
kuba,

PHYSICAL REVIEW D, VOLUME 59, 046007
Type-II superstrings and new spacetime superalgebras
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Ibaraki, 305-0801 Japan
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We present a geometric formulation of type-IIA and -IIB superstring theories in which the Wess-Zumino
term is second order in the supersymmetric currents. The currents are constructed using supergroup manifolds
corresponding to superalgebras: the type-IIA superalgebra derived fromM algebra and the type-IIB superal-
gebra obtained by aT-duality transformation of the type-IIA superalgebra. We find that a slight modification of
the type-IIB superalgebra is needed to describeD-string theories, in which the U~1! gauge field on the world
sheet is explicitly constructed in terms ofD-string charges. A unification of the superalgebras in a
(1011)-dimensionalN52 superalgebra is discussed too.@S0556-2821~99!07202-1#

PACS number~s!: 11.25.Sq, 11.30.Pb, 11.27.1d
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I. INTRODUCTION

It is now widely appreciated that superp-branes play an
important role in nonperturbative string physics. The dyna
ics of the superp-branes is generally very difficult, but i
does possess some algebraic properties. One of these
modification of the Poincare´ superalgebra in the presence
superp-branes.

Siegel@1# found a manifestly supersymmetric formulatio
of the Green-Schwarz superstring, based on a superalg
discovered earlier by Green@2#. This superalgebra is a gen
eralization of super Poincare´ algebra, in which a new fermi
onic generator is contained and translations do not comm
with the supercharges. He constructed a suitable set of
percurrents on the corresponding supergroup manifold
wrote down the Wess-Zumino term of the Green-Schw
action in a manifestly supersymmetric form, without havi
to go one higher dimension. Bergshoeff and Sezgin sho
that Siegel’s formulation generalizes to higher sup
p-branes@3#. They introduced a set of new spacetime sup
algebras. By introducing the new coordinates correspond
to the new generators of the underlying superalgebra
constructing the supercurrents on the supergroup manifo
they were able to write the Wess-Zumino terms for su
p-branes, which are (p11)th order in the supercurrents an
which equal the usual Wess-Zumino terms up to the to
derivative terms.~Thesep-brane superalgebras~p>1! were
further investigated in@4#.!

It is not known whether the formulation generalizes
type-II branes: type-II superstrings, Neveu-Schwarz 5-bra
~NS5-branes! and D p-branes~p5odd for the type-IIB su-
perstring theory andp5even for the type-IIA superstring
theory!. In this paper, we show that the formulation gener
izes to type-II superstrings andD-strings. To do this, we
introduce a set of new spacetime superalgebras: the type
superalgebra derived from theM algebra which was discov
ered by Sezgin@5# and the type-IIB superalgebra obtained
a T-duality transformation of the type-IIA superalgebra. U
ing the new superalgebras, we construct supercurrents o
supergroup manifolds corresponding to the superalgebra

*Email address: gu@theory.kek.jp
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terms of these currents, we write down the Wess-Zum
terms, which are second order in the supercurrents. We
that one needs a slight modification of the type-IIB super
gebra in order to describeD-string theories, in which the
U~1! gauge field on the world sheet is parametrized by co
dinates associated with theD-string charges. The modified
type-IIB superalgebra, which corresponds to the descrip
of the type-IIB superstring and theD-string on an equal foot-
ing, is not related by theT duality to the type-IIA superalge
bra obtained from theM algebra. As a trial to relate thes
superalgebras, we consider a unification of the superalge
in a (1011)-dimensionalN52 superalgebra.

This paper is organized as follows. We first presen
review of the technology used in this paper and Siege
formulation. In Sec. III, we derive the type-IIA superalgeb
from the M algebra and show that the superalgebra co
sponds to the type-IIA superstring theories. Next, in Sec.
performing aT-duality transformation, we obtain the type
IIB superalgebra. The algebra is shown to correspond to
type-IIB superstrings. In Sec. V,D-strings are found to be
described by modifying the type-IIB superalgebra, in whi
the U~1! gauge field is parametrized by the coordinates c
responding to theD-string charges. In Sec. VI, considerin
the identities, we show that the modified type-IIB superalg
bra cannot be related to the type-IIA superalgebra
T-duality transformations. A unification of these algebras
a (1011)-dimensionalN52 superalgebra is discussed
Sec. VII. The last section is devoted to a summary and
cussions.

II. SUPERALGEBRA AND SIEGEL’S FORMULATION

Let us denote the generators of an algebra collectively
TA . The algebra can be written as

@TA ,TB%5 f AB
CTC . ~2.1!

In the dual basis, the Maurer-Cartan super one-forms
defined by

eA5dZMLM
A, ~2.2!
©1999 The American Physical Society07-1
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wheredZM are the differentials on the group manifold. Th
left-invariant group vielbeinsLM

A and the pullbacksLi
A are

obtained by the left-invariant Maurer-Cartan form

U21] iU5] iZ
MLM

ATA5Li
ATA , ~2.3!

whereU is a supergroup element. The Maurer-Cartan eq
tions, which are expressed in terms of the dual forms

deC52
1

2
eB∧eAf AB

C, ~2.4!

contain equivalent information about the algebra. Given
super q-form G, the exterior derivative acts as follows
d(F∧G)5F∧dG1(21)qdF∧G. The Jacobi identities are
satisfied iff the integrability conditionsd2eA50 hold.

Similarly, the right-invariant group vielbeinsRM
A are ob-

tained by the right-invariant Maurer-Cartan form

] iUU215] iZ
MRM

ATA5Ri
ATA . ~2.5!

Using the the right-invariant group vielbeinsRM
A, super-

symmetry transformations are obtained as follows. An infi
tesimal transformation is written asU85(11e)U, wheree
5eATA is the transformation parameter. This implies thae
5dUU215dZBRB

ATA ; one then finds that an infinitesima
transformation can be expressed as

dZA5eARA
M, ~2.6!

whereRA
N is defined byRM

ARA
N5dM

N . The transformation
parameterea associated with the superchargeQa can be in-
terpreted as a rigid supersymmetry transformation param

Useful in calculating the left- or right-invariant Maure
Cartan equations are the Zumino’s formulas:

e2fdef5S 12e2f

f D∧df, ~2.7!

defe2f5S ef21

f D∧df, ~2.8!

e2fbef5e2f∧b, ~2.9!

efbe2f5ef∧b, ~2.10!

where the wedge denotes a compact expression of the c
mutation relationf∧c5@f,c#, f2∧c5@f,@f,c##, and
1∧c5c.

Siegel@1# found a manifestly supersymmetric formulatio
of the Green-Schwarz superstring based on a superalg
@2#,

$Qa ,Qb%5~ga!abPa , @Qa ,Pa#5~ga!abSb,
~2.11!

in which the translation does not commute with the sup
charge. Parametrizing the supergroup manifold as

U5efaSa
exaPa

euaQa, ~2.12!
04600
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-
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where coordinatesZA5(fa ,xa ,ua) associate to the genera
tors TA5(Sa,Pa,Qa), the superstring action is written in
terms of left-invariant pullback vielbeins,

I 5E d2jF2
1

2
A2ggi j Li

aL j
bhab2

1

2
e i j L i

aL j aG ,
~2.13!

wheregi j andhab are the world sheet and spacetime metr
respectively, andg5detgij . A nontrivial feature of this new
action is that the new coordinatesfa only occur as a total
derivative term. Up to this total derivative term, the abo
action is identical to the standard Green-Schwarz superst
action. Furthermore, the Wess-Zumino term in the above
tion is manifestly supersymmetric, while in the usual Gree
Schwarz formulation the supersymmetry is up to a total
rivative term. These transformations involveLi

a and Li
a,

which remain unchanged by the presence of the new coo
natefa . The coefficient of Wess-Zumino term is fixed s
that the action is also invariant under the usualk-symmetry
transformations. Following the same line, the authors of R
@3# showed thatp-brane actions can be constructed by us
new superalgebras.

III. TYPE-IIA SUPERSTRING

We derive the type-IIA superalgebra by a dimension
reduction of theM algebra. For later use in Sec. IV, w
include D0-brane andD2-brane charges in addition to su
pertranslation and superstring charges. We then show
the type-IIA superstring action can be constructed using
obtained type-IIA superalgebra.

A. Type-IIA superalgebra from M algebra

The M algebra found by Sezgin@5# is characterized by
generators: supertranslationQM , M2-brane ZMN,
‘‘superstring’’ 1 ZM, and M5-brane ZMNOPQ, where 11-
dimensional spacetime indicesm,n,... and Majorana spino
indices a,b,... are collectively denoted asM,N,..., so that
QM5(Pm ,Qa), ZMN5(Zmn,Zma,Zab), etc. The Maurer-
Cartan equations, containing equivalent information ab
the algebra, are described in terms of the dual basis:eM,
eMN , eM , andeMNOPQ, respectively. It is sufficient for our
present purpose to consider the former three:eM, eMN , and
eM . The corresponding part of theM algebra is~we call this
algebraM algebra for simplicity throughout this paper!

dem52
1

2
ea∧eb~gm!ab , ~3.1!

dem52
1

2
ea∧eb~gm!ab , ~3.2!

1This was discussed in@6# and @7#.
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dea52eb∧em~gm!ab1~12l!eb∧em8 ~gm!ab

2
l

10
eb∧emn~gmn!ab , ~3.3!

demn52
1

2
ea∧eb~gmn!ab , ~3.4!

dema52eb∧en~gmn!ab2eb∧emn~gn!ab ,
~3.5!

deab5
1

2
em∧en~gmn!ab2

1

2
emn∧em~gn!ab

2
1

4
emg∧eg~gm!ab22ema∧eg~gm!bg , ~3.6!

where the Jacobi identities are satisfied due to the ident
in (1011) dimensions:

~gm!(ab~gmn!gd)50, ~3.7!

~gm!(ab~gm!gd)1
1

10
~gmn!(ab~gmn!gd)50. ~3.8!

Throughout this paper we use a notation where a gi
spinor always has an upper or a lower spinor index, a
never raise or lower a spinor index using the char
conjugation matrix.
04600
es

n
d
-

The type-IIA superalgebra is obtained by a dimensio
reduction of the 11th direction, sayx\. The obtained type-
IIA superalgebra is characterized by generators: supertr
lation QA , superstringZA, D0-braneS, D2-braneSAB, and
ZA8 andZ\8 originated from ‘‘superstring’’ZM in 11 dimen-
sions, where the indicesA,B,... collectively denote ten-
dimensional spacetime indices,a,b,... andMajorana-Weyl
spinor indices,a,b, . . . andȧ,ḃ,... with positive and nega-
tive chirality, respectively. We find that the dual forms of th
generators of the type-IIA superalgebra are defined in te
of those of the generators of theM algebra as follows:

supertranslationQA : eA5~ea,ea,eȧ!,

superstringZA: eA5~e\a ,e\a,e\ȧ!,

D0-brane S: e5~e\!,

D2-brane SAB: eAB5~eab ,eaa,eaȧ ,eab ,eaḃ ,eȧḃ!,

ZA8: eA85~ea8 ,ea8 ,eȧ8 !,

Z\8: e85~e\8 !, ~3.9!

which is consistent with the fact that the superstring a
D2-brane consist of a wrappedM2-brane andM2-brane,
respectively. The Maurer-Cartan equations of the type-
superalgebra are found to be
dea52
1

2
ea∧eb~ga!ab2

1

2
eȧ∧eḃ~ga!ȧḃ , ~3.10!

dea52
1

2
ea∧eb~ga!ab1

1

2
eȧ∧eḃ~ga!ȧḃ , ~3.11!

dea52eb∧ea~ga!ab2eb∧ea~ga!ab , ~3.12!

deȧ51eḃ∧ea~ga!ȧḃ2eb∧ea~ga!ȧḃ , ~3.13!

de52ea∧eḃ~1!aḃ , ~3.14!

deab52ea∧eḃ~gab!aḃ , ~3.15!

deaa52eḃ∧eb~gab!aḃ1eb∧e~ga!ab2eb∧eab~gb!ab1eḃ∧ea~1!aḃ , ~3.16!

deaȧ52eb∧eb~gab!ȧb2eḃ∧e~ga!ȧḃ2eḃ∧eab~gb!ȧḃ2eb∧ea~1!ȧb, ~3.17!

deab51e∧ea~ga!ab2
1

2
eab∧ea~gb!ab2

1

2
eb∧e~gb!ab2

1

4
eag∧eg~ga!ab2

1

4
eaġ∧eġ~ga!ab

22eaa∧eg~ga!bg22ea∧eġ~1!bġ , ~3.18!
7-3
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deaḃ51
1

2
ea∧eb~gab!aḃ1

1

2
ea∧ea~1!aḃ2

1

4
eg∧eg~1!aḃ2

1

4
eġ∧eġ~1!aḃ2eaa∧eġ~ga!ḃġ1ea∧eg~1!ḃg

2eaḃ∧eg~ga!ag2eḃ∧eġ~1!aġ , ~3.19!

deȧḃ52e∧ea~ga!ȧḃ2
1

2
eab∧ea~gb!ȧḃ2

1

2
eb∧e~gb!ȧḃ2

1

4
eag∧eg~ga!ȧḃ2

1

4
eaġ∧eġ~ga!ȧḃ22eaȧ∧eġ~ga!ḃġ

12eȧ∧eg~1!ḃg , ~3.20!

dea852
1

2
ea∧eb~ga!ab2

1

2
eȧ∧eḃ~ga!ȧḃ , ~3.21!

dea852eb∧ea~ga!ab2eḃ∧e~1!aḃ1~12l!eb∧ea8~ga!ab1~12l!eḃ∧e8~1!aḃ2
l

10
eḃ∧eab~gab!aḃ

2
l

5
eb∧ea~ga!ab , ~3.22!

deȧ852eḃ∧ea~ga!ȧḃ1eb∧e~1!ȧb1~12l!eḃ∧ea8~ga!ȧḃ2~12l!eḃ∧e8~1!ȧb2
l

10
eb∧eab~gab!ȧb

1
l

5
eḃ∧ea~ga!ȧḃ , ~3.23!

de852ea∧eḃ~1!aḃ , ~3.24!
g
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where we used the following relations@8#: (1)aḃ5
2(1)ḃa and (gab)aḃ51(gab) ḃa . The type-IIA superalge-
bra is closed due to the following identities:

~ga!a(b~ga!gd)50, ~3.25!

~1!ȧ(b~ga!gd)1~ga
b!ȧ(b~gb!gd)50, ~3.26!

2~1!a(ḃ~1!ġ)d1
2

5
~ga!ad~ga!~ḃġ !1

1

10
~gab!a(ḃ~gab!ġ)d

50, ~3.27!

and those in which the undotted spinor indices are exchan
for the dotted ones. The last identity~3.27! is needed to
satisfy the Jacobi identity for primed dual forms originati
from ‘‘superstring’’ in theM algebra.

B. Type-IIA superstring

We now consider a subalgebra of the type-IIA superal
bra generated by the following generators:TA

5$Pa ,Qa ,Qȧ ,Za,Za,Zȧ%. The algebra turns out to be

$Qa ,Qb%5~ga!abPa1~ga!abZa,

$Qȧ ,Qḃ%5~ga!ȧḃPa2~ga!ȧḃZa,

@Pb ,Qb#52~gb!abZa, @Zb,Qb#52~gb!abZa,
04600
ed

-

@Pb ,Qḃ#522~gb!ȧḃZȧ, @Zb,Qḃ#52~gb!ȧḃZȧ,
~3.28!

which is closed due to the identity~3.25! and the undotted
indices replaced by dotted spinor ones.

We show that the type-IIA superstring action can be co
structed from the above algebra. In this sense, we refer to
algebra as type-IIA superstring algebra. The supergr
manifold is parametrized as

U5ezaZa
ezȧZȧ

ezaZa
exaPaeuȧQȧeuaQa, ~3.29!

and the left-invariant pullback supergroup vielbeins are
tained as

Li
a5] iu

a, Li
ȧ5] iu

ȧ, ~3.30!

Li
a5] ix

a1
1

2
~ ū̇ga] i u̇ !1

1

2
~ ūga] iu!,

~3.31!

Lia5] iza2
1

2
~ ū̇ga] i u̇ !1

1

2
~ ūga] iu!,

~3.32!

Lia5] iza12] iza~ ūga!a12] ix
a~ ūga!a

1
2

3
~ ūga] iu!~ ūga!a , ~3.33!
7-4
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Li ȧ5] izȧ12] iza~ ū̇ga!ȧ22] ix
a~ ū̇ga!ȧ

2
2

3
~ ū̇ga] i u̇ !~ ū̇ga!ȧ , ~3.34!

which are invariant under the following supersymme
transformations:

dua5ea, duȧ5eȧ,

dxa52
1

2
~ ēgau!2

1

2
~ ē̇gau̇ !,

dza52
1

2
~ ēgau!1

1

2
~ ē̇gau̇ !,

dza522xa~ ēga!a22za~ ēga!a1
2

3
~ ēgau!~ ūga!a ,

dzȧ512xa~ ē̇ga!ȧ22za~ ē̇ga!ȧ2
2

3
~ ē̇gau̇ !~ û̇ga!ȧ .

~3.35!

In the case where we do not denote the spinor indices ex
itly, it is always understood that they have their stand
position, e.g., (gau)a5(ga)abub, (ūga] iu)
5ua(ga)ab] iu

b, etc:
We find that the type-IIA superstring action can be co

structed as

I 5E d2jF2
1

2
A2ggi j Li

aL j
bhab

2
1

2
e i j S Li

aL ja1
1

4
Li

aL j a1
1

4
Li

ȧL j ȧD G , ~3.36!

wheregi j andhab are the world sheet and spacetime metr
respectively, andg5detgij . The last three terms in the ac
tion constitute the manifestly supersymmetric form of t
Wess-Zumino term. The coefficient of the Wess-Zumi
term is determined so that the action enjoys fermionick
symmetry:

dkua5~11G!a
bkb, dkuȧ5~12G!ȧ

ḃkḃ,

dkxa5
1

2
~dkūgau!1

1

2
~dkū̇gau̇ !, ~3.37!

whereG5@1/(2A2g)#e i j L i
aL j

bgab .
The two-formb is defined from the Wess-Zumino term

the action as
04600
c-
d

-

,

b52
1

2 S La∧La1
1

4
La∧La1

1

4
L ȧ∧L ȧD . ~3.38!

The three-formh5db is calculated as

h52
1

2
La∧La∧Lb~ga!ab1

1

2
La∧L ȧ∧L ḃ~ga!ȧḃ .

~3.39!

Note that all of the dependence on the new fermionic co
dinates has dropped out from the expression forh. In fact,
the antisymmetric part of the action is the well-known We
Zumino term of the type-IIA superstrings up to total deriv
tive terms:

E e i j bi j 5E 1

2
e i j F] ix

a
„~ ūga] ju!2~ ū̇ga] j u̇ !…

1
1

2
~ ū̇ga] i u̇ !~ ūga] ju!G . ~3.40!

As a result, we conclude that the type-IIA superstring act
is constructed from the type-IIA superstring algebra~3.28!.

IV. TYPE-IIB SUPERSTRING

In this section, the type-IIB superalgebra is constructed
the T dual of the type-IIA superalgebra. The type-IIB sup
ralgebra includesD-string charges as well as superstrin
charges. We show that the type-IIB superstring action is c
structed by means of the type-IIB superalgebra.

A. Type-IIB superalgebra and T duality

In order to obtain type-IIB superalgebra, we conside
T-duality transformation of the type-IIA superalgebra. W
denote the ninth spacelike direction asx] with respect to
which T duality is performed. The type-IIB superalgebra
generated by supertranslationsQA , superstringZA, and
D-string SA, which can be expressed in terms of generat
of the type-IIA superalgebra. Since the type-IIB superalge
is generated by generators with undotted spinor indices,
chirality of the fermionic generators with dotted spinor ind
cesȧ in the type-IIA superalgebra is flipped by multiplyin
g], as was done in Ref.@9#. We denote chirality flipped
spinor indices asã and (a,a,ã) asA collectively.

It turns out to be easy to perform theT-duality transfor-
mation by using the Maurer-Cartan equations. We found t
the dual formsêA, êA , and êA8 of generatorsQA , ZA, and
SA, respectively, can be written in terms of those of t
generators of the type-IIA superalgebra as follows:
supertranslationQA : êA5„êa5~ei ,e]!, êa5ea, êã5g]eȧ
…,

superstringZA: êA5„êa5~ei ,e]!, êa5ea , êã5g]eȧ
…,
7-5
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D-string SA: êA85„êa85~e] i ,2e!, êa85e]a , êã85g]e]ȧ…, ~4.1!
e
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where i runs, except for]. We use a notation in which th
primed dual form corresponds to a dual form forD-string
charges. Since the dual formseab , eaḃ , and eȧḃ of the
type-IIA superalgebra are parts of the type-IIBD3-brane
charges, we neglect them here. The resulting Maurer-Ca
equations for the type-IIB superalgebra are found to
~dropping carets!

dea52
1

2
ea∧eb~ga!ab2

1

2
eã∧eb̃~ga!ãb̃ , ~4.2!

dea52
1

2
ea∧eb~ga!ab1

1

2
eã∧eb̃~ga!ãb̃ ,

~4.3!

dea52eb∧ea~ga!ab2eb∧ea~ga!ab , ~4.4!

deã51eb̃∧ea~ga!ãb̃2eb̃∧ea~ga!ãb̃ , ~4.5!

dea852ea∧eb̃~ga!ab̃ , ~4.6!

dea852eb̃∧ea~ga!ab̃2eb∧ea8~ga!ab , ~4.7!

deã852eb∧ea~ga!ãb2eb̃∧ea8~ga!ãb̃, ~4.8!

where the Jacobi identities are satisfied due to the w
known identity (ga)a(b(ga)gd)50. Here the tildes on the
spinor indices ofg matrices are not written because the ide
tity is not affected by the tildedness of the spinors. But if o
wants to see how the identity is used, one finds that
following identities are used:

~ga!a(b~ga!gd)50, ~ga!ã(b~ga!gd)50, ~4.9!

and those in which the tilded spinor indices are exchan
for the untilded spinor indices. Note that the numbers
tildes in the identities are 0, 4, 1, 3 and the identity with tw
tilded spinor indices is absent. Since theT dual of the
Maurer-Cartan equations~3.21!–~3.24! cannot be rearrange
in a covariant form, we drop them here. We return to t
point later in Sec. VI.

B. Type-IIB superstring

We show that the type-IIB superstring action can be c
structed from the type-IIB superalgebra obtained in S
IV A. We start with writing down the type-IIB superalgebra

$Qa ,Qb%5~ga!abPa1~ga!abZa,

$Qã ,Qb̃%5~ga!ãb̃Pa2~ga!ãb̃Za,

$QaQb̃%5~ga!ab̃Sa,

@Pa ,Qb#52~ga!abZa12~ga!ãbSã,
04600
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@Pa ,Qb̃#522~ga!ãb̃Zã12~ga!ab̃Sa,

@Za,Qb#52~ga!abZa, @Za,Qb̃#52~ga!ãb̃Zã,

@Sa,Qb#52~ga!abSa, @Sa,Qb̃#52~ga!ãb̃Sã.
~4.10!

Parametrizing the supergroup manifold by

U5ezaZa
ezãZã

ezaZa
eyaSa

efãSã
efaSa

exaPaeuãQãeuaQa,
~4.11!

we obtain the pullback vielbeins of the left-invariant supe
group as follows:

Li
a5] iu

a, Li
ã5] iu

ã, ~4.12!

Li
a5] ix

a1
1

2
~ ūga] iu!1

1

2
~uDga] i ũ !, ~4.13!

Lia5] iza1
1

2
~ ūga] iu!2

1

2
~uDga] i ũ !, ~4.14!

Lia5] iza12] iza~ ūga!a12] ix
a~ ūga!a

1
2

3
~ ūga] iu!~ ūga!a , ~4.15!

Li ã5] izã12] iza~uDga!ã22] ix
a~uDga!ã

2
2

3
~uDga] i ũ !~uDga!ã , ~4.16!

Lia8 5] i ya1~uDga] iu!, ~4.17!

Lia8 5] ifa12] ix
a~uDga!a12] i ya~ ūga!a

1~ ūga] iu!~uDga!a1
1

3
~uDga] i ũ !~uDga!a ,

~4.18!

Li ã8 5] ifã12] ix
a~ ūga!ã12] i ya~uDga!ã

1~uDga] iu!~uDga!ã1
1

3
~ ūga] iu!~ ūga!ã .

~4.19!

The supersymmetry transformations are found to be

dua5ea, duã5eã, ~4.20!

dxa52
1

2
~ ēgau!2

1

2
~eDgaũ !, ~4.21!
7-6
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dza52
1

2
~ ēgau!1

1

2
~eDgaũ !, ~4.22!

dza522za~ ēga!a22xa~ ēga!a1
2

3
~ ēgau!~ ūga!a ,

~4.23!

dzã522za~eDga!ã12xa~eDga!ã2
2

3
~eDgaũ !~uDga!ã ,

~4.24!

dya52~eDgau!, ~4.25!

dfa522xa~eDga!a22ya~ ēga!a1~eDgau!~ ūga!a

1
1

3
~eDgaũ !~uDga!a , ~4.26!

dfã522xa~ ēga!ã22ya~eDga!ã1~eDgaũ !~ ūga!ã

1
1

3
~ ēgau!~ ūga!ã . ~4.27!

We find that the type-IIB superstring action is constructed

I 5E d2jF2
1

2
A2ggi j Li

aL j
bhab

2
1

2
e i j S Li

aL ja1
1

4
Li

aL j a1
1

4
Li

ãL j ãD G , ~4.28!

where gi j and hab are the world sheet and the spacetim
metric, respectively, andg5detgij . The last three terms in
the action constitute a manifestly supersymmetric form
the Wess-Zumino term. The two-formb is defined in terms
of the Wess-Zumino term in the action as

b5
1

2 S La∧La1
1

4
La∧La1

1

4
L ã∧L ãD , ~4.29!

and the three-formh5db is calculated as

h52
1

2
La∧La∧Lb~ga!ab1

1

2
La∧L ã∧L b̃~ga!ãb̃ .

~4.30!

Note that all of the dependence on the new fermionic co
dinates has dropped out from the expression ofh. In fact, the
antisymmetric part of the action is the well-known Wes
Zumino term of the type-IIB superstring up to total deriv
tive terms:

E e i j bi j 5E 1

2
e i j F] ix

a
„~ ūga] ju!2~uDga] j ũ !…

1
1

2
~uDga] i ũ !~ ūga] ju!G . ~4.31!

The coefficient of the Wess-Zumino term is chosen so t
the action is invariant under thek-symmetry transformations
04600
s

f
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dkua5~11G!a
bkb, dkuã5~12G!ã

b̃kb̃,

dkxa52
1

2
~uDgadkũ !2

1

2
~ ūgadku!, ~4.32!

whereG5@1/(2A2g)#e i j L i
aL j

bgab .
In this way, we construct the type-IIB superstring acti

from the type-IIB superalgebra. Note that by constructing
type-IIB superstring action, theD-string chargesSA play no
role. This is consistent withSA representingD-string
charges. In this sense, we refer to the algebra correspon
to the Maurer-Cartan equations~4.2!–~4.5! as the type-IIB
superstring algebra.

V. TYPE-IIB D-STRING

The D-string action characterized by left-invariant vie
beins correspond toD-string charges cannot be construct
by means of the type-IIB superalgebra. We show that
Wess-Zumino term and the modified two-form field streng
F5F2b, whereF is the two-form field strength andb is the
pullback to the world sheet of theR^ R two-form gauge
potential, can be constructed in terms of the left-invaria
vielbeins corresponding toD-string charges if we start with a
superalgebra obtained bymodifying the type-IIB superalge-
bra.

We start with themodifiedtype-IIB superalgebra: Eqs
~4.2!–~4.6! and

dea852eb∧ea~ga!ab2eb̃∧ea8~ga!ab̃ , ~5.1!

deã852eb̃∧ea~ga!ãb̃2eb∧ea8~ga!ãb ,
~5.2!

which is closed due to the well-known identit
(ga)a(b(ga)gd)50. As in Sec. IV A, if one puts tildes on the
spinor indices of theg matrices, one obtains the followin
identities:

~ga!a(b~ga!gd)50, ~ga!a(b~ga!ḡd̄)50, ~5.3!

and those in which the tilded spinor indices are exchan
for the untilded spinor indices. The numbers of tildes in the
identities are 0, 4, 2 in contrast to the identities in the typ
IIB superalgebra, where the numbers of tildes were 0, 4, 1
The difference in the number of tildes tells us that the mo
fied type-IIB superalgebra is not related to the type-IIA s
peralgebra by theT-duality transformation, as shown in Se
VI. The modification is simply to interchangeSa with Sã.
This is trivial from the type-IIB perspective, because the ge
eratorsSa andSã are not distinguished inherently. From th
type-IIA perspective, however, this is nontrivial, since
spinor index with a tilde corresponds to one with a differe
chirality underT duality.

The left-invariant vielbeins are found to be Eqs.~4.12!–
~4.17! and
7-7



Eq

ca

er
f

a

e

e

-
-

try

ive

as

ive

t is
y
d

rre-

e-
nd

ld
ing

e-

MAKOTO SAKAGUCHI PHYSICAL REVIEW D 59 046007
Lia8 5] ifa12] ix
a~ ūga!a12] i ya~uDga!a

1~uDga] iu!~uDga!a1
1

3
~ ūga] iu!~ ūga!a , ~5.4!

Li ã8 5] ifã12] ix
a~uDga!ã12] i ya~ ūga!ã

1~ ūga] iu!~uDga!ã1
1

3
~uDga] i ũ !~uDga!ã . ~5.5!

The supersymmetry transformations are obtained as
~4.20!–~4.25! and

dfa522xa~ ēga!a22ya~eDga!a1~eDgaũ !~ ūga!a

1
1

3
~ ēgau!~ ūga!a , ~5.6!

dfã522xa~eDga!ã22ya~ ēga!ã1~eDgau!~ ūga!ã

1
1

3
~eDgaũ !~uDga!ã . ~5.7!

The two-formb is defined as

b52
1

4
~La∧La82L ã∧L ã8 !. ~5.8!

The primed vielbeins correspond to theD-string chargesSA,
and the action constructed with this Wess-Zumino term
be regarded as a ‘‘gauge-fixed’’D-string action. In fact, the
three-formh5db turns out to be Eq.~4.30! obtained for the
type-IIB superstring. All of the dependence on the new f
mionic coordinates has dropped out from the expression oh.

Can the total~gauge-unfixed! D-string action be con-
structed? To this end, we must first determine a superinv
ant modified two-form field strengthF5dA2b, whereA is
a U~1! gauge field on the world sheet. Theb is the conven-
tional two-form which is read off from the integrand of th
right-hand side~RHS! of Eq. ~4.31!. If we obtain the two-
formF, theD-string action can be constructed as in Ref.@10#
or @11#. We observe that

1

2
e i j ~Li

aL j a8 2Li
ãL j ã8 !522e i j ~Fi j 2bi j !, ~5.9!

where we introduceFi j as

e i j Fi j 52
1

2
e i j F] i ya] j~uDgau!1

1

2
] ifa] ju

a1
1

2
] ifã] ju

ãG .
~5.10!

The RHS of Eq.~5.10! is a total derivative term, and then w
can regardFi j as the field strength of a U~1! gauge fieldAi :

Ai52
1

2 Fya] i~uDgau!1
1

2
fa] iu

a2
1

2
fã] iu

ãG .
~5.11!
04600
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Note that this is parametrized byD-string coordinates asso
ciated withD-string chargesSA. The supersymmetry trans
formation is found to be

dAi52
1

2 F2xa~ ēga] iu!1
1

6
~ ēgau!~ ūga] iu!

2~u→ ũ,e→ ẽ !G2
1

4
] i„~eDgau!~ ūgaũ !….

~5.12!

In order to see the relation to the well-known supersymme
transformation of the U~1! gauge field in Ref.@10#, we con-
sider a U~1! gauge transformation and obtain an alternat
form

Ai5
1

2 F] i ya~uDgau!1
1

2
] ifaua2

1

2
] ifãuãG . ~5.13!

This transforms under the supersymmetry transformation

dAi52
1

2 F] ix
a~ ēgau!1

1

6
~ ēgau!~ ūga] iu!

2~u→ ũ,e→ ẽ !G2
1

4
~] ifaea2] ifãeã!,

~5.14!

which is similar to the well-known form@10# except for the
last two terms. These two terms are the total derivat
terms, and the supersymmetry transformationdFi j is nothing
but the one obtained there. We conclude that the U~1! gauge
field on the world sheet can be constructed in this way. I
interesting that the U~1! gauge field is constructed explicitl
in terms of theD-string charges. Using the modified fiel
strengthF, one constructs theD-string action, as in Ref.@10#
or @11#. In this sense, we refer to the superalgebra co
sponding to the Maurer-Cartan equations~4.2!, ~4.6!, ~5.1!,
and~5.2! asD-string superalgebra. Hence the modified typ
IIB superalgebra describes type-IIB superstrings a
D-strings on an equal footing.

We now comment on the existence of a U~1! gauge field
in type-II superstrings. We observe that the modified fie
strength for type-IIB superstrings is constructed by observ
that

e i j S Li
aL ja1

1

4
Li

aL j a1
1

4
Li

ãL j ãD522e i j ~Fi j 2bi j !,

~5.15!

whereFi j is introduced as

e i j Fi j 52
1

2
e i j F] ix

a] iza1
1

4
] iza] ju

a1
1

4
] izã] ju

ãG
~5.16!

and thebi j is the conventional two-form defined by the int
grand of the RHS of Eq.~4.31!. Thus the U~1! gauge field
can be defined as
7-8
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Ai5
1

2 Fza] ix
a2

1

4
za] iu

a2
1

4
zã] iu

ãG ~5.17!

and is parametrized by coordinates corresponding to type
superstring charges. The supersymmetry transformatio
found to be

dAi52
1

2 F] ix
a~ ēgau!1

1

6
~ ēgau!~ ūga] iu!

2
1

2
] i„x

a~ ēgau!…2~u→ ũ,e→ ẽ !G , ~5.18!

which is identical to Eq.~5.14! up to a total derivative term
In this way, we can construct a U~1! gauge field for type-IIB
superstrings. For type-IIA superstrings, one can constru
U~1! gauge field parametrized by coordinates correspond
to type-IIA superstring charges in a similar way. The fa
that a U~1! gauge field can be constructed in type-II sup
string theories is consistent with the spacetime sc
invariant formulation ofp-branes and type-II superstring
@11,12#. For p-brane theories, the same procedure presen
above will produce not only the supersymmetry transform
tion of thep-form gauge field, but also the explicit form o
the p-form gauge field in terms of thep-brane charges.

VI. T-DUALITY AND IDENTITIES

The modified type-IIB superalgebra will not be related
the T duality to the type-IIA superalgebra. This is seen
recognizing the fact that identities characterizing the ty
IIA superalgebra cannot be written in a covariant form af
the T-duality transformation.

For completeness, we start with identities in theM algebra
and reduce to ones in the type-IIA superalgebra. Then,
forming theT-duality transformation, we determine wheth
the resulting identities are rearranged in a covariant form
not.

One of the two identities characterizing theM algebra is
Eq. ~3.7!:

~gm!(ab~gmn!gd)50. ~6.1!

We reduce this identity to ones of the type-IIA superalge
as follows. Forn5bÞ\, one obtains the identities

~1!ȧ(b~ga!gd)1~ga
b!ȧ(b~gb!gd)50, ~6.2!

~1!a(ḃ~ga!ġḋ)1~ga
b!a(ḃ~gb!ġḋ)50, ~6.3!

which are the characteristic identities in the presence ofD0-
andD2-branes. As forn5\, the well-known identities

~ga!a(b~ga!gd)50, ~ga!ȧ(ḃ~ga!ġḋ)50 ~6.4!

are obtained. We next consider theT-duality transformation.
By the procedure explained in Sec. IV A, we obtain theT
dual of the identity~6.2! for a5 iÞ]:

~g]!ã(b~g i !gd)2~g i !ã(b~g]!gd)1~g] i
j !ã(b~g j !gd)50,

~6.5!
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which is rewritten in a covariant form as

~g [a!ã(b~gb] !gd)1
1

2
~gab

c!ã(b~gc!gd)50. ~6.6!

This is a characteristic identity in the presence ofD3-branes.
In turn, for a5], one finds the identity

~ga!ã(b~ga!gd)50, ~6.7!

which is used in satisfying the Jacobi identities for the typ
IIB superalgebra. TheT dual of the identity~6.3! is found to
be identities~6.6! and~6.7! with exchanging the tilded spino
indices for the untilded spinor indices. Identities~6.4! are
transformed into

~ga!a(b~ga!gd)50, ~ga!ã(b̃~ga!g̃d̃)50, ~6.8!

respectively.
The second identity of theM algebra is Eq.~3.8!:

~gm!(ab~gm!gd)1
1

10
~gmn!(ab~gmn!gd)50, ~6.9!

which reduces to the identity in the type-IIA superalgebra

~f̄ḟ !~f̄ḟ !1
2

5
~f̄gaf!~ ḟ̄gaḟ !1

1

10
~f̄gabḟ !~f̄gabḟ !

50, ~6.10!

wheref and ḟ are Grassmann-even spinors with oppos
chirality each other. This is characteristic identity for th
Maurer-Cartan equations~3.22! and ~3.23! for primed dual
forms. Under theT-duality transformation, this transform
into an identity which is not rewritten in a covariant form:

~f̄g]f̃ !~f̄g]f̃ !1
2

5
~f̄g if!~fD g if̃ !2

2

5
~f̃g]f!~fD g]f̃ !

1
1

10
~f̃g i j ]f̃ !~f̄g i j ]f̃ !1

1

5
~f̄g if̃ !~f̄g if̃ !50.

~6.11!

This was the reason why the ‘‘superstring’’ charges in t
type-IIA superalgebra are discarded in performing t
T-duality transformation in Sec. IV A.

Let us consider, conversely, the identity in the modifi
type-IIB superalgebra:

~ga!a(b~ga!g̃d̃)50. ~6.12!

This is transformed into an identity

~g i !ab~g i !ġḋ2~g]!ab~g]!ġḋ1~g i]!aġ~g i]!ḋb

1~g i]!aḋ~g i]!bġ1~1!aġ~1!bḋ1~1!aḋ~1!bġ50,

~6.13!

which is not rewritten in a covariant form.
7-9
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From these observation, the modified type-IIB superal
bra is not rewritten as aT dual of the type-IIA superalgebra
In the next section, we try to relate the type-IIA superalge
and the modified type-IIB superalgebra.

VII. UNIFICATION OF TYPE-II SUPERALGEBRAS

We encountered two type-IIB superalgebras. One is
type-IIB superalgebra, which is theT dual of the type-IIA
superalgebra; the other is the modified type-IIB supera
bra, which describes the type-IIB superstring andD-string on
an equal footing. The type-IIA superalgebra is related to
type-IIB superalgebra by theT duality, but not to the modi-
fied type-IIB superalgebra.

As a trial to relate the type-IIA superalgebra to the mo
fied type-IIB superalgebra, we examine a unification in
(1011)-dimensionalN52 superalgebra of the modifie
type-IIB superalgebra and theM algebra~hence, the type-IIA
superalgebra!. This is motivated by the fact that the identit
in N52D51011,

~gm!(ab~gmn!g̃d̃)50, ~7.1!

is projected into the identity~6.12! in the modified type-IIB
superalgebra.
04600
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We first present the relevant part of (1011)-dimensional
N52 superalgebra and then consider the relations to thM
algebra and the modified type-IIB superalgebra. We be
with the N52 (1011)-dimensional superalgebra generat
by bosonic charges:

dem52
1

2
ea∧eb~gm!ab2

1

2
eã∧eb̃~gm!ãb̃ , ~7.2!

dem52
1

2
ea∧eb~gm!ab1

1

2
eã∧eb̃~gm!ãb̃ ,

~7.3!

demn52
1

2
ea∧eb~gmn!ab2

1

2
eã∧eb̃~gmn!ãb̃ ,

~7.4!

demn52
1

2
ea∧eb~gmn!ab1

1

2
eã∧eb̃~gmn!ãb̃ ,

~7.5!

demn8 52ea∧eb̃~gmn!ab̃ , ~7.6!

dem8 52ea∧eb̃~gm!ab̃ . ~7.7!

In addition to these equations we consider the followi
equations:
dea52eb∧em~gm!ab1~12l!eb∧em~gm!ab2
1

10
eb∧emn~gmn!ab

1
1

10
~12l!eb∧emn~gmn!ab2

1

10
~22l!eb̃∧emn8 ~gmn!ab̃2~22l!eb̃∧em8 ~gm!ab̃ , ~7.8!

deã52eb̃∧em~gm!ãb̃1eb̃∧em~gm!ãb̃1
1

10
eb̃∧emn~gmn!ãb̃2

1

10
eb̃∧emn~gmn!ãb̃ , ~7.9!

dema52eb∧en~gmn!ab2eb∧emn~gn!ab2eb̃∧emn8 ~gn!ab̃2eb̃∧en8~gm
n!ab̃

2eb̃∧en~gmn!ab̃2eb̃∧emn~gn!ab̃2eb∧emn8 ~gn!ab2eb∧en8~gm
n!ab , ~7.10!

demã52eb̃∧en~gmn!ãb̃2eb̃∧emn~gn!ãb̃2eb∧emn8 ~gn!ãb2eb∧en8~gm
n!ãb

2eb∧en~gmn!ãb2eb∧emn~gn!ãb2eb̃∧emn8 ~gn!ãb̃2eb̃∧en8~gm
n!ãb̃ , ~7.11!

deab5
1

2
em∧en~gmn!ab1

1

2
em∧emn~gn!ab22eg∧ema~gm!bg2

1

4
eg∧emg~gm!ab

22eg̃∧ema~gm!bg̃2
1

4
eg̃∧emg̃~gm!ab1

1

2
em8 ∧en8~gmn!ab1em∧en8~gm

n!ab

1
1

2
em∧emn8 ~gn!ab1

1

2
em8 ∧enl8 ~gl!abhmn1

1

2
em8 ∧enl~gl!abhmn. ~7.12!
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The Jacobi identity for the dual formdema is satisfied such
that the exterior derivatives of the first and second lines
Eq. ~7.10! vanish separately. However, the Jacobi iden
for the dual formdeab requires both lines in Eq.~7.10!.

Let us consider the relation to theM algebra. We discard
the dual forms with spinor indices with a tilde, since we ne
only N51 supersymmetry. In addition, we discard t
primed dual forms. These procedures cause the followin
occur: Eqs.~7.9! and ~7.11! decouple from our analysis
Eq. ~7.8!, with identifying emn with emn , turns out to be Eq.
~3.3!; Eqs. ~7.10! and ~7.12! result in Eqs.~3.5! and ~3.6!,
respectively. We thus find that theN52 superalgebra in-
cludes theM algebra in this way.

We next consider the relation to the modified type-I
superalgebra. We project the spinor indices to ones with
same chirality and perform a dimensional reduction of
11th dimensionx\. The dual formse\a , e\a, and e\a8 are
identified withea, ea , andea8 , respectively. We find that if
we set l52, Eq. ~7.8! turns into Eq.~4.4! after a trivial
overall scaling. Equation~7.9! is found to become Eq.~4.5!.
Equations~7.10! and~7.11! with m5\, after a trivial overall
rescaling, turn out to be

dea852eb̃∧ea~ga!ab̃2eb∧ea8~ga!ab2eb∧ea~ga!ab

2eb̃∧ea8~ga!ab̃ , ~7.13!

deã852eb∧ea~ga!ãb2eb̃∧ea8~ga!ãb̃2eb̃∧ea~ga!ãb̃

2eb∧ea8~ga!ãb . ~7.14!

Note that the RHSs of these equations are constructed
adding the RHSs of Eqs.~4.7! and ~4.8! of the type-IIB su-
peralgebra and the RHSs of Eqs.~5.1! and~5.2! of the modi-
fied type-IIB superalgebra. The rest of the equations will
a part ofD3-brane charges.

In summary, we find that theN52 superalgebra include
the M algebra and the free parameterl in the M algebra has
to be 2 in order for the type-IIB superstring algebra to
included. These imply that Eqs.~5.1! and ~5.2! for the
D-string superalgebra naturally arise as well as Eqs.~4.7!
and~4.8! of the type-IIB superalgebra. Note that the comm
tators of theD-string superalgebra, which are not related
the type-IIA superalgebra by theT duality, emerge by con-
sidering the (1011)-dimensionalN52 superalgebra. How
ever, D-strings do not correspond to the superalgebra
tained from the N52 superalgebra, since the pullbac
vielbeinsLia8 and Li ã8 contain the RHSs of Eqs.~4.18! and
~4.19!. It is interesting to seek a unified superalgebra fro
which one can construct type-IIA superstrings, type-IIB s
perstrings, andD-strings.

VIII. SUMMARY AND DISCUSSION

We have presented a set of new spacetime superalge
the type-IIA superstring superalgebra, the type-IIB sup
string superalgebra, and theD-string superalgebra. Using th
new superalgebras, we have shown that Siegel’s formula
generalizes to type-II superstrings andD-strings. Namely, we
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have constructed supercurrents on the supergroup mani
corresponding to the superalgebras. We then wrote down
Wess-Zumino terms, which are second order in the super
rents. The modified two-form field strength forD-strings was
identified with a second-order expression of the superc
rents. From this expression, the U~1! gauge field on the
world sheet ofD-strings was obtained explicitly in terms o
coordinates corresponding toD-string charges, including the
new fermionic charges.

We succeeded in constructing the pullback to theD-string
world sheet of theR^ R two-form potential from the modi-
fied type-IIB superalgebra in Sec. V. We now comment
the relation toD-strings of the type-IIB superalgebra, whic
was obtained in Sec. IV by aT-duality transformation of the
type-IIA superalgebra. We observe that using the pullba
of left-invariant vielbeins~4.12!–~4.19! corresponding to the
type-IIB superalgebra, the second-order express
2 1

2 (La∧La81 1
4 La∧La81 1

4 L ã∧L ã8 ) is calculated to be, up to
total derivative terms,

2
1

2 S dxa∧@~ ū̃gadu!1~ ūgadũ !#1
1

3
~ ūgadu!∧~ ūgadũ !

1
1

3
~ ū̃gadũ !∧~ ū̃gadu! D , ~8.1!

which corresponds to the pullback to theD-string world
sheet of the NŜNS two-form potential. Thus we find tha
interchanging new fermionic generatorsSa andSã results in
exchangingR^ R gauge potentials for the NŜNS one,
since the modification was simply interchangingSa andSã.

In turn, the pullback to theF-string world sheet of theR
^ R two-form potential can be obtained from the pullback
the D-string world sheet of theR^ R two-form potential.
Using the resulting expressions, we can construct~p,q!-
superstring actions in a manifestly supersymmetric form.
hope to report on this issue in the future@13#. In addition, it
is interesting to see whether the formulation can be gene
ized to the other type-II-branes: NS5-branes andD
p-branes~p5odd for the type-IIB superstring theory andp
5even for the type-IIA superstring theory!. Especially, now
that we have the type-IIA superalgebra, including t
D2-brane charges, the generalization to theD2-branes has to
be examined. We leave this to the future.

We found a modified type-IIB superalgebra which i
cludes the type-IIB superstring andD-string superalgebras a
subalgebras and describes type-IIB superstrings
D-strings on an equal footing. However, this is not related
theT-duality transformation to the type-IIA superalgebra d
rived from theM algebra. In order to relate these superalg
bras, we considered a unification in a (1011)-dimensional
N52 superalgebra. The unification implies that the free
rameter in theM algebra is fixed asl52. By considering the
unification, the commutation relations ofD-strings, which
was not obtained by theT-duality transformation of the type
IIA superalgebra, are found to emerge. However, unnec
7-11
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sary relations are also generated in addition to the prefe
D-string superalgebra, and the obtained superalgebra
not correspond toD-strings. It is interesting to consider th
other unification which unifies theM algebra and the modi
fied type-IIB superalgebra.
s B
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