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We compare the effects of different quark diagram topologies on the weak hadronic width of heavy-light
mesons in the larghl; limit. We enumerate the various topologies and show that the only one dongarant
even comparab)ein powers of N; to the noninteracting spectator “tree” diagram is the “annihilation”
diagram, in which the valence quark-antiquark pair annihilates weakly. We compute the amplitude for this
diagram in the 't Hooft mode{QCD in 1+ 1 spacetime dimensions with a large number of colgk at the
hadronic level and compare to the Born term partonic level. We find that quark-hadron duality is not well
satisfied, even after the application of a smearing procedure to the hadronic result. A number of interesting
subtleties absent from the tree diagram case arise in the annihilation diagram case, and are described in detail.
[S0556-282(199)03305-9

PACS numbses): 12.38.Aw, 11.10.Kk, 11.15.Pg, 13.25

I. DESCRIPTION OF THE PROBLEM between spectator and annihilation decays.
To inquire about duality in a model, one must require that
The notorious difficulty of computing strong interaction the model exhibits permanent quark confinement and
quantities from first principles leads directly to a multitude of asymptotic freedom; the former is necessary for a meaning-
models, methods, and approximations. QCD lore dictate&!! definition of purely hadronic properties, while the latter is
that inclusive rates, i.e., those for which we do not inquirebelieved to be the main ingredient of duality. The 't Hooft
about any details of the final hadronic state, are given tgnodel is a_good candidate: It satisfies the_se requirements and
good approximation by the corresponding rate in a theoretiP€haves, in many other respects, much like the real world of

cal world of unconfined, perturbative final-state quarks. ThisSt'ong interactions. _
lore, known as “quark-hadron duality[1] is seldom shown Perhaps still the most straightforward and frequently used

to follow from first principles. In some cases, such as the ratémde! of strong |nteract|or!s' Is the constltu.en_t quark mo_del,
in which hadrons are envisioned as consisting of confined

This is the so-called “global” .duallt){“3], |n”contrgst With  cated brew of gluons and sea quarks, the undeniable success
duality for unaveraged quantities, or “local” duality. of the quark model in predicting hadronic spectra or enumer-
Quark-hadron duality applied to decays of heavy mesongiing decay modes still leads researchers to apply this
[4,5] permits the computation of many important quantities,scheme immediately when approaching a new hadronic sys-
such as meson lifetimes, hadronic branching fractions, angsm.
the average number of charm quarks pejuark decay. One  The asymptotically free parton result, i.e., the result of the
must note that the duality used here is of the “local” variety, valence quark model dressed with perturbative QCD correc-
and therefore less likely to be valid. Indeed, the sizeablgions, is also the leading term in an operator product expan-
deviations between theoretical predictions utilizing this formsion [2] (OPB), in those cases where an OPE is known to
of duality and experiment for lifetimes, branching fractions exist, such as deep inelastic lepton-hadron scatté¢ihgnd
and charm countings suggest that either there are large cog® e~ annihilation[8], as well as semileptonic processes in-
rections to duality, or worse, that the duality lore simply doesvolving heavy quarkg9]. One feature held in common by
not apply in this context. these processes is the presence of a large mass or energy
In this paper we study whether duality holds for annihila-scale, which provides the inverse expansion parameter of the
tion decays of heavy mesons in a highly simplified butOPE; consequently, it is tempting to suppose that other pro-
soluble strongly interacting theory; in a previous paf@r cesses with large scales also possess OPEs. Such is the case
we explored this issue for spectator decays of heavy mesonfor the nonleptonic decays & mesons, where an OPE in
We also investigate the validity of duality in the interferencepowers of 1, is purported to exisf10].
As of the time of this writing, measurements of many of
these exclusive channels at CLEO and LEP are being per-
*Email address: bgrinstein@ucsd.edu formed. Apart from the intrinsic value of such information,
"Email address: lebed@jlab.org nonleptonicB decays are expected to provide valuable in-
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FIG. 1. The(color-unsuppressegdtree” (T) parton diagram for
the decay of one meson into two mesons. Ovals indicate the binding
of partons into hadrons. FIG. 3. The “annihilation” (A) parton diagram for the decay of

one meson into two mesons. Ovals indicate the binding of partons
sights into QCD, magnitudes of Cabibbo-Kobayashi-into hadrons.
Maskawa(CKM) elements, an€ P violation; consequently, ) ) o ) ) )
understanding these decays has become the focus of much Likewise, the “annihilation” amplitude A(Fig. 3), in
recent theoretical work. But the theoretical situation is widewhich the valence quark-antiquark pair of Bennihilate to
open, precisely because no part of the decay is free of the W (quantum numbers permittihgis assumed to be sup-
complications of strong interaction physics. pressed compared to the T amplitude because of the diffi-

When applied to a8 meson, the lore of quark model _culty of theb quark and the gr_ltiquark “fin_din_g” each_ other
calculations or the expansion of Refs, 10] declares that N 'Fhe meson in _order to annihilate. Quantitatively, this prob-
the inclusive decay width should be dominated by (ttwor- ability is proportional to the square of the meson wave func-
unsuppressad-tree” diagram T (Fig. 1), in which theb  tion at vanishing quark separatiofy(0)|?=f3 (the van
quark decays to a lighter flavor by emission o\, par-  Royen-Weisskopf relatiofi1]). To compare this probability
ticularly asm,— . The daughter quark of the then com- with that of the T diagram, one then argues that the only
bines with the spectator antiquark to form one mesonremaining dimensionful quantity that can be used to form a
whereas the quark-antiquark pair from the nonleptonic decaprobability ismg, so that the relative probability of an an-
of the W form another. The above process assumes factomihilation to a tree process ig/m3=<0(0.2%).
ization, which means that th& system and daughter- Nevertheless, other concerns lead one to believe that the
spectator systems are regarded as non-interacting after te@nihilation and other non-spectator diagrams may be more
initial weak vertex. One very interesting comparison that carimportant than one would naively expect. For, if non-
be made at this point is between the width obtained by thénteracting spectator diagrams dominate decaystwidrons,
sum of such diagrams in Fig. 1 regarded as hadronic decaysw then does one explain the fact that the lifetimeBof
and the corresponding free quark decay. mesons is greater than that &f, baryons by 30% or more

Of course, such a diagram is but one possibility, even i[12]? One possible explanation is that the naive estimate of
the simple quark model. For example, the spectator antiquare previous paragraph fails to include potentially large nu-
and the antiquark from th&/~ decay may trade places be- merical coefficients. This point of view has been voiced re-
fore hadronization, the “color-suppressed” tree diagram Ccently in Ref.[13], which recalls the old observatids,14]

(Fig. 2. Such an amplitude is suppressed by a factdlof  that the annihilation width has a phase space enhancement of
the number of QCD color charges, compared to the T ampli1672 compared to the tree width. One obtains this result by
tude, since th&V is a color singlet; thus, the color indices are application of perturbative unitarity of the S-matrix to a cut
automatically suitable for creating colorless mesons in Figacross loop diagrani&igs. 4a,b]. Since the diagram giving

1, but require rearrangement in Fig. 2. Of course, in a reatise to the tree width requires an additional loop integration
meson there may be additional dynamical enhancements @bmpared to that for the annihilation width, the latter is en-
suppressions, and moreover, the exchangangiumber of  hanced by a relative factor of #8 (multiplied by the origi-
gluons and color charge between the quarks on oppositgal factorf2/m3).

sides of theW line may completely muddle the hierarchy  But is such an effect genuine? As soon as one includes the
based on larg&l. counting. gluon lines necessary to bind real mesons, the counting of
loops no longer leads to an obvious enhancement, unless we
impose another hierarchy to suppress the effects of these
exchanged gluons. The difficulty originates, as always, in our
inability to take into account the multitude of gluons and
virtual quarks involved in the strong coupling of mesons.

