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Collapsing shells of radiation in anti–de Sitter spacetimes and the hoop
and cosmic censorship conjectures
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~Received 22 June 1998; published 25 January 1999!

Gravitational collapse of radiation in an anti–de Sitter background is studied. For the spherical case, the
collapse proceeds in much the same way as in the Minkowski background, i.e., massless naked singularities
may form for a highly inhomogeneous collapse, violating the cosmic censorship, but not the hoop conjecture.
The toroidal, cylindrical and planar collapses can be treated together. In these cases no naked singularity ever
forms, in accordance with the cosmic censorship. However, since the collapse proceeds to form toroidal,
cylindrical or planar black holes, the hoop conjecture in an anti–de Sitter spacetime is violated.
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I. INTRODUCTION

The cosmic censorship conjecture@1# forbids the exis-
tence of naked singularities, singularities not surrounded
an event horizon. The hoop conjecture@2# states that black
holes~BHs! form when and only when a massM gets com-
pacted into a region whose circumference in every direc
is less than its Schwarzschild circumference 4pM (G5c
51). The collapse of spherical matter in the form of dust,
radiation forms massless shell-focusing naked singular
violating the cosmic censorship@3–10#.

It is also violated for matter with cylindrical symmetr
where the collapse proceeds to form a line singularity@11#.
The hoop conjecture has not suffered from such coun
examples. Cylinders, for instance, do not get compacted,
do not form black holes. Spindles form black holes on
when all collapsing directions are sufficiently compactifi
in accord with the hoop conjecture@12#. These results follow
from analysis in asymptotically flat spacetimes.

In this work we want to study how these features mig
get modified in an anti–de Sitter background. We study
ploding radiation in an anti–de Sitter background both
spherically symmetric and toroidally, cylindrical or plan
symmetric spaces, to test the appearance of naked singu
ties against the cosmic censorship conjecture and the fo
tion of toroidal, cylindrical or planar black holes against t
hoop conjecture.

The Vaidya metric, describing a spherically symmet
spacetime with radiation, is an exact solution of Einstei
field equations which has been used to generate s
focusing naked singularities. Its straightforward generali
tion to spherically symmetric spacetimes with a negat
cosmological constant is called the Vaidya–anti–de Si
metric. In addition, to describe collapsing radiation in spa
times with toroidal, cylindrical or planar symmetry and
negative cosmological constant, there is an appropria
modified Vaidya metric, which of course, satisfies Einstei
field equations.

The spherically symmetric case with a zero cosmolog
constant has been thoroughly studied~see@13# for a review!.
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It is usually admitted that in spherical symmetry the effe
of adding a negative cosmological constantL do not alter
radically the description. The main difference is that the e
terior spacetime should be described by the Vaidya–anti
Sitter metric. As we shall see the situation can change d
tically for a collapse with nonspherical topology. Indeed, w
find that~i! in spherical symmetry with a negativeL, mass-
less naked singularities form for a sufficiently inhomog
neous collapse, similarly to theL50 case and~ii ! toroidal,
cylindrical or plane symmetric collapse with negativeL does
not produce naked singularities; instead black holes w
form giving an explicit counterexample to the hoop conje
ture.

II. SPHERICAL COLLAPSE

The Einstein field equations are

Gab1Lgab58pTab , ~1!

whereGab , gab , Tab are the Einstein, the metric and the th
energy-momentum tensors, respectively, andL is the cosmo-
logical constant (G5c51). In the spherically symmetric
case the equations admit the Vaidya solution

ds252S 11a2r 22
2m~v !

r Ddv2

12dvdr1r 2~du21sin2udf2!, ~2!

for an energy-momentum tensor given by

Tab5
1

4pr 2

dm~v !

dv
kakb ,

ka52da
v , kaka50. ~3!

