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Solutions of the Ginsparg-Wilson relation
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We analyze the general solutions of the Ginsparg-Wilson relation for lattice Dirac operators and formulate
a necessary condition for such operators to have a nonzero index in the topologically nontrivial background
gauge fields.@S0556-2821~99!03405-0#
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Recently there have been very interesting developm
in the theoretical understanding of chiral symmetry on
lattice. The idea stems from the Ginsparg-Wilson~GW! re-
lation @1# which was derived in 1981 as the remnant of chi
symmetry on the lattice after blocking a chirally symmet
theory with a chirality breaking local renormalization grou
transformation. The original GW relation is

Dg51g5D52aDg5RD, ~1!

whereD is lattice Dirac operator,R is a nonsingular Hermit-
ian operator which is local in position space and trivial
Dirac space, anda is the lattice spacing which reminds u
that D becomes chirally symmetric in the continuum lim
a→0. According to the Nielsen-Ninomiya theorem@2# the
chiral symmetry of a local Dirac operator defined on t
regular lattice must be broken in order to avoid species d
bling. The main advantage of the GW relation is that it
troduces chiral symmetry breaking ofD in the mildest way
@1#. Although it does not ensure the absence of the spe
doubling, it does incorporate two remarkable properties.

The first is that the actionA5c̄Dc has an exact symme
try

c→exp@ iug5~12RD!#c, ~2!

c̄→c̄exp@ iu~12DR!g5#, ~3!

where u is a global parameter, which was discovered
Lüscher@3#. The second is that any operatorD satisfying the
GW relation possesses a well defined integer index on a
nite lattice@4,3#

lim
e→0

e(
n

^c̄ng5cn& f5Tr~g5RD!5n22n1[ indexD,

~4!

*Email address: twchiu@phys.ntu.edu.tw
†Permanent address: Institute for Nuclear Research of the Ru

Academy of Sciences, 117312 Moscow, Russia. Email addr
zenkin@al20.inr.troitsk.ru
0556-2821/99/59~7!/074501~3!/$15.00 59 0745
ts
e

l

u-
-

es

y

fi-

where the left-hand side stands for the fermionic average
c̄g5c calculated with the infinitesimal masse added to the
operatorD, andn1(n2) are the number of the zero modes
D with positive ~negative! chiralities. This is in contrast to
the Wilson-Dirac operator for which the left-hand side~LHS!
generally is not an integer on a finite lattice.

It is essentially due to these two properties that such
mulations of lattice QCD can possess the attractive featu
pointed out in Refs.@3–6#. However, only the GW relation
itself is not sufficient to guarantee that anyD satisfying Eq.
~1! must possess exact zero modes with definite chiralit
and reproduce the Atiyah-Singer index theorem on the
tice. In this paper, we analyze general solutions of GW re
tion and formulate a necessary condition for them to ha
nonzero indices in topologically nontrivial backgroun
gauge fields. We limit our consideration to the operatorsD
satisfying the Hermiticity property

D†5g5Dg5 . ~5!

First, we consider the case of nonsingularD which is
relevant to topologically trivial gauge field background, e
cept possibly some ‘‘exceptional’’ configurations. Then E
~1! is equivalent to the following equation linear inD21:

g5D211D21g552ag5R, ~6!

and its general solution can be written in the form

D5~11aDcR!21Dc5Dc~11aRDc!
21, ~7!

where Dc is the chirally symmetric lattice Dirac operato
i.e.,

Dcg51g5Dc50. ~8!

Thus in the nonsingular case the problem of construct
explicit solutions ofD reduces to finding a proper realizatio
of the chirally symmetric operatorDc . Note that by virtue of
the condition ~5! and Eq. ~8! the operatorDc is anti-
Hermitian, and therefore, normal. In order to avoid spec
doubling for D defined on a regular lattice,Dc should be
nonlocal. Additional limitations to the form ofDc come from
the requirement of the locality ofD. For a more detailed
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discussion on the properties ofDc we refer to our paper@7#
where a few explicit examples are also presented.

It is interesting to observe that in this case bothDc andD
can be constructed from a unitary operatorV (V†5V21)
which satisfies the Hermiticity condition

g5Vg55V†. ~9!

Indeed, for any given chirally invariantDc satisfying Eq.~5!,
Dc is anti-Hermitian, so that det(aDc11)Þ0. Then there
exists a unitary operator

V5~aDc21!~aDc11!21 ~10!

satisfying Eq.~9!. SoDc can be represented as

Dc5a21
11V

12V
, ~11!

provided that12V is nonsingular. Substituting Eq.~11! into
Eq. ~7!, we obtain the general solution of Eq.~6! for nons-
ingular D in terms of the unitary operatorV:

D5a21@~11V!R112V#21~11V! ~12!

5a21~11V!@R~11V!112V#21. ~13!

