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Gravitationally induced neutrino oscillation phases in static spacetimes
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We critically examine the recent claim of a “new effect” of gravitationally induced quantum mechanical
phases in neutrino oscillations. Because this claim has generated some discussion in the literature we present
here a straightforward calculation of the phase and clarify some of the conceptual issues involved, particularly
in relation to the equivalence principle. When expressed in terms of the asymptotic energy of the n&utrinos
and Schwarzschild radial coordinates the lowest order at which such a gravitational effect appears is
(GMAMYAE®)In(rg/r,). [S0556-282199)01204-7

PACS numbd(s): 95.30.Sf, 14.60.Pq

Two years ago Ahluwalia and Burgard claimed to have Next we remark that the equivalence princigieP) re-
discovered a “new effect from an hitherto unexplored inter-quires that all reference to the gravitational potential can al-
play of gravitation and the principle of the linear superposi-ways be removed locally. Since the EP is built into the met-
tion of quantum mechanics,” in a static, spherically symmet-l’iC formulation of general relativity this means that there can
ric gravitational potentia[1]. In fact, the calculation of the be nolocal observational consequences of a gravitational
guantum mechanical phase of a particle propagating in thpotential in Einstein’s theory. In this Brief Report we are
vacuum Schwarzschild geometry appears in several texinterested in neutrinos propagating between two different
books on general relativitf2]. More to the point, the Spacetime points A and B, which is not strictly a local pro-
claimed results in Eqg6) to (8) of Ref.[1] appear to be at CeSS, and the natural variable in which to express our result
variance with the standard treatment found in these textdor the neutrinos’ phase is their conserved asymptotic en-
Subsequently several authors have discussed the propagati®f@y E, which is not strictly a local quantity. Hence a non-
of neutrinos including also the effects of matf8t and non- ~ zero gravitational effect on the phase in terms&Eodoes not
radial propagatiori4]. Finally, the authors of Ref1] have contradict the EP. However, the equivalence principle does
speculated on the relevance of the gravitational effect oguarantee that there is no effect of the local gravitational
neutrino oscillation phases for type-Il supernoyaé Our  potential on any observable expressed entirely in terms of
purpose in this Brief Report is to present a treatment of phaskcal quantitites. This fact alone should alert us to the impor-
interference in the Schwarzschild geometry in a manifestiyfance of defining the variables in which we express our result
coordinate invariant way, clarifying the conceptual issuedor the phase precisely. Otherwise one can change to local
raised by these works. variables in which terms proportional to the gravitational po-

Let us begin by making some general remarks, first aboutential necessarily disappear. Clearly, these changes of vari-
quantum interference and second about the equivalence priables can have no physical consequences on a measurement,
ciple. Strictly speaking, in any quantum interference pheunlessone can define and measure the gravitational and non-
nomenon such as neutrino oscillations, one should alwaygravitational contributions to the phasedependently In
deal with coherent wave packets whose shape may changéher words when assessing whether or not we have a mea-
during the propagation from the point of creation A to thesurable gravitational effect in the phase, the crucial question
point of detection B. The overlap of different components ofis: with respect to what
the wave packet controls the visibility of the interference In the geometrical optics limit the quantum mechanical
pattern at the spacetime point B. We will be concerned her@hase accumulated by a particle propagating from point A to
only with the phas@otthe amplitude of the interference, and point B in the gravitational field described by the megig,
therefore we can avoid an explicit discussion of wave packeis given by the action of the particle along its classical tra-
propagation. Of course no interference at all will be observiectory, namely,
able at B, unless the wave packet of a single neutrino created
in a weak flavor eigenstate at A remains coherent for a time 1
long enough for the components of the wavepacket transmit- Pap= n J
ted from A at different velocities to interfere coherently at B.