A question similar in spirit is that of the sense in which
the partonic annihilation diagram Fig. 3 exhibits quark-
hadron duality with its corresponding sum of exclusive had-
ronic channels. Just as it is expected that the width obtained

FIG. 2. The “color-suppressed{C) parton diagram for the de- from the tree diagram Fig. 1 approaches its corresponding
cay of one meson into two mesons. Ovals indicate the binding osum of exclusives as the heavy quark mass becomes large,
partons into hadrons. one may study whether this is true for processes in which the
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the results from a soluble theory quite similar to real QCD in
some respects and quite different in others may shed light on
the full four-dimensional problem.

The paper is organized as follows. We begin in Sec. Il
with an enumeration of the various quark diagram topologies
and study the scaling of each in the larbe limit. This
classification is independent of the number of spacetime di-

(a) mensions. We find that, in the decays of interest, n&iye
power counting at the diagram level is subtle and deserves
special discussion. The annihilation diagram emerges as the
dominant topology and is the one whose computation is stud-
ied in the subsequent portion of the paper. In Sec. Ill, we
briefly review the more arcane features of 1 dimensional

() physics and the 't Hooft model that are particularly relevant
to the subsequent calculations. Section IV exhibits the alge-

FIG. 4. (a) Diagram giving rise to the “tree” amplitude of praic results of the inclusive parton-level calculation of
Fig. 1 upon a vertical cut through the centapplication of unitar-  \idths, from both a naive tree-level diagram and an analysis
ity). The vertex blobs indicat#/ exchange. (b) Diagram giving based on |oop diagrams as in F|qbﬁ the latter being re-
rise to the “annihilation” amplitude of Fig. 3 upon a vertical cut |5ted closely to the corresponding OPE-like expansion. In
through the centefapplication of unitarity. The vertex blobs indi- Sec. V, we present the results of the width calculation
cateW exchange. Strongly producegfj pairs are not drawn here gk exclusive hadronic channels in the 't Hooft model.
for simplicity. Section VI gives our numerical results and a discussion of

their implications, and Sec. VIl concludes. A short Appendix

quantum numbers of the quarks are such that an annihilatioiscusses the van Royen—Weisskopf relation in arbitrary di-
diagram but not a tree diagram is permitted. mensions.

Unfortunately, the determination of definitive solutions to
these questions requires one to have in hand exact solutions
of QCD, and so is currently out of reach.

However, there does exist a simpler universe in which In order to obtain Green functions for exclusive decays in
QCD can be solved exactly, so that we may consider thehe 't Hooft model, one must first decide which diagrams are
problem of meson decays in either quark or hadron languag@resent at leading order iN.. As is well known,n-meson
As 't Hooft showed long ag¢15], the Green functions of couplings in largeN, appear with a suppression factor
QCD in one spatial and one time dimensiont(1) in the ~ N(1~"2) " and therefore the leading meson decay diagrams
limit of N.—o are completely calculable. Despite thesegre those producing only two final-state mesons. However,
large modifications from our universe, the 't Hooft model for some diagram topologies there is the possibility of direct

remains a nontrivial theory that possesses the attractive fe%’scillation of theB meson into a single highly excited meson

turg C.’f realizing' confinement by binding quark-antiqgarkof the same mass. Such resonant production poses an inter-
pairs into color-singlet mesor(and more generally, forbid- esting problem of largél, counting, as we discuss below.

ding colored statefl6)), as well as asymptotic freedom and Next, we consider the relevant diagrams in terms of
the manyt pherr;\cl)rrlegnologmal resulths of (;am@QCD [11‘7] tquarks, gluons, and electroweak bosons, in order to count
common 10 OuiNc= 5 UNIVErSe, such as dominance ot scal-¢, ., g ofN; appearing in these diagrams. To lowest order in

tering amplitudes by diagrams with a minimum of MeSON | actroweak coupling, a single gauge boson is required:

Fgﬁes, OZI suppression, the absence of exoics, and Otherﬁ'?‘oreover, since we require the decay of a quark, the boson

_ ) — must be a flavor-changinyV rather than ay or Z. It is

In this paper we consider the analogueBoveak nonlep-  convenient to classify all possible diagram topologies ac-
tonic decays in ¥ 1, where ‘B” means a meson with a cording to six classes given by R¢L9], since these account
heavy quark* b” ) of massM and a light antiquark of mass for all possible diagrams including only one electroweak
m; “heavy” and “light” quark are terms made more precise gauge boson. The categories include the color-unsuppressed
in Sec. lll. We studied the question of quark-hadron dualitytree diagram T(Fig. 1), the color-suppressed tree diagram C
for the tree diagram in Ref6], in which it was shown that (Fig. 2), the annihilation diagram AFig. 3), the electroweak
agreement between the two picturesMis-=~ occurred in a “exchange” diagram EFig. 5a)], the “penguin” diagram
subtle and surprising manner with such high precision thaP [Fig. 5b)], and the “penguin annihilation” diagram PA
the discrepancy between the two yielded a remarkable resultFig. 5(c)]. For the P diagram exhibited in Fig(l§ it should
a correction to the Born term partonic limit well-fit numeri- be noted that the gluon may instead attach directly to the
cally by a term of relative order . Encouraged by this spectator antiquark, in which case production of an addi-
result, we ask what may be learned from other topologies ofional quark-antiquark pair is not required. Similarly, the PA
Feynman diagrams. We study in detail the annihilation diatopology includes diagrams in which the intermediate glue
gram and compare the total width with that obtained fromconnects to a single final-statg pair. Although these dia-
the parton model. Our motivation, as before, is the hope thagrams were originally exhibited in the context of quark

II. QUARK DIAGRAM TOPOLOGIES AND LARGE N,
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the amplitudes and folding in phase space as usual, which
adds no powers oN_. since meson masses and momenta
scale asNg. For reasons that will presently become trans-
parent, let us refer to the above as “naivil, power count-

ing.

() Suppose, however, that a given diagram topology permits
a resonant flavor-changing transition int@iagle meson, to
which we may assign the label “one-meson decay.” Such
diagrams clearly dominate over those of the corresponding
two-meson decay by a factor afN, in amplitude. There-
fore, 't Hooft model(or indeed any largdl;) studies of the
two-meson decay mode for such diagrams appear doomed
since the 't Hooft model presents results only for behavior at
leading order inN,.