Here a[A2L/3, v is a null coordinate, called the ad
vanced time, with2`,v,`, r is the radial coordinate
©1999 The American Physical Society20-1
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with 0,r ,`, andu,f are the coordinates which describ
the two-dimensional spherical surface. The Vaidya metric~2!
describes the gravitational field of a spherical flow of unp
larized radiation in the geometrical optics approximation
represents a spherical null fluid. Noting that the energy d
sity of the radiation ise5(2/4pr 2)(dm/dv), one sees tha
the weak energy condition for the radiation is satisfied wh
everdm/dv>0, i.e., the radiation is imploding. The functio
m(v) represents a mass and is thus a non-negative increa
function of v.

The physical situation we want to represent is of radiat
injected with the velocity of light radially into an anti–d
Sitter spacetime from infinity towards the center. Forv,0
the spacetime is anti–de Sitter withm(v)50. At v5V, say,
the radiation is turned off. Forv.V the exterior spacetime
settles into a Schwarzschild–anti–de Sitter spacetime.
first spherical ray arrives at the center whenr 50 and v
50, forming a singularity. We will now test whether futur
directed null geodesics terminate at the singularity. If th
do, the singularity is naked.

In these coordinates, lines withv5constant represent in
coming radial null vectors whose generator vectors have
form ka5(0,21,0,0), with ka5(21,0,0,0) @see Eq.~3!#.
The generatorsl a of outgoing null lines are then given b

l a5„1,1
2 @11a2r 222m(v)/r #,0,0… with, l al a50 and l aka

521. The equation for outgoing radial null geodesicsv(r )
is then

dv
dr

5
l v

l r
5

2r

r 1a2r 322m~v !
. ~4!

Equation ~4!, for future null geodesics, has a singul
point atr 50 andv50. The nature of the singular point ca
now be analyzed. Following@14# we write

2m~v !5lv1 f ~v !, ~5!

wherel is a constant andf (v)5o(v) as v→0. Following
standard techniques@15# one can see that the singularity is
unstable node when 0<l< 1

8 . Sincem[1/l gives a degree
of inhomogeniety of the collapse~see@10#!, we see that for a
collapse sufficiently inhomogeneous naked singularities
velop. This result is the same result as in collapsing radia
in a Minkowski background, as it should have been e
pected, since whenr→0 the cosmological constant term
a2r 2 is negligible. The global nakedness of the singular
can then be seen by making a junction onto
Schwarzschild–anti–de Sitter spacetime.

The Kretschmann scalar is given byK5RabcdRabcd
5a(l2/r 4) for some numbera. Thus asr→0 the collapse
forms a polynomial curvature singularity. To see if, in ad
tion, the naked singularity is strong we examine the sca
c[ lim l→0l 2Gabl

al b, wherel a is the null geodesic along th
Cauchy horizon parametrized byl. This givesc54l, show-
ing that the singularity is strong.

In @16# another solution for outgoing light rays is pre
sented. This solution is also valid here for sufficiently sm
radii. Indeed, it is found that if 2m(v)5bvs(1
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22sbvs21), with s.1 andb.0 constants, then light ray
with r 5vs emanate from a strong naked singularity.

Thus, for spherical symmetry, the cosmic censorship
violated for a sufficiently inhomogeneous collapse. On
other hand, the hoop conjecture is validated since a bl
hole forms whenever the spherical surface of matter pa
its own gravitational radius.

III. TOROIDAL, CYLINDRICAL OR PLANAR COLLAPSE

We now study the phenomenon of gravitational collap
of toroidal, cylindrical or planar shells of radiation to verif
whether naked singularities can occur.

