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We evaluate the form factors governing the exclusive decaysB→r ln, B→a1ln, by using an effective
quark-meson Lagrangian. The model is based on meson-quark interactions, and the computation of the me-
sonic transition amplitudes is performed by considering diagrams with heavy mesons attached to loops con-
taining heavy and light constituent quarks. This approach was successfully employed to compute the Isgur-
Wise form factors and other hadronic observables for negative and positive parity heavy mesons and is
presently used for exclusive heavy-to-light weak transitions. We also evaluate a few strong coupling constants
appearing in chiral effective Lagrangians for heavy and light mesons.@S0556-2821~99!04807-9#

PACS number~s!: 13.20.He, 12.39.Fe, 12.39.Hg
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I. INTRODUCTION

The impressive experimental program for the study oB
decays carried out in recent years has improved our kno
edge of the Cabibbo-Kobayashi-Maskawa~CKM! matrix
andCP violations. In the next few years still more abunda
data are to come, especially from the dedicatedB factories
Belle @1# and BaBar@2#.

One of the most important goals in these investigatio
will be a more precise determination of the CKM matr
elementVub and, to this end, both exclusive and inclusi
b→u semileptonic transitions will be used. The two metho
have their own uncertainties. Using the inclusive react
implies the need to use perturbative QCD methods in
region near the end point of the lepton spectrum, wh
many resonances are present and perturbative method
less reliable. This difficulty can be avoided by consideri
exclusive channels and summing them up or taking th
separately; however, the use of the exclusive channels fo
us to evaluate the hadronic matrix elements by nonpertu
tive methods that are either approximate or model depend
Examples of these approximations are given by nonpertu
tive methods derived from quantum chromodynamics~QCD!
first principles, i.e. lattice QCD and QCD sum rules. T
drawback of these methods is the difficulty in improving t
precision and in evaluating reliably the theoretical err
which follows from the nature of the approximations, i.e. t
quenched approximation in lattice QCD and a truncated
erator product expansion in QCD sum rules. Although l
fundamental, other approaches can be reliably used to
estimates of the hadronic matrix elements that appear in
clusive b→u transitions and we refer here to constitue
quark models. At the present stage of our understandin
hadronic interactions from first principles, they offer in o
opinion a viable alternative, and the model dependen
which is obvious in this approach, can be used to estim
the overall theoretical uncertainty. In this paper we shall f
0556-2821/99/59~7!/074012~11!/$15.00 59 0740
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low this route and use a constituent quark meson~CQM!
model, introduced and defined in@3# ~hereafter referred to a
I! to compute two semileptonic exclusive heavy to light d
cays, viz.B to the light vector mesonsr and a1 . The first
decay has been recently observed by the CLEO Collab
tion @4# ~see also@5#! which has measured the branching ra
of the semileptonic decayB→r ln:

B~B0→r2l 1n!5~2.560.420.7
10.560.5!31024. ~1!

This decay will be used as a test of the model of Ref.@3#,
since we do not introduce here any new parameter. On
other hand,B→a1ln is a prediction of this model yet to b
tested by experiment.

The CQM model developed in I tries to conjugate t
simplicity of an effective Lagrangian encoding the symm
tries of the problem together with some dynamical inform
tion coming from the observed facts of confinement and c
ral symmetry breaking. In spite of the simple way in whic
the dynamics is implemented, the results found in I are
couraging. We discussed there the following issues: lepto
constants for heavy mesons, Isgur-Wise form factors
heavy mesons of both negative and positive parity, stro
coupling constants of heavy mesons and pions, radiative
cays ofD* , B* ; the comparison with data was satisfacto
whenever it was available.

The plan of the present paper is as follows. The mode
briefly reviewed in Sec. II. In Sec. III we compute the dire
contribution to the form factors for theB→r ln, B→a1ln
decays, i.e. the contribution arising from diagrams where
weak current directly interacts with the quarks belonging
heavy and light mesons. In Sec. IV we compute the stro
coupling constants ofr anda1 to heavy mesons: these cou
plings are relevant for the calculation of the polar diagram
i.e. the diagrams where the weak current couples toB andr
~or a1) via an intermediate particle. These contributio
~called polar contributions! are described in Sec. V. In Sec
©1999 The American Physical Society12-1
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VI we present our results and compare them with other
proaches and with available data. In Sec. VII we draw
conclusions and in the Appendix we collect formulas a
integrals used in the calculations.