As a first approximation we will assume that at the point of

L o . 1 (8 .

emission A the flavor of the neutrino is independent of time, = _f (—Edt+p;dx) (1)

i.e. that the coherence time of the source is effectively infi- hJA

nite. This assumption allows us to concentrate on the super-

position of neutrino mass eigenstates at a definite monochravherep,=mg,,(dx"/ds) is the four momentum conjugate
matic energ)E in the geometrical optics limit. A quantitative to x* andds is an element of proper length of the particle’s
lower bound for the necessary coherence tikteand there- worldline. The integrand of Eq(l) is obviously invariant
fore, an upper bound for the energy spread of the wavender coordinate transformations. However, this line integral
packet emitted by the source will emerge in E8). below. does depend on coordinate changes at the end-points A and

B 1 (B
_ "
N mds= 7 JA p,dx
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B and therefore is not a physically meaningful quantity as it 1 (rg dt
stands. Equatiofil) is the same as Ed4) of Ref.[1] with QDAB:—f ( —E—+p, |dr
which those authors begin. fiJea dr
The authors of Refl1] address the radial propagation of 1 (rg m2dr
relativistic neutrinos in the potential of a spherically sym- =_ _f -
metric non-rotating star which is described by the Schwarzs- fi Jrp 2GM
child line element, 1- P
-1 m? (rg dr
dszz—(l—ﬂ)dt%(l—ﬂ) dr2+r2dQ?2. == @)

UR 2GMm?
E2-m2y—
.

We note that the semiclassical phase for radial motion in a

spherically symmetric background does not depend on th&his is just the standard expression for the pH&3eHow-
spin of the particle, as can be verified by explicit calculationever, sinced 5z is not invariant under coordinate changes of
using the spin connection in the Dirac equation in this backthe endpoints we cannot apply this result directly without
ground[6]. Hence Eq.(1) applies equally well to neutrinos first carefully specifying the physical situation, and in par-
as to scalar particles in the case of radial motion, and weicular, which variables are to be held fixed in a given inter-
specialize to this case as it was the only one considered iference experiment.

Refs.[1] and[5]. Let us consider the case of neutrinos produced at fixed
Because the Schwarzschild spacetime has a timelike Killasymptotic energyE in a weak flavor eigenstate that is a

ing vector,d/dt, the momentum conjugate tds time inde-  linear superposition of mass eigenstatms,andm,. Since

pendent, i.e. the energy is fixed but the masses are different, if interfer-

ence is to be observed at the same final spacetime point
ZGM) dt (rg,tg), the relevant components of the wave function could

— =const. (2)  hot both have started from the same initial spacetime point
r/ds (ra,tp), in the geometrical optics approximation. Instead the
lighter mass(hence faster movingcomponent must either
have started at the same time from a spatial location
<rp, or started from the same location at a later time
ta+At. Since the source is located it and has been as-
sumed monochromatic at fixde for all times it is the latter
situation which applies. Hence, there is an additional phase
2 difference between the two mass components due to the time
pr+m*=0  (3)  |ag At, quite apart from the phas®,g in Eq. (7). This

additional initial phase difference may be taken into account
by treating the spatial coordinateg andr g as fixed and the

EE—ptzm(l

The value of this constart is the asymptotic energy of the
neutrino atr =cc. For radial motion, the mass shell constraint
P,.0*"p,+m?*=0 is

2GM\ 1 2GM
- 1_T E2+ I_T

from which we obtain time of transit,
B rg dt
2GM 2GMn? o :f :J'_
p,(l— : ):\/Ez_m2+ il @ At=tg—ty= | dt= | Grdr ®)
as the dependent variable through E@$.and(6). The dif-
Making use of the definitions, ference of this time of transit between the two mass eigen-

states, multiplied b¥ is precisely the additional phadeAt
which we must add td\® 55 to obtain the correct relative
— (5) phase between the two mass components of the same single
ds neutrino wave function which interfere atd,tg) with fixed
energy E. We note that the Collela-Overhauser-Werner
(COW) experiment7] may be treated by similar reasoning
and that many other neutrino oscillation scenarios which
may be envisaged lead to the same result.
dt 2GM\ 2E This additional phas&At enters for clear kinematic rea-
52( - ) E (6) sons due to the different times of transit of the classical tra-
jectories from A to B of the different mass components and
allows us to treat the cases of relativistic and nonrelativistic
We regard the Schwarzschild radial coordinatggndrg as  neutrinos at once and on an equal footing in contrast to the
fixed and express the phase in these coordinates: “light ray” approach of Ref.[4], which applies only in the

ZGM)‘ldr
r

pr:m(l

and Eqg.(2), we have also

r
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Specializing now to the cage>m; the phase difference be-
Tr tween two mass eigenstates of relativistic neutrinos with
At fixed E created at 5 and interfering atg is
3L
(Am?)c3 (Am*)c’
| Abp=—7=—(rg=ra)+ —5=3 (g ra)
1
r r *)c®
A B (Am¥)c s
r T GM In(a e, (13

FIG. 1. The spacetime closed contour over which the line intey e ¢ has been restored to facilitate numerical calcula-
gral for the phasé ®¢ is to be evaluated in Eq10).

tions. We note that in the relativistic limit this result is just
minus half of the equivalent quantity computed from the
hased 5. The first term A(IJ%) in Eq. (13) is the standard

at space result, well known in both neutrino and strange-
ness oscillations. The leading ordegB4m?) correction to
this familiar result has cancelled in the relativistic limit and
We are left only with the latter higher order terms in ELp).

relativistic limit E>m. It is also thisAt that determines the
lower bound on the coherence time of the wave train emitte(ﬁ
at A, for if the coherence time is less thAam the components

of the wave function corresponding to the two different
masses could never interfere coherently at B. Thus a nece
sary condition for interference to be observed at B is that th he second term is a special relativistic correction to the

neutrino emission at A must have an energy width . <0 \vhich is usually neglected for light neutrinos, and the

<h/At, which is the maximum extent that our assumption|,q term is the effect of the gravitational field of the star in

of monachromatic neutrino energy can be relaxed. static Schwarzschild coordinates which enters only at the
Hence we are led to compute instead\sP g, same higher order inm*E23. Numerically its magnitude is

3 [rg
Inf —
r

A

E 1 s
A

r

M

TS 14

Am“) ( MeV

eVt E

which is negligibly small for light neutrinos in typical astro-
physical applications.

The authors of Ref[1] claim to find an effect on the
phase, first order s, of the form

J’ Bdr
AT
No derivation is given to support this claim, the coordinate
wherep,(x;m;) is to be regarded as a vector field that de-dependence ob 5g is not discussed and the quantit{E™ is
pends on the mass componemtfor the legs ofC wherer is  never defined in Refd.1] or [5]. If E is the constant of
varying butp,=—E is constant along the return leg where motion defined by Eq(2), this claim disagrees with the stan-

r=r,. In this closed loop representation it is clear th@be ~ dard resuli(13) rederived here, and is therefore incorrect. On
is a completely coordinate invariant, physically measurabléhe other hand, if E” is to be identified with Ejy

where theA refers to the difference of the phase for the two
mass eigenstates; andm,. Evidently, thisA® g may also
be rewritten as the line integral around thl®sedloop C
pictured in Fig. 1, i.e.

Am?
E

GMc
Adg= fﬁ p,dx*, (10) h
C

(15

phase difference which must vanish linearly in bain =E/\—0u, then it cannot be removed from the integral, and
=rp—rgandAm=m;—m,. Eq. (15) is incorrect for that reason.
From Egs.(4) and(9), we obtain There is a sense in which tHiest (A(I)g) term of Eq.(13)
has a contribution similar in form to Eq15). Let
2GMm?
E2—m?+ — _ 1 B Edr EGM [rg
B r EIocaIE — f =E+ — |n -
APe=gA | (1 ZGM> dr. (1) lemraln [ 2GM fe=ra \la
- r
' (16)
In the weak field expansion this becomes in the weak field limit. Hence we can write
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m2c3 AM2GMc [rg just as is the splitting oA® into the two pieces in Eq17)
A= ———(rg—rp)+ ——In| — (17)  above. In addition, the time component of the quantity Stod-
20 Ejocal 2E|ocal A olsky calls the “usual four-momentum of special relativity”

is not a constant of motion and cannot be removed from
integrals overr. Thus Stodolsky’s paper must be read
closely to avoid potential pitfalls and sources of confusion.
In any case since Stodolsky starts with precisely the same
phase® g of Eq. (1) the sumof his two pieces is precisely
equal to the same resul(f7) rederived here, as may be
ghecked directly from the definitions in RéB].

' The essential point is that there is no physical meaning to
decomposing the result into gravitational and non-

which is of the form reported in Ref1]. However(and this

is the poiny, this result depends critically on the precise defi-
nition of the variableE,,.,. Expressing the same physical
phase differencél?) or (13) in terms of any other variables
(such as the local energy of the emitter ator the detector
at rg) will give different expressions again. Moreover by
changing to both a local energy and local distance measur
AT oca= S50, dr we can reabsorb the “new gravitational
effect” completely into these redefinitions and rewrite Eq.

(17) in the form gravitational contributions such as Eq7), unlesssuch a
' decomposition is invariant under coordinate transformations,
(Am?)c3 in which case the two contributions should be measurable
Acpgz ———— Al ocal (18 separately The standard redshift of clocks in a gravitational
2R E gcal field satisfies this criterion because one can measure the

clock rate at two different locations and compare them. Ac-
In fact, for the case of radial motion in general static coor-cordingly, the difference in the clock times at the two loca-
dinates for whichg,=0, the expression for each of the tions can be expressed as a line integfals, over a closed
phases in Eq(9) can be rewritten as contour which is a rectangle with sides at fixed, rg, t;
m2ct (B dt 1 (B andt,. Hence thg diffgrencg in the e_Iapsed times on the two
Pp=— f local | = J dtpeaFrocar  (19)  clocks is a coordinate invariant physically measurable effect.
fi Ja Eigca % Ja Grossman and Lipkin have considered this time delay effect,
] first order inGAm?, on neutrino oscillations due to a gravi-
wheredtigea= v —gydt andE.c, Was defined above. Equa- tating mass(such as the modnintervening between the
tion (19) is a statement of the EP, and completely in accordsource and the detectft0], in which case the interference
with our general discussion at the start of this note, since akan be measured in principle both with and without the ex-
reference to the gravitational potential has been absorbeg@rnal body present. This is a completely different situation
into integrals of local quantities. from that considered in Reff1,5] in which there isno non-
Hence, we cannot agree with R¢8] that we have “re-  gravitational reference experime(gven in principle rela-

derived” the effect claimed in the original papgt], since  tjve to which the gravitational time delay effect on the phase
expressed entirely in terms of Schwarzschild or local coorzan be measured.

dinates there iso effect to Ol’deGAmz. Likewise the order The physica| effects of neutrino oscillations on energy

GAm? term obtained in Eq(40) of [4] arises from these transport in supernova explosions are quite indifferent to lo-
authors’ use 0E,q, at the point of detectiomg instead of  cal redefinitions of length, time and energy scales. If all cal-
Eica @nd it too can be removed by a simple change of variculations are done in a relativistically covariant framework,
ables. there are no observable consequences for supernova evolu-
The only indication of the basis for the claim of the result, tion to be deduced from the decomposition in EL7), and
(15) in Refs.[1] or [5], is a reference to a paper by Stodolsky even genuine nonlocal gravitational effects such as(E4).
[9]. However, as Stodolsky himself notes, the split betweerare accounted for automatically. Of course, if one doet
“flat” and “curved” space effects in Eq(2.3) of his paper use a relativistically covariant framework for all the calcula-
is coordinate dependent. Hence there is no invariant meanirtgpns, the error made will be of the order of the second term
to the splitting of the phase into these two pieces, and suchia Eq. (17), which is the order of the standard redshift of
splitting is completely misleading for the present application,clocks in a gravitational field, and not a new effect.
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