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QCD analysis of inclusiveB decay into charmonium
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We compute the decay rates andH-energy distributions ofB mesons into the final stateH1X, whereH can
be any one of theS-wave orP-wave charmonia, at next-to-leading order in the strong coupling. We find that

a significant fraction of the observedJ/c,c8 andxc must be produced throughcc̄ pairs in a color octet state
and should therefore be accompanied by more than one light hadron. At the same time we obtain stringent
constraints on some of the long-distance parameters for color octet production.@S0556-2821~99!01003-6#

PACS number~s!: 13.25.Hw, 12.38.Bx, 14.40.Gx
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I. INTRODUCTION

ExclusiveB decays provide us with important informatio
on the structure of the Cabibbo-Kobayashi-Maskawa~CKM!
matrix. However, the theoretical calculation of absolu
branching fractions is complicated by the fact that a rat
detailed knowledge of strong interaction effects is requir
The theoretical situation with regard to strong interact
dynamics improves as one considers more inclusive fi
states. At leading order inLQCD /mb , where mb is the b
quark mass andLQCD is the strong interaction scale, th
totally inclusiveB decay rate can be computed completely
perturbation theory. However, it is not necessary that
process be totally inclusive. A semi-inclusive decayB→H
1X can also be treated perturbatively in part, provided
formation of the hadronH proceeds through a short-distan
process. This is the case, ifH is a charmonium state, becau
the production of a charm-quarkcc̄ pair requires energie
much larger thanL. The bound state dynamics ofH then
factorizes and can be parametrized. This statement is s
marized by the factorization formula@1#

G~B→H1X!5(
n

C~b→cc̄@n#1x!^OH@n#&, ~1.1!

which is valid up to power corrections of orderLQCD /mb,c .
~To this accuracy it is justified to treat theB meson as a free
b quark.! The parameterŝOH@n#&, defined in@1#, are sen-
sitive to the charmonium bound state scales of ordermcv and
mcv

2, where v is the typical charm quark velocity in th
charmonium bound state. Withv2;0.25 forJ/c we consider
these scales to be too small to be treated perturbatively
the other hand, the coefficient functionsC(b→cc̄@n#1x)
describe the production of acc̄ configurationn at short dis-
tances and can be expanded in the strong couplingas(m) at
a scalem of order 2mc . We have expressed the decay rate
terms of several non-perturbative parameters^OH@n#&. The
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predictive power lies in the fact that these parameters
independent of the particular charmonium production p
cess and hence are constrained by other charmonium pro
tion processes.

Because charmonia pass as non-relativistic systems,
~1.1! involves an expansion inv2 and thecc̄@n# configura-
tions that appear in lower orders of this expansion can
usefully classified by2S11LJ

(C) , whereS, L and J refer to
spin, orbital angular momentum and total angular mom
tum, respectively. In additionC51,8 refers to a color single
or a color octet configuration. In the present work we calc
late the short-distance coefficients for

nP$3S1
~1,8! ,1S0

~1,8! ,3P0,1,2
~1! ,3PJ

~8! ,1P1
~1,8!% ~1.2!

at next-to-leading order~NLO! in as . As we discuss later
we believe that these terms in the velocity expansion
sufficient to reliably predict~to about 25%, barring radiative
corrections inas) the decay rates intoJ/c,c8,hc ,x0,1,2 and
the elusive1P1 statehc as a function of the long-distanc
parameterŝOH@n#&. We find that, given the present unce
tainties in the long-distance parameters, the experiment
observed branching fraction@2# for J/c andc8 can easily be
accounted for at NLO. However, we find it difficult to ac
count for the observedxc1 and xc2 branching fractions si-
multaneously, because theas expansion of the color single
contribution inxc1 production turns out to be untrustworth
at NLO. The NLO corrections typically enhance the dec
rate by about~20–50!% in the color octet channels and lea
to bounds on the long-distance parameters, which should
useful for the phenomenology of other charmonium prod
tion processes. We also compute weights of the charmon
energy distribution, which yield additional information. Th
shape of the energy distribution itself, however, is difficult
predict, because it is distorted by the motion of theb quark in
theB meson and the energy taken away in the hadroniza
of a cc̄ state n. This distortion averages out in weighte
sums, as long as the weights are sufficiently smooth.

We then compare the inclusive calculation forJ/c1X
with the sum of the measured decay rates forJ/c1K and
J/c1K* . The comparison suggests a significant fraction
©1999 The American Physical Society03-1
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multi-body decays, consistent with the energy spectrum
served by CLEO@2#. A substantial contribution from multi-
body decays is also reassuring from the point of view
validity of the theoretical calculation. Factorization implie
that a cc̄ staten hadronizes into aJ/c plus light hadrons
independent of the remaining decay process up to correct
of order LQCD /mb,c . If n refers to a color octet state, th
conversion into charmonium requires the emission of at le
one gluon. Although color reconnections with the specta
quark in theB meson must eventually occur, we expect
charmonium produced through a color octetcc̄ state to be
accompanied by more than one light hadron more often t
for a color singletcc̄ state. Since we find that a large fractio
of the total decay rate is from color octet intermediate sta
we also expect a large fraction of multi-body final stat
This evidence also suggests to us that the energy releas
theB meson decay into charmonium is already large eno
for an inclusive treatment to be applicable.

Inclusive production ofS wave charmonia has been co
sidered in Refs.@3,4# in the color singlet model and at lead
ing order ~LO!. In addition, the color singlet production o
the P-wave statexc1 was computed in Ref.@5#. ~At LO the
statesxc0 andxc2 are not produced.! The color singlet mode
is contained in Eq.~1.1! as the term where the quantu
numbers ofn match those of the charmonium state. F
P-wave charmonia the color singlet model does not coinc
with the non-relativistic limitv→0 and is generally incon
sistent. The authors of Ref.@6# noted that the contribution
from cc̄@3S1

(8)# is leading order inv for xcJ and that

cc̄@1S0
(8)# is leading order forhc . They computed the rel

evant short-distance coefficients to LO inas . In the case of
J/c, the short-distance coefficients ofcc̄@n# states withn
53S1

(8) ,1S0
(8) ,3PJ

(8) are strongly enhanced as a conseque
of the particular structure of the weak effective Lagrang
that mediatesb quark decay. These production channels ha
to be taken into account although the corresponding lo
distance matrix elements are suppressed by a factor ofv4.
The relevant coefficient functions were computed in Ref.@7#,
again at LO inas . Reference@8# adds a study ofJ/c polar-
ization effects. The only NLO calculation of charmoniu
production inB decay is due to Bergstro¨m and Ernstro¨m @9#,
who computed the contribution of the color singlet3S1 in-
termediatecc̄ state toJ/c production. We repeated the
calculation and comment on it later on.

The paper is organized as follows: In Sec. II we introdu
notation and discuss the structure of important contributi
to a given charmonium state. Section III provides some
tails on the calculation related to the handling of ultravio
and infrared divergences at intermediate stages. Sectio
contains our main results. We present expressions for
decay rates in numerical form and a comparison with ex
ing experimental data. Analytic results for the decay ra
and energy distributions are collected in two appendixes
reference. Section V contains our conclusions.

II. PRELIMINARIES

The terms of interest in theDB51 effective weak Hamil-
tonian
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q5s,d
H Vcb* VcqF1

3
C[1]~m!O1~m!1C[8]~m!O8~m!G

2Vtb* Vtq(
i 53

6

Ci~m!Oi~m!J ~2.1!

contain the ‘‘current-current’’ operators

O15@ c̄gm~12g5!c#@ b̄gm~12g5!q#, ~2.2!

O85@ c̄TAgm~12g5!c#@ b̄TAgm~12g5!q#, ~2.3!

and the QCD penguin operatorsO326 . ~See the review Ref.
@10# for their precise definition.! For the decaysB
→charmonium1X it is convenient to choose a Fierz versio
of the current-current operators such that thecc̄ pair at the
weak decay vertex is either in a color singlet or a color oc
state. The coefficient functions are related to the usualC6 by

C[1]~m!52C1~m!2C2~m!, ~2.4!

C[8]~m!5C1~m!1C2~m!. ~2.5!

The NLO Wilson coefficientsC6(m) have been computed in
Refs.@11,12#. With the conventions of Ref.@12#

C6~m!5Fas~MW!

as~m! Gg6
~0!/~2b0!S 11

as~m!

4p
B6D

3S 11
as~MW!2as~m!

4p
~B62J6! D ~2.6!

with

J65
g6

~0!b1

2b0
2

2
g6

~1!

2b0
, ~2.7!

B65
371

6
~6111k6!, ~2.8!

and the one-loop and two-loop anomalous dimensions

g6
~0!562~371!, ~2.9!

g6
~1!5

371

6 S 2216
4

3
nf22b0k6D . ~2.10!