Nevertheless, the one-meson decay is a very strange
physical process. For such a transition to occur on shell, the
final-state light-quark meson must have precisely the same
mass as the initial heavy-light meson. The weak decay width
as a function oM to lowest order inN, is then a series of
delta function spikegsince the strong decay widths of the
light quark mesons scale asNL), with a nonzero value if
and only if M is tuned just right to produce such a light
quark meson. In this picture, a continuum width appears only
© at relative order (1/N.)?=1/N., when two-body decays are

permitted.

FIG. 5. (a) Electroweak “exchange’(E) parton diagram. (b) Clearly, this is an unsatisfactory physical picture. It im-
“Penguin” (P) parton diagram. (c) “Penguin annihilation” (PA) plies that the leading behavior of the weak decay width
parton diagram. Since the initial and final states are color singletsscales as\Ny for some integem if M is tuned to certain

the intermediate state actually requires at least two gluons; hOWSpeCiaI values. but scales &Q—l otherwise. The simple
ever, the archetype presented here exhibits the $é¢qmunting. large N, diagram counting appears to have failed us
Cc .

Fortunately, it is not difficult to develop a useful and con-
model calculations, they suit our purposes since the inclusiogistent physical interpretation for such situations. The salient
of each additional meson, quark-antiquark pair, or externapoint is to considem, very large but still finite, so that
gluon is accompanied by suppressions in the amplitude aftrong widths of light-quark mesons are not strictly zero;
orders 1{/N., 1N, and 1A/N,, respectively. Furthermore, indeed, the usuaN, counting shows that thei©(1/N,)
diagrams with internal gluons are either nonplanar and hencgtrong widths are exactly what one obtains from strong de-
suppressed by powers ofNl7, or planar and produce a dia- cays into two lighter mesons. Thus, the one-meson decays
gram at most of the same order M. as the diagram ob- may be interpreted as intermediate states in the decay of the
tained when all such gluons are removed. Thus, the simpliitial heavy-light meson through a single resonance into the
diagrams displayed in the figures are representatives of thog@al two-meson state.
with the leading behavior il for each possible topology. Effectively, in this picture one integrates out the one-

The electroweak gauge boson does not carry color charg@article decay resonant channels, which dominate the non-
and so the possible diagrams fall into two categories: thoseesonant two-particle weak decay widths Nﬂ from the
in which the boson connects two otherwise disjoint colorhadronic Lagrangian. However, unitarity demands that the
loops, and those in which the boson begins and ends oextra power ofN. must appear somewhere in the remaining
guarks already connected by gluons and therefore within degrees of freedom, and this is accomplished through Breit-
single color loop structure. Clearly, the former diagramsWigner resonances appearing in the two-meson continuum at
boast one extra color loop, and thus dominate the latter by points where the mass of the initial heavy-light meson and
factor of N.. The former set consists only of the T and A light-light resonance are equal. The single meson decays
diagrams, whereas the latter set includes C, E, P, and Plhave thus achieved the same interpretation aptpeak in
diagrams. Only for T and A diagrams does the amplitudethe 77 continuum.
factorize into a product of a decay constant and the matrix Despite this natural interpretation, it is important to see
element of a current between two mesons. Finally, forming axplicitly that it supports the correct lardé. counting. Let
color-singlet meson for the one initial and two final mesonsus suppose that a certain class of diagrams gives a naive
brings in a factor oNc_s/2 for each amplitude, and so we find one-meson weak decay width of ordé} for certain special
that the amplitude issN} Y2 for T and A, «N_ Y2 for C, E,  choices oM. The equivalent resonant two-meson decay dia-
and P, andxN_ 32 for PA. Widths are obtained by squaring gram has a naive amplitude of ordef" 2 [and hence a

(b)
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naive widthO(N{""1))], and includes a propagator of the =~ TABLE I. Large N. dependence of two-body meson decay
form* widths from all quark diagram topologies. A subscripindicates

that the counting is enhanced N& relative to naive counting by
i the presence of resonant intermediate states.

——, (2.2)
— J’_
po mptipply N2 N N? NS N; 2

where the initial meson has mags), and the resonance, A, T P, Ex C PA
labeled byp, has masgi, and strong width™,=O(1/N).
Unlessuj is very close tau}, the propagator i©(Ng) and
the naive largeN, counting is maintained. However, when to base our conclusions on as simple a system as possible, in
Mgzﬂg the previously suppressed factoy becomes domi- the present work we have chosen flavors so that such iden-
nant and promotes the propagator to a quantity of ortter tical final-state mesons do not occur. In terms of the labels in
The question becomes, how much area lies under this Breithe T diagram of Fig. @ and the A diagram of @), we
Wigner? To answer this, we note that the relevant quantity irfhoose parton 1 to be the heavy quark™of mass M,

the width is the propagator squared. Since the peak is verjartons 3 and 4 to refer to identical light quarks, and 2, 3
tall and narrow, the rest of the invariant amplitude varies(=4), and 5 to be quarks degenerate with masdut of

little over the width of the peak, and thus may be treated aélifferent flavors. In terms perhaps more familiar, this means
an overall constant. We may then extend the limits of thehat a “B” meson with flavor content lfu) decays to two
integral in 2 from the immediaté(1/N.) neighborhood of ~“pion” excitations with flavors (i'u) and du’), where the

M,Zg to all valuesu3e (—,+=). Noting that u, d, and hypotheticali’ quarks are degenerate in mass.
Similar assignments may be used to permit certain topolo-
gies and forbid others.

fﬂod 2 ! =T oY, 22
VN L LT o =
Ill. THE 't HOOFT MODEL AND ANNIHILATION
the total weak width become®(Ng), and we see that the DIAGRAMS
large N, counting and unitarity are preserved, exactly as
claimed. More precisely, if the produ(:(,ug) of the invari-
ant amplitude(except for the propagatprphase space and
whatever measure we choose for the integration mfgis a
smooth function in the neighborhood pf,, then

A review of the application of the 't Hooft model and a
description of the interesting physical peculiarities of 1
dimensions appears in Rdb]. Here we reprise only those

+or f(ud) wf(pd)
2 P 1
~ =0(Ny).
f,oo MO(MS—M§)2+;L|2)F§ mpl'p ¢
2.3

It follows that the N, counting for two-meson decay dia-
grams must be modified when it is possible within the topol-
ogy class to have a final state consisting of a sole color-
singletqq pair. The A and E diagrams, and those subsets of
P and PA diagrams singled out above, satisfy these criteria.
In such cases, the width is promoted by one poweNgf
over the result of naive power counting. We obtain finally
the largeN, hierarchy for diagram topologies summarized in
Table I.

We see that the A diagram actually dominates over the T
diagram studied in Ref.6] by one power ofN., precisely
because resonant intermediates enhance the former and not
the latter. However, in order for both diagrams to appear in a FIG. 6. (a) Diagram for “tree” (T) meson exclusive decay
single process, certair_1 restrictions.on thg flavors of quarks iRlumbérs .indicate quark labels used in the textcept0, which '
the mesons must be imposed. Thls assignment must be percre_fers to the ground-stateB” meson), while letters indicate the
formed with some care, because in the general case one m

. o . . fé%envalue index of meson resonances. One can also consider
have to deal with the statistics of identical mesons. In OrdeEontact-type diagrams, in which the point labeled yis not

coupled to a resonance(b) Diagram for “annihilation” (A) me-
son exclusive decay. Numbers indicate quark labels used in the text
YIn the narrow width approximation, which is automatically satis- (except0, which refers to the ground-stateg"" meson), while
fied in largeN.; QCD, it does not matter whethgr, or ug is chosen  letters indicate the eigenvalue index of meson resonances. One can
as the coefficient of ;, in the propagator. We have found that this also consider contact-type diagrams, in which the point labelgul by
statement is empirically true in our numerical simulations. is not coupled to a resonance.
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properties essential to understanding the exceptional featur&ef.[6]. Since explicit factors oN. no longer appear simply

of our results presented below. as a single overall coefficient in the width, one must choose
The 't Hooft model is defined as SN() Yang-Mills  a particular value foN, in order to obtain numerical results.

theory in 1+ 1 spacetime dimensions with both adjoigiu-  Quark-hadron duality should then be studied by takihgas

on) and fundamentalquark degrees of freedom in the limit large as numerically feasible; we return to a discussion of

of infinite group rankN;— 1. This definition leads to a theory this point in Sec. VI.

in which those Feynman diagrams with leading dependence

in N. may be summed explicitly to give closed-form expres- IV. PARTONIC WIDTHS

sions that are numerically, if not analytically, soluble. The _ ) ) )

archetype of these expressions is the solution for the two- The computation of the inclusive width for the decay of a

point irreducible Green function, the 't Hooft equation: heavy-light meson via the annihilation diagram at the Born
level is fairly straightforward, and may be accomplished

_ 'é 'é _ through two complementary approaches, each of which has
2 ;Mm _ Mm .
Badn ()= -+ 7| én (X its own advantages.
The quark Hamiltonian used for this calculation is given
1 M 1 by
_f dyén (y)Pr(y——x)z’ 3.9 L .
0 H=GA,,[q2y*(cy+Cays)b][asy"(cy+ CA)’S)Q2]64 3

where ¢, is the nth meson eigenfunction for a quark-
antiquark pair of massddgl, m, while w is the meson mass where
eigenvaluex is the fraction of the meson momentum carried

by the quark in light-cone coordinates, aRdndicates quark A =9, T EP)PLP, (4.2

mass renormalization: . . .
is the tensor structure of the weak interaction propagator

m‘gH mg = mg—gzNCIZW. (3.2 with momentum transfep. If one ad_opts _notation analogous
' to that of the standard model, then in unitary gauge, such that
Note that gauge couplings ind1 dimensions have units of charged Higgs bosons become irrelevant,
(mass}, and recall the usual 't Hooft scaling of the strong

2
coupling g=1/y/N.. From Eq. (3.2 it then follows that §= ~1My,. 4.3
92N, /27 serves as the natural unit of mass in the 't HOOﬂSimiIarIy
model, and this redefinition has already been used in Eq. ’
(3.1). Indeed, this scale serves much the same purpose in 1 M2,
+1 asAqcp in 3+1, in that heavy quark scaling properties GzZﬁGFMZ—_pZVﬂVzS, (4.9
w

set in for quark masses a few timg§N /27 [20-22.
Meson wave function solutions to the 't Hooft equation where G /v2=g%/8M2, as usual. To complete the analogy,
are either pseudoscalars or scalars, since rotations do ngt

St i tial di ) Lin th idual f " the usualv—A theory one would have, = —c,=1/2,
exist in one spatial dimension except in the residual form of) "\ 1c4ve these as free parameters.
spatial inversion.

i ; The partonic calculation of the width must incorporate the
That three-point 't Hooft model Green functions may be b ! watl wi usti p

dint f tw int functi first sh b annihilation of the initial meson as well as the production of
expressed In terms of two-point functions was Hirst ShOWn By, ) state free quarks. Rather than decomposing the initial

Einhorn[23], with various generalizations demonstrated bymeson into a quark-antiquark pair free but correlated in such

Grlllnste||n.antjthMel?tlj_'éZlf,tZZ. T?.e m_ethc[24] O(; .nuge”'VI a way as to guarantee the desired total quantum numbers, we
cally solving the 1 Hoott equation 1S discussed In Sec. Vi, j,q)de the full meson coupling through

and described in detail if6].
The most remarkable characteristic distinct te 1L phys- (0|cy VA + cpA#N) = (Cyer’+cag””) fup,, (4.5
ics exhibited by these calculations is that two-particle phase
space actually becomes singular ajp[livhen the threshold where VA=qvy*q, A*=qy*ysq=€*"V,, €= +1 andf,
|p|=0 is approached, whellg| is the c.m. spatial momen- is the decay constant of mesar-even. Fom odd, ¢, and
tum of either outgoing meson. Nevertheless, these turn out to, on the right-hand sidéRHS) are exchanged. In the 't
be rather weak square root singularities in the heavy quarkiooft model
massM and therefore have pronounced effects on the width
only at points over a relatively small measureNh The \/N\c _ \/NT 1
corresponding familiar 3 1 expression, on the other hand, fn= o ?J'O dX¢bn(X). (4.6
is proportional to|p|! and thus vanishes at threshold.
Of much greater numerical relevance in any number ofFor the case of mesons made of equal-mass quéksg
dimensions are the Breit-Wigner lineshapes produced byanishes, since the#,(x) is odd aboutx=1/2.
resonant intermediate states. As discussed in Sec. Il, such The first computational approach evaluates the amplitude
resonances enhance the width by a full factoNpfior the A directly obtained from the diagram Fig. 3, where the quark-
but not the T diagram, and therefore were not an issue imntiquark pair created by the weak current is represented by
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free spinors, and the on-shell process pas Mg. Using the
Dirac equation and the# 1 identity y*ys=€*"y,, one ob-
tains

NC 2 2 2 e
Mp=—21/ ?Gcom[cv_ Ca(1+&up) [Usysv2].
4.7

The width is given by

1

I'=——|M.l%
a2l M

4.9

Including a factorN, for outgoing quarks and {N, for
normalizing them into a color singlet, one obtains

2.2
Co

2
At

I par= NZGZ[ ¢4 — CA(1+ £ud)]? (4.9

It is interesting to note that the rate vanishes in the limit of
massless light quarks. This follows trivially from the obser-
vation that in them—O0 chiral limit both vector and axial-
vector currents(of light quarks are conserved. Since for
large N, the A amplitude factorizes, one must contract the
vector index in Eq(4.5 with that of the current producing
the quarks. Contraction witp, corresponds to taking the

divergence of the currents, while contraction wéth,p"” cor-

responds to first exchanging the role of vector and axi
vector currents, and then taking the divergence. Incidentall

this argument also applies ir+3L dimensions.

