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Electric dipole moment of the neutron in the chiral quark soliton model
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Within the chiral quark soliton or Nambu–Jona-Lasinio model with a Witten-Veneziano type ofUA(1)
symmetry breaking as well as with a finiteu vacuum angle, we calculate the leading term (Nc

0mp
2 ) in a

systematic 1/Nc expansion of the electric dipole moment of the neutron. The consistency requirement that the
effects ofu should vanish, if either the anomaly or any quark mass vanishes, is satisfied. The resulting upper
limit for u is u,2.831029, which lies close to the upper bound obtained in the literature from other chiral
models.@S0556-2821~99!03605-X#

PACS number~s!: 11.30.Er, 11.15.Pg, 11.30.Rd, 12.39.Fe
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I. INTRODUCTION

The neutron electric dipole moment is known to provi
one of the best experimental limits onCP violating effects.
One possible theoretical explanation of the neutron elec
dipole moment~EDMN! is related to theu parameter of the
QCD vacuum@1–3#, which is introduced when generalizin
the QCD Lagrangian by including an additionalP- and
CP-violating interaction

LQCD
u 52u

g

32p2 G̃mn
a Gmn

a . ~1!

More generally one could also attribute aCP violating phase
to the quark mass matrix. Since via a chiral rotation they
be both combined toū5u1arg detm, we will not differen-
tiate here between them. In addition to possibleCP-violating
terms in the quark mass matrix this is the only extra te
which may be added to the QCD Lagrangian being allow
by gauge invariance and renormalizability.

As in this kind of reasoning the neutron electric dipo
moment is proportional tou, which is a parameter which
cannot be ruled out to be different from zero in the re
world. However a comparison with the experimental value
the electric dipole moment of the neutron~EDMN!, udn

expu
,1.1310225e cm—which should vanish in the limit wher
CP is conserved—gives an upper bound foru when com-
pared with theoretical predictions. Many calculations us
different methods have been carried out in the past; fo
given u all models provide qualitatively similar electric d
pole moments of the neutron@1,2,4–8# ~for effective chiral
models see below in more detail!. Experimentally just re-
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cently @9,10# a new proposal to measure the EDMN with a
improved technique appeared and a theoretical explana
of the possible finding is desirable.

The general feature which is exploited in the calculatio
based on the framework of effective chiral models is t
possibility to transfer strongCP violation to the quark secto
by making an appropriate axial rotation of the quark fie
@11#. Several estimates have been performed, specificall
the s-model @12#, in the color dielectric model@13#, the
Skryme model@14,15#, valence quark models~chiral bag
model@16#, cloudy bag model@13,17#, MIT bag model@11#!
and considering effective chiral Lagrangians@18,19#; they
agree in the order of magnitude and giveu,1029 ~for some
explicit values, cf. Table I!. Nevertheless the different mod
els and the corresponding calculations exhibit differen
concerning their consistency with general theoretical c
straints like chiral symmetry and the PCAC relation. T
MIT bag model e.g. does not obey chiral symmetry at
bag surface, where reflected quarks change their helicity.
cloudy bag model is chirally symmetric, but with the sym
metry breaking term implemented as a quark mass term
with dynamical pion fields, the PCAC relation is not given
terms of the pion field but instead in terms of the pseu
scalar isovector quark density. This in contrast to the N
models, where the pion is a quark-antiquark state formed
the model and not put in by hand and the PCAC relation
realized explicitly.

The color dielectric model is a non-topological solito
model like the solitonic NJL model which even genera
confinement dynamically via the coupling of a scalar field
the gluons. In this model Birse and McGovern@13# have
calculated the pion loop contribution. The explicit chir
symmetry breaking terms were expressed there in term
local mesonic fields instead of explicit quark mass terms
the fermion part and therefore in that case the tree le
contribution to the EDMN was vanishing. The tree level co
tribution was however calculated in the cloudy bag mo
©1999 The American Physical Society05-1
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TABLE I. The various contributions to the EDMN in units of 10216ue cm for the cloudy bag models
~CBM!, the color dielectric model~CDM!, the MIT bag model~MIT !, the chiral bag model (xBM), chiral
effective Lagrangian~ECL! and the present NJL model. In the last line the power counting (Nc ,mp