II. CQM MODEL

We begin with a short summary of the CQM model; for
more detailed treatment see I. The model is an effective fi
theory containing a quark-meson Lagrangian:

L5Ll l 1Lhl . ~2!

The first term involves only the light degrees of freedom~a
constituent quark model for light quarks and mesons w
originally suggested by Manohar and Georgi@6#!. To the
fields considered in I, i.e. the light quark fieldx and the
pseudo-scalarSU(3) octet of mesonsp, we add the vector
meson and axial vector meson octetsrm andam . Consider-
ing only the kinetic part of the light quarks and mesons
well as the quark-meson interactions at the lowest order,
have, forLl l ,

Ll l 5
f p

2

8
]mS†]mS1

1

2gV
2
tr@F~r!mnF~r!mn#

1
1

2gA
2
tr@F~a!mnF~a!mn#1x̄~ iD mgm2m!x

1x̄~hpA mgmg52 ihrrmgm2 ihaamgmg5!x. ~3!

Let us discuss the various terms in this equation. The
three terms refer to pions, light vector and axial vector
spectively. We havej5exp(ip/fp), S5j2, fp5132 MeV;
the r anda1 field strengths are given by

F~x!mn5]mxn2]nxm1@xm ,xn#, ~4!

where, consistently with the notations of@7# ~see also@8#!,
we write

rm5 i
gV

A2
r̂m , gV5

mr

f p
.5.8. ~5!

By analogy we also write (ma.1.26 GeV is axial vector
meson mass!

am5 i
gA

A2
âm , gA5

ma

f p
.9.5. ~6!

Here r̂,â are Hermitian 333 matrices of the negative an
positive parity light vector mesons. The fourth term in E
~3! contains the light quarks, withDm5]m2 iVm and

V m5
1

2
~j†]mj1j]mj†!. ~7!

Therefore it gives both the kinetic term of the light quark a
its coupling to an even number of pions. Form, in I we took
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the valuem5300 MeV ~for non-strange quarks!. The last
three terms describe further interactions between light qua
and light mesons. The coupling of the light quark to an o
number of pions is mediated by

A m5
i

2
~j†]mj2j]mj†!. ~8!

Moreover, consistently with a low energy theorem for pion
we put hp51. Concerning the interactions of vector pa
ticles, we puthr5A2mr

2/gVf r , ha5A2ma
2/gAf a , wheref r

and f a are the leptonic constants. For ther leptonic constant
we use f r50.152 GeV2, as given byr0,v decay into
e1e2. For f a a phenomenological determination usingt
→ntppp was obtained in@9#, i.e. f a50.2560.02 GeV2, a
result which agrees with the one found by QCD sum ru
@10#. On the other hand from lattice QCD one obtainsf a
50.3060.03 GeV2 @11#. Since 1/f a multiplies all the am-
plitudes involving thea1 meson, the uncertainty inf a will
induce a normalization uncertainty in all the amplitudes
volving the light axial-vector meson. We note that our cho
for hr and ha implements the hypothesis of the vector a
axial-vector meson dominance. Numerically we find

hr.ha.0.95. ~9!

We also observe that our choice for the normalization of
light axial vector meson field, Eq.~6!, is conventional since
gA disappears from the physical quantities~in @8# gA5gV is
assumed!. We also differ from the phenomenological anal
ses of Ref.@8# since we do not assume the current alge
relationsma

252mr
2 and f a5 f r that seem to have substanti

violations.
Let us now discussLhl , i.e. the part of the Lagrangian

that contains both light and heavy degrees of freedom
particular the heavy quark~Q! and mesons (Qq̄). According
to heavy quark effective theory~HQET! @12#, in the limit
mQ→`, these mesons can be organized in spin-parity m
tiplets. We shall consider here the negative parity spin d
blet (P,P* ) ~e.g. B and B* ) and its extension toP-waves,
i.e. the doublet containing the 01 and 11 degenerate state

(P0 ,P1*
8). Incidentally, we note that HQET predicts anoth

low-lying multiplet, comprising two degenerate states w
11 and 21 @13#, which is of no interest here. In matrix no
tation these fields can be represented by two 434 Dirac
matricesH andS, with one spinor index for the heavy quar
and the other for the light degrees of freedom. An expli
matrix representation is, for negative parity states,

H5
~11v” !

2
@Pm* gm2Pg5# ~10!