Einstein’s field equations~1! have also the solution

ds252S a2r 22
qm~v !

r Ddv212dvdr1r 2~du21df2!,

~6!

for an energy-momentum tensor given by

Tab5
q

8pr 2

dm~v !

dv
kakb ,

ka52da
v , kaka50, ~7!

where now,u,f are the coordinates which describe the tw
dimensional zero-curvature space generated by the t
dimensional commutative Lie groupG2 of isometries. The
topologies of this two-dimensional space can be~i! T25S1

3S1, the flat torus model@G25U(1)3U(1)#, ~ii ! R3S1,
the cylindricallly symmetric model@G25R3U(1)#, and
~iii ! R2, the planar model@G25E2#. In the toroidal case we
choose 0<u,2p, 0<f,2p, in the cylindrical case
2`,u,`, 0<f,2p, and in the planar case2`,u
,`, 2`,f,`. The parameterq has different values
depending on the topology of the two-dimensional space.
the torusq52/p and m(v) is a mass, for the cylinderq
54/a andm(v) is a mass per unit length, and for the pla
q52/a2 andm(v) is a mass per unit area. The values of t
parameterq given above, were taken from Arnowitt-Dese
Misner ~ADM ! masses of the corresponding static BH
found in @17–19#. Settingm(v)5const anda50 one ob-
tains the Taub metric@20#. In this case, whena50, there are
no black hole solutions@19#.

As in the spherical symmetric case, metric~6! describes
the gravitational field of a toroidal, cylindrical or planar flo
of unpolarized radiation in the geometrical optics approxim
tion. In the same way, for imploding radiation,dm/dv>0,
one hase5(q/8pr 2)(dm/dv).0, and the massm(v) is a
non-negative increasing function ofv.

One now injects radiation radially towards the center.
one wishes, one turns off the radiation atv5V, say, and then
makes a junction with the exterior background spacetim
sometimes called Riemann–anti–de Sitter spacetime@21#.
The first spherical ray arrives at the center forr 50, v
50, forming a singularity.

Lines with v5constant represent incoming radi
null geodesics, with generatorska5(0,21,0,0), The gen-
0-2
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erators l a of outgoing null lines are l a5„1,1
2 @a2r 2

2qm(v)/r #,0,0…. The equation for outgoing radial null geo
desicsv(r ) is now

dv
dr

5
l v

l r
5

2r

a2r 32qm~v !
. ~8!

Again, Eq.~8! for future null geodesics has a singular po
at r 50 andv50, and we write as in Eq.~5!

qm~v !5lv1o~v !. ~9!

Following standard techniques one finds that the singula
is a center for alll, and no radial future null geodesic
terminate at the singularity. This is in contrast with t
spherically symmetric collapse. In turn the collapse proce
to form toroidal, cylindrical or planar black holes, once t
exterior event horizon condition is achieved, i.e.,r
5(qM/a2)1/3, whereM is the total mass of the collapsin
radiation~see also@22#!.

One can also try the Joshi and Dwivedi’s type solutio
@16#. However these give for the massqm(v)5ba2v3

22b2/3v, for some arbitrary constantb. They are unphysi-
cal sincedm/dvuv50,0.

Thus, for toroidal, cylindrical or planar collapse of radi
tion, naked singularities do not form, in accord with the co
-
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mic censorship conjecture. On the other hand, cylindri
black holes as well as toroidal and planar ones do fo
giving an explicit example of violation of the hoop conje
ture.

Note that these conclusions are valid as long asa.0. For
a50 the collapse proceeds to form a naked singularity w
toroidal, cylindrical, or planar symmetry and the Taub so
tion is the final background spacetime. In such case the
mic censorship is violated, whereas the hoop conjectur
not @2,11#.

IV. CONCLUSIONS

The Vaidya metric has been extensively used to study
formation of naked singularities in spherical gravitation
collapse@13#. We have extended this study here to include
negative cosmological constant, and found that locally, in
vicinity of the singularity, the same results prevail. On t
other hand, we have found that collapse of toroidal, cylind
cal or planar radiation in a spacetime with negative cosm
logical constant does not yield naked singularities, but
ways black holes. This shows that non-spherical collapse
negative cosmological constant background may violate
hoop but not the cosmic censorship conjecture.
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