 doublers i
~in four dimensions!, which we label with the fifteen differ-
ent z’s.

As a consequence of the doubling symmetry, the stand
low-energy mode and the fifteen doubler modes must be
terpreted as sixteen equivalent flavors of quark.~The sixteen
flavors are reduced to four by staggering the quark field
we discuss at the end.! This unusual implementation of quar
flavors has surprising consequences. Most striking is th
low-energy quark that absorbs momentum close tozp/a, for
one of the fifteenz’s, is not driven far off energy-shell
Rather it is turned into a low-energy quark of another flav
Thus the simplest process by which a quark changes flav
the emission of a single gluon with momentumq'zp/a.
This gluon is highly virtual, withq25O„(p/a)2

…, and there-
fore it must immediately be reabsorbed by another qua
whose flavor will also change. Flavor changes necessa
involve highly virtual gluons, and so are perturbative f
typical lattice spacings. Consequently one-gluon exchan
with gluon momentumq'zp/a, is the dominant flavor-
changing interaction since it is lowest order inas(p/a).

Flavor-changing gluon exchanges between quarks ar
effect identical to flavor-changing quark-quark contact int
actions since the exchanged gluons are highly virtual. T
the effects of these exchanges can be canceled by ad
four-quark interactions to the quark action@1#. The contact
terms required at the tree level were explicitly constructed
@3#; these could be added to the staggered-quark action
the leading flavor-changing interactions removed. There
however, a simpler modification of the action that acco
plishes the same goal. This is to change the quark-gl
coupling in the naive action so as to suppress gluon mom
nearzp/a for each of thez’s @8#. For example, defining a
covariant second derivative that acts on link operators,

Dr
~2!Um~x![

1

u0
2a2„Ur~x!Um~x1ar̂ !Ur

†~x1am̂ !

22u0
2Um~x!1Ur

†~x2ar̂ !Um~x2ar̂ !

3Ur~x2ar̂1am̂ !…, ~5!

the operator

S 11 (
rÞm

a2Dr
~2!

4 DUm~x! ~6!

is identical to the link operator for low gluon momenta, up
errors ofO(a2), but vanishes when a single gluon with m
mentum qr5p/a is extracted. Replacing the links in th
naive action by this operator would remove flavor-chang
interactions withz251 ~that is, one component equal to
and all others 0!. This is essentially what was done in th
fat-link improvement scheme presented in@4#. To remove all
leading-order flavor-changing interactions, we replace
07450
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Um~x!→Vm~x![S 11(
z

~12zm!c~z2!P~z! DUm~x!

~7!

in the naive action, where

P~z![)
r

S a2Dr
~2!

4 D zrU
symmetrized

~8!

is symmetrized over all possible orderings of the operato
We drop corrections toVm with zm51 since the other parts
of the corresponding quark-gluon vertex vanish when
gluon hasqm5p/a ~just as in the original action!. The co-
efficientsc(z2) have perturbative expansions:

c~z2!511O„as~p/a!…. ~9!

Tree-level values, with tadpole-improved operators, sho
be sufficiently accurate for most applications at typical l
tice spacings. Alternatively, we can tune the coefficie
nonperturbatively, for example to remove flavor splittin
between pions.~In four dimensions there are three indepe
dentc’s just as there are three independent flavor-nonsin
pion splittings for small quark masses@9#.! Such tuning
maximizes the cancellation of residual tadpole effects. T
ing just the tree-level values for the couplings,Vm simplifies
to

Vm~x!5 )
rÞm

S 11
a2Dr

~2!

4 DU
symm.

Um~x! ~ tree level!.

~10!

Here the prefactors vanish when acting on a gluon field t
has any momentum component other thanqm equal top/a;
as mentioned above, momenta withqm5p/a are suppressed
by the remainder of the quark-gluon vertex. The action in@2#
is similar to ours, but has three additional operators, for s
pressingqm5p/a, that are unnecessary.

Our prescription for removing the leading flavor-changi
interactions is to replace the link fieldUm in the naive action
by the link fieldVm defined above. As in the standard cas
our improved naive action is equivalent to four identic
uncoupled staggered-quark theories. Three of these ca
removed by staggering the quark spinors over nearby lat
sites, thereby reducing the number of flavors to four~in four
dimensions!. Our final staggered theory is identical to th
standard theory but with the substitution:Um→Vm . The ad-
ditional computing required to implement this improveme
is negligible.

III. O„A2
… SYMANZIK IMPROVEMENT

As mentioned in the previous section, the leading flav
changing interactions can be canceled by adding four-qu
contact interactions to the lattice action. This means that
errors introduced by these interactions areO(a2) at the tree
level in the original theory@1,2#. In @3# the relevant contac
interactions were converted into quark bilinears by tra
2-2
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forming the gluon field in the path integral. The bilinears th
resulted were of the form

a2c̄~x!gm„P~z!D~2!Um~x!…c~x1am̂ !. ~11!

