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Supersymmetric vacuum configurations in string cosmology
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We examine in a cosmological context the conditions for unbroken supersymmetry inN51 supergravity in
D510 dimensions. We show that the cosmological solutions of the equations of motion obtained considering
only the bosonic sector correspond to vacuum states with spontaneous supersymmetry breaking. With a
nonvanishing gravitino-dilatino condensate we find a solution of the equations of motion that satisfies neces-
sary conditions for unbroken supersymmetry and that smoothly interpolates between Minkowski space and de
Sitter space with a linearly growing dilaton, thus providing a possible example of a supersymmetric and
nonsingular pre-big-bang cosmology.@S0556-2821~99!01402-2#

PACS number~s!: 98.80.Cq, 11.25.Mj, 11.30.Pb, 98.80.Hw
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Supersymmetric vacuum states in string theory can
searched in different contexts, depending on the space-
dependence allowed for the fields that appear in the l
energy effective action. A simple possibility is to restrict to
constant dilaton and vanishing antisymmetric tensor fie
The result obtained in this case is well known@1#: looking
for a vacuum state of the formT43K, whereT4 is a maxi-
mally symmetric four-dimensional space andK a compact
six manifold, one finds thatT4 is necessarily Minkowski
space, and requiringN51 supersymmetry inD54 space-
time dimensions,K is found to be a manifold ofSU(3)
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holonomy. There are other ways of obtainingD54, N51
vacua of string theory, see, for instance, Ref.@2# for recent
reviews. In this paper we address some aspects of the p
lem in a cosmological context, i.e., including a time depe
dence in the metric, dilaton field, and antisymmetric ten
field, and we will compare our results with the ‘‘pre-big
bang’’ cosmological model proposed in Ref.@3#, which is
based on the bosonic part of the string effective action.

We start from the action ofN51 supergravity inD
510. We perform some simple field redefinitions on the a
tion presented in Ref.@4# in order to bring it into the so-
called string frame, where it reads1
S5
1

2k2E d10xA2ge2fFR1~]f!22
1

12
HMNPHMNP2c̄MgMNPDNcP2l̄gMDMl2

1

2A2
~]Nf!c̄MgNgMl

1~]Nf!c̄NgMcM2
1

32
~ l̄gABCl!S 1

12
c̄MgABCcM1

1

2
c̄MgMABcC2c̄AgBcCD1•••G . ~1!

1Our notation is as follows:f is the dilaton field,HMNP is the field strength of the two-form fieldBMN , the gravitoncM is a left-handed
Weyl-Majorana spinor, the dilatinol is a right-handed Weyl-Majorana spinor, and the covariant derivativeDM is with respect to the spin
connectionv(e), which is independent of the fermionic fields@5,4#. IndicesA,B,M ,N take values 0, . . . ,9. We use thesignaturehMN

5(2,1,1, . . . ,1). The conventions for the Riemann and Ricci tensors areRNRS
M 5]RGNS

M 2•••,RNS5RNMS
M ;GNS

M is the Christoffel
symbol whilegABC••• denotes the antisymmetrized product of ten-dimensional gamma matrices, with weight 1.
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The ellipsis in Eq.~1! represents terms of the type (HMNP
3 fermion bilinears!, terms with three gravitino fields an
one dilatino, and terms with four gravitinos. Their explic
form is not needed below and can be obtained from Ref.@4#.

If uV& is a vacuum state annihilated by a supersymme
generator Q, and dC is the supersymmetry variatio
of any fermionic field C, then ^dC&[^VudCuV&
5^Vu$Q,C%uV&50. The variation of the bosonic fields giv
fermionic fields, and their expectation values are autom
cally zero. So, in our case we need to impose the condit
^dl&5^dcM&50. We consider first the case in which th
expectation values of all bilinears in the Fermi fields are
to zero. This corresponds to solutions of the equations
motion of the bosonic part of the action~1!, and therefore to
the pre-big-bang cosmology studied in Ref.@3#. The super-
symmetry variations of the dilatino and gravitino field can
found, e.g., in Ref.@4#. Writing them in the string frame, an
setting the fermion condensates to zero, the equations^dl&
5^dcM&50 give

S gM]Mf2
1

6
HMNPgMNPDh50, ~2!

DMh2
1

8
HMh50, ~3!

whereh is the parameter of the supersymmetry transform
tion andHM[HMNPgNP. Note that in the string frame Eq
~3! is independent of the dilaton field, contrarily to wh
happens in the Einstein frame@1#. This simplifies consider-
ably the analysis of the equations. WritingD̂M[DM
2(1/8)HM , Eq. ~3! implies the integrability condition

@D̂M ,D̂N#h50, which gives

@2RMNPQgPQ1~DNHM !2~DMHN!2HM
R

QHRNSg
QS#h50,

~4!

which is therefore a necessary~but not sufficient! condition
for supersymmetry. One can now see by inspection that
solutions used in homogeneous pre-big-bang cosmology@3#
do not satisfy Eqs.~2! and ~4!. This is obvious for the solu-
tions with vanishingHMNP , since in this case Eq.~2!
requires a constant dilaton. In fact, we also tried
rather general ansatz compatible with a maximally sy
metric three-dimensional space,ds252dt21a2(t)dxW2

1gmn(t,yW )dymdyn, in which the three-space, with coord
natesxW , is isotropic and has a scale factor independent of
internal coordinatesyW , while the metric in the six-
dimensional internal space is independent of thexi but oth-
erwise arbitrary. ForHMNP we made the ansatzHi jk
5const e i jk for i , j ,k51,2,3,H0i j 50, HMNP vanishes also
if indices of the three-space and indices of the internal sp
appear simultaneously, andHMNP is arbitrary if all the indi-
ces MNP take values 0,4, . . . ,9. Wealso considered the
case of spatially curved sections of the three-space. E
with this ansatz, which is the most general compatible w
maximal symmetry of the three-space when the metric of
04350
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three-space is independent of the internal coordinates,
straightforward to show that Eqs.~2!,~4! do not admit non-
trivial cosmological solutions.

The superinflationary pre-big-bang solutions of Ref.@3#
are therefore rotated by supersymmetry transformations
different classical solutions of the action~1!. Since each clas-
sical solution of the equations of motion corresponds to
string vacuum, this means that selecting such a vacuum
responds to a spontaneous breