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Resolving the cosmological missing energy problem
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Some form of missing energy may account for the difference between the observed cosmic matter density
and the critical density. Two leading candidates are a cosmological constant and quintessence~a time-varying,
inhomogeneous component with negative pressure!. We show that an ideal, full-sky cosmic background an-
isotropy experiment may not be able to distinguish the two, even when non-linear effects due to gravitational
lensing are included. Because of this ambiguity, microwave background experiments alone may not determine
the matter density or Hubble constant very precisely. We further show that degeneracy may remain even after
considering classical cosmological tests and measurements of large scale structure.@S0556-2821~99!00706-7#

PACS number~s!: 98.70.Vc, 95.35.1d, 98.80.Cq, 98.80.Es
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This paper looks ahead a few years to a time when hig
precise, full-sky maps of the cosmic microwave backgrou
~CMB! anisotropy become available from satellite expe
ments such as the NASA Microwave Anisotropy Probe@1#
~MAP! and the ESA Planck mission@2#. The goal is to de-
termine if measurements of the anisotropy by itself or co
bined with other cosmological constraints can resolve
tween competing models for the ‘‘missing energy’’ of th
universe. The missing energy problem arises because i
tionary cosmology and some current microwave anisotr
measurements suggest that the universe is flat at the s
time that a growing number of observations indicate that
matter density~baryonic and nonbaryonic! is below the criti-
cal density (Vm,1) @3#. These two trends can be reconcile
if there is another contribution to the energy density of
universe in addition to matter. One candidate for the miss
energy is a vacuum density or cosmological constant~L!
@4–7#. A second candidate is quintessence, a time-vary
spatially inhomogeneous component with negative pres
@8#. Both models fit all current observations well@7,9#.

If current observational trends continue, determining
nature of the missing energy will emerge as one of cosm
gy’s most important challenges. The issue must be dec
in order to understand the energy composition of the u
verse. Also, as shown below, ambiguity concerning the m
ing energy leads to large uncertainties in two key paramet
Vm and h ~the Hubble constant in units o
100 km sec21 Mpc21). In this paper, we show that, despi
extraordinary advances in measurements of the CMB an
ropy and large-scale structure anticipated in the near fut
the missing energy problem and, consequentlyVm and h,
may remain unresolved in some circumstances.

The key differences between quintessence and vac
density are ~1! quintessence has an equation-of-statew
~equal to the ratio of pressure to energy density! greater than
21, whereas vacuum density hasw precisely equal to21,
~2! the energy density for quintessence varies with ti
whereas the vacuum density is constant, and~3!, quintes-
sence is spatially inhomogeneous and can cluster gravita
ally, whereas vacuum density remains spatially uniform. T
first two properties result in different predictions for the e
pansion rate. The third property results in a direct imprint
quintessence fluctuations on the CMB and large scale st
ture.
0556-2821/99/59~6!/063005~6!/$15.00 59 0630
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For the purposes of this investigation, we model quint
sence as a cosmic scalar fieldQ evolving in a poten-
tial, V(Q). Depending on the form ofV(Q), the equation-
of-state w can be constant, monotonically increasing
decreasing, or oscillatory@8,10#. If w is time-varying, it
is useful to define an average equation-of-state asw̄
'*daVQ(a)w(a)/*daVQ(a) where a is the expan-
sion scale factor. Roughly speaking, the CMB tempe
ture and the mass power spectra of a model with a slow
varyingw(a) is most similar to those of a constantw model
with w5w̄. We can also definewG 2[*dzVQ(z)@ẇ#2/
*dzVQ(z), where ẇ[dw/d ln z. If w is rapidly varying,
wG 2*1, the spatial fluctuations inQ and the variation in the
cosmic expansion rate significantly alter the shape of
cosmic microwave anisotropy power spectrum@8,10#, pro-
ducing differences fromL models that are detectable in nea
future satellite measurements.

The degeneracy problem betweenL and quintessence
arises ifw is constant or slowly-varying (wG 2!1), as occurs
for a wide range of potentials~e.g., quadratic or exponentia!
and initial conditions. It is well recognized that two mode
with identical primordial perturbation spectra, matter conte
at last scattering, and comoving distance to the surface of
scattering generate statistically identical linear CMB pow
spectra@11,12#. This situation is referred to as the geomet
degeneracy, owing to the identical geometrical optics of
comoving line of sight and sound horizon at last scatteri
In this case, we find that forw&2VQ/2, the effects of quin-
tessence on the CMB power spectrum as will be observed
MAP ( l &800) can be closely mimicked by a model withL,
providedVm andh are also adjusted.

Measurements of the CMB on smaller angular sca
where nonlinear effects are important can be used to br
the degeneracy. Gravitational lensing distortion of the p
mary, linear CMB anisotropy by small-scale density inhom
geneities along the line of sight@13–16# has the capability to
discriminate@17,18# between quintessence and a cosmolo
cal constant@19#. The efficacy of this phenomena, whic
smooths the peaks and troughs in the CMB spectrum on
scales of interest, depends on the level of mass fluctuati
If the amplitude of primordial density perturbations we
anything other thandr/r;1025, this effect would be either
completely negligible or else the dominant effect in CM
©1999 The American Physical Society05-1
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anisotropy. At the level measured by the Cosmic Ba
ground Explorer~COBE! and MAP, the lensing is a negli
gible effect since it only begins to become important fol
*1000. However, lensing effects are non-negligible for
Planck experiment which extends tol;1500, or experiments
at yet smaller angular scales.

Figure 1 illustrates the degeneracy problem for CMB a
isotropy measurements. Figure 1~a! shows theVm2w plane
of quintessence models with a slowly varying or const
equation of state, where the axisw521 corresponds to the
case of a cosmological constant. Each dashed curve re
sents a set of cosmological models with aQ- or
L-component which satisfy the conditions for the geome
degeneracy for CMB anisotropy power spectra. The so
curves represent the projection of the right-most border
the degeneracy region, in the full parameter space, at w
models can be distinguished from the cold dark matter mo
with a cosmological constant~LCDM! at the >3s level,
including the effect of lensing, for an idealized, cosmic va
ance limited experiment with a given maximum multipo
moment. For example, for fixedVbh2 and ns ~the spectral

FIG. 1. The CMB degeneracy problem: Each dashed curv
~a! represents a family of QCDM andLCDM models with indistin-
guishable CMB anisotropy power spectra. For an ideal, full-s
cosmic variance limited experiment withl max51000,1500,2000, the
solid lines mark the projection of the right-most boundary of t
degeneracy region. For example, panel~b! shows two overlapping
spectra for theL ~square! and quintessence~circle! models indi-
cated in~a!. Models beyond the solid line in~a! ~e.g., the triangle
for l max51000, or the circle forl max52000) are distinguishable.
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index of scalar fluctuations!, a model with quintessence an
Vm50.47, w521/2 andh50.57 ~circle! produces a nearly
identical CMB power spectrum to aL model with Vm
50.29,w521 andh50.72~square! for l max51000. As the
range of multipole moments increases, including sma
scale CMB anisotropy, the gravitational lensing distorti
becomes more pronounced, breaking the geometric de
eracy. Yet we see that for many quintessence models, e
with an ideal, cosmic variance limited, full-sky measureme
of the CMB anisotropy with multipolesl<2000, there re-
mains a degeneracy in theVm2w parameter space. W
show Fig. 1~b! to illustrate the extent of the degeneracy,
the two power spectra overlap almost entirely.

The degeneracy curves can be understood theoretic
They correspond approximately to the set of models t
obey the following constraints:~a! Vm1VQ5A51; ~b!
Vmh25B; ~c! Vbh25C; ~d! ns5D; and, ~e! l P5E. Here
A,B,C,D,E are constants, andl P is the multipole corre-
sponding the position of the first acoustic~Doppler! peak.
Constraint~a! is the flatness condition. Constraints~b!–~d!
are required in order for the Doppler peak heights to rem
constant. Along with constraint~d!, we assume thatr , the
ratio of the tensor-to-scalar primordial power spectrum a
plitudes obeys inflationary predictions@20,21#. Constraint~e!
insures that the acoustic peaks occur at the same multi
moment. The peak positionl P ~proportional to the ratio of
the conformal time since last scattering to the sound hori
at last scattering! depends onVmh2, Vbh2, h and w. The
only way to keepl P constant along the degeneracy curve
w varies is to adjusth, since Vmh2 and Vbh2 are con-
strained to be fixed by~b! and~c!. ~White has independently
noted similar conditions for degeneracy for constantw mod-
els @22#.! Our results are based on full numerical cod
which include the fluctuations inQ and the gravitational
lensing distortion@23#. Our computations confirm that th
above conditions are a good approximation to the deg
eracy curves. When we restrict our attention tol &1000, an-
gular scales on which lensing is negligible, then if the va
of h for the first model along the degeneracy curve
changed, the value ofh for the rest of the models can b
adjusted so that the geometric degeneracy remains.
boundary of thel max51000 degeneracy region is then dete
mined by fluctuatingQ effects and the large integrate
Sachs-Wolfe contribution to the CMB anisotropy, such th
models withw*2VQ/2 are distinguishable fromL.

Lensing effects become relevant at smaller angular sca
and if strong enough can break the degeneracy. In particu
raising or loweringVmh2 results in increasing or decreasin
the mass power spectrum, and therefore the amplitude o
lensing distortion. The lensing distortion is also depend
on the baryon density, since the degeneracy is only broke
the lensing sufficiently smears and reshapes the distinc
features in theCl spectrum due to the baryon-photon acou
tic oscillations. If the linearCl spectrum were flat, for ex-
ample, it would not be possible to measure the smea
since the shape of the spectrum would be the same be
and after smearing~over the angular scales considered in t
paper!. In our case, detecting the lensing depends on obs
ing the smearing of the acoustic oscillation peaks. For v
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,
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RESOLVING THE COSMOLOGICAL MISSING ENERGY PROBLEM PHYSICAL REVIEW D59 063005
small values ofVb the amplitude of the acoustic oscillation
decreases, which makes it harder to resolve the smearing
therefore to use lensing to differentiate amongst degene
models. In determining this degeneracy region, we have
mitted a conservative, physically motivated range for
cosmological parameters,h>0.5 andVbh2P@0.016,0.024#.
For this range of the baryon density, the lensing distortion
strong enough to move the degeneracy boundary sig
cantly, as seen by the location of thel max51500,2000 bound-
aries in Fig. 1~a!. Note that the limiting casesVm→1, Vb are
special. In the former case, a negligible amount of quint
sence is present, so that all QCDM models generate
same, degenerate CMB anisotropy pattern. In the latter c
as Vm→Vb , the strength of the baryon-photon oscillatio
grows, so that lensing breaks the degeneracy.

A degeneracy curve represents the center of a strip
models in theVm2w plane which cannot be distinguishe
by the CMB alone. To estimate the width of the degener
strip, we select a quintessence andL model on a given de-
generacy curve, varyL, and compute the likelihood that th
quintessence model and theL model are distinguishable, a
lowing for cosmic variance uncertainty. For each value
the cosmological constantL, the parametersns , h, Vm and
Vb are varied until the likelihood is minimized. To compu
the likelihood, a novel estimating procedure has been in
duced which applies to more general examples of CM
analysis. The attractive feature is that the likelihood is sim
to calculate analytically, avoiding the need for Monte Ca
simulations. Suppose modelsA and B are to be compared
We wish to estimate the likelihood that a modelA real-sky
would be confused as modelB. Since the prediction of
model A is itself non-unique, subject to cosmic varian
~and, in general, experimental error!, we need to average th
log-likelihood over the probability distribution associate
with A. Only cosmic variance error,Cl /A2l 11, is assumed
for each multipoleCl and the distribution is chi-squared. I
our notation,Cl ’s are the cosmic mean values andxl are the
values measured within our Hubble horizon. Then, the ‘‘a
erage log-likelihood’’ is defined to be

Lba5E log
P~$xl%uB!

P~$xl%uA!
P~$xl%uA!dx1 ...dxl ... ~1!

whereP($xl%uA) is the probability of observing the set o
multipoles$xl% in a realization of modelA. Since each mul-
tipole Cl from a full sky map is statistically independen
P($xl%uA) can be written as a simple product of chi-squar
distributions for eachl. Substituting the chi-square distribu
tion for P(xl uA), Lba reduces to

Lba52(
l

S l 1
1

2D S 12
Cla

Clb
1 log

Cla

Clb
D . ~2!

Here we have assumed no experimental error, but it
simple matter to include an additional experimental varian
Note thatLbaÞLab in general, although the difference
small in practice. We decide distinguishability according
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the value ofL5min(Lba ,Lab). For variationsDVm greater
than 60.05 from the degeneracy curve value, the lo
likelihood satisfies

2L>6, ~3!

corresponding to distinguishability at the 3s level or greater.
This is the condition we use to determine distinguishabili

As long as only geometrical effects are important, i.
ignoring lensing and other non-linear effects, distinguisha
ity of a pair of cosmological models entails comparing t
shapes and relative normalization of the two spectra with
specifying an absolute scale. Once lensing and other n
linear effects are included, the absolute level of anisotro
must be specified; the shape and amplitude of theCl spec-
trum is affected by the absolute scale of the mass po
spectrum. Rather than consider distinguishability for all p
sible absolute normalizations~which has little practical
value!, we restrict ourselves to absolute normalizatio
within the range allowed by COBE@24#.

It is interesting to note that despite the fact that the le
ing tends to smear out sharp features in the CMB spectr
effectively destroying information, we actually gain know
edge of the underlying mass power spectrum. As a result,
degeneracy region shrinks as the effect of lensing accu
lates.

Now consider the situation in several years’ time,
which the CMB anisotropy measurements conform clos
with one of the degeneracy curves in Fig. 1~a!, a possibility
consistent with current observations@9#. The degeneracy
means that one cannot distinguish whether the missing
ergy is quintessence or vacuum energy. Furthermore,Vm
andh vary along the degeneracy curve~so as to keepVmh2

constant!, such that the uncertainty in these key parameter
very large. How can the ambiguities be resolved?

Other cosmological observations may not be as precis
those of the CMB anisotropy, but they have the advant
that they do not share the same degeneracy. If other ob
vations can be used to determine separatelyVm or h ~or
some combination ofVm andh other thanVmh2), then per-
haps the degeneracy betweenL and quintessence can be br
ken. We have considered the current restrictions onVm and
h obtained by combining the best limits on ag
(.10 Gyr), Hubble constant, baryon fraction (Vbh3/2/Vm
;3 – 10%), cluster abundance and evolution@25#, Lyman-a
absorption@26#, deceleration parameter@27# and the mass
power spectrum~APM survey! @28#. The current constraints
and the techniques for combining them have been deta
elsewhere@7,9#. We also include the fact that the CMB an
isotropy will provide tight constraints onns and the combi-
nations Vmh2 and Vbh2 to within a few percent
@11,12,29,30#.

Even applying all the observational information liste
above,Vm and h are not highly constrained. Assume fo
illustrative purposes that the CMB anisotropy converges
ns51, r 50, Vbh250.02 andVmh250.15 ~reasonable val-
ues!. Then Fig. 2 shows the shaded region in theVm2w
plane which can satisfy the observational constraints at
5-3
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HUEY, WANG, DAVE, CALDWELL, AND STEINHARDT PHYSICAL REVIEW D 59 063005
2s level. In this case, acceptable models must lie at the o
lap of the degeneracy curve picked out by the CMB anis
ropy and the shaded region.

Three possibilities emerge, as shown in Fig. 2:~1! the
degeneracy curve overlaps the shaded region only ov
limited range ofw so that the ambiguity between quinte
sence andL is broken andVm , h and w are well-
constrained;~2! the degeneracy curve cuts through t
shaded region in such a way that a substantial ambig
remains; or~3! the degeneracy curve and the shaded reg
do not overlap at all. Case~3! appears at first to be a contra
diction: the CMB spectrum conforms to the predictions o
LCDM or QCDM model, but constraints from other cosm
logical observations~shaded region! suggest that theVm is
too small ~or too big!. However, this situation is precisel
what ought to occur if one of our underlying assumptions
incorrect: namely, the flatness assumption, constraint~a!. By
introducing spatial curvature as an additional compon
(AÞ1) further degeneracy arises. Associated with curve~3!
is a continuous family of degeneracy curves in theVm2w
plane each beginning from a different value ofVm along the
w521 axis@11,31#. Making the universe open~closed! pro-
duces CMB degeneracy curves beginning with sma
~larger! values ofVm , whereas the shaded region in Fig. 2
only modestly changed. So, for example, curve~3! in Fig. 2
is also degenerate with an open model withVm50.4, VL

50.54 andh50.8, which is consistent with the shaded r
gion. Adding curvature is inconsistent with standa
inflation-based models, but case~3! exemplifies how we may
be forced observationally to consider the possibility.

The fact that case~2!—continued degeneracy—remain
possible after so much data has been invoked is remarka
A reduction in experimental uncertainty~s! by a factor of
two for all of the measurements reduces the size of
shaded region in Fig. 2, but this is not sufficient to remo

FIG. 2. The CMB anisotropy constrains models to a particu
degeneracy curve and, independently, provides tight constraint
ns , Vmh2 andVbh2. The latter constraints, along with other obse
vational limits discussed in the text, fixes an allowed range ofVm

andw ~the shaded region using the example discussed in the t!.
The combination determines the best-fit models.
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all possible degeneracy. For some constraints, much m
than a factor of two improvement can be anticipated. F
example, the Sloan Digital Sky Survey~SDSS! will provide
a substantial improvement in measurements of the m
power spectrumP(k) and velocities@32,33#, especially on
large lengths whereP(k) for models along the degenerac
curve are most different. Even so, as Fig. 3 shows, the SD
will not be enough to resolve the differences in the shape
P(k) among models along the degeneracy curve. W
would contribute immensely to the breaking of the dege
eracy, rather, is an accurate determination of the mass po
spectrum on scalesk&0.1 h/Mpc, where the models are mo
different.

It has been argued by Eisenstein, Hu and Tegmark~EHT!
@34# that combining the results of future Sloan and CM
experiments can lead to a substantial improvement in pr
sion, isolating a narrow region of cosmological parame
space in order to distinguish between quintessence
Lambda@19#. This conclusion results from treating the erro
as statistical, and assuming that the acoustic oscillation
the power spectrumP(k) can be resolved. We take a mo
conservative stance that the errors will be dominantly s
tematic. Hence, our conclusions are based on requiring
models pass the tests independently rather than by sta
cally combining the CMB and Sloan tests. As for the bary
acoustic oscillations, it is true that measuring them provid
by itself a new constraint onh and, thereby, breaks degen
eracy. However, we note several obstacles which mus
overcome in order to extract a length scale from this te
nique. First, the SDSS measures the galaxy power spect
so that the bias must be understood in order to confide
extract the matter power spectrum. If the bias is constan
changes slowly on the relevant length scales, one might h
to be able to resolve the wiggles and inflections inP(k);
higher moments of the galaxy distribution may provide
cross-check of the bias@35#. However, the systematic unce
tainties in the bias have not been folded into the estimate
EHT. Second, the strength of the wiggles is mod
dependent, with detection requiring a baryon fraction
Vb /Vm*10% @30,36#. ~Note that the wiggles are sligh

r
on

t

FIG. 3. Mass power spectra for the models along the CM
degeneracy curve (Vmh250.13 andVbh250.02) in Fig. 1~a! are
difficult to distinguish with large-scale structure measurements.
have used the middle (w522/3) curve to compute the model de
pendent standard errors~1s! projected for the SDSS.
5-4
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RESOLVING THE COSMOLOGICAL MISSING ENERGY PROBLEM PHYSICAL REVIEW D59 063005
even for the models shown in Fig. 3, for which the bary
fraction ranges between 10–15%!. Given the current uncer
tainties in bias and baryon fraction, we opt for a more co
servative assumption that the acoustic oscillations will
below detection by the SDSS, although we fervently ho
that the optimism of EHT is rewarded.

Figure 4 shows the prediction for the red shift luminos
relation, measured using type IA supernovae as stan
candles @27# for the same models along the degenera
curve. In this case the quintessence models are more dis
from the L model; however, it is premature to say wheth
observations will become accurate enough to make this m
surable. Not only will a large number of high red shift SN
have to be observed, but the systematic errors in the ma

FIG. 4. The magnitude-red shift relation may be a tool for d
tinguishingL models~thick solid curve! from the family of quin-
tessence models~dashed curves! along the degeneracy curve.Dm is
the difference in the predicted magnitude of a standard candle
given model and an open universe (Vm→0, middle dotted curve!.
The dashed curves are QCDM models withw525/6,22/3,21/2,
21/3 from top to bottom, respectively. Hypothetical type IA sup
nova data are shown at several red shift, assumingw522/3 with
1s error bars of60.1 magnitudes. For reference, anVL51 ~upper
dotted! andVm51 ~lower dotted! flat model are shown.
n

tu

et
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tude calibration will have to be reduced, toDm&0.1, in
order that a turn-over inDm is well determined.

One might expect that ground-based CMB experimen
which probe smaller angular scales than accessible by s
lite experiments, can dramatically resolve the degener
problem. It is precisely on the small angular scales that n
linear effects such as gravitational lens distortion, the Re
Sciama@37# and Ostriker-Vishniac@38# effects are impor-
tant. However, these effects depend not only on the br
cosmological parametersVm ,Vb ,h, but also on the details
of reionization and small scale structure formation, ab
which there probably remains enough uncertainty to prev
this method from being used as a fine model discriminan
is not clear whether such constraints, while sufficient to d
ferentiate betweenLCDM and SCDM, can discriminate be
tween quintessence andL.

Our conclusion is asymmetrical. A large class of quinte
sence models, those with rapidly varyingw or constantw
*2VQ/2, can be distinguished fromL models by near fu-
ture CMB experiments such as MAP. However, any givenL
model is indistinguishable from the subset of quintesse
models along its degeneracy curve. CMB experiments wh
probe small angular scales where gravitational lens distor
is expected to be important, such as Planck, can be expe
to cut into the degeneracy region. Combining the constra
which the CMB imposes onns , Vmh2 andVbh2 to the other
current observational constraints sometimes, but not alw
breaks the degeneracy. Adding spatial curvature as an a
tional degree of freedom increases the degeneracy. Dep
ing on how measurements overlap, new observational te
niques must be invented to break the degeneracy.

We thank J. Bahcall, Wayne Hu, W. Press, J. P. Ostri
and M. Strauss for many useful comments. We thank
Vogeley for explaining anticipated errors in SDSS and p
viding a code to estimate their magnitude. This research
supported by the Department of Energy at Penn, DE-FG
95ER40893. We have modified theCMBFAST software rou-
tines @23# for our numerical computations.
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