(H̄5g0H†g0), whereas, for positive parity states,

S5
11v”

2
@P1m*

8gmg52P0#. ~11!
2-2
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SEMILEPTONICB→r AND B→a1 TRANSITIONS IN A . . . PHYSICAL REVIEW D 59 074012
In these equationsv is the heavy meson velocity,vmPm*

5vmP1m*
850; P* m, P, P1m*

8 andP0 are annihilation opera
tors normalized as follows:

^0uPuQq̄~02!&5AMH ~12!

^0uP* muQq̄~12!&5emAMH, ~13!

with similar equations for the positive parity states (MH
5M P5M P* is the common mass in theH multiplet!. With
these notations the heavy-light interaction Lagrangian
written as follows:

Lhl 5Q̄viv•]Qv2~ x̄~H̄1S̄!Qv1H.c.!

1
1

2G3
Tr@~H̄1S̄!~H2S!#, ~14!

whereQv is the effective heavy quark field of HQET and w
have assumed that the fieldsH andShave the same couplin
to the quarks, which is a dynamical assumption based o
simplicity criterion ~in I we justify it on the basis of a four
quark Nambu–Jona-Lasinio interaction by partial bosoni
tion @14#!. After renormalization of the heavy fieldsH andS
@3# one obtains the kinetic part of the heavy meson Lagra
ian in a form that is standard for heavy meson effective c
ral theories@7#:

Lhl5Tr Ĥ̄~ iv•]2DH!Ĥ1Tr S̄̂~ iv•]2DS!Ŝ. ~15!

HereDH andDS are the mass difference between the me
and the heavy quark at the lowest order; typical values c
sidered in I areDH50.320.5 GeV. DH and DS are re-
lated: for example, forDH50.4 GeV one obtains the valu
DS50.590 GeV@3#. These values correspond to a value
the S-multiplet mass m52165650 MeV; these states

called in the literature~for the charmed case! D0 ,D1*
8 , have

not been observed yet, since they are expected to be ra
broad.Ĥ and Ŝ are the renormalized fields and are given
terms of the bare fieldsH,S by

Ĥ5
H

AZH

~16!

Ŝ5
S

AZS

. ~17!

ZH , ZS are renormalization constants that have been c
puted in@3# with the results~the integralI 3 can be found in
the Appendix!

ZH
215F ~DH1m!

]I 3~DH!

]DH
1I 3~DH!G ~18!

ZS
215F ~DS2m!

]I 3~DS!

]DS
1I 3~DS!G , ~19!

wherem is the constituent light quark mass.
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Let us finally discuss the way to compute the qua
meson loops arising from the previous Lagrangian. As
have seen, the CQM model describes the interactions
terms of effective vertices between a light quark, a hea
quark and a heavy meson@Eq. ~14!#. We describe the heavy
quarks and heavy mesons consistently with HQET; for
ample the heavy quark propagator is given by

i

v•k1D
, ~20!

where D is the difference between the heavy meson a
heavy quark mass andk is the residual momentum arisin
from the interaction with the light degrees of freedom.

The light quark momentum is equal to the integrated lo
momentum. It is therefore natural to assume an ultravio
cut-off on the loop momentum of the order of the scale
which the chiral symmetry is broken, i.e.L.1 GeV ~in I
we assumed the valueL51.25 GeV). Since the residua
momentum of the heavy quark does not exceed few unit
LQCD in the effective theory, imposing such a cut-off do
not cut any significant range of ultraviolet frequencies. W
also observe that the value of the ultraviolet cut-offL is
independent of the heavy quark mass, since it does not
pear in the effective Lagrangian.

Concerning the infrared behavior, the model is not co
fining and thus its range of validity cannot be extended
low energies of the order ofLQCD . In order to drop the
unknown confinement part of the quark interaction one
troduces an infrared cut-offm. These parameters appear
the regularized amplitudes; as discussed in@3# ~see also@14#!
we have chosen a proper time regularization; the regular
form for the light quark propagator~including integration
over momenta! is

E d4kE

1

kE
21m2

→E d4kEE
1/L2

1/m2

ds e2s~kE
2

1m2!, ~21!

wherem andL are the infrared and ultraviolet cut-offs. Fo
m in I we assumed the valuem5300 MeV. For a different
choice of the cut-off prescription in related models s
@15,16#.

III. B˜r AND B˜a1 FORM FACTORS: EVALUATION
OF THE DIRECT CONTRIBUTIONS

The form factors for the semileptonic decaysB→r ln and
B→a1ln can be written as follows (q5p2p8):

^r1
„e~l!,p8…uūgm~12g5!buB̄0~p!&

5
2V~q2!

mB1mr
emnabe* npap8b2 i em* ~mB1mr!A1~q2!