Since the decay constanfyxc, scales as /M
[11,21,23 andug>xM asM —x, the asymptotidl behavior
of the annihilation diagram width' 5 is 1M?2. This is to be
contrasted with the tree diagram asymptotic widgh which

PHYSICAL REVIEW D 59 054022

iN
( - 70) (cvg”,+cae”,)(Cyg’ s+ Cae”,) (977 — prp/p?)
4m? 1

1
1-— tan ! :
P° J4m?/p’—1 Vamé/p?—1

The discontinuity of the bracketed quantity across the cut for
p?=4m? is given by

X

(4.1

4m? 1 412
p? V1—4m?/p? '

The external couplings and weak current propagators are
given by

—G?3ppUleyes, +Cag llCyer ,+Cag" 1[G it £PLP ]

X[gv)\+§pyp)\]' (413

Substituting into Eq(4.10 the expression4.13 contracted
with Eq. (4.11) using the discontinuity in Eq(4.12, and
finally replacingf, using Eq.(4.6), one again obtains the
partonic rate(4.9). In all subsequent expressions we take
=0 [except when its position in the hadronic calculation is
indicated; see Eq5.2)], corresponding tdv,— .

Once this computation is phrased in terms of the vacuum
amplitude of the product of two currents, one is tempted to
replace the product of two currents by an OPE. However,

this procedure is poorly justified, if at all, since the momen-
ytum across the currentp, is neither in the deep Euclidean

region(where the OPE is systemaltigor is it integrated over

a region in such a way that the contour of integration can be
deformed so that it liesmostly) in the deep Euclidean re-
gion. The physical quantity of interest is the rate at a given
heavy meson mass, so th|af=,u§ is timelike. One can,
however, consider integrating the rate over the varigle

grows asM?, h i th il o had h

The second computational approach evaluates the widtﬁ etn, as in b edrr}ore %m' |3rtr(]:a§ete el '_)da r_onf,d be th
by calculating the loop integral in Fig.(#) and then using ;:ondpurcan € he Oggé gn the m_ggrar\] IS domina ef ﬁ’ e
unitarity to cut the diagram and reveal the on-shell result. Incading term in the - Putting aside the question of physi-

the present case, the first diagram has external quarl?—al utility of this exercisg(in reality, unfortunately, we can-

antiquark pair 1,2 and internal quark-antiquark pair 5,2.  hot vary the mass of thB meson, in the 't Hooft model it

Standard techniques show that the inclusive width to any?@s long been knowfi16,23 that this leading order OPE
final statesX in D spacetime dimensions is given by result is reproduced by the sum over intermediate resonant

states; for clarity, we demonstrate this result in the current
notation below. LargdN; counting dictates that only single
intermediate states contribute. If global dualithat is, in-
cluding integration ovep?) is operative in the rate for anni-
hilation decays, it must be through some nontrivial interplay

) ) o between these resonances and the inclusion of widths by in-
so that one requires onlfone-half of the discontinuity in  ternal meson propagators in the exclusive rates, as discussed
the imaginary part of the loop diagram, which begins at val-j, gec. |1

ues of energy where on-shell intermediate states appear. The |, the 't Hooft model one may explicitly check duality for
factorized four-quark operator iK is used to annihilate and  the vacuum amplitude of the product of two currents in the
create @B meson, as is again quantified by E4.5), leaving  limit of p? large and in any complex direction except along
a vacuum amplitude of the product of two currents. Suchthe positive real axi$where meson poles ocquin fact, this
factorization is a consequence of larje. Retaining only limit was considered first by Callan, Coote, and Griss],

the internal quarks and their couplings to the weak currentwith a number of refinements by Einhof83], but it is in-

one obtains for the diagram structive to see how the calculation proceeds when arbitrary

[(B—X)= %Im i f d®x(B|TH T(x)H(0)|B),
(4.10

054022-7



BENJAMIN GRINSTEIN AND RICHARD F. LEBED PHYSICAL REVIEW D59 054022

combinations of vectorlike currents are included. Defining
P*=€e*"p, and usinge*~e’, = —g*”, the p?>m? limit of
the loop expressiof4.11) reads

iN 1
-2 (ct-cirgn (e i

CyC
Z,ZA(pﬂb%“p")}. (4.14

FIG. 7. Feynman diagram topology for the interference between

On the other hand, the hadronic vertex is defined by EgA and T amplitudes.

(4.5, and so the loop written in terms of resonance contri-

butions reads pared to that of the T diagram. Schematically, the OPE-like
expression for the width reads

if2
(cyet .+ CAg”r)(CvEVw+CAng)Ppr§ pz_MZ- 1
n J— _
(4.15 F(B—>X)~G§M2D‘4[<B|bb|B>+---+W
(Recall thatf, ,4s=0 in this calculation. As p>—complex
o, the sum becomes _ _
| N N X (BB ol blB) .
| 2 | C 2 | C
— = - 4.2
22 =2 = (4.16 (4.23

which uses the definitiofd.6) and the completeness relation Where the ellipses indicate subleading terms for both the T
and A contributions, and numerous overall coefficients as

well as perturbative short-distance corrections have been

En: $n(X) dn(y) = 3(X—y). (4.17) suppressed for simplicity. The overall mass factor is obtained
by noting that the mass dimension®f is M2-D, while the
In this limit, Eq. (4.19 contracts to B bra and ket are normalized tdVR particles per unit vol-

ume and thus have mass dimenshf'~ 2. Each term in
the braces has dimensidn?.

However, this reasoning does not take into account the
(4.18 light quark mass suppression induced by taking the diver-
gence of the light quark current. One obtains an additional
suppressiom?/M? as discussed above, and thus E21)
does indeed predidf ,<1/M? asM—x in 1+1, in agree-
ment with Eq.(4.9).

BV 2 MY — T Y An important point to note is the absence of interference

PTP P P7P" effects between A and T amplitudes in the total width pre-
RumY | 2 v oy dicted by the OPE-like expansion, Eg.21). The diagram in

PP PY PTp (4.19 Fig. 7 would contribute to such an interference effect, but is

It goes without saying that a demonstration of the validityOf order N rather thanN$'? as suggested by Table I. The
of an OPE for hadronic widths in the real world of four absence of interference in the OPE method is not by itself
dimensions and three colors would be much more subtle, d@’OOf of failure of the method since there could be cancella-
one loses some simplifying elements such as factorization.tions among the exclusive channels that effectively cancel

If it nevertheless can be shown that the nonleptonic exthe interference effects.
pansion admits a well-defined OPE, then the diagrams of
Fig. 4b) enter as effective four-quark operators of the form

Cv 02 +Ca 02 + 02 (P“p"+p*p") (-

( + INC)[ Z’D‘M’ﬁ" 2 pMpV CvCa
To see that Eq94.14 and (4.18 are equal requires one to

recognize the followindequivalent tensor identities, which
hold in 1+ 1:

V. HADRONIC WIDTHS IN THE 't HOOFT MODEL

Op=DbI'*qy0,1" b, (4.20 In Ref.[6] the amplitude for each allowed exclusive chan-

. nel proceeding through the T diagram of Figa)pwas com-
where I'* represents the vectorlikev(" and A*) Lorentz  hyted in terms of various sums and overlaps of 't Hooft
structures. In contrast, the T diagram arises from cutting thenodel wave functions. Such an expression, E§8 or
loop diagram of Fig. ¢), and enters the effective OPE (5 19 in that work, represents the exact nonperturbative cal-
through the leading operatéir=bb. Since fermion fields in  culation of the invariant amplitude within the 't Hooft uni-

D spacetime dimensions have engineering dimensionerse of 11 spacetime dimensions and laryg.
M1 by naive power counting the A diagram width in  The analogous calculation for the A diagram of Figo)6
1+1 might be expected to be onlyM/ suppressed com- is almost identical, and essentially amounts to a reassignment
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of indices, as expected from crossing symmétijhe ex-  Sec. I, such an inclusion is essential to give a consistent

pressions in terms of form factors are very similar to thosdargeN. power counting for the two-meson weak decay dia-

for the T diagram, and so we instead present only the resuiram. Explicitly,

for the invarian_t amplitude. As befor,refers to the initial )

ground state (1Pmeson, and is now directly coupled to the T (w.)= i 2Y2_o 20,24 2

flavor-changing current. The light meson at the other end of PP = D g’n )™= 24l ptict )

this current, labeled bp, has quantum numbers (};2m as -
P, has qua (72m 2 F(uE= w2 VAPl 0p) 2 (5.9

before refers to the final-state (B2neson, and (which is

no longer coupled to the flavor-changing curjehias quan-  where, using Eq(5.1), wpzw(pzzlug)_

tum numbers (58 Recall the statement in Sec. Il that, in  The total ratel",,4 for the A diagram is then obtained by

order to have both T and A diagrams, we require quarks 3quaring Eq.(5.2), inserting the result into Eq4.8), and

and 4 to be identical. The kinematic variable, now defined bysumming over all allowed final statksandm. This value is

w=(q_/p_, is given for this diagram by to be compared with the Born term express{dr) as a test
of quark-hadron duality.
1 Mﬁ_ﬂrzn One may also consider direct numerical comparisons be-
w(p?)= 7|1+ —pz—) tween the T diagram total hadronic rate exhibited in Fig. 4 of

[6] andTI'},,q computed here; the correct procedure to follow
in this case is somewhat ambiguous, since the former rate is
(5.1 of order Ng, while the latter integrates to ord(NE when
resonant contributions are taken into account. Therefore, if
one works only in the strict largh.. limit, the T diagram is

infinitely small compared to the A diagram. However, while

2 2
Mt m
2
p

N

Here we see that the relevant threshold is th&t-efnk, i.e.,
2_ 2 H
p°= (it um) . The meson indep should not be confused , )
with its momentump?. The invariant amplitude for states the 't Hc_)oft_m_od_el IS O.f course only _exactly t_rue W.hm
—oo, this limit is believed to survive the inclusion of

above this threshold is given by O(1/N,) correctiond16]. Moreover, since numerous studies

N in the literature show that the phenomenological predictions
Ma=Gc, \ﬁz [[(c{—cR)(L+(=1)P)] of the largeN, expansion survive even foi, as small as 3,

™ p we suppose that a quantitative comparison between the T and
A widths has merit even for smal.. .

= i)
+( 2m) .
p

—ép2eal(Cy+ca)(—1)P—(cy—ca)ll

CpMS VI. RESULTS AND DISCUSSION
X - F , 5.2
(p2_1u',2)+|/1/prp) pkm(wo) ( )

The 't Hooft equation is solved numerically by means of
the Multhopp techniqug24], by which the integral expres-
where now the on-shell process hpd=puj, we=w(p?  sion(3.1) is converted to an equivalent eigenvector equation
=,u§), and the triple overlap is given by amenable to solution using computers. The results presented
here were computed with a basis setkof 200 eigenfunc-

1 © 52, 53 V) L apl V@ tions. As a check that this set is sufficiently large, the com-
Fpkm( @)= HL dv g (W) | 5| Pm| T, putation was repeated usilig="50. Figure 8 shows the ratio
of the total width, solely from the annihilation topology,
11 52, 3 V| v @ computed forK =50 to that forK =200, in the case ofa)
_Efwdvflsp WP~ dm| 15 | N.=10, and (b) N.=1. In both cases the ratio of the

Gaussian-smeared widtHsee below, Eq.(6.2)] is also
(5.3 shown, with a Gaussian width ¢& AM=1.2 and(b) AM
=0.4, in mass units ofN /2. In either case the differ-
where the meson-quark vertex function is defined by ence for widths is never more than 30%, while for the aver-
age width it is never more than 10% fr>5, and less than
5% in the regionM >10.

In all calculations we choose a single fixed value of mass
common to all the light quarksn=0.56. The range oM
Note also the presence of the partial widtp for light-light ~ over which calculation of'n,{ M) is feasible is limited pri-
mesonp strong decay into mesoris andm. As argued in  Marily by the rapidly increasing number of exclusive chan-

nels open to the decay of tl& meson adv increases, and
the concomitant computing time required for the necessary
2Sinceu?> (u.+ w2 for all on-shell processes, it follows that integral overlaps. In prqctice, we limit our studies to the
defined ﬁgre({rﬁkECfSr?)l) always lies in[Op,l], and one may directly rangeﬂomM =2.28(the lightest heavy quark mass that cre-
use the analogue @6.8) in [6] rather than worrying about “back- ates aB with just enough mass to decay to two ground-state
solving” or “contact terms” as described in the previous work.  light-light mesongto M =15.00(at which point almost 150

Mm, oy 1 Mm, 1
o, (Z)—fod)@n (Y)Prw- (5.9
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FIG. 8. Ratio of the total width, solely from the annihilation topology, computedkfer50 to that forK =200, in the case ofa) N,
=10, and(b) N.=1. In both cases the ratio of the Gaussian-smeared widths is also shown, with a Gaussian widtk &f2 in (a) and
AM=0.4 in(b). The unit of mass here and in all subsequent figuregs/i¥ /2.

exclusive channels are opein units of g+N/27r. dn(X)=v2 cospimX) and w2==?n. In an effort to under-

Incidentally, it is known that the standard Multhopp tech-stand the discrepant results we have also calculated the
nique leads to inaccurate 't Hooft wave functions whmn  widths for smaller masses= 0.3 andm=0.1. We find that
<1. In Ref. [26], an improved version of the Multhopp the widths at these smaller masses are comparable to each
method is developed, which does a much better job calculabther andlarger than the widths ain=0.56 by approxi-
ing the wave functions near=0 and 1 whermm is small.  mately a factor of 1.5. We have also computed the widths
One may question whether=0.56 is large enough that our using the approximate wave functions and masses of Ref.
results, computed by the standard technique, are reliable. W@7] and find them to be in good agreement with our small
find that computing with the technique ¢26] tends to  mass results. To be precise, the widths computed in the man-
change the results by only a few parts irf 1Therefore, we ner of Bloket al. are slight underestimates of the exact ones.
are confident in presenting numerical results below that use
the standard Multhopp technique. 18

The Breit-Wigner resonances, which become infinitely
tall and narrow a®\l.—, present much more severe singu-
larities inT"},,4than the phase space singularities discussed in
Sec. lll. Indeed, without proper regularization they are non-
integrable, and therefore no amount of averaging, or “smear-
ing,” could produce a finite result. One must include the
O(1/N,) strong widths of the meson resonances coupled to
the weak current, as discussed in Sec. Il.