Note that in contrast to Eq.~11! these expressions mak
sense even when operator12V is singular. As we will show
later, due to this fact Eqs.~12! and ~13! represent a class o
solutions of Eq.~1! also for singularD, and thus are valid for
any gauge configurations.

Let us now consider the case whenD is singular, i.e.,
detD50, which is the result we would like to have in th
topologically nontrivial gauge field background. In this ca
we are interested in only thoseD ’s which have the possibil-
ity to reproduce the index theorem on the lattice, i.e., hav
nonzero index in Eq.~4!. So we obtain a necessary conditio
for any solutions of Eq.~1! to possess nonzero indices
topologically nontrivial background gauge fields. We ho
that this condition not only serves as a discriminant to r
out any unphysical solutions of GW relation but also c
provide guidelines to construct viable solutions of GW re
tion. We state our result in the following theorem.

Theorem. For any lattice Dirac operatorD satisfying her-
miticity condition ~5! and the GW relation~1!, the necessary
condition for it to have a nonzero index in the topologica
nontrivial gauge background is

det~12aDR!50 ~14!

or, equivalently,

det~12aRD!50. ~15!

Proof . Assume that det(12aDR)Þ0. Then there exists a
chirally symmetric normal operator
07450
a

e

-

Dc5~12aDR!21D. ~16!

It is obvious that any zero mode ofD is a zero mode ofDc ,
and vice versa. Therefore indexDc5 indexD. However, ac-
cording to the theorem proved in Ref.@8#, the index of any
chirally symmetric normal Dirac operator is zero, s
indexDc5 indexD50. Since det(12aDR)5det(12aRD),
this completes the proof.

In other words, we have proved that in order the opera
D to have nonzero index the chirally invariant operatorDc in
Eq. ~16!, and therefore in Eq.~7!, should not exist. However
D is still well defined and exists. Equations~11! and ~12!
suggest a simple interpretation of this seemingly parado
situation. As shown in Ref.@9#, for any unitary operatorV
satisfying Eq.~9!, if it has real (61) eigenmodes then thes
real eigenmodes are chiral and the total chirality of all r
eigenmodes must vanish:

n11
1 2n11

2 1n21
1 2n21

2 50, ~17!

wheren11
1 (n11

2 ) denotes the number of positive~negative!
chirality eigenmodes of eigenvalue11, while n21

1 (n21
2 ) de-

notes the number of positive~negative! chirality eigenmodes
of eigenvalue21. The21 eigenmodes ofV correspond to
the zero modes ofD. Thus, if D has nonzero index (n21

2

2n21
1 Þ0), thenn11

1 2n11
2 Þ0 and V has eigenvalue11.

Then the chirally invariant operatorDc in Eq. ~11! is no
longer defined, while the operatorD in Eq. ~12! becomes
singular but still well defined. Therefore Eq.~12! is indeed a
class of general solutions for the GW relation~1! for any
gauge configurations.

Finding a unitary operatorV which can have eigenvalue
11 and21 in the topologically nontrivial sectors, howeve
is a highly nontrivial task. So far we know only one explic
example ofV which does satisfy this requirement. It is th
unitary operator derived from the overlap formalism@5#:

V5Dw~Dw
† Dw!21/2, ~18!

whereDw is the standard Wilson-Dirac operator but with
negative mass in the range (22a21,0). In Ref. @9#, it has
been demonstrated that this solution of the GW relation
deed reproduces exact zero modes and the index theore
satisfied exactly on a finite lattice. The zero modes are a
in very good agreement with the continuum theory. At th
moment we cannot provide another example ofV which can
satisfy all our requirements.

It is instructive to note that solutions of the GW relatio
may have a zero index not only because zero modes
opposite chiralities always appear in pairs but also beca
they may not have any zero modes at all. Consider the n
massless Dirac fermion operatorDn on the regular lattice,
the random lattice@10#, and the random-block lattice@11#,
respectively. SinceDn is chirally symmetric, it can be taken
asDc and the Dirac operatorD can be constructed from Eq
~7!. For any one of these GW-Dirac operators, we do not fi
any genuine zero modes in any topologically nontrivial s
tors.
1-2
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To summarize, we have demonstrated that the GW r
tion does not guarantee the existence of exact zero mode
the realization of index theorem on the lattice. If a soluti
of GW relation D in topologically nontrivial sector gives
det(12aRD)Þ0, and therefore can be expressed in terms
a chirally invariant operatorDc , its index must be zero, an
thus it should be dropped from the list of viable lattice Dir
fermion operators. We note in passing that the neces
condition~14! or ~15! is precisely the condition that the gen
.
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erators of the lattice chiral transformations in Eqs.~2! and~3!
are singular. The general solution for the GW relation~1! is
obtained in Eq.~12!.
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