1 i ~e* •q!
~p1p8!m

mB1mr
A2~q2!

1 i ~e* •q!
2mr

q2
qm@A3~q2!2A0~q2!#, ~22!
2-3
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where

A3~q2!5
mB1mr

2mr
A1~q2!2

mB2mr

2mr
A2~q2!, ~23!

and

^a1
1
„e~l!,p8…uq8̄gm~12g5!buB~p!&

5
2A~q2!

mB1ma
emnabe* npap8b2 i em* ~mB1ma!V1~q2!

1 i ~e* •q!
~p1p8!m

mB1ma
V2~q2!

1 i ~e* •q!
2ma

q2
qm@V3~q2!2V0~q2!#, ~24!

wherema is thea1 mass and

V3~q2!5
mB1ma

2ma
V1~q2!2

mB2ma

2ma
V2~q2!. ~25!

We note that, having used this parametrization for the w
matrix elements@17#, at q250 the following conditions
hold:
07401
k

A3~0!5A0~0! ~26!

V3~0!5V0~0!. ~27!

The contribution we consider in this section arises fro
diagrams where the weak current couples directly to
quarks belonging to the light and heavy mesons~see Fig. 1!.

These diagrams are computed using the rules describe
the previous section. The results of a straightforward,
lengthy calculation are as follows:

FIG. 1. Diagram for the direct contribution to the form fact
B→r andB→a1 .
VD~q2!52
mr

2

f r
AZH

mB
~V12mZ!~mB1mr! ~28!

A1
D~q2!5

2mr
2

f r
AZHmB

1

mB1mr
@~m21mmrv̄ !Z2v̄mrV12mrV222V32V42V522v̄V6# ~29!

A2
D~q2!5

mr
2

f r
AZH

mB
S mZ2V122

V6

mr
D ~mB1mr! ~30!

A0
D~q2!52

mr

f r
AZHmBFV1S mrv̄12m

q2

mB
2

2
r 1

mB
D 1mrV2

12V31V4S 122
q2

mB
2 D 1V512V6S v̄2

r 1

mBmr
D2ZS m22m

r 1

mB
1mmrv̄ D G ~31!

where

v̄5
mB

21mr
22q2

2mBmr
, ~32!

and

r 15
mB

22q22mr
2

2
~33!

and the functionsZ, V j are given by the formulas of the Appendix withD15DH , D25D12mrv̄, x5mr ; m is the
constituent light quark mass.

The calculation for theB→a1 transition is similar. The results are
2-4
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AD~q2!52
ma

2

f a
AZH

mB
S V12mZ2

2m

ma
V2D ~mB1ma! ~34!

V1
D~q2!5

2ma
2

f a
AZHmB

1

mB1ma
@~2m21mmav̄ !Z12mV12v̄maV11~2mv̄2ma!V222V32V42V522v̄V6#

~35!

V2
D~q2!5

ma
2

f a
AZH

mB
S mZ2V122

V6

ma
12

m

ma
V2D ~mB1ma! ~36!

V0
D~q2!52

ma

f a
AZHmBFV1S mav̄12m

q2

mB
2

2
r 18

mB
22mD 1V2S ma12m

r 18

mBma
22mv̄ D 12V31V4S 122

q2

mB
2 D

1V5

12V6S v̄2
r 18

mBma
D 1ZS m21m

r 18

mB
2mmav̄ D G , ~37!
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where now

v̄5
mB

21ma
22q2

2mBma
~38!

r 185
mB

22q22ma
2

2
. ~39!

The previous results for the form factors can be used dire
for the numerical analysis. In order to allow an easier way
using our results we have fitted these formulas by the sim
parametrization:

FD~q2!5
FD~0!

12aFS q2

mB
2 D 1bFS q2

mB
2 D 2 ~40!

for a generic form factorFD(q2); aF ,bF have been fitted
by a numerical analysis performed up toq2516 GeV2, both
for r anda1 mesons. We have collected the fitted values
Table I. We note explicitly that the results forB→a1 form
factors at q250 are proportional to the facto
(0.25 GeV2/ f a). In addition to the normalization uncer
tainty due tof a , we estimate a theoretical error of 15% o
these parameters.