The strong widths are interesting in their own right. The =
exact expression for the widths is given in E§.5). In Fig.
9 we show the results of this calculation for meson excitation
numbers from 0 to 155, along with a fit function

T T T T T T T T T T T T ™

. 0.44
rft=20x ——\n—1. (6.1)
7N¢
When strong widths fon>155 are needed, we use the fit | | |
. f ) 1 ) 1 1 1 1 L 1 L L t 1 i L 1 L
function Ty % 50 100 150 200
The coefficient in Eq(6.1) is written in this peculiar for- n

mat in order to facilitate comparison with the results of Blok

et al. [27], whose best fit appears to be a factor 22 smaller FIG. 9. Meson strong decay widths in units @{N_/27- 1/N,
than ours. Referenc27] works atm=0, and uses an ap- as computed via Eq5.5). The smooth dashed curve is the fit func-
proximation to the 't Hooft wave functions and masses,tion (6.1).
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We understand the difference to arise from the approxima. 002
tion to the masses, which excludes decay channels close 1 i
threshold that are allowed by the exact phase space. Rece
that, in 1+1 dimensions, channels close to threshold are
greatly amplified by phase space; see @dg). Finally, Blok
et al. use a variant of Eq5.5) [see their Eq(16)] in which
the amplitude F,(wp) is replaced by [Fyim(wp)
+ Fpkm(@p)1/v2, wherew, is the other root, i.e., it is given
as in Eq.(5.2) but with the opposite sign of the square root.
Since the two rootse and @ correspond to different kine- . o1 |-
matics (< @ exchanges the direction of theandm me- A
song, one may suspect the expression used by Bio#l. is
incorrect. The error arises from the cross term, a sort ol
interference between the two directions in phase space. Nu
merically we find that the interference term is small at large 9005
excitation number. Therefore, although their calculation is I
not strictly correct, this error does not explain the large dis-
crepancy between our results. To summarize, we find a resu | H
for the widths a factor of about 397 larger than Ref[27], . Ly
even when using their expressions to calculate the widths. 5 10 15
In the present case in which strong widths can become
important, factors oN. no longer appear simply as an over-  giG_ 10. Total annihilation width of the B” meson as a func-
all coefficient, as was the case[i6]. We are thus forced t0 tion of the heavy quark masMl, for N;=1 (dotted ling. The
choose particular values ®f in order to obtain numerical smeared width defined in E@6.2) is shown in short dashes, and
results. The ideal, of course, is to chodsg as large as was computed using M = 0.4. The partonic width is shown in long
possible in order to approach the results of the exact 't Hooftlashes. Units of the widths here and below Nf&%(c2—c3)2.
model. However, such a choice makes the Breit-Wigners
taller, narrower, and thus harder to average dvlerso that The main results of this paper are exhibited in Figs. 10—
obtaining a smooth result for comparison with the one com-3, which we now discuss. Figures 10—12 show in dotted
puted perturbatively is more difficult. In particular, one is lines the total annihilation width of the B meson as a

;3:}%?% ;Ohggzﬁzggniorggﬁlr\gecr)\;?\rdvl\ghrggr m%r?i\gr%génbgtai rf]unction of the heavy quark masé. Widths are presented in
- 1272 _ A 2\2 ; ;
at last a smooth result fara¥0 units ofNCG (cy—ca)“. The computation was carned.out at
_ . had av _ the points shown as small squares, and the dotted lines con-
The averaging, or “"smearing,” of n,dM)—ThdM) in oot hetween them, to guide the eye. Widths for the internal

the heavy quark masil is carried out here by multiplying  resonances have been included, and so the plots depend on
I'had M) at a series of pointM over the range oM by a

suitably chosen smearing function, and then normalizing by
the area under this function. In practice we use a Gaussian ¢
width AM/v2:

0.015

T

0.2

s (M—Mg)? i
Mo ®XF ~ AM)Z I'had M) 015 |- .
EMoeXF{_W

and the point$l andM, are chosen at intervals of 0.1 mass = %' [
units. It should be pointed out that this smearing produces
small spurious result at the edges of the fitting range if the
function to be smeared has a nonzero derivafamart from
noise in the functiopat these points. For example, suppose
one smears a linearly decreasing function near its endpoin
The smearing function of course samples only points to the
left of the endpoint, where the function is uniformly larger
than it is at the endpoint itself, and so the smeared result i
slightly higher than expected. One of many cures is to com- ¢
pare two curves smeared in the same way, which produce

the same spurious effect in both, and so such curves may be
compared directly. FIG. 11. As in Fig. 10, but witiN,.=10 andAM =1.2.

0.05 -
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02 =20 the larger valua M = 1.2 had to be used. In each figure

the partonic width is displayed in long dashes.

It is apparent that there is a large discrepancy between the
actual widths and the partonic ones. The disagreement re-
mains after smearing. We may now ask whether the dis-
agreement is a correction that decreases as a particular power
of M. Figure 13 displays the same information as Fig. 10,
but in log-log format. Also shown, in dash-dot-dash, is the
| Gaussian-smeared result that uses the model of@&Ed. for
- the strong widths of the internal resonances. Even though
I parandl' iz achieve somewhat better relative agreement as
N, is increased, we see th&fJ is not without structure,
indicating that for this type of process the onset of the
asymptotic largeM limit is very delayed. This is similar to
what occurs for the decay constafy; the combination
JMfg is known to have large M and 1M? corrections
[21]. We have refrained from displaying a plot df
=log(ChadT par— 1), which at largeM would display the
leading power correctioM "P as the slope ofL versus
logM. The problem in doing so is that, as discussed, it is
clear that even at these large valueshfthe asymptotic
FIG. 12. As in Fig. 10, but wittN.=20 andAM =1.2. behavior is not in sight. It is interesting to note that the

) ) dash-dot-dash line is smooth and its slope disagrees sharply
N¢, with Nc=1, 10 and 20 for Figs. 10, 11, and 12, respec-yjith that of I

tively. Also, in all threg figureg we show in short dashes the Finally, regarding the question of a direct comparison of
Gaussian-smeared width, takilg=0.4, 1.2 and 1.2 for T yersys A widths, we remind the reader that differsit
Figs. 10, 11, and 12 respectively. We see that the larger thgahayior between the two widths means that, Nor suffi-
width of the internal resonancéthat is, the smalleN;), the  ciengly large, the A diagram dominates. However, there are
smoother the behavior @f,,y, SO thatAM as small as 0.4is g additional effects that must be taken into account. The
sufficient to smooth out thél.=1 case, whereas foN.  fist is that asymptoticallyT'y<M but T’ 4= 1/M?2; thus for
large M and N, fixed, one expect$ 5 /I't<<1. Much more
interesting are the true dynamical effects obtained from the
exactly computed matrix elements and Breit-Wigner reso-
| nances in the A diagram. Once the resultifgrgiven in Fig.