The quantityk6 is scheme-dependent and depends in p
ticular on the treatment ofg5 . In the ‘‘naive dimensional
regularization’’ ~NDR! scheme,k650; in the ’t Hooft–
Veltman ~HV! scheme,k6574. In the HV scheme the
current-current operators, implied by the convention used
Refs.@10,12#, are not minimally subtracted. If one comput
the low energy matrix elements of the weak Hamiltonian
the modified minimal subtraction~MS! scheme, as we will
do below, one has to apply an additional finite renormali
tion. This amounts to multiplying the coefficientsC6(m) by
a factor of 124as(m)/(3p), or, equivalently, to an addi-
3-2
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QCD ANALYSIS OF INCLUSIVE B DECAY INTO CHARMONIUM PHYSICAL REVIEW D 59 054003
tional contribution tok6 in the HV scheme. No additiona
renormalization is required in the NDR scheme. At NLO t
strong coupling is given by

as~m!5
4p

b0ln~m2/LQCD
2 !

F12
b1ln@ ln~m2/LQCD

2 !#

b0
2ln~m2/LQCD

2 !
G
~2.11!

with

b05112
2

3
nf , b151022

38

3
nf . ~2.12!

The NLO QCD corrections involve the one-loop virtu
gluon correction tob→cc̄@n#1q and the real gluon correc
tion b→cc̄@n#1q1g, where thecc̄ pair is projected on one
of the states in Eq.~1.2!. The corresponding diagrams a
shown in Figs. 1 and 2, respectively. The decay rate int
quarkonium can be written as the sum of partial decay ra
through one of the intermediatecc̄ statesn. At next-to-
leading order the partial decay rates take the form

G@n#5G0FC[1,8]
2 f @n#~h!~11dP@n# !

1
as~m!

4p
„C[1]

2 g1@n#~h!12C[1]C[8]g2@n#~h!

1C[8]
2 g3@n#~h!…G^OH@n#&, ~2.13!

where

G05
GF

2 uVbcu2mb
3

216p~2mc!
, ~2.14!

FIG. 1. One-loop virtual corrections tob→cc̄q. Wave function
renormalizations are not shown.
05400
a
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and h54mc
2/mb

2 . The operatorsOH@n# are defined as in
Ref. @1#. The LO term is multiplied byC[1]

2 if n is a color
singlet state and byC[8]

2 if n is a color octet state. We als
used the fact thatuVcsu21uVcdu2'1 to high accuracy. The
functionsf @n# andgi@n# will be given later. The LO contri-
bution is multiplied by a correction termdP@n# due to the
penguin operators in Eq.~2.1!. Likewise, we write the
quarkonium energy distribution as

dG@n#

dx
5G0FC[1,8]

2 f @n#~h!~11dP@n# !d~11h2x!

1
as~m!

4p
„C[1]

2 g1@n#~h,x!12C[1]C[8]g2@n#~h,x!

1C[8]
2 g3@n#~h,x!…G^OH@n#&, ~2.15!

where x52P•pb /mb
2 . Note that to leading order in

LQCD /mb we do not distinguish theb quark mass from theB
meson mass. To the order in the velocity expansion con
ered in this paper, we can also identify the momentum of
quarkonium with the momentumP of the cc̄ pair. ~The ki-
nematic effect of distinguishing the two is discussed in R
@13#.! Hence,x can also be identified with 2EH /MB , where
EH is the quarkonium energy in theB meson rest frame and
MB the B meson mass.

We now discuss which intermediatecc̄ states should be
taken into account for the production of a given quarkoniu
H.

J/c,c8: At leading order in the velocity expansion th
spin-tripletS-wave charmonium states are produced direc
from a cc̄ pair with the same quantum numbers, i.e.n
53S1

(1) . At order v4 relative to this color singlet contribu

tion, a c can materialize through the color octetcc̄ states
n53S1

(8) ,1S0
(8) ,3PJ

(8) , where the subscript ‘‘J’’ implies a
sum overJ50,1,2. The suppression factorv4 follows from
the counting rules for the multipole transitions for soft gl
ons that convert the staten into thec meson@1#. The leading
order color singlet contribution is proportional toC[1]

2 , while
the color octet terms are proportional toC[8]

2 . Because the
weak effective Hamiltonian favors the production of col
octetcc̄ pairs by a large factor

C[8]
2 /C[1]

2 '15, ~2.16!

the color octet contributions must be included, since th
suppression byv4;1/15 ~for J/c) can easily be compen
sated.~The numbers serve only as order of magnitude e
mates of the relative importance of the color singlet and
FIG. 2. Real gluon corrections tob→cc̄q.
3-3
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color octet contributions.! According to the velocity counting
rules, there is a correction of orderv2 to the color singlet
contribution related to the derivative operatorP1(3S(1)) as
defined in Ref.@1#. Because it is multiplied by the sma
coefficientC[1]

2 , and because we will find that the color si
glet contribution is indeed a small contribution to the to
production cross section, we do not consider this additio
correction in what follows. Similar derivative operators co
tribute to the color octet channels. We do not take them i
account, because we do not take into account other cor
tions of orderv6 with the large coefficientC[8]

2 . Hence, even
after including the NLO correction inas , there remains an
uncertainty of orderv2;25% in the theoretical prediction
assuming that the long-distance matrix elements were a
rately known.

hc : The same discussion applies to the spin-singlet st
The color singlet contribution involvesn51S0

(1) . At relative

order v4,hc can be produced through the color octetcc̄
statesn51S0

(8) ,3S1
(8) ,1P1

(8) .
xcJ : At leading order in the velocity expansion, bothn

53PJ
(1) and n53S1

(8) contribute to the production of th
spin-tripletP-wave state@6#. Because the partial productio
rate through the3S1

(8) state is already multiplied by the larg
coefficientC[8]

2 , it is not necessary to go to higher orders
the velocity expansion. Note that, because of theV2A struc-
ture of the weak vertex, acc̄ pair cannot be produced i
a 3P0,2 angular momentum state at LO inas .

hc : The same discussion as for thexcJ states applies to
the spin-singletP-wave state. In this case we take into a
count n51P1

(1) and n51S0
(8) at NLO in as . Owing to the

V2A structure of the weak vertex, acc̄ pair cannot be pro-
duced in a1P1 angular momentum state at LO inas .

III. OUTLINE OF THE CALCULATION

The Feynman diagrams shown in Figs. 1 and 2 are p
jected onto a color and angular momentum state as spec
in Eq. ~1.2!. The virtual corrections contain ultraviolet~UV!
divergences, which can be absorbed into a renormalizatio
the operatorsO1,8 in the weak effective Hamiltonian~2.1!.
The virtual corrections contain infrared~IR! divergences,
which cancel against IR divergences in the real correctio
In addition, the real corrections contain IR divergences d
to the emission of soft gluons from thec or c̄ lines, which do
not cancel with IR divergences in the virtual correction,
the cc̄ pair is projected on aP-wave state. These IR diver
gences can be factorized and absorbed into a renormaliz
of the non-perturbative matrix elements^OH@n#&. In the fol-
lowing we provide some details on the UV and IR regul
ization, which are specific of the present calculation. Mo
details on the strategy of a next-to-leading order calcula
can be found in Ref.@14#, which deals with quarkonium
decay and total quarkonium production cross sections
fixed-target collisions.

A. UV regularization and the treatment of g5

The UV divergences are regulated dimensionally and
IR divergences are regulated with a gluon mass. The
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divergences in the diagrams of Fig. 1 cancel against the
divergences in diagrams~not shown in the figure! with the
insertion of the one-loop counterterm forO1,8. We combine
the diagram with its counterterm diagram before project
on a particularcc̄ staten, and before taking the two-particl
phase space integral. This has the advantages that it av
extending the projection tod dimensions and that the phas
space integral can also be done in four dimensions.

The finite part of the virtual gluon correction depends
the prescription for handlingg5 in d dimensions. This has to
be chosen consistently with the one used to define the op
torsO1,8 in Ref. @12#. The prescription consists of a defin
tion of g5 and its anti-commutation property, together with
choice of ‘‘evanescent operators.’’ The evanescent opera
are implicitly defined by specifying the ordere ~where d
5422e) terms of the following products of Dirac matrice

grgaGm ^ grgaGm5~1614XRe! Gm ^ Gm1EX , ~3.1!

Gmgrga ^ gagrGm5~414YRe! Gm ^ Gm1EY , ~3.2!

Gm ^ grgaGmgagr5~414ZRe! Gm ^ Gm1EZ . ~3.3!

@Here we definedGm5gm(12g5).# The renormalization
conventions of Refs.@12,15# correspond to

NDR scheme: XNDR521 YNDR5ZNDR522,
~3.4!

HV scheme: XHV521 YHV5ZHV50.
~3.5!

In the HV scheme, vertex diagrams are treated differently
Refs.@12# and@15#. As a consequence, as already mention
above, in the HV scheme one has to multiply the coefficie
C6(m) defined in Refs. @10,12# by the factor 1
24as(m)/(3p), while this factor is already included in th
definition of Ref. @15#. We checked that our final result i
identical in the NDR and HV schemes up to terms beyo
NLO accuracy, if we use the expressions forC6(m) of Sec.
II including the additional factor just mentioned in the H
scheme.

The coefficient functions quoted in Sec. II refer to a Fie
version of the weak Hamiltonian different from Eq.~2.1! and
Fierz transformations do not commute with renormalizat
in general. If we use the standard Fierz version rather t
the singlet-octet form quoted in Eq.~2.1!, this interchanges
YR andZR in the results quoted in Appendix A 3. Howeve
since in both schemes we used one hasYR5ZR , either of the
two Fierz versions can be used.

The NLO calculation forn53S1
(1) has already been don

in Ref. @9# in the HV scheme. We find that our result for th
functions gi@

3S1
(1)# defined in Eq.~2.13! and given in the

Appendix agrees with the result of Ref.@9#. Nevertheless our
result for the contribution of this channel to the decay ra
given byC[1]

2 f @3S1
(1)#(h)1NLO terms, differs from the one

given in Ref.@9#, because the authors of Ref.@9# used the
coefficient functions of Ref.@12#, but did not correct them
~or alternatively, the low energy matrix elements! by the fac-
tor 124as(m)/(3p). As explained above with the conven
3-4
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QCD ANALYSIS OF INCLUSIVE B DECAY INTO CHARMONIUM PHYSICAL REVIEW D 59 054003
tions of Ref. @12# this additional factor is necessary in th
HV scheme to obtain a scheme-independent result.

B. IR regularization and NRQCD factorization

The real and virtual corrections individually have doub
logarithmic IR divergences, which we regulate by a glu
mass. However, after adding all contributions to the parto
processb→cc̄1X, the IR divergences do not cancel com
pletely. The remaining IR divergences are associated o
with emission from thec and c̄ quark. This is a necessar
~but not sufficient! requirement for their factorization into
nonrelativistic QCD~NRQCD! matrix elements as discusse
in detail in Ref.@1#.

In addition to these IR divergences related to soft glu
emission, the last diagram in Fig. 1 exhibits the well-kno
Coulomb divergence, when the relative momentum of thc

and c̄ is set to zero. We regularize this divergence by ke
ing the relative momentum finite in the integrals, whi
would otherwise give rise to the Coulomb singularity.

In order to extract the short-distance partsG@m# @see Eq.
~2.13!# of the partonic decay, we write

G~b→cc̄@n#1X!5(
m

G@m#^O pert@m#&, ~3.6!

where^O pert@m#& denotes the NRQCD matrix element for
perturbativecc̄ pair in the staten. At NLO one has to calcu-
late the left-hand side and̂O pert@m#& to NLO.

The diagrams that contribute theas correction to
^O pert@m#& are shown in Fig. 3. For the first diagram~to-
gether with its complex conjugate! we obtain

^O pert,1@n#&A5^O pert,0@n#&•A@n#as•
2p2

v
, ~3.7!

where A@n#5CF54/3, if n is a color singlet state,A@n#
521/(2Nc)521/6 if n is a color octet state andv is the
relative velocity of the two quarks.~The superscript 0 refer
to a matrix element at tree level, 1 denotes a one-loop c
tribution.! This renders the short-distance coefficients free
the Coulomb singularity.

The other two diagrams~called collectively ‘‘B’’! to-
gether with their symmetry partners are UV and IR div
gent. We define the NRQCD matrix elements in the M̄
scheme and denote their renormalization scale bym̂. The IR
divergence is regulated with a gluon mass to be consis

FIG. 3. Perturbative corrections to the NRQCD operator ma
elements. A shaded circle denotes an insertion that specifies

angular momentum and color of thecc̄ pair. The vertical line im-
plies that the diagram is ‘‘cut.’’ Symmetric diagrams are not show
05400
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with the IR regulator used for the evaluation of the parto
process on the left-hand side of Eq.~3.6!. The result is~com-
pare with the Appendix of Ref.@1# and with Ref.@14#, where
other IR regulators are used!:

^O 1
pert,1~3S1!&B5

as

4pS ln
l2

m̂2
1

1

3D ~248!^O 8
pert,0~3P0!&/mc

2 ,

^O 8
pert,1~3S1!&B5

as

4pS ln
l2

m̂2
1

1

3D F S 2
32

3 D
3^O 1

pert,0~3P0!&/mc
2

1~220!^O 8
pert,0~3P0!&/mc

2G , ~3.8!

^O 1
pert,1~1S0!&B5

as

4pS ln
l2

m̂2
1

1

3D S 2
16

3 D
3^O 8

pert,0~1P1!&/mc
2 ,

^O 8
pert,1~1S0!&B5

as

4pS ln
l2

m̂2
1

1

3D F S 2
32

27D
3^O 1

pert,0~1P1!&/mc
2

1S 2
20

9 D ^O 8
pert,0~1P1!&/mc

2G .
(l denotes the gluon mass.! Note that if one breaks up th
3P term into terms with differentJ, one should replace

^O 1,8
pert,0~3P0!&→1/9@^O 1,8

pert,0~3P0!&

1^O 1,8
pert,0~3P1!&1^O 1,8

pert,0~3P2!&#.

~3.9!

Using these results and solving forG@n# we find the IR finite
short-distance coefficients for eachn collected in Appendix
A 3.

C. Difficulties with the color singlet channels

The LO contributions to the color singlet channels1S0
(1) ,

3S1
(1) and 3P1

(1) are proportional to the small and strong
scale dependent coefficientC[1]

2 (m). One would therefore
expect the NLO contribution to be particularly important f
these channels. However, the strict NLO calculation lead
a negative, and therefore meaningless decay rate into t
channels and to the conclusion that a reliable result can o
be obtained at next-to-next-to-leading order. This probl
was already identified and discussed in Ref.@9#. ~For the
remainder of this section it is assumed that the reader
consulted Ref.@9# for more details.!

Consider the three next-to-leading order termsgi in Eq.
~2.13!. Despite its large coefficientC[8]

2 the g3 term, which
comes only from a real correction, turns out to be nume
cally very small ~see the tables in the following section!.

x
he

.

3-5



nt

o-

O
er
of

g

he
s

in

e

a
e

o
se

ec
b
p

he
h

-
th

ry
m
re

ll

e

th
e
m
c
ee
or
an
a

ss.
to
r-
ut

this

f.

ing
he
a-

ion

e

s
s

M. BENEKE, F. MALTONI, AND I. Z. ROTHSTEIN PHYSICAL REVIEW D59 054003
Both g1 andg2 ~at m5mb) are large and negative, andg2 in
particular, which comes with the larger coefficie
2C[1]C[8] , drives the decay rate negative.

The authors of Ref.@9# suggested treating the decay pr
cess in a simultaneous expansion inas andC[1] /C[8] . This
implies that one should add to the term of orderasC[1]C[8]

all terms of orderas
2C[8]

2 , because they also count as NL
in this rearranged expansion. On the other hand, the t
asC[1]

2 ~which involvesg1) should be neglected as being
higher order. The authors of Ref.@9# did not actually calcu-
late all terms of orderas

2C[8]
2 , but estimated them by addin

G0^OH@n#&S as~m!

4p D 2

C[8]
2 g2@n#2

f @n#
~3.10!

to Eq. ~2.13!. This estimate can be motivated as follows: t
virtual contribution tog2 is given by the first four diagram
in Fig. 1 times the~complex conjugated! tree amplitude. All
two-particle@cc̄#q cuts to theas

2C[8]
2 term are given by the

square of the first four diagrams in Fig. 1. Hence, ignor
the real contribution, one may argue thatg2@n#2/ f @n# is
close~but not equal! to the two-particle contributions to th
as

2C[8]
2 term.

In Ref. @16# the square of the one-loop amplitude with

@cc̄#q final state is computed exactly and argued to provid
better estimate than the original one of Ref.@9#, because one
leaves out only real contributions to the coefficient
as

2C[8]
2 , which are argued to be phase-space suppres

However, we find that for the3P1
(1) channel the virtual con-

tributions alone are IR divergent. Therefore, the real corr
tion that cancels this divergence cannot be argued to
small. In our opinion this also calls into question the assum
tion that the real contributions are numerically small for t
S-wave channels. For this reason we choose to follow wit
minor modification the procedure of Ref.@9#, which adds an
IR finite term by construction, sinceg2 is IR finite. The
minor modification is the following: the third and fourth dia
grams in Fig. 1 have imaginary parts, which contribute to
real part of the square of the amplitude~and hence to the
coefficient of as

2C[8]
2 ). The remnants of these imagina

parts after multiplying the one-loop amplitude by the co
plex conjugate of the tree amplitude can easily be resto
from the ln(12h) term @and the Li2(h) term in the case of
3P1

(1)# in the results presented in Appendix A 3. If we ca
the restored imaginary part Img2 , then we use Eq.~3.10!,
with g2

2 replaced byg2
21(Im g2)2.

We wish to emphasize two points: first, the discuss
modifications of the color singlet channels are certainlyad
hoc and should be regarded with great caution. Second,
effect on the decay rate into a particular quarkonium stat
not severely affected by this uncertainty, because it is do
nated by color octet contributions, whose short-distance
efficients can be computed reliably at NLO as we shall s

In order to gain a numerical understanding of the imp
tance of the various terms involved in the color singlet ch
nels, we consider in the following three computation
schemes for the decay rate:~a! the ~strict! NLO calculation;
~b! the NLO calculation with the term~3.10! added, but
05400
m

g

a

f
d.

-
e
-

a

e

-
d

d

e
is
i-
o-
.

-
-
l

without theg1-term ~improved!; ~c! the same as~b!, but with
g1 included~total!. For theS-wave color singlet channels,~a!
and~c! yield a negative rate. They are therefore meaningle
Option ~b! yields a positive result of a magnitude similar
the result of Refs.@9,16#. It may be considered as an orde
of-magnitude estimate for the color singlet contribution, b
it may well be uncertain by 100%. For the3P1

(1) channel all
three options give negative partial rates. However, since
channel mixes with3S1

(8) and only the sum of the two is
physical, a negative partial rate is not unphysical by itsel

IV. RESULTS AND DISCUSSION

In this section we present our results for the branch
fractions ofB decay into charmonium and moments of t
quarkonium energy distributions in numerical form. The an
lytic expressions that enter Eqs.~2.13! and ~2.15! are col-
lected in the appendixes for reference.

A. Branching ratios for B decay into charmonium

1. General discussion of NLO corrections

We normalize our calculation to the theoretical express
for the inclusive semileptonic decay rate

GSL
th 5

GF
2 uVbcu2mb

5

192p3
~128z218z62z8224z4ln z!h1~z!,

~4.1!

wherez5mc /mb and

h1~z!512
2as~mb!

3p F3

2
1S 2

31

4
1p2D ~12z!2G ~4.2!

represents an excellent approximation@17# for the one-loop
QCD correction factor.~The complete analytic result can b
found in Ref.@18#.! For any particular quarkonium stateH,
we obtain the branching fraction in the form1

Br~B→H1X!

5N(
n

^OH@n#&FC[1,8]
2 f @n#~h!~11dP@n# !

1
as~m!

4p
„C[1]

2 g1@n#~h!12C[1]C[8]g2@n#~h!

1C[8]
2 g3@n#~h!…G . ~4.3!

The overall factor is given by

1When n is a P-wave state,̂ O H@n#& should be understood a
^O H@n#&/mc

2 in the following formula, so that all matrix element
have mass dimension 3. Furthermore, in the case ofn5 3PJ

(8) which

refers to thecc̄ state 3P(8) summed overJ50,1,2, the NRQCD
matrix element̂ O H@n#& is chosen to bêO 8

H(3P0)&/mc
2 .
3-6
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N5BrSL
exp G0

GSL
th

53.031022 GeV23, ~4.4!

where we used BrSL
exp510.4% andG0 as given by Eq.~2.14!.

The charm and bottom pole masses are taken to be 1.5
4.8 GeV, respectively. This yieldsh50.39, which we use
unless otherwise mentioned. The sensitivity of the charm
nium production cross sections to the quark mass values
be discussed below.

We first examine the impact of the next-to-leading ord
correction and the dependence on the factorization scam

for each intermediatecc̄ state separately. We neglect th
penguin contribution for this purpose. In Table I we show t
branching fractions excluding the dimensionless normal
tion factorN^OH@n#& for three values ofm at LO and at
NLO. To evaluate the LO expression we also use the Wil
coefficients at LO and one-loop running of the strong co
pling with LQCD

LO such thatas(MZ)50.119 both in LO and
NLO. This is a large effect for the color singlet chann
since C[1] (mb)50.55, C[8] (mb)52.14 ~in the NDR
scheme! but C[1]

LO(mb)50.41, C[8]
LO(mb)52.19.

We now observe that the color singlet contributions a
as expected, enormously scale dependent at LO.
NRQCD matrix element̂O 1

J/c(3S1)& is related to the radia
wave function at the origin by ^O 1

J/c(3S1)&
59uR(0)u2/(2p) up to corrections of orderv4. Using
^O 1

J/c(3S1)&51.16 GeV3 @19#, we obtain

Br~B→J/c1X!5~0.0920.84!% ~color singlet, LO!

~4.5!

to be compared with the measured branching fraction~0.80

TABLE I. Comparison of LO and NLO for the decay rate into

cc̄ pair in staten and the dependence on the factorization scalem.
The dimensionless overall factorN^O H@n#& is not included. Quark
masses:mb54.8 GeV,mc51.5 GeV. Penguin contribution not in
cluded.

n LO NLO
m/GeV 2.5 5 10 2.5 5 10

1S0
(1) 0.0453 0.201 0.407 20.219 20.426 20.554

3S1
(1) 0.0269 0.119 0.242 20.119 20.250 20.334

3P0
(1) 0 0 0 20.660 20.481 20.377

3P1
(1) 0.0537 0.238 0.484 20.654 20.738 20.794

3P2
(1) 0 0 0 20.534 20.389 20.305

1P1
(1) 0 0 0 21.02 20.741 20.58

1S0
(8) 8.72 8.01 7.51 12.6 11.1 10.2

3S1
(8) 5.18 4.75 4.46 7.70 6.80 6.18

3PJ
(8) 31.1 28.5 26.8 38.3 34.5 31.7

1P1
(8) 0 0 0 21.95 21.53 21.30
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60.08!% @2#.2 The LO prediction is uncertain by a factor o
about 10 for all color singlet channels, as can be seen f
Table I. As also seen from this table, the scale uncertaint
reduced to a factor 2–3 at NLO. However, the NLO corre
tion term renders the partial decay rates negative, as alre
mentioned in Sec. III C.

The situation can be somewhat improved by adding
estimate~3.10! for the orderas

2 NNLO term with the large
coefficientC[8]

2 , while treating theasC[1]
2 term as formally

of higher order in a double expansion inas and C[1] /C[8]
@9#. The addition of Eq.~3.10! also reduces the factorizatio
scale dependence further, because it contains exactly
double logarithmic correctionas

2C[8]
2 ln2(mb

2/m2), which is re-
quired to cancel the large scale dependence ofC[1]

2 at leading
order inas . In Table II we display the result for the partia
decay rates into the color singlet channel, which is obtain
in this way ~denoted Impr in the table! and for comparison
again the LO and NLO result. The improvement can a
should be done only for those color singlet channels t
have non-vanishing LO contributions. The last three rows
Table II show the results that are obtained if we add back
g1 term in Eq.~4.3! to the improved treatment. TheasC[1]

2 g1

term is sizeable and negative and therefore reintroduce
large scale dependence. The same improvement that is
plied to the LOC[1]

2 f term is necessary for theg1 term,
which would require going to orderas

3C[8]
2 . One may argue

that unless this is done, it is preferable to leave theg1 term
out entirely. Therefore we shall use the ‘‘improved’’ versio
~Impr in Table II! as our default option later. While the resu

2Note that we denote by Br(B→J/c1x) the direct production of
J/c, excluding radiative decays intoJ/c from higher-mass char-
monium states. The same convention applies to all other char
nium statesH.