TABLE I. Parameters of the direct contribution to the variousB
form factors forB→r andB→a1 decays. The valuesFD(0) for the
B→a1 transition ~last four columns! should be multiplied by the
factor 0.25 GeV2/ f a . The theoretical uncertainty is615%.

VD A1
D A2

D A0
D AD V1

D V2
D V0

D

FD(0) 0.83 0.69 0.81 0.33 1.62 1.13 1.13 1.1
aF 0.93 0 0.87 2.9 1.13 0.18 1.3 1.9
bF 0.02 0 20.17 2.6 0.12 0.04 3.8 0.93
07401
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IV. STRONG COUPLING CONSTANTS

In this section we compute the strong couplin
HHr,HSr,HHa1 ,HSa1 . As discussed in the Introductio
they are relevant for the calculation of the polar contributi
to the form factors. We parametrize these couplings by c
sidering the following effective Lagrangians~we follow the
notations introduced in@7#!:

LHHr5 ilTr@H̄HsmnF~r!mn#2 ib Tr~H̄Hgmrm!
~41!

LHSr52 i z Tr~S̄Hgmrm!1 imTr@S̄HsmnF~r!mn#
~42!

LHHa1
52 i zATr~H̄Hgmam!1 imATr@H̄HsmnF~a!mn#

~43!

LHSa1
5 ilATr@S̄HsmnF~a!mn#2 ibATr~S̄Hgmam!.

~44!

The strong couplings can be computed by matching the
fective meson Lagrangian of Eqs.~42!–~44! with the quark-
meson Lagrangian~14!, i.e. considering triangular quar
loops with external legs representing light and heavy m
sons. The calculation is similar to the one of the previo
section. The results are as follows:

l5
mr

2

A2gVf r

ZH~2V11mZ! ~45!

b5A2
mr

2

gVf r
ZH

3@2mV11mrV212V32V41V52m2Z#. ~46!
2-5
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Here the functionsZ,V j are given by the formulas of th
Appendix withD15DH , x5mr , v5mr /(2mB) ~we keep
here the first 1/mQ correction!. Moreover,

m5
mr

2

A2gVf r

AZHZSS 2V122
V6

mr
1mZD ~47!

z5
A2mr

2

gVf r
AZHZS~mrV212V31V41V52m2Z!.

~48!

Here the functionsZ,V j are given by the formulas of th
Appendix with D15DH , D25DS , x5mr and v5(D1
2D2)/mr . For the axial-vectora1 couplings toH and S
states we find

lA5
ma

2

A2gAf a

AZHZSS 2V112V2

m

ma
1mZD ~49!

bA5A2
ma

2

gAf a
AZHZS~maV212V32V41V51m2Z!,

~50!

whereZ,V j are given by the formulas of the Appendix wit
D15DH , D25DS , x5ma and v5(D12D2)/ma . More-
over,

mA5
ma

2

A2gAf a

ZHFmS Z12
V2

ma
D2V122

V6

ma
G ~51!

zA5
A2ma

2

gAf a
ZH~22mV11maV212V31V41V51m2Z!,

~52!

where D15DH , x5ma , v5ma /(2mB). Numerically we
get the following results:

l50.60 GeV21 lA50.853~0.25 GeV2/ f a! GeV21

b520.86 bA520.813~0.25 GeV2/ f a!

m50.16 GeV21 mA50.233~0.25 GeV2/ f a! GeV21

z50.01 zA50.153~0.25 GeV2/ f a!.

A discussion about the theoretical uncertainties of these
sults is in order. We have explicitly written down the depe
dence onf a of the strong coupling constants involving th
light axial-vector meson, since, as noted before, this i
07401
e-
-

a

major source of theoretical uncertainty for these consta
Another source of spreading in the reported values is
variation of DH in the rangeDH50.3–0.5 GeV~we use
DH50.4 GeV in the calculation!. This produces a signifi-
cant uncertainty only forz,bA ,zA since we obtainz50.01
60.19, bA520.8120.24

10.45 and zA50.1520.14
10.16 while in the

other cases only a few percent variation is observed. For
other constantsl,m,lA ,mA , a theoretical uncertainty o
615% can be guessed. This estimate follows for exam
from a different evaluation of thel parameter performed in
I. For other determinations of the coupling constantl see
@18# ~QCD sum rules and light cone sum rules! and@19# ~this
paper uses data fromD* decays together with vector meso
dominance!.