- 4 of [6] is properly normalized,one still finds thatl'; is

1 much larger tharl",, even for fairly largeN. and fairly
small M. For example, foN.=10 andM =5 (see Fig. 11

1 one findsI'+/T"4>3. It appears that, in the context of the
7 't Hooft model generalized to finithl,, one must choosH

part-

O s e N B S e s |

4k
5 exceptionally large before finding values bf for which
Eﬂ FT%FA'
5 —
r VII. CONCLUSIONS
I | We have studied the annihilation decays of hea@’“
s . mesons in the 't Hooft model as a function of the heavy

quark massM for fixed light quark massn. In the strict
large N, limit the hadronic width solely due to annihilation
L L L . decaysI'1.s—I'(B), displays resonant structure from inter-
1 15 2 25 mediate light mesons. For almost all valueshdfthe par-
log M tonic width, I',5, Which displays no structure, is at strong

FIG. 13. Log-log plot of the total annihilation width of theB"
meson as a function of the heavy quark mislssfor N.=1 (dotted
line). The smeared width defined in E¢(6.2) is shown in short 3In the notation of this paper, the overall coefficient of the older
dashes, and was computed usifilyl =0.4. The partonic width is  figure isN.G?(cZ—c2)?/ . One must dividd ; by this extrazr to
shown in long dashes. Also shown, in dash-dot-dash, is thebtain numerical comparisons. There are also different CKM ele-
Gaussian-smeared result that uses the model of(&d) for the ments,Va;Vis for T andV,,V3s for A, that we take equal for com-
strong widths of the internal resonances. parison purposes.
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variance with the exact widtli(B). A comparison with a ~ APPENDIX A: VAN ROYEN —WEISSKOPF RELATION

smeared version df(g) is not possible since the resonant IN ARBITRARY DIMENSIONS
singularities inr(g) are non-integrable. It is interesting to consider the generalization of the van
It seems p|ausib|e, however' that for |arge but f”ng Royen—WeISSkOpf relatloflll], Wh|Ch connects the meson

o a arge cnough  smered version (@) may aree 552 SRS e e of e meson vave frelon o
with T'p,. For finite N. the hadronic widths of the reso- q P plicity

the original naive argument in Sec. | that the annihilation
nances inl'(B) must be included and make it possible to diagram is suppressed compared to the tree diagram. This

study the smeared version ®%(B), '3, Moreover, the relation is proved using nonrelativistic constituent quarks

leading dependences of, of I'ivdand " ., coincide. How- within the meson; nevertheless, one may co.nsider its gener-

ever, our numerical study shows that even at masses as largzation to arbitraryN. and D spacetime dimensions, in

asM =15 in units ofg\N./2m, %% andT . disagree sig- which it reads

nificantly. Although increasing\. improves the relative 5

agreement somewhat, the improvement is not strong enough f§:4Nc|<ﬂ(0)|

to claim the onset of asymptotic scaling, evenNdy= 15. M+m
Our analysis does not conclusively show the breakdown

of duality for annihilation decays of heavy mesons. But itNote particularly thaD only enters this expressmn implic-

seems clear that if duality is operative asymptotically, it musttly in #(0). The explicit factor ofN. from 3 is in fact the

be that asymptotia is much delayed for these types of decaysource of the enhancement of the A width tO the T width. To
Note addedAs this work was being completed, a paper Proceed, we require a model for the wave function, for which

by Bigi et al. [28] appeared, in which the work of Rgi6] ~ We choose

was criticized. Bigiet al. make the following straightforward

observation: if the quarks labeled 4 and 5 in Figa)6are P(r)=R(r)Yoo(Q)=Ne “Yq, (A2)

massless, then only the ground stdi@assless meson

couples to the weak currefdt the 4-5 vertex in Fig. @)]. whereu is a typical hadronic mass scale, thedimensional

The secondary quark‘3” in Fig. 6 (a)] and the spectator Spherical harmonic is given by

quark[“2" in Fig. 6 ()] are still taken to be light but not

necessarily massless. In this limit the hadronic decay is de- , 1 I'(D-1)/2)

scribed exactly as the semileptonic decay: There is no dis- Yoo )] _fdQ 2p(D=D72 (A3)

tinction between the massless 4-5 meson and a lepton-

neutrino pair at vanishing invariant mass. It is no surprise 2_ D-1

that the aFl)Jthors of Re[28]gthen demonstrate the val|d|typof andN“=(2u)" /T (D—1). We then have

lobal duality in this massless limit: It is guaranteed by the

general anal);/sis of semileptonic decé9% ) g 2_ 4N; T(D-1)/2) (2pw)°*
The interesting case of nonzero light quark mass is treated B M+m 270°Y2 T(D-1)

in Ref.[28] rather less rigorously than displayed in the deri-

vation of global duality in the massless case. The reason faxote that the mass dimensionfyfis MP>~1, as can also be

this is, of course, that only away from zero mass does onghown directly from its definitiori4.5) as a matrix element.

encounter the hadronic decay difficulties in their full com- In the context of dimensional regularization, the factor

plexity. While we cannot discount the possibility that the appearing with the inclusion of each additional loop is

order 1M violation to local duality claimed in6] is only a  (47) "P’2. We must also, according to the arguments of Sec.

numerical artifact, or that the large mass scaling region hag divide out powers ofmg (=M +m in this mode] to obtain

not yet been reached, it seems to us premature to dismiss thedimensionless ratio. The relevant ratio between the A and

results of{ 6] on the basis of the work if28]. Assuming the T diagram widths in this simple model is thus given by
results of Ref[6] are correct one learns that the authors of

(A1)

(A4)

_[28] _have undere_stir_nated the numer_ical size or type of dual- fé u \P- r(D-1)/2)

ity violations. This is certainly possible, fd28] gives an (4m)PP—F=5=N, MEm 4D\/— D=1
estimate of duality violations based on what they claim is the Mg +tm ( )
leading effect without proofsee Sec(6C) of [28]], e.g. that (A5)

the scaling estimates leading to their Efjl4) are dominant. i o . o
Removing the explicitN, and the mass ratio, the remaining

D-dependent coefficient actually reaches a maximuniDfor
=9. We see that even this simple model—no dynamics, not
even a helicity suppression factor, has been included—tells

R.F.L. is pleased to acknowledge enlightening discussionss the ratio between the A and T diagrams depends sensi-
with Nathan Isgur. This work is supported by the Depart-tively on interplay between the value d&f., the quark
ment of Energy under contract Nos. DOE-FG03-97ER40506nasses and interaction energies, and the number of space-
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