TABLE II. The same quantity as in Table I for various trea
ments of the color singlet channel~for which the LO short distance
coefficient, i.e.f @n#, is non-vanishing!. Penguin contribution not
included.

n m 1S0
(1) 3S1

(1) 3P1
(1)

2.5 0.0453 0.0269 0.054
LO 5 0.201 0.119 0.238

10 0.407 0.242 0.484

2.5 20.219 20.119 20.654
NLO 5 20.426 20.250 20.738

10 20.554 20.334 20.794

2.5 0.0951 0.034 20.392
Impr 5 0.058 0.0259 20.280

10 0.0706 0.0402 20.176

2.5 0.0283 20.0138 20.455
Tot 5 20.0984 20.0862 20.427

10 20.159 20.124 20.391
3-7
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TABLE III. Numerical values for the LO and NLO functions~NDR scheme! that enter the branching ratio
Br(B→J/c1X) according to Eq.~4.3! for mb54.8 GeV,mc51.5 GeV. The estimate for the pengu
correctiondP is obtained with the parameters detailed in Appendix A 2. The table applies without mod
tion to c8.

n f dP g1 g2 g3

3S1
(1) 0.661 20.004 220.5 28.4612.65 ln(mb

2/m2) 0.162
3S1

(8) 0.992 20.09 0.486 26.3511.98 ln(mb
2/m2) 32.023.97 ln(mb

2/m2)
1S0

(8) 1.67 0.009 0.556 211.213.34 ln(mb
2/m2) 50.226.68 ln(mb

2/m2)
3PJ

(8) 5.95 0.009 2129 236.6111.9 ln(mb
2/m2) 121223.8 ln(mb

2/m2)
w
r

t
he
i-
or
ea

e
nd
h

ha
de
LO
nl
f-

rt

a

ra
e

e

cale

nges

on-

nd
e

e

hat
on

e

is certainly not accurate, we believe that this is the best
can do to the color singlet channel without making arbitra
modifications. We note that forJ/c this gives a color single
contribution to the branching fraction, which is close to t
lower limit in Eq. ~4.5! and also compatible with the est
mates of Refs.@9,16#. It seems safe to conclude that col
singlet production alone is not sufficient to explain the m
sured branching fraction.

The partial rates in the four relevant color octet chann
are shown in the lower part of Table I. In this case we fi
that the perturbative expansion is very well behaved. T
NLO short-distance coefficients are larger by 20%–50% t
the LO coefficients and the scale dependence is very mo
ate. The scale dependence is not reduced from LO to N
This is due to the fact that the LO coefficients depend o
on the scale-insensitiveC[8] , while there are sizeable coe
ficients of the highly scale-dependent combinationsC[1]C[8]

andC[1]
2 at NLO. The numerical enhancement of the sho

distance coefficients in the color octet channels, which
evident from Table I, is sufficient to account for the me
suredJ/c branching fraction, as already noted in Refs.@7,8#.
The positive NLO correction reinforces this trend. OtherJ/c
production processes suggest that the long-distance pa
eters in the color octet channels are of the order a few tim
1022 GeV3. ~This will be made more precise soon.! This
leads to typical branching fractions of order 0.5%.

For our standard value of the quark masses (mb
54.8 GeV, mc51.5 GeV), the numerical values for th
functions that enter Eq.~4.3! are given in Tables III–VIII for
all of the six ~known! charmonium states below theDD̄
05400
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ls

e
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y

-
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m-
s

threshold. We keep the dependence on the factorization s
of the weak Hamiltonianm, but put the NRQCD factoriza-
tion scale equal to 2mc . At the scalemb54.8 GeV we also
have as(mb)50.22 andC[1] (mb)50.55, C[8] (mb)52.14.
The tables also include the penguin correction factordP .

We find that the dependence on the quark masses cha
little when going from LO to NLO~for thosen for which the
LO term is non-zero!. The quark mass dependence is reas
ably well estimated by that of the ratio

r 5
~124mc

2/mb
2!2

mb
2mcf 1~mc /mb!

, ~4.6!

where f 1(z) is the tree-level phase space factor in rou
brackets in Eq.~4.1! and the NRQCD matrix elements ar
assumed fixed. If we varymc by 6100 MeV andmb by
6200 MeV around our ‘‘standard’’ values and add th
separate variations in square, we find a variation ofr of about
15% relative to the standard value. Taking into account t
Eq. ~4.6! is approximate, we assign an overall normalizati
uncertainty of 20% due to quark masses.

2. B˜c„nS…1X

We now turn to a more specific discussion ofB decay into
the spin-tripletS-wave statesJ/c and c8, denoted collec-
tively by c(nS) or just c. For quick reference we give th
branching ratio in completely numerical form form5mb
54.8 GeV andmc51.5 GeV:3
r-

its of
TABLE IV. Numerical values for the LO and NLO functions~NDR scheme! that enter the branching ratio
Br(B→hc1X) according to Eq.~4.3! for mb54.8 GeV,mc51.5 GeV. The estimate for the penguin co
rectiondP is obtained with the parameters detailed in Appendix A 2.

n f dP g1 g2 g3

1S0
(1) 1.11 0.07 228.6 215.014.46 ln(mb

2/m2) 0.185
1S0

(8) 1.67 0.009 0.556 211.213.34 ln(mb
2/m2) 50.226.68 ln(mb

2/m2)
3S1

(8) 0.992 20.09 0.486 26.3511.98 ln(mb
2/m2) 32.023.97 ln(mb

2/m2)
1P1

(8) 0 0 228.2 0 217.4

3In this equation and those of the following ones that are similar in form, all numbers are given in un
GeV23.
3-8
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TABLE V. Numerical values for the LO and NLO functions~NDR scheme! that enter the branching ratio
Br(B→xc01X) according to Eq.~4.3! for mb54.8 GeV, mc51.5 GeV. The estimate for the pengu
correctiondP is obtained with the parameters detailed in Appendix A 2.

n f dP g1 g2 g3

3P(1) 0 0 0 0 26.11
3P1

(8) 0.992 20.09 0.486 26.3511.98 ln(mb
2/m2) 32.023.97 ln(mb

2/m2)
th
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Br@B→c~nS!1X#

5H 20.741

0.0754

20.254
J 1022^O 1

c~3S1!&10.195̂O 8
c~3S1!&

10.342F ^O 8
c~1S0!&1

3.10

mc
2 ^O 8

c~3P0!&G . ~4.7!

The penguin correction is included. For the coefficient of
color singlet operator we display the result obtained acco
ing to the procedures NLO, Improved and Total in Table
As discussed earlier, we use the second entry~Improved! in
the following.

The color singlet matrix element is computed from t
wave functions at the origin obtained with the Buchmu¨ller-
Tye potential as given in Ref.@19#:

^O 1
c~3S1!&5

9uR~0!u2

2p
5H 1.16 GeV3 ~J/c!

0.76 GeV3 ~c8!.
~4.8!

The color octet matrix element^O 8
c(3S1)& is rather well de-

termined by directc production at large transverse mome
tum in pp̄ collisions @20–22#. We use the values@22#

^O 8
c~3S1!&5H 1.0631022 GeV3 ~J/c!,

0.4431022 GeV3 ~c8!.
~4.9!

There is an uncertainty of a factor 2 in each direction of
central value associated with these numbers. With the n
ber quoted the3S1

(8) channel contributes 0.21% to theJ/c
branching fraction and 0.09% to thec8 branching fraction.
The other two color octet matrix elements are not yet w
determined. In Fig. 4 we show theJ/c branching fraction as
a function of the renormalization scalem for various values
of M3.1

c (1S0
(8) ,3PJ

(8)), where

Mk
c~1S0

~8! ,3PJ
~8!!5^O 8

c~1S0!&1
k

mc
2 ^O 8

c~3P0!&. ~4.10!
05400
e
-

.

e
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ll

With the other parameters fixed, the branching ratios BrB
→J/c1X)5(0.8060.08)% and Br(B→c81X)5(0.34
60.05)% measured by CLEO are reproduced by

M3.1
c ~1S0

~8! ,3PJ
~8!!5H 1.531022 GeV3 ~J/c!,

0.631022 GeV3 ~c8!.
~4.11!

If we allow the color singlet contribution to vary betwee
zero and twice the value assumed above, include the ab
variation of^O 8

c(3S1)& as well as the experimental error, an
add all variations linearly, we obtain the allowed range

M3.1
c ~1S0

~8! ,3PJ
~8!!5H ~0.422.3!31022 GeV3 ~J/c!

~0.021.0!31022 GeV3 ~c8!.
~4.12!