V. B˜r AND B˜a1 FORM FACTORS: EVALUATION
OF THE POLAR CONTRIBUTIONS

The polar contributions are given by diagrams where
weak current is coupled toB and to the light vector or axia
vector meson by an intermediate heavy meson state~see Fig.
2!. These diagrams, because of the heavy meson propag
produce a typical polar behavior of the form factors, in t
form

FP~q2!5
FP~0!

12
q2

mP
2

. ~53!

This behavior is certainly valid near the pole; we assume
validity for the wholeq2 range, which can be justified on th
basis of the minor numerical role of this polar contributio
as compared to the direct one, in the region of lowq2, at
least for the form factorsA1

P ,A2
P ~see the numerical results a

the end of this section!. The assumption~53! cannot be made
for the form factorsA0

P(q2) andV0
P(q2), as we discuss be

low, and is also less reliable forAP(q2) and VP(q2) ~see
Table II!.

FIG. 2. Diagram for the polar contribution to the form fact
B→r andB→a1 .
TABLE II. Parameters of the polar contribution to the variousB form factors forB→r and B→a1

decays. Pole masses in GeV. The valuesFP(0) for the B→a1 transition ~last four columns! should be
multiplied by the factor (0.25 GeV2/ f a). The theoretical uncertainty is615%.

VP A1
P A2

P A0
P AP V1

P V2
P V0

P

FP(0) 20.84 20.11 20.15 20.019 21.48 20.32 20.57 0.07
mP 5.3 5.5 5.5 – 5.5 5.3 5.3 –
2-6
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The values atq250 in Eq.~53! can be easily computed i
term of the strong coupling constants defined in the previ
section and using the leptonic decay constantsF̂ andF̂1 that
give the coupling of the intermediate states to the curre
Neglecting logarithmic corrections,F̂ andF̂1 are related, in
the infinite heavy quark mass limit, to the leptonic dec
constantf B and f 1 defined by

^0uq̄gmg5buB~p!&5 ipm f B ~54!

^0uq̄gmbuB0~p!&5pm f 1, ~55!

by the relationsf B5F̂/AmB and f 15F̂1/AmB0
(B0 is theS

state withJP501 and bq̄ content!. These couplings have
been computed in@3# with the results given in Table III for
different values of the parameters.

For the valuesFP(0) we obtain the following results fo
the B→r transition:

VP~0!52A2gVlF̂
mB1mr

mB
3/2

~56!

A1
P~0!5

A2mBgVF̂1

mB0
~mB1mr!

~z22mv̄mr! ~57!

A2
P~0!52A2gVmF̂1

AmB~mB1mr!

mB0

2
, ~58!

where v̄5mB /(2mr). For A0
P(q2), we have to implemen

the condition contained in Eq.~26!; for instance a possible
choice is

A0
P~q2!5A3

P~0!1gVbF̂
1

mrA2mB

q2

mB
22q2

. ~59!

For theB→a1 transition we have

AP~0!52A2gAlAF̂1
mB1ma

mB
3/2

~60!

V1
P~0!5

A2mBgAF̂

mB~mB1ma!
~zA22mAv̄ma! ~61!
07401
s

s.

y

V2
P~0!52A2gAmAF̂

AmB~mB1ma!

mB
2

, ~62!

where v̄5mB /(2ma). Similarly to the previous discussio
for A0

P(q2) we can put, for instance,

V0
P~q2!5V3

P~0!1gAbAF̂1
1

maA2mB

q2

mB0

2 2q2
. ~63!

We note that Eqs.~59! and~63! have been written down only
as an example of a possible behavior of these form fac
satisfying the given constraints. For massless leptons the
not contribute to the semileptonic width and can be n
glected.

Numerically we obtain the results in Table II where w
have also reported the values of the pole masses for all
form factors exceptA0

P(q2) andV0
P(q2) because of Eqs.~59!

and~63!. Similarly to the previous analyses an overall unc
tainty of 615% can be assumed. In Fig. 3 we plot the fo
factorsA1 andA2 for the semileptonic decayB→r. In Fig.
4 are shown the form factorsA, V1 andV2 for the semilep-
tonic decayB→a1 . Since the behavior in Eqs.~59! and~63!
is only guessed, we have not included the form fact
A0

P(q2) andV0
P(q2) in Figs. 3 and 4; in additionV(q2) is not

reported in Fig. 3 since our prediction is affected by a lar
error ~see the discussion in the next section!. Note that the
theoretical error is not included in Figs. 3 and 4; one sho
refer to the numbers in Tables I and II.

VI. BRANCHING RATIOS AND WIDTHS

In this section we compute the branching ratios a
widths for semileptonic decays using the numerical res
for form factors reported in Tables I, II. Let us first compa
our results for theB→r form factors with those obtained b
other methods~see Table IV!. These form factors~as well as

TABLE III. F̂ and F̂1 for various values ofDH . DH in GeV,
leptonic constants in GeV3/2.

DH F̂ F̂1

0.3 0.33 0.22
0.4 0.34 0.24
0.5 0.37 0.27
of

e

TABLE IV. Form factors for the transitionB→r at q250. Our results are compared with the outcome
other theoretical calculations: potential models, light cone sum rules~LCSR!, QCD sum rules~SR!, calcu-
lations involving both lattice and light cone sum rules. The large error ofVr(0) in our approach is due to th
large cancellation between the direct and polar contribution.

This work Potential model@20# LCSR @21# SR @22# Latt. 1 LCSR @23#

Vr(0) 20.0160.25 0.4560.11 0.3460.05 0.660.2 0.3520.05
10.06

A1
r(0) 0.5860.10 0.2760.06 0.2660.04 0.560.1 0.2720.04

10.05

A2
r(0) 0.6660.12 0.2660.05 0.2260.03 0.460.2 0.2620.03

10.05

A0
r(0) 0.3360.05 0.29 6 0.09 0.2460.02 0.3020.04

10.06
2-7
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those concerning the transitionB→a1) are obtained by add
ing the direct and polar contributions:

F~q2!5FD~q2!1FP~q2!, ~64!

whereFD(q2) was introduced in Sec. III andFP(q2) in Sec.
V. Our result for the vector form factorVr(q2) is affected by
a large error since it arises from the sum of two terms op
site in sign and almost equal in absolute value. Apart fr
this large uncertainty, our results are in relative good agr
ment with the results of QCD sum rules, but they are
general higher than those obtained by other approaches
the B→r ln decay width and branching ratio we obtain~us-
ing Vub50.0032, tB51.56310212 s)

B~B̄0→r1ln!5~2.560.8!31024

G0~B̄0→r1ln!5~4.461.3!3107 s21

G1~B̄0→r1ln!5~7.164.5!3107 s21

G2~B̄0→r1ln!5~5.563.7!3107 s21

~G11G2!~B̄0→r1ln!5~1.2660.38!3108 s21 ~65!

whereG0 ,G1 ,G2 refer to ther helicities. In order to obtain
the numbers in the previous formula for a different value
Vub , simply multiply by the factoruVub/0.0032u2, putting in
any value forVub . In order to use a different value fortB in
the branching ratioB multiply it by tB /(1.56310212) where
the tB value has to be expressed in seconds. The branc
ratio forB→r ln is in agreement with the experimental res
quoted in the Introduction, Eq.~1!.

Let us now discuss the theoretical uncertainty of th
results. The large error ofVr(0) affects significantly the val-
ues ofG1 andG2 , whose errors are correlated; it has ho
ever no effect onG0 and a small effect on the branchin
ratio, which increases at most by 8%. The theoretical un
tainties inA1

r(0) andA2
r(0) are likely to be related. To ge

the theoretical error in the widths we have added in quad
ture the error induced byVr(0) and a common615% error
in A1

r(0) andA2
r(0).

FIG. 3. Form factorsA1 ~solid line! andA2 ~dashed line! for the
semileptonic decayB→r ln.
07401
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Having used the decayB→r ln as a test of the CQM
model, we can now consider theB→a1ln semileptonic de-
cay. The results obtained are

B~B̄0→a1
1ln!5~8.461.6!31024

G0~B̄0→a1
1ln!5~4.060.7!3108 s21

G1~B̄0→a1
1ln!5~4.660.9!3107 s21

G2~B̄0→a1
1ln!5~0.9860.18!3108 s21

~66!

whereG0 ,G1 ,G2 refer to thea1 helicities. In order to obtain
the results in the previous formula for different values ofVub
and tB refer to the discussion after Eq.~65!. We have in-
cluded in the determination of these decay widths only
normalization uncertainty arising fromf a ; the lower values
correspond tof a50.30 GeV2 while the higher values tof a
50.25 GeV2. One should also take into account the the
retical errors arising from the values of the form factors
q250; they are more difficult to estimate reliably and a
not included here. In any case the overall theoretical unc
tainty is larger~presumably by a factor of 2! than the one
reported in the previous formula.

