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Remarks on two-loop free energy inN54 supersymmetric Yang-Mills theory at finite
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The strong coupling behavior of finite temperature free energy inN54 supersymmetric SU(N) Yang-Mills
theory has been recently discussed by Gubser, Klebanov, and Tseytlin in the context of anti–de Sitter-SU(N)
Yang-Mills theory correspondence. In this Rapid Communication, we focus on the weak coupling behavior. As
a result of a two-loop computation we obtain, in the largeN ’t Hooft limit, F(g2N→0)'
2(p2/6)N2V3T4@12(3/2p2)g2N#. Comparison with the strong coupling expansion provides further indica-
tion that free energy is a smooth monotonic function of the coupling constant.@S0556-2821~99!50106-9#

PACS number~s!: 11.30.Pb, 11.10.Wx, 11.15.Pg
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Finite temperature effects break supersymmetry@1#. By
switching on nonzero temperature, one can interpolate
tween supersymmetric and nonsupersymmetric theo
For instance in gauge theories, one can interpolate betw
the supersymmetric case and a theory which conta
pure Yang-Mills ~YM ! as the massless sector, wi
some additional thermal excitations. In the infinite tempe
ture limit, the time dimension decouples and, at le
formally, one obtains a nonsupersymmetric Euclidean ga
theory. If no phase transition occurs when the YM gas
heated up, then the dynamics of realistic gauge theories
as QCD is smoothly connected to their supersymme
relatives.

Maldacena’s conjecture@2#, which relates the largeN
limit of N54 supersymmetric SU(N) Yang-Mills theory
~SYM! to type IIB superstrings propagating on AdS53S5

~where AdS is anti–de Sitter!, provides a very promising
starting point towards QCD. On the superstring side, a n
zero temperature can be simulated by including Schwa
child black holes embedded in AdS spacetime@3#, which
describe the near-horizon geometry of nonextremal D-br
solutions @4#. The classical geometry of black holes wi
Hawking temperatureT does indeed encode correctly ma
qualitative features of largeN gauge theory heated up to th
same temperature. At the quantitative level though, the c
parison between SYM and supergravity becomes ra
subtle because the supergravity side merely provides
strong coupling expansion for physical quantities, wh
most finite temperature computations in SYM are limited
the perturbative, weak coupling expansion. In this note,
comment on the computation of free energy.

The SYM thermodynamics was first compared with t
thermodynamics of D-branes in Ref.@5#. The free energy
F obtained in Ref.@5# describes the limit of infinitely strong

1In this context, the gauge couplingg is related to the type IIB
superstring couplinggs : g252pgs .
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coupled SYM theory. More recently, the AdS-SYM
correspondence has been employed for computing the
leading term in the strong coupling expansion~in l[g2N)
@6,7#:1

F~l→`!'2
p2

6
N2V3T4S 3

4
1

45

32
z~3!~2l!23/2D . ~1!

The comparison with the limiting free-theory value,

F~l50!52
p2

6
N2V3T4, ~2!

indicates that the exact answer has the form

F~l!52
p2

6
N2V3T4f ~l!, ~3!

where the functionf (l) interpolates smoothly between th
asymptotic valuesf (0)51 and f (`)53/4 @5#. The sign of
the subleading correctionO@(2l)23/2# in Eq. ~1! indicates
that f decreases monotonically from 1 to 3/4.

The question whether free energy interpolates smoo
between weak and strong coupling limits deserv
careful investigation, especially in view of the rece
claim in favor of a phase transition at finitel @8#.2 There
is, however, a place to look for further hints on the propert
of free energy: the subleading terms in the weak coupl
expansion. Surprisingly enough, they cannot be fou
in the existing literature. In order to fill this gap, w
calculated the two-loop correction to free energy. The res
is

2It is beyond the scope of this note to review the arguments
Ref. @8#, however we would like to point out that they involv
certain assumptions on the convergence properties of perturb
expansions. The proposed 2p2 convergence radius does not see
realistic after one looks at the two-loop correction, see Eq.~4!.
©1999 The American Physical Society01-1
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FIG. 1. Two-loop diagrams contributing to free energy. Gau
bosons are represented by wiggly lines, ghosts by dotted lines,
mionic ~Majorana! components of chiral multiplets by dashed line
scalars by solid lines andN51 gauginos by double-dashed lines
F~l→0!'2
p2

6
N2V3T4S 12

3

2p2 l D . ~4!
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The ~relative! negative sign of the two-loop correctio
provides further indication that the free energy is
smooth, monotonic function of the ’t Hooft couplin
l. In the following part of this note, we present som
details of the two-loop computation leading to E
~4!.

For the purpose of diagrammatic computations, it is co
venient to use theN51 decomposition ofN54 SYM @9#,
with one Majorana fermion corresponding to the gaugin
and the three remaining Majorana fermions combined w
scalars in threeN51 chiral multiplets. The two-loop dia-
grams are displayed in Fig. 1, together with t
combinatorial/statistics factors. The two-loop integrals c
be readily performed by using techniques described in R
@10#. In the table below, we list results for individua
diagrams:3
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a5g2cAdV3S T4

144
1

T2

12~2p!3 E d3kW

ukW u
D , ~6!

b5g2cAdV3S 5T4

144
2

T2

3~2p!3 E d3kW

ukW u
D , ~7!

with d denoting the dimension of the gauge group andcA the
Casimir operator in the adjoint representation. Note that
dividual diagrams contain ultraviolet divergences. Aft
combining all contributions, we obtain the~finite! result:

F2-loop516a14b5
1

4
g2cAdV3T4. ~8!

Specified to the case of SU(N), with d5N221 and cA
5N, in the leading largeN order the above result yields Eq
~4!.

Finally, we would like to make a few remarks on th
structure of higher-order perturbative corrections. The co
-
r

-

putation of higher-order terms requires reorganizing the p
turbation theory to account for Debye screening and yie
terms nonanalytic inl such asO(l3/2) and O(l2 ln l)
@10,11#. The full O(l2) term requires a three-loop calcula
tion @12# and a full accounting of Debye screening at thr
loops would produce theO(l5/2) terms. However, perturba
tion theory is believed to be incapable of pushing the cal
lation to any higher order due to infrared problems asso
ated with magnetic confinement and the presence
nonperturbativeO(l3) contributions @10,11#. It would be
very interesting to analyze from this point of view the stro
coupling expansion.
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3Diagrams are computed in the Feynman gauge.
tt.
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