It is interesting to compare the central values~4.11! and the
upper limits with other determinations of the parame
Mk

c(1S0
(8) ,3PJ

(8)). The central values are about a factor of
smaller than the central values obtained f
M3.5

c (1S0
(8) ,3PJ

(8)) from c production at the Tevatron collide
at moderate transverse momentum@21,22#. As emphasized in
Ref. @22# the Tevatron collider extraction is very sensitive
various effects that affect the transverse momentum distr
tion. Indeed, Refs.@23,24# quote smaller values compatibl
with, or smaller than the central values above. The total p
duction cross section in fixed target collisions prob
M7

c(1S0
(8) ,3PJ

(8)) ~assuming the validity of NRQCD factor
ization, which may be controversial!. Given that a different
combination of matrix elements enters, the values obtai
in Ref. @25# are certainly consistent with the above cent
value. In view of the uncertainties involved in charmoniu
production in hadron collisions, we believe that the abo
upper limit on M3.1

c (1S0
(8) ,3PJ

(8)) is the most stringent one
existing at present. We note that small values of^O 8

c(1S0)&
and^O 8

c(3P0)& seem to be preferred by the non-observat
of a significant color octet contribution in the energy spe
trum of inelasticJ/c photoproduction@26,7,27# ~see, how-
ever, the discussion in Ref.@13#!. We conclude that the mea
suredJ/c andc8 branching fractions can be accounted f
in

TABLE VI. Numerical values for the LO and NLO functions~NDR scheme! that enter the branching ratio

Br(B→xc11X) according to Eq.~4.3! for mb54.8 GeV, mc51.5 GeV. The estimate for the pengu
correctiondP is obtained with the parameters detailed in Appendix A 2.

n f dP g1 g2 g3

3P1
(1) 1.32 0.07 226.8 216.315.29 ln(mb

2/m2) 24.04
3S1

(8) 0.992 20.09 0.486 26.3511.98 ln(mb
2/m2) 32.023.97 ln(mb

2/m2)
3-9
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TABLE VII. Numerical values for the LO and NLO functions~NDR scheme! that enter the branching
ratio Br(B→xc21X) according to Eq.~4.3! for mb54.8 GeV,mc51.5 GeV. The estimate for the pengu
correctiondP is obtained with the parameters detailed in Appendix A 2.

n f dP g1 g2 g3

3P2
(1) 0 0 0 0 24.94

3S1
(8) 0.992 20.09 0.486 26.3511.98 ln(mb

2/m2) 32.023.97 ln(mb
2/m2)
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with values of the NRQCD long-distance parameters con
tent with previously available values.

3. B˜hc1X

Presently, only an experimental upper bound Br(B→hc
1X),0.9% @2# exists on hc production. For the same
choice of input parameters as above, we have

Br~B→hc1X!

5H 21.19

0.250

20.210
J 1022^O 1

hc~1S0!&10.342̂O 8
hc~1S0!&

10.195F ^O 8
hc~3S1!&2

0.240

mc
2 ^O 8

hc~1P1!&G . ~4.13!

The LO term is enhanced by about 10% because of the
guin correction.

There is at present no information on thehc color octet
matrix elements from otherhc production processes. Th
color octet matrix elements are non-zero because soft g
emission connects the color octetcc̄ state to the physica
charmonium state. The soft gluon emission amplitude can
multipole expanded, supposing that the characteristic
mentum of the emitted gluons is of ordermcv

2, smaller than
the characteristic momentummcv of the charm quarks in the
charmonium rest frame. Up to corrections of orderv2, spin
symmetry imposes relations between thehc andJ/c matrix
elements. In addition to the familiar spin symmetry relati
^O 1

J/c(3S1)&53^O 1
hc(1S0)& for the color singlet wave func

tion, we find

^O 8
hc~1S0!&5

1

3
^O 8

J/c~3S1!&,

^O 8
hc~3S1!&5^O 8

J/c~1S0!&, ~4.14!

^O 8
hc~1P1!&53^O 8

J/c~3P0!&.
05400
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Note that these relations are consistent with the renorma
tion group equations for the matrix elements that follow fro
Eq. ~3.8!. Since we do not know^O 8

J/c(1S0)& and
^O 8

J/c(3P0)& separately, we assume that between one h
and all ofM3.1

c (1S1
(8) ,3PJ

(8)) is due to^O 8
J/c(1S0)&. With the

central value from Eq.~4.11! this leads to the estimate

Br~B→hc1X!'~0.320.5!%. ~4.15!

We emphasize that this estimate is crude and depends s
tively on the validity of the relations~4.14!. This estimate is
below theJ/c branching fraction, but with the increase
statistics since the previous analysis@2#, a branching fraction
in the above range may perhaps be reached with the CL
detector.

4. B˜xcJ1X

Color octet effects in charmonium production were in fa
considered for the first time forxc production inB decay@6#.
The authors showed that the observedxc2 signal can be ex-

plained by the production of acc̄@3S1
(8)# state followed by a

soft dipole transition.~Recall that at LO in the color single
model, xc0 and xc2 are not produced.! The LO production

through acc̄@3S1
(8)# pair corresponds to the IR sensitive co

tribution at orderas in the ordinary color singlet channe
Our NLO calculation adds to those the ‘‘hard’’ contribution
at orderas in the color singlet and the color octet channe
With mb54.8 GeV,mc51.5 GeV andm5mb as usual we
obtain

Br~B→xc01X!5
20.0148

mc
2 ^O 1

xc0~3P0!&

10.195̂O 8
xc0~3S1!&, ~4.16!
in

TABLE VIII. Numerical values for the LO and NLO functions~NDR scheme! that enter the branching

ratio Br(B→hc1X) according to Eq.~4.3! for mb54.8 GeV,mc51.5 GeV. The estimate for the pengu
correctiondP is obtained with the parameters detailed in Appendix A 2.

n f dP g1 g2 g3

1P1
(1) 0 0 0 0 29.41

1S0
(8) 1.67 0.009 0.556 211.213.34 ln(mb

2/m2) 50.226.68 ln(mb
2/m2)
3-10
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Br~B→xc11X!5H 22.14

20.783

21.21
J 1022

mc
2 ^O 1

xc1~3P1!&

10.195̂O 8
xc1~3S1!&, ~4.17!

Br~B→xc21X!5
20.0120

mc
2 ^O 1

xc2~3P2!&

10.195̂O 8
xc2~3S1!& ~4.18!

to be compared with the measurements@2#

Br~B→xc11X!5~0.3760.07!%, ~4.19!

Br~B→xc21X!5~0.2560.10!%. ~4.20!

Owing to the spin symmetry relations, valid up to high
order corrections inv2,

^O 1
xcJ~3PJ!&5~2J11!^O 1

xc0~3P0!&, ~4.21!

^O 8
xcJ~3S1!&5~2J11!^O 8

xc0~3S1!&, ~4.22!

only two of the six above parameters are independent.
color singlet contribution is always negative. However, sin
the two matrix elements involved mix under renormalizati
each short-distance coefficient depends on an arbitrary
vention to separate the two contributions.@We used the
modified minimal subtraction (MS) scheme.# Hence a nega-
tive partial rate is not unphysical.

Due to the near-proportionality of Eqs.~4.16!, ~4.17!, we
find, however, that it is very difficult to reproduce the expe

FIG. 4. TheJ/c branching fraction as a function of renorma
ization scale m for various values of M3.1

c (1S1
(8) ,3PJ

(8)) in
1022 GeV3. The horizontal band shows the CLEO measurem
@2# and the dashed curve shows the color singlet contribution al
05400
r

e
e

n-

mental result with a reasonable choice of matrix eleme
With most reasonable choices one obtains axc2 production
cross section larger than the cross section forxc1 . If we take
the color singlet matrix element from the Buchmu¨ller-Tye
potential model4 @19#

^O 1
xc0~3P0!&/mc

254.831022 GeV3, ~4.23!

and adjust5

^O 8
xc0~3S1!&5~4.526.5!31023 GeV3 ~4.24!

to reproduce the measuredxc2 branching fraction, we obtain

Br~B→xc11X!5~0.1520.27!%, ~4.25!

which is below the measurement. We conclude that the
pansion inas is not well behaved enough forP-wave char-
monium production inB decay, at least to next-to-leadin
order, to arrive at quantitative relations. The problem
caused to a large extent by the fact that the leading o
color singlet contribution toxc1 production, which would
have been expected to enhancexc1 production relative toxc2
production, is turned negative~or very small! at NLO.

In addition, the color singlet contributions are also neg
tive for xc0 andxc2 , which have no leading order contribu
tion. This requires large cancellations between a nega
color singlet contribution and a positive color octet contrib
tion. These cancellations may be considered an artifact of
MS factorization scheme, which appears unnatural from
point of view.

Because of this unsatisfactory situation, we find it difficu
to predict thexc0 branching fraction better than the naiv
expectation of one fifth of thexc2 branching fraction. Note
that we consider the prediction for thexc1 state less reliable

4From xc decays one obtains instead̂O 1
xc0(3P0)&/mc

253.1
31022 GeV3 @28#. F.M. has repeated the analysis of@28# incorpo-
rating the corrected NLO correction to the color singlet decay ch
nel together with the NLO correction to the color octet3S1 decay
channel @14#. The result is ^O 1

xc0(3P0)&/mc
25(3.260.4)

31022 GeV3, where the error comes from the fit~with x2/d.o.f.
51.6) and a variation of the renormalization scale betweenmc and
2mc . Using the central value we obtain^O 8

xc0(3S1)&5(3.525.6)
31023 GeV3 instead of Eq.~4.24! and axc1 branching fraction of
Br(B→xc11X)5(0.1320.25)% to be compared with Eq.~4.25!.

5This value can be compared with^O 8
xc0(3S1)&53.2

31023 GeV3 obtained in Ref. @21# and ^O 8
xc0(3S1)&58.1

31023 GeV3 obtained in Ref.@29# from xcJ production at the
Tevatron collider. The difference in the two values is supposed@29#
to be due to the fact that the calculation in Ref.@21# does not
include a negative contribution due to color-singlet fragmentati
which is related in part to a renormalization of^O 8

xc0(3S1)&. Be-
cause our calculation includes the NLO correction in the col
singlet channel~which is also negative!, our value in Eq.~4.24!
should be compared with the value of Ref.@29#.

t
e.
3-11
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than for thexc2 state, so that the range for the color oc
matrix element obtained in Eq.~4.24! may not be totally
unreasonable.

5. B˜hc1X

Finally, we consider the production of the1P1 statehc ,
which will probably be difficult to measure. With the usu
choice of parameters,

Br~B→hc1X!5
20.0228

mc
2 ^O 1

hc~1P1!&10.342̂O 8
hc~1S0!&.

~4.26!

We use the spin symmetry relation̂ O 1
hc(1P1)&

53^O 1
xc0(3P0)& for the derivative of the wave function a

the origin ~squared! and the spin symmetry relation

^O 8
hc~1S0!&53^O 8

xc0~3S1!& ~4.27!

for the color octet matrix element. With the value of th
color singlet matrix element as quoted above and the c
octet matrix element in the range~4.24! we obtain the esti-
mate

Br~B→hc1X!'~0.1320.34!%. ~4.28!

The given range hinges on the estimate~4.27!, which follows
from the statistical factor 3 for the E11S0→1P1 transition
and another factor 3 for the final state withJ51, provided
we assume a spin-independent overlap integral in term
color singlet and color octet wave functions. Then taki
into account the fact that the definition of^O 8

xc0(3S1)& does
not include an average over the three initial polarizations,
obtain the relative factor 9/353. Note again that Eq.~4.27! is
consistent with Eq.~3.8!.

B. Quarkonium momentum distributions

We briefly address quarkonium momentum distributio
We restrict ourselves to theS-wave statesJ/c andc8, first
because data exist at present only for these states@2# and
second, because the theoretical prediction appears to be
reliable for theS-wave states.

The energy distributions of thecc̄ pair in the partonic
processb→cc̄@n#1q1g are collected in Appendix B. The
partonic energy/momentum distributions are distributions
the mathematical sense and cannot be used to predic
physical momentum spectrum. Two effects lead to a sm
ing of the partonic energy/momentum distribution:

~a! Theb quark has a residual motion in theB meson and
does not decay at rest. This leads to an energy smearin
orderL, whereL is the QCD scale. ForB decay into char-
monium this ‘‘Fermi motion’’ effect has already been mo
eled in Ref.@30#, and more recently in Ref.@31#.

~b! The second effect is related to the fact that charm
nium production through color octetcc̄@n# states requires
the emission of soft gluons with energy of ordermcv

2'L.
The NRQCD matrix elements measure the probability for
05400
t
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e
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transitionn→charmonium, but do not take into account th
kinematic effect of the soft gluon emission, which becom
important near the upper endpoint of the charmonium m
mentum distribution@13#. Because the maximalJ/c momen-
tum in B decay is only about 2 GeV, this effect is expected
be at least as important as theb quark motion, especially in
view of the large fraction of color octet production. No a
tempt has been made so far to take this effect into accoun
a realistic model for the spectrum. Both effects are also
lated to the fact that the phase space boundaries in the
tonic calculation depend on the quark masses rather than
B meson,J/c andK masses.

In this paper neither of the two effects will be modele
One expects them to be suppressed by powers ofLQCD /mb,c
andv2 provided a smooth average of the momentum dis
bution ~like the integration to the total width! is taken. We
define

Br~c,W![E
0

1

dz W~z!
1

GB

dG~B→c1X!

dz

5(
n
N^O c@n#&E

2Ah

11h
dx

dG@n#

dx
WSAx224h

12h D ,

~4.29!

wherez[upW cu/upW c,maxu andGB is the totalB decay rate. The
variable x is the energy fraction, defined together wi
dG@n#/dx in Eq. ~2.15!. @The functionsgi@n#(h,x) that en-
ter there can be found in Appendix B.# Finally W(z) is a
smooth weight on the momentum distribution.

In Table IX we give the coefficients in front of th
NRQCD matrix elements in Eq.~4.29! for the weight func-
tions zn ~Ln! and (12z)n ~Sn! up to n53. For n50 we
recover the inclusive branching fraction6 ~4.7!. The first

6The precise implementation is done as follows: For t
d-function term in Eq.~B1! we use the improved prescription fo
the color singlet channel. For the second term on the right-hand
of Eq. ~B1! we use the strict NLO approximation. This is reaso
able, because the negative contributions that necessitate the
provement are mainly associated with virtual corrections.

TABLE IX. Coefficients of NRQCD matrix elements in GeV23

for the moments of theJ/c momentum distribution. Ln denotes th
moment with the weight functionzn, Sn the moment with the
weight function (12z)n.

Moment ^O 1
c(3S1)& ^O 8

c(3S1)& ^O 8
c(1S0)& ^O 8

c(3P0)&/mc
2

0 7.531024 2.031021 3.431021 1.06
L1 5.131024 1.931021 3.331021 9.831021

L2 3.331024 1.831021 3.231021 9.231021

L3 1.731024 1.731021 3.131021 8.731021

S1 2.431024 8.731023 1.431022 7.931022

S2 5.431025 1.631023 2.331023 1.631022

S3 2.431025 5.831024 7.531024 6.131023
3-12
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weight function increasingly weights the endpoint region
n increases. Therefore, one cannot taken large without en-
hancing higher order terms in the velocity expansion@13# not
taken into account here. The second weight function weig
the small-momentum tail. The moments decrease rap
with n, because, as expected, the spectrum favors a l
momentum of thec. The LO order and NLO virtual contri-
butions do not contribute to the Sn moments. These mom
are directly sensitive to hard gluon radiation.

The momentum spectrum measured by CLEO@2# is given
in the CLEO rest frame rather than theB rest frame. With the
improved statistics that should be available now, it will
interesting to see whether one can obtain additional infor
tion on charmonium production by comparing averages
the momentum spectrum with the above predictions. For
ample, one may think of using the Sn moments to determ
the parameterŝO 8

c(1S0)& and ^O 8
c(3P0)& separately.

C. Comparison with exclusive two-body modes

It is interesting to compare qualitative features of the t
oretical result for inclusive charmonium production with t
sum of the most important exclusive two-body decay ch
nels containing charmonium. We discuss onlyJ/c because
only limited experimental information exists for the oth
charmonium states.

There exist only two two-body modes of any importanc
Their branching fractions are measured to be@32#

Br~B→J/c1K !5H ~0.09960.010!%

~0.08960.012!%,
~4.30!

Br~B→J/c1K* !5H ~0.14760.027!%

~0.13560.018!%,
~4.31!

where the upper line in both Eqs.~4.30! and~4.31! refers to
B6 and the lower one toB0. The combined branching frac
tion of about 0.25% is far below the inclusive branchi
fraction of 0.8060.08%. The existence of a large fraction
three-body modes is also confirmed by the broad energy
tribution measured by CLEO@2#.

There is no clear association of the color singlet contri
tion with the inclusive branching fraction with the abov
two-body modes. A color singletcc̄ pair can radiate a hard
gluon and end up as a three-body mode. Likewise, the
gluon that is necessarily emitted from acc̄ pair in a color
octet state can be reabsorbed by the light quarks and c
bine to the kaon. This process depends on the spectator
quark in theB meson and would therefore seem to violate
factorization hypothesis of the NRQCD approach. Howev
factorization requires only that such spectator depende
cancels out to first approximation~in LQCD /mc,b) in the
average over all decay modes.

Nevertheless it is natural to expect that acc̄ pair in a color
octet state finds itself more often hadronizing in a multi-bo
05400
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decay than a color singletcc̄ pair and therefore we conside
the observation of a large fraction of multi-body decays
supporting evidence for the color octet picture. The fact t
the sum of the two two-body modes above is larger than
~poorly predicted! inclusive color singlet branching fractio
of approximately 0.1% suggests that the NLO calculat
underestimates this contribution.~Another possibility is that
some fraction of the large color octet partial rate does in f
end up in two-body modes.!