VII. CONCLUSIONS

The main conclusion of this paper can be read from E
~66!. We predict a branching ratio for the decayB̄0→a1

1ln

significantly larger than the branching ratio forB̄0→r1ln;
in spite of the theoretical uncertainties inherent to the CQ
model, which we have discussed in the previous sectio
this is a remarkable outcome. A consequence of this resu
that theB→a1ln decay channel might account for aroun
50% of the semileptonicB→Xuln decay channel~evaluated,
for example, by the parton model!, whereas theB→r ln de-
cay channel adds another 15%; given the relevance of th
results for the determination ofVub , it would be interesting
to test these predictions in the future by other theoret
methods and, hopefully, by experimental data.

FIG. 4. Form factorsA ~solid line!, V1 ~dashed line! and V2

~dot-dashed line! for the semileptonic decayB→a1ln.
2-8
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APPENDIX

In the paper we have introduced several integrals and parameters that we list in this appendix:

I 0~D!5
iNc

16p4E reg d4k

~v•k1D1 i e!

5
Nc

16p3/2E
1/L2

1/m2 ds

s3/2e2s~m22D2!S 3

2s
1m22D2D @11erf~DAs!#2D

Ncm
2

16p2 GS 21,
m2

L2 ,
m2

m2D
~A1!

I 15
iNc

16p4E reg d4k

~k22m2!
5

Ncm
2

16p2 GS 21,
m2

L2 ,
m2

m2D ~A2!

I 185
iNc

16p4E reg

d4k
k2

~k22m2!
5

Ncm
4

8p2 GS 22,
m2

L2 ,
m2

m2D ~A3!

I 252
iNc

16p4E reg d4k

~k22m2!2
5

Nc

16p2
GS 0,

m2

L2
,
m2

m2D ~A4!

I 3~D!52
iNc

16p4E reg d4k

~k22m2!~v•k1D1 i e!

5
Nc

16p3/2E
1/L2

1/m2 ds

s3/2e2s~m22D2!@11erf~DAs!# ~A5!

I 4~D!5
iNc

16p4E reg d4k

~k22m2!2~v•k1D1 i e!

5
Nc

16p3/2E1/L2

1/m2 ds

s1/2
e2s~m22D2!@11erf~DAs!#, ~A6!

whereG is the generalized incomplete gamma function and erf is the error function. Moreover, having defined

s~x,D1 ,D2 ,v!5
D1~12x!1D2x

A112 ~v21!x12 ~12v!x2
, ~A7!

we have
2-9
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I 5~D1 ,D2 ,v!5
iNc

16p4E reg d4k

~k22m2!~v•k1D11 i e!~v8•k1D21 i e!

5E
0

1

dx
1

112x2~12v!12x~v21!
F 6

16p3/2E1/L2

1/m2

ds se2s~m22s2!s21/2@11erf~sAs!#

1
6

16p2E1/L2

1/m2

dse2s~m222s2!s21G . ~A8!

We also define, ifqm5xv8m, v5v•v8, D25D12x v, the formula

Z5
iNc

16p4E reg d4k

~k22m2!@~k1q!22m2#~v•k1D11 i e!

5
I 5~D1 ,x/2,v!2I 5~D2 ,2x/2,v!

2x
. ~A9!

We use in the text the following combinations of the previous integrals:

K15m2Z2I 3~D2!

K25D1
2Z2

I 3~x/2!2I 3~2x/2!

4x
@vx12D1#

K35
x2

4
Z1

I 3~D1!23I 3~D2!

4
1

v

4
@D1I 3~D1!2D2I 3~D2!#

K45
xD1

2
Z1

D1@ I 3~D1!2I 3~D2!#

2x
1

I 3~x/2!2I 3~2x/2!

4

V15
I 3~2x/2!2I 3~x/2!1v@ I 3~D1!2I 3~D2!#

2x~12v2!
2

@D12vx/2#Z

12v2

V25
2I 3~D1!1I 3~D2!2v@ I 3~2x/2!2I 3~x/2!#

2x~12v2!
2

@x/22D1v#Z

12v2

V35
K1

2
1

2vK42K22K3

2~12v2!

V45
2K1

2~12v2!
1

3K226vK41K3~2v211!

2~12v2!2

V55
2K1

2~12v2!
1

3K326vK41K2~2v211!

2~12v2!2

V65
K1v

2~12v2!
1

2K4~2v211!23v~K21K3!

2~12v2!2
. ~A10!
074012-10
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