Such operators appear to be of relative ordera4 and higher,
and thus they were dropped in theO(a2) analysis of@3#. It
was argued that the original contact terms could be tra
formed away, that they were redundant inO(a2). This is
incorrect. The quark bilinear, despite appearances, affect
theory inO(a2). While the factors ofa2Dr

(2) acting on the
link field Um(x) in the bilinear operator strongly suppre
quark-gluon interactions for small gluon momenta, the
same factors are of order unity for the large, flavor-chang
gluon momenta that leave the quark on-shell. Thus
flavor-changing parts of these terms are of the same orde
the flavor-changing part of the original quark-gluon verte
that is, they areO(a2).

Conventional power-counting, as assumed in@3# and else-
where, is incorrect for a theory in which a highly virtu
gluon can connect two on-shell quarks. Just about any qu
bilinear will contribute flavor-changing interactions of th
sort. In such situations additional factors ofa2Dr

(2) acting on
the gluon field bring no additional suppression of the bil
ear’s contribution. The correct power counting for the flav
changing part of a quark bilinear can always be determi
by examining the corresponding quark-quark contact term

The O(a2) corrections introduced whenUm is replaced
by Vm cancel all tree-level flavor-changing interactions
that order. It is straightforward to remove the remaining
rors in that order to obtain anO(a2) Symanzik improved
quark action. First we must cancel a flavor-conservingorder
a2 error due to thez251 parts ofVm . This is removed by
further modifyingVm :

Vm~x!→Vm8 ~x![Vm~x!2 (
rÞm

a2~Dr!2

4
Um~x!. ~12!

Here the (Dr)2’s are squares of discretized covariant fir
order derivatives for links, defined analogously to Eq.~2!;
they cancel the low-energy effects of the singleDr

(2)’s in Vm

without affecting their high-momentum behavior. Second
must correct the discretization of the derivative throu
O(a2) by replacing

D•g→S Dm2
a2

6
~Dm!3Dgm ~13!

in the action@5,3#. While the first of these terms requires th
Vm8 (x) link field in place ofUm(x), this is unnecessary in th
Dm

3 term. The additional first-order derivatives in that ter
connect quark fields separated by an even number of la
spacings, and therefore they suppress both flavor-conser
and flavor-changing interactions@to O(a4,a2as)]. Thus our
O(a2)-accurate action for naive quarks is

S5(
x

c̄~x!S g•D82
a2

6
g•D31mDc~x! ~14!
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Dm8 c~x![
1

2au0
„Vm8 ~x!c~x1am̂ !

2Vm8
†~x2am̂ !c~x2am̂ !…. ~15!

The quark fields for this action can again be staggered in
standard fashion to obtain ana2-accurate staggered-quar
action for only four flavors of quark~in four dimensions!:

Sstagg.5(
x

hm~x!x̄~x!S Dm8 2
a2

6
Dm

3 Dx~x!1mx̄~x!x~x!

~16!

wherex(x) is a one-component quark field and

hm~x![~21!x1 /a1¯1xm21 /a. ~17!

We have already noted that the coupling constants inVm

~and Vm8 ) can be tuned nonperturbatively, if desired, to r
move flavor-splittings between different pions in the sta
gered theory. The kinetic correction can also be tuned n
perturbatively using a symmetry, in this case Loren
invariance~relativity!. For example, the coefficient of thi
term might be tuned to adjust

c2~p![
E2~p!2m2

p2 ~18!

to c251 for the pion with the lowest nonzero momentum

IV. CONCLUSIONS

In this paper we have established that the leading flav
changing interactions in the naive and staggered-quark
tions are short-distance, tree-level,O(a2) effects. They are
most easily removed by modifying the link field in the orig
nal action. The minimal number of correction terms requir
is three. Other schemes for fattening the link operators h
shown some success at reducing flavor-splittings@4,2#. Our
scheme should be at least as successful, and probably
stantially more so if the coefficients of the correction term
are tuned to remove all residual tadpole effects~for example,
by completely removing the flavor-nonsinglet pion spl
tings!.

The flavor-changing interactions in the standard action
not redundant at tree-level inO(a2). They must be corrected
to obtain ana2-accurate, Symanzik-improved action. The f
link we introduce for this purpose is not heuristic, but rath
a consequence of the systematic Symanzik improvemen
the action. In this paper we presented a new Syman
improved action for staggered quarks that is accurate thro
the tree level inO(a2). As such it is more accurate than mo
other discretizations of quark dynamics, and is therefor
prime candidate for use on lattices with large lattice sp
ings, in the range 0.1–0.3 fm.

We thank H. Trottier, S. Sharpe, and P. Mackenzie
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from the National Science Foundation.
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