The large fraction of three body decays is significant
another respect. The NRQCD approach assumes ‘‘lo
parton-hadron duality,’’ which is often discussed in conne
tion with the inclusive non-leptonic decays ofB mesons. A
crucial consequence of ‘‘local parton-hadron duality’’ is th
the effect of color reconnections to the spectator quarks
small ~power-suppressed! even though color reconnection
must occur in every single decay. The same assumption
derlies the NRQCD factorization approach to inclusive ch
monium production. The assumption is usually justified
the presence of a large energy release into the final state
many decay modes to be averaged over. Since the en
release in decays into charmonium is not particularly lar
the existence of a sufficient fraction of decays with ad
tional pions suggests that the total decay rate provi
enough averaging for an approximate cancellation of n
factorizable effects.7

V. CONCLUSION

We presented an analysis of inclusiveB decay into the
known charmonium states at next-to-leading order in
strong coupling and accounting for the most important co
singlet and color octet production mechanisms. We find t
radiative corrections make the color singlet contributio
negative, an effect already observed in Ref.@9# for the color
singlet contribution toJ/c production and explained by th
suppression of color singlet production at leading order d
to the particular structure of the weak effective Hamiltonia
The problem is particularly serious forxc1 production. As a
consequence, the appealing theoretical pattern forxcJ pro-
duction at leading order@6# becomes obscured quantitative
at next-to-leading order, although the qualitative requirem
of an additional color octet component is not put into qu
tion. In general, we find it difficult to make a quantitativ
prediction for any of the fourP-wave states.

The situation is more satisfactory forS-wave production,
and in particular forJ/c production, for which we confirm
the earlier conclusion that the color singlet contribution
about a factor 5–10 below the observed production rate.
next-to-leading order corrections to the color octet chann

7We use the term ‘‘non-factorizable’’ in the sense of NRQC
factorization. In the literature on two-body decays ofB mesons
non-factorizable usually refers to any virtual gluon correction~be-

low the scalemb) that connects theb or s quark to thec or c̄ quark.
These non-factorizable contributions are included in the inclus
NRQCD calculation, see Fig. 1.
3-13
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computed in this paper are positive and of order 20%–50
Assuming that these channels make up for the missing c
tribution, we adjust a certain combination of NRQCD mat
elements to reproduce the experimental branching fract
The value for the matrix element is somewhat smaller th
but within errors compatible with the magnitude sugges
by other quarkonium production processes. Since theas ex-
pansion appears to be well-behaved forJ/c production, we
obtain the sharpest upper bound to date on a combinatio
^O 8

c(1S0)& and ^O 8
c(3P0)&/mc

2 , even when we assume th
there are no other production mechanisms. In principle, w
more accurate data appearing, weights on theJ/c momen-
tum distribution can also be used to determine^O 8

c(1S0)&
and^O 8

c(3P0)&/mc
2 individually, which has so far proven to

be difficult, even combining information from otherJ/c pro-
duction processes.
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APPENDIX A: SHORT-DISTANCE COEFFICIENTS FOR
INTEGRATED DECAY WIDTHS

We collect the expressions that enter the integrated pa
rates~2.13! in this appendix. Recallh54mc

2/mb
2 . The scale

m denotes the factorization scale at which the coefficie
C[1,8] are evaluated. We distinguish from it the renormaliz
tion scalem̂ of the NRQCD matrix element̂OH@n#&.

1. Lowest order functions

The lowest order functionf @n#(h) vanishes for n
53P0

(1) ,3P2
(1) ,1P1

(1) and 1P1
(8) . The nonvanishing ones are

f @3S1
~1!#~h!5~12h!2~112h!, ~A1!

f @1S0
~1!#~h!53~12h!2, ~A2!

f @3P1
~1!#~h!52~12h!2~112h!, ~A3!

f @3S1
~8!#~h!5

3

2
~12h!2~112h!, ~A4!
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f @1S0
~8!#~h!5

9

2
~12h!2, ~A5!

f @3PJ
~8!#~h!59~12h!2~112h!. ~A6!

2. The penguin correction

We consider only the contribution where a decay throu
a QCD penguin operatorO326 interferes with the decay am
plitude through a current-current operator. Since the peng
operators have small coefficient functions, it is sufficient
evaluate the penguin contributions in lowest orders inas .
The double penguin contribution is negligible in size. Sin
f @n#(h)50 for n53P0

(1) , 3P2
(1) , 1P1

(1) , 1P1
(8) , the penguin

contribution also vanishes in leading order for thesen. For
the other intermediate states, we find

dP@3S1
~1!#52

3~C31C5!1C41C6

C[1]
'20.004, ~A7!

dP@1S0
~1!#5dP@3P1

~1!#52
3~C32C5!1C42C6

C[1]

'0.07, ~A8!

dP@3S1
~8!#54

C41C6

C[8]
'20.09, ~A9!

dP@1S0
~8!#5dP@3PJ

~8!#54
C42C6

C[8]
'0.009.

~A10!

Here we used unitarity of the Cabibbo-Kobayashi-Maska
~CKM! matrix to relate the CKM factor of the penguin con
tribution to the CKM factor of the current-current operat
contribution @up to a negligible error Re„Vcb* Vcs /(Vtb* Vts)…
521#. For the numerical estimate we have used the lead
logarithmic approximation for the Wilson coefficients at th
scalemb54.8 GeV and withLQCD

LO adjusted to reproduce
as(mZ) which givesLQCD

LO 593 MeV ~for five flavors!. This
implies C[1] (mb)50.41, C[8] (mb)52.19, C3(mb)50.010,
C4(mb)520.024, C5(mb)50.007 andC6(mb)520.028.

3. Next-to-leading order functions

The next-to-leading order functions depend on t
scheme-dependent constantsXR , YR andZR . Their values in
the NDR and HV scheme are given in Sec. III A.
3-14
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3S1
„1…

g1@3S1
~1!#~h!5

4

3H ~21!~12h!2~112h!F8 Li2~h!14 ln~12h!lnh24ZR1
4p2

3 G
24h~11h!~122h!ln h22~12h!2~514h!ln~12h!2~12h!~122h!~315h!J , ~A11!

g2@3S1
~1!#~h!5

4

3H ~12h!2~112h!F3 ln
mb

2

m2
1YR2XRG2

~12h!~34123h251h2116h3!

2~22h!

1
2~12h!3~32h2!

~22h!2
ln~12h!2

~26219h14h2!h2

22h
lnh2

8~12h!3h

22h
ln 2J , ~A12!

g3@3S1
~1!#~h!5

4

27
~12h!~1137h28h2!2

8~126h!

9
ln h. ~A13!

1S0
„1…

g1@1S0
~1!#~h!5~24!~12h!2F8 Li2~h!14 ln~12h!ln h24ZR1

4p2

3 G216h~12h!ln h

1
8~12h!2~225h!

h
ln~12h!120~12h!2, ~A14!

g2@1S0
~1!#~h!54~12h!2F3 ln

mb
2

m2
1YR2XRG14h2 ln h2

2~12h!~34253h117h2!

22h

1
8~12h!3~32h!

~22h!2
ln~12h!, ~A15!

g3@1S0
~1!#~h!5

4

9
@~21!~12h!~1127h12h2!26 lnh#. ~A16!

3P0
„1…

g1@3P0
~1!#~h!50, ~A17!

g2@3P0
~1!#~h!50, ~A18!

g3@3P0
~1!#~h!5

16

9
~12h!2~112h!F2 ln

m̂2

4mc
2

12 ln~12h!G2
8

9
~1212h218h3!ln h2

4

9
~12h!~25213h218h2!.

~A19!

3P1
„1…

g1@3P1
~1!#~h!5S 2

8

3D ~12h!2~112h!F8 Li2~h!14 ln~12h!ln h24ZR1
4p2

3 G2
32

3
h~11h!~122h!ln h

2
16

3
~12h!2~514h!ln~12h!1

8

3
~12h!~519h26h2!, ~A20!
054003-15
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g2@3P1
~1!#~h!5

8

3
~12h!2~112h!S 3 ln

mb
2

m2
1YR2XRD 1

64

3
h2F2Li2S 12h

22h D1Li2S 2~12h!

22h D
22 Li2~h!2 ln 2 ln~22h!1 ln 2 lnh2 ln h ln~12h!1

p2

3 G1
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APPENDIX B: SHORT-DISTANCE COEFFICIENTS FOR
ENERGY DISTRIBUTIONS

At leading order inas the energy of the quarkonium i
fixed. A non-trivial energy distribution is generated by glu
emission at NLO. The functionsgi@n#(h,x), wherex is the
quarkonium energy fraction as defined in the text, can
expressed in the form

gi@n#~h,x!5gi@n#~h!d~11h2x!1@gi ,real@n#~h,x!#1 ,
~B1!

wheregi@n#(h) is the corresponding function for the tot
integrated decay rate, given in Appendix A 3. The plu
distribution is defined by

E
2Ah

11h
dx@ f ~x!#1t~x!5E

2Ah

11h
dx f~x!@ t~x!2t~11h!#

~B2!

for a test functiont. We also introduce

r5Ax224h. ~B3!

The kinematic limits onx are 2Ah,x,11h. In the
following we give the energy distribution function
gi ,real@n#(h,x):
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