2 ) is given
as far as applicable. Tree/valence level contributions in CDM do not appear due to a special choice
explicit symmetry breaking terms. The Skyrme contribution was considered as related to the Dir
contribution in chiral quark models@20#.

tree/valence pion loop Dirac sea total comment

CBM @13# 21.77 21.14 – 22.83 R51 fm
CDM @13# 0 21.17 0 21.17 no quark mass
MIT @11# 28.2 28.2
Skyrme@14# 20.57– 1.3 21.87 Nc

0 ,Nc
21

xBM @16# 22.3 22.3
CBM @17# 21.8 21.4 23.2
ECL @18# 27.2 27.2 f5211°
ECL @19# 21.5 23.3 24.8
NJL 20.45 – 0.06 20.40 M5420 MeV

Nc
0mp

2 Nc
21mp

2 log mp
2 Nc

0mp
2
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@13,17#, where the current masses are always present in
the bag radius.

The Nambu–Jona-Lasinio~NJL! model with the
UA(1)-symmetry breaking Witten-Veneziano term offers t
possibility to calculate the neutron electric dipole momen
a fully self-consistent way. We are altogether able to perfo
a calculation of the sea and the valence contribution to
neutron electric dipole moment in a model, which actua
respects PCAC~partial conservation of axial-vector curren!
and which has been applied rather successfully in the
years to various observables of the nucleon@20#, and we
check, if our result is in line with the presently genera
accepted upper limit foru.

II. UA„1…-SYMMETRY BREAKING IN THE SU„3…-NJL
MODEL

The original form of the Nambu–Jona-Lasinio~NJL!
Lagrangian @21,22# with current quark mass m
5diag(mu ,md ,ms) and supplemented with strange qua
fields becomes

LNJL5q̄~x!~ i ]”2m!q~x!1Lint , ~2!

where the interaction part can be written as

Lint52
G

2
@„q̄~x!laq~x!…21„q̄~x!ig5laq~x!…2#. ~3!

The LagrangianLNJL possesses chiralSUR(3)3SUL(3) in
addition to UA(1)3UV(1) symmetry. Whereas the chira
symmetry is spontaneously broken in the NJL model, lead
to the Goldstone boson octet of pions and kaons, theUA(1)
symmetry is not broken.

This UA(1) symmetry is however broken in QCD by th
anomaly and non-perturbative gauge field configurations
instantons are known to give sizeable contributions to th
matrix elements. The instanton induced effective quark in
action in the instanton gas or the instanton liquid model is
05600
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’t Hooft type @23,24# and contains also flavor mixing inter
actions. A simpler, effective way to incorporate such
UA(1) breaking term in the NJL model may be to add

Lan52
x2

2 S 2u1
i

2
~ log detq̄PRq2 log detq̄PLq! D 2

, ~4!

which was first proposed by Witten@25# and Veneziano@26#
and which is not flavor mixing. Recently it was even deriv
@27# from some non-local four quark interaction term whic
had an infrared singularity in momentum space. The meso
spectrum is somewhat different@28# for ’t Hooft and Witten-
Veneziano interaction, but the different flavor mixing pro
erties of both are not essential for the present investigat
The size of the parameteru gives a measure for the streng
of CP-violation, which results in the bosonized form e.g.
a non-vanishing vacuum expectation value of the sing
pseudoscalar field foruÞ0. The quark bosonization will be
performed in the next section in more detail and results
rewriting theUA(1) symmetry breaking expression Eq.~4!
into the following form:

L an5
x2

2 S u1Tr arctan
p

s D 2

. ~5!

The effect of this term foru50 ~i.e. withoutCP-violation!
is to change the masses of theh andh8 mesons and to drive
them considerably closer to their experimental values. In
general case of non-vanishingu the termLan contains linear
and quadratic parts in the fields. Whereas the quadratic
contributes to the masses, as just stated, the effect of
linear part can be shifted to the quark sector. Therefore
perform an axial transformation of the quark fields to remo
the linear part. The nonanomalous part of the Lagrangia
chirally invariant except of the current mass matrix.
5-2



e
r

ELECTRIC DIPOLE MOMENT OF THE NEUTRON IN . . . PHYSICAL REVIEW D 59 056005
Up to the first order in the pion field we hav
Tr arctan(p/s).Tr(p/s), and with neglecting the flavo
symmetry breaking of the scalar field, i.e. with settings
5sala.s13 , we get for theUA(1) andCP non-invariant
part of the effective Lagrangian
om
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,
tl
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e
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L an.
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3

x2Nf
2

s2 ~p0!21A2

3

x2Nf

s
up0. ~6!

Together with this contribution thep0-p8-subsystem of the
mesonic mass matrix is given by@m0[(mu1md)/2#
Lmass
an .~p0,p8!S m2

3 S 2
m0

Mu
1

ms

Ms
D1

1

3

x2Nf
2

s2

m2

3
&S m0

Mu
2

ms

Ms
D

m2

3
&S m0

Mu
2

ms

Ms
D m2

3 S m0

Mu
12

ms

Ms
D D S p0

p8D1A2

3

x2Nf

s
up0. ~7!
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The desired transformation to remove the linear part fr
the action is of the form,q→exp„2(i/2)g5(e0l01e8l8)…q
andq̄→q̄ exp„2(i/2)g5(e0l01e8l8)…. They induce the fol-
lowing transformations@asO(e)5O(u) only first order is
taken into account# of the p-fields, p0→p01se0 and p8

→p81se8 and the current mass matrix~without isospin
symmetry breaking, i.e.,mu5md5m0), q̄mq→q̄mq1LCP
with LCP5q̄ig5m̄uq and

m̄5213S 1

3
A2

3
~2m01ms!

e0

u
1

2

3)
~m02ms!

e8

u D
2l8SA2

3
~m02ms!

e0

u
1

1

3
~m012ms!

e8

u D . ~8!

Performing the rotation ofLmass
an , Eq.~7!, and demanding the

linear part to vanish gives two linear equations to determ
the parameters of the chiral rotation,e0 and e8 . Inserting
them into Eq.~8! leads in the limit of small current masses
the flavor singlet result forLCP, corresponding to

m̄5
1

1

m0
1

1

m0
1

1

ms

~12S!

5F(
i

1

mi
G21

~12S! ~ i 5u,d,s!. ~9!

The parameterS is numerically small for the physical region
of the order of magnitude of some percent. This is exac
the result which was already found in Ref.@13#. Equation~9!
satisfies the constraints which are demanded in the litera
~cf. e.g.@18,19# and references therein!: ~i! m̄ vanishes if one
of the current masses is zero;~ii ! it vanishes in absence of th
anomaly, i.e. forx250 ~then S51). Since the anomaly is
suppressed by 1/Nc @18# the quantitym̄ is actuallyO(Nc

21).
The numerical value form̄ follows at once from the val-

ues form0 andms . Usingm056.1 MeV, ms5150 MeV and
Nf53 givesm̄53.0 MeV.
e

y
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III. THE ELECTRIC DIPOLE MOMENT
OF THE NEUTRON

The expectation value of the neutron electric dipole m
ment is calculated in the so called chiral quark soliton mo
@29# also known as solitonic NJL model. This instanton m
tivated model was first derived by Diakonov and Petrov@30#
and recently extensive reviews describing a variety of st
hyperon observables calculated so far appeared@20,31#.
Therefore we will go through the derivation here only ve
shortly. The original four quark interaction of the Nambu
Jona-Lasinio model is first bosonized by introducing aux
iary fields, carrying the quantum number of the scalar a
pseudoscalar meson nonet of SU~3! @20#. In this way the four
quark interaction terms are reduced to an expression o
bilinear in the quarks and containing the auxiliary meso
field. This has the advantage of making it possible to in
grate out the quarks and perform a saddle point approxi
tion for the mesonic fields which in nuclear physics cor
sponds to the so called Hartree approximation.

The generating functional of the bosonized Nambu–Jo
Lasinio model is then given by a path-integral in Euclidi
space as

W@v†,v#5E Dq̄DqDM̂

3expH 2E d4x~LNJL1LCP1 iv†q1 iq†v!J ,

~10!

with LNJL5q†(x)„2 i]”1m1PRM̂ (x)1PLM̂†(x)…q(x) and
M̂5g(s1 ip) whereM̂ is the complex chiral field contain
ing the scalar and pseudoscalar meson nonets. TheCP vio-
lating part here in the quark sector is given byLCP
5q†ig5m̄uq.

The soliton in this model is obtained after separation
spatial and time derivatives and defining the one part
Hamiltonian

H5
a i] i

i
1b„m1g~s1 ig5p!…1b ig5m̄u ~11!
5-3
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~we set g i5ba i , g05b). Furthermore we use the usu
hedgehog-ansatz for the time independent chiral fieldU(xW )
[s(xW )1 ig5p(xW ) and arrive at theSU(3) flavor case via a
trivial embedding of theSU(2) solution, i.e. by setting@32#

U5S U0 0

0 1D , ~12!

whereU0 is theSU(2)-field. The classical equations of mo
tion can be solved self-consistently for the chiral fieldU,
resulting in a localized soliton with unit winding numbe
The energy spectrum of the HamiltonianH for the baryon
number one sector contains a discrete valence level insi
mass gap of size 2M (M5constituent quark mass! @33#.

In order to obtain states with the definite quantum nu
bers for spin and isospin, a semiclassical quantization of
rotational zero modes is performed. This is the idea of A
kins, Nappi and Witten@34#. A detailed treatment is pre
sented e.g. in Refs.@20,31#.

The complicated time dependent ansatz for the ch
fields in this scheme is to be compensated by an approp
rotation of the quark fields@35#. By rotating the quark fields
according toq8(x)5A(t)q(x), whereA(t) is a time depen-
dent SU(3) rotation matrix, the LagrangianLE5LNJL
1LCP becomesLrot@A(t)# @20#. Then the expectation valu
of the electric dipole density@with the quark charge matrix
Q5e diag(2/3,21/3,21/3)] takes on the following form:1

d~x!ª^Nuq†~x!Qx3q~x!uN&

5E Dq†DqDA~ t !@q†~x!Qx3q~x!#

3expH 2E d4xL rot@A~ t !#J . ~13!

We are treating the Witten-Veneziano term here as a pe
bation and Eq.~13! has to be expanded in addition in th
rotational frequencyV5 iA†Ȧ and possible flavor symmetr
breaking terms;A†mA, wherem is the current quark mas
matrix. The rotational corrections are however suppresse
1/Nc and the symmetry breaking corrections also turn ou
be a next to leading order corrections. Therefore, as
attempt to determine the magnitude of the EDMN, we ign
possible 1/Nc as well as current mass corrections. Solvi
the system without expanding inu would change the soliton
since the term mixes states with natural and unnatural pa
@20# and would make it technically rather complicated sin
it would involve the diagonalization of matrices twice th
size. Sinceu is very small the perturbative treatment is ju
tified here.

After some straightforward but tedious steps this form
ism leads to an expression for the dipole moment of
neutron

1Here in a schematic way, see@20# for a much more pedagogica
introduction.
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E d3xd~x!5dn
valence1dn

sea ~14!

where

dn
sea52eNcm̄u (

m,0,n.0

^nux3t3um&^mu ig0g5un&
uEn2Emu

3^N↑uDQ3uN↑& ~15!

dn
valence52eNcm̄u (

nÞval

^nux3t3uval&^valu ig0g5un&
En2Eval

3^N↑uDQ3uN↑&. ~16!

Here thê N↑uDQ3(A)uN↑&51/10 are the matrix elements o
the Wigner functionDQ3(A) between two neutron state
with spin up. The sums in Eqs.~15!, ~16! run over all posi-
tive and negative one particle energy levels; positive~nega-
tive! indices are associated with positive~negative! values of
the orbital energies. A remark to the non-regularization
the sea contribution in Eq.~16!: The dipole moment is given
by the integral over the time component of the vector c
rent, which in Euklidean space is related to the imagin
part of the effective action and related to the Wess Zum
term. Since theu term in Eq. ~11! itself is Hermitian, the
dipole moment calculated in the linear order inu and in
lowest order of the rotational corrections is also related to
imaginary part and therefore finite. Therefore the express
~16! is not regularized and we checked numerically that it
indeed finite. In fact it can be shown that an expansion of
dipole moment in terms of the gradients of the chiral fie
only yields finite expressions.

Using standard techniques the numerical calculation
Eqs. ~15!, ~16! can be performed. The NJL model in th
standard formulation@20# fixes its parameters tomp , mK and
f p in the meson sector and then has the constituent qu
massMu as the only free parameter. Figure 1 shows o
result for the electric dipole moment of the neutron for
physical range of constituent quark massesMu . We see that
the valence contribution is by far the dominant one and

FIG. 1. The electric dipole moment of the neutron in depe
dence on the constituent quark massMu , in 10216ue cm.
5-4
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sea contribution does not play a crucial role. Furtherm
one can see that in our model the dipole moment varies o
smoothly with the constituent quark massMu , so that small
variations ofMu do not alter the result considerably. This
in contrast to Ref.@17#, where in the cloudy bag model wit
small variations of the bag radius a wide range of values
the dipole moment can be produced.

Finally for a typical value ofMu5420 MeV, which re-
produces basically all static nucleon observables@20,31#, we
find

dn520.4310216ue cm. ~17!

Together with the current experimental limit for the neutr
electric dipole moment@36#,

udn
expu,1.1310225e cm, ~18!

we get the following upper bound for the parameteru, i.e. for
the strength ofCP-violation in the QCD Lagrangian

u,331029. ~19!

IV. CONCLUSION

Generally, in the literature in the framework of effectiv
chiral theories agreement is found for the order of magnit
of dn ~cf. Table I!.

It has been pointed out in Ref.@13# that the contributions
from the loop and the valence terms in the cloudy bag mo
with the correct implementation of the anomaly reinfor
each other so that in none of the available models there
cancellation mechanism for this EDMN up to now.

The present chirally symmetric NJL model, which w
have investigated, contains the explicit chiral symme
breaking current masses in the fermion determinant. Th
fore we have been able to calculate the direct or vale
level contribution to the dipole moment. Furthermore, sin
in our model also the polarization of the Dirac sea is con
tently taken into account, we get in addition a sea contri
tion to the dipole moment which is as far asNc counting is
concerned of the same orderO(Nc

0mp
2 ) as the valence con

tribution. So we have been able to perform an estimate fr
valence and sea parts in a model which actually resp
PCAC and therefore outperforms some of the older
s.

cl
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proaches. Our sea contribution however has a different s
compared to the valence term, which offers the possibility
cancellation effects and therefore relax the constraint onu;
but it actually turns out to be small in the full range
parameter space which is given by reasonable values for
constituent quark mass. If we would go to very large co
stituent quark massesM;700 MeV it is well known that the
valence level enters the Dirac sea and the sea contribu
becomes large. This is also the case for the dipole mom
Since a fixed chiral profile is determined by the dimensio
less quantityMR, where R is a typical size of the chira
field, the scenario above can also be achieved by hav
chiral fields with rather large extensions in which case
NJL model is very closely related to the Skyrme model@20#.
However most of the observables of the model beco
rather unphysical in this regime.

Numerically our result ofdn520.4310216ue cm leads
to u,331029 and therefore gives the same order of ma
nitude as other comparable estimates, but it seems to
somewhat less restrictive for the size ofu. The valence con-
tribution in the cloudy bag model~CBM! e.g. is significantly
larger, but it scales like the bag radiusR2 and is much more
sensitive to the model input parameter than the present
result.

Another point is that in the present model 1/Nc correc-
tions from SU~3! collective excitations could be large~as has
been shown in@14# for the Skyrme model! and dominate the
lowest order result. It is known that for the vector charges
SU~3! to satisfy the Gell-Mann–Nishijima formula@37# the
linear 1/Nc corrections are essential. Technically this cont
bution would however be well beyond the scope of t
present calculation. Finally pion loop contributions, whi
are suppressed by 1/Nc but contain the non-analytic
mp

2 logmp
2 contributions, could give another sizeable effe

in the present model similar than they do in the color diel
tric model ~CDM! @13#.
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