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Resummation of cactus diagrams in the clover improved lattice formulation of QCD
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We extend to the clover improved lattice formulation of QCD the resummation of cactus diagrams, i.e., a
certain class of tadpole-like gauge invariant diagrams. Cactus resummation yields an improved perturbative
expansion. We apply it to the lattice renormalization of some two-fermion operators improving their one-loop
perturbative estimate$S0556-282199)03905-3

PACS numbds): 11.15.Ha, 12.38.Gc

In a previous wor 1] we showed how to perform are- _ 1
summation of a certain class of gauge invariant diagrams,Fx,w=§(Qx,M—Qx,w), (2
termed cactus diagrams, in the Wilson formulat{or both
gluons and fermionsof lattice QCD. The resummation of
such diagrams led to an improved perturbative expansion,Qx,MﬁUx,#Uxﬂ;,VUL;,#U;V
essentially by dressing the one-loop calculation of the lattice

'y D) i | T T

renormalizations. Applied to a number of cases of interest, U Uy niiuYs i Yx—fu

this expansion yielded a remarkable improvement when sut Ut . U U

compared with the available nonperturbative estimates. In XT B =X e vy X R TR XY

this paper we extend such calculations to the case of the +uf . U. s U~ - ut 3)
clover improved action formulation of lattice QCIR], XTp X TR EXE R

which is widely used in numerical simulations in order to ) o ]
reduce scaling corrections. In the following we will heavily The improvement coefficierts, can be calculated in per-
refer to Ref.[1] for notation and many analytical results. ~ turbation theory as a function . Its tree-order value is
Cactus diagrams are tadpole diagrams which become di§sw=1; in this case only the leading log scaling corrections
connected if any one of their vertices is removsee Fig. L of O(a) are eliminated. More recently a nonperturbative de-
Our original motivation was the well known observation of termination has also been performed, which allows to com-
“tadpole dominance” in lattice perturbation theory. Indeed pletely cancel the(a) correctiong5,6].
tadpoles diagrams are often largely responsible for lattice By the Baker-Campbell-HausdorffBCH) formula we
artifacts. This observation has already inspired many propodave
als to improve lattice pertubation theory, see ¢334]. Of
course the contribution of standard tadpole diagrams is notU, ,,=€'9%x 90t v @ 100Ax+ v @ 190A%y
gauge invariant. So we need to further specify the class of ] )
gauge invariant diagrams we are considering. =exXpligo(Ax,ut Axt ur= At v Axn) T O(90)}
Let us write the so-called clover improved action

=expligoF i, +195F 1., + O(gp)}. @
1
- _ %
SL_géx,EW Tri1 UXW]JFZ‘ ; (4My o) e The diagrams that we propose to resum to all orders are the
1 cactus diagrams made of vertices contairﬁrﬁ@v. Terms of
= —Ta L this type come from the pure gluon and clover parts of the
22;’ % L=y Ut it Ve lattice action.
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wheref is a flavor index,U, ,, is the usual product of link
variablesU, , along the perimeter of a plaquette originating
at x in the positiveu-v directions:
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In Ref. [1] we showed how these diagrams dress thesyptraction ¢MS) renormalization scheme, a consistent
gluon propagator and the gluon verticege denote by a means of implementing the cactus dressing is to apply it to
thick (thin) solid line the transverse dressédare gluon  the one-loop difference between lattice and continuum con-

propagatof. tributions that determine the finite renormalization. Cases
with nonzero anomalous dimension can be dealt with in an
_ . 1 5) anaI(_)g_ous manner, by setting _th_e scate 1/a and dressing
1 — w(go) the finite renormalization coefficients as before.

In the following we present a few examples of lattice

) . renormalizations for which non-pertubative evaluations are

where the functiom(go) can be extracted by an appropriate yyilable in the literature. Let us consider the non-singlet
algebraic equation that has been derived in REfand that d ial ts V2 = ZAA d A

can be easily solved numerically; f&U(3), w(g,) satis- vector and axial currents Vi, =y\%y,¢  an ©

fies =$)\ayﬂy5¢// and the renormalization of their Iat_tice coun-
terparts. So far, essentially three nonperturbative methods
g2 have been successfully implemented in the computation of
—u/3r, 2 2 - 0 Y 4 . o
ue ““[u“/3—4u+8]=2gg, u(g°)=4(1——w(go))' such renormalizationsti) use of the Ward identitie$7]

(6) (W1); (ii) nonperturbative renormalization on external quark
and gluon statel8] (NP); (iii) use of finite size scaling tech-

The 3-point vertex dresses as niques[9] (FSS. The major source of systematic error in
these calculations is due @(a) scaling violations. Already
for the tree clover improved action they turn out to be rather

“ = —< - (1 — w(go)) (7)  small atg3=1, where simulations are actually done. So non-

perturbative estimates are quite reliable. In the case of the

tree clover improved action, scaling corrections are estimated
and similarly for other vertices. Contributions to verticesto be less than 5% aygzl using the WI approacfi0,11.
coming from the standard Wilson fermionic action stay un-Lattice renormalizations can be also calculated in perturba-
changed, since their definition contains no plaquettes otion theory. Most perturbative calculations have been per-
which to apply the linear BCH formula. In the clover im- formed to one loop. Thus their use as approximation of the
proved action formulation plaquettes appear in the new fertattice renormalizations introduces(gg) errors in the final
mionic term; thus in this case one should also dress the newstimates of physical quantitigso be compared with the
fermion-gluon vertices originating from this term. O(a) scaling corrections of the nonperturbative metfjods

Let us now prove that the fermion-gluon three-point ver-Many recipes of improvement have been propo&sz e.g.

tex coming from the clover term gets dressed as the threg4], and[11] for a review of themthat essentially consist in
gluon vertex, cf. Eq(7). Proceeding as in Refl] [cf. Eq.  a better choice of the expansion parameter. Among them we
(20) and Appendix B thereih we write for the fermion- mention the so-called tadpole improvem@t (MFI) moti-
gluon three-point vertex: vated by mean-field arguments, in which one scales the link
variable withug(gg)=((1/N)TrU, ,,)** as measured in the
Monte Carlo simulation. Accordingly one rescales the cou-
pling constant: g3—g2,=g3/us. Thus, if at one loop:

i /,’ . 1 /, 1
Q- — + O Touig t 8_[T_TUW+

Fofe ¥ 2F@IABN) 1\ . Z=1+2z,05+0(gj), one obtains a mean-field improved ex-
= TN J;O(zjﬂ)!' N1 (5) TR PATH pansion by

(8) 1
=~ l-u(w) Z=ug|1+ g3 2+ 1—2)+O(gfnf)}. (10)

[solid (dashedl lines represent gluongermiong]. No other Forzexample, folSU(3) in the quer21ched approximation and
dressed vertices are necessary in most of the interesting apt9o=1 one findsuy=0.878 andg;,~~1.68. A more naive
plications, that essentially amount to a dressing of the perand simple recipe of improvement consists just in the change
turbative one-loop calculation. In these cases the dressing f variablego—gpy in the standard perturbative expansion
the fermion-gluon three-point vertex in the one-loop calcula{NMFI).

tion is equiva'ent to a resca"ng of the Constag\w: In the qontext of the clover aCtion, the fO”OWing im-
proved lattice operators have been consid¢ie

Cow— Csw=Csw" (1—W(gp)). 9

1 -

1 -
One can apply the resummation of cactus diagrams to the E[H Z(“Da_ Mo)
calculation of the renormalizations of lattice operators. Ap-
proximate expressions are obtained by dressing the correvherel'=1vy, ,y,vs for VZ andAj‘L respectively, and , is
sponding one-loop calculations. In the case of operatorthe symmetric lattice covariant derivative. Their one-loop
whose anomalous dimension is zero in the modified minimatenormalization is knowh13]
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TABLE |. Some estimates df,, andZ, for the operatorg11) "SRR L L L L
and the tree-improved clover actiongg=1 (8=6). 3 ]
Method Zy Za ]
PT 0.90 0.98 ]
o] 0.86 1.00 .
MFI 0.85 0.97 ]
NMFI 0.83 0.97 1
VWI [11] 0.82 —
AWI [11] 0.8012) 1.11(2)

NP [8] 0.841) 1.068) C
1
Z, [
2 4 A
Zy a=1+2zy a05+ O(dp), (12 ool
where [ ]
0.8 —
Cr I e
2y(Csw) = 7 (—14.36+3.3% sy~ 0.7%3,), (13 Y e o8 1
L

= 5 FIG. 2. Results forz, and Z, (from Ref.[9]), coming from
Za(Csw) = 75,2 (6.87-12.5& g+ 3.5%5y). numerical simulationgfilled circles, fitted by a solid lig bare
(14) perturbation theorydotted line$ and “mean field improved” per-

turbation theory(crosses The dashed lines superimposed on these

The cactus dressing of the above one-loop expressions c4fUres are our resuits from cactus dressing.

be simply obtained by using the dressed transverse gluon

: : lated nonperturbatively employing finite size scaling tech-
ropagatof5) and by rescalin according to Eq(9). We . ) . .
!cohus o%tain the follgwing app%)v(\gmate exp?essi(;qns: nigues and using the nonperturbative estimateg§. The

lattice operators were

_ ZZV,A(ESW) L — 1 =
ZV'A~1+gO—1—W(gg)' (15) Vi= Nyt oy 5 (AL H AN, 0 (16)
Nonperturbative numerical calculations @f, 5 for the L_T~ha 1 - T a
Al = +caz(A, +A
tree-improved clover actiofi.e. csy=1) and atgi=1 have w= NV YsPtCag(A, AN sy,
been obtained in quenched theory by imposing vector 17

and axial(A) WI's and by nonperturbative renormalization ) )
on quark state$NP). In Table | we list these results and Wherecy,, areO(gp) constants, and the corresponding terms

compare them with the one-loop perturbative calculationS€rve to obtain on-shell improved operators. Their perturba-
(PT), our cactus dressin@) of the one-loop expression, the tive renormalization is given by formuld.2) with [14]
mean-field inspired improvemeriMFl) and the result that

one obtains just by substitutirgp with g2 (NMFI). Results 2(Cap) = iz( —20.62+4.7%gy+0.54%,), (18
from other recipes can be found in REL1]. In the case of 167

Zy all improved perturbative estimates get closer to the non-

perturbative results, thus improve PT. On the other hand, in Cr )
the case o, the simple change of coupling frogy to g Za(Csw) = 72 (— 15.80-0.2% st 2. 255w
(NMFI) does not help. Sincg>4gg, it increases the one- (19

loop perturbative correction that has the “wrong” sign, thus
worsening the plain one-loop estimate. Similarly, a changén Fig. 2 we compare the nonperturbative calculations of
of coupling and momentum scale, in the manner of Lepag®ef.[9] with the one-loop and the dressed one-loop calcula-
and Mackenzig¢4], also worsen the PT estimate as the cor-tions. A remarkable improvement is observed. In this case
respondingy(q*) (defined in[4]) turns out to be larger than the cactus resummation performs as the mean-field inspired
do- In the case ofZ, the only procedure improving PT is boosted perturbation theofiFl). As already noted in Ref.
cactus resummation, but its estimate is still relatively far[9], the nonperturbative data are best reproduced by NMFI.
from the nonperturbative result. It is clear that nonperturbative methods are in general
In Ref.[9] the lattice renormalizations of two further lat- preferable to approximations based on perturbative calcula-
tice operators corresponding Y, andA,, have been calcu- tions, due to their better controlled systematic erfdd¢a)
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againstO(gg)]. However, improved perturbative estimates of tadpole dominance. The examples considered here and in
are still quite useful. They indeed provide important consis-Ref.[1] show that the resummation of cactus diagrams leads
tency checks. Further, in those cases where nonperturbatite a general improvement in the evaluation of the lattice

methods are difficult to implement, perturbative methods rerenormalizations based on perturbation theory. The compari-
main the only source of quantitative information. In this re-son with the corresponding nonperturbative calculations is
port we have shown how to extend to the clover improvedglobally satisfactory. Of course, cactus resummation may
lattice formulation of QCD the resummation of cactus dia-also be applied to the lattice renormalizations of other opera-
grams, which represents a direct implementation of the idetors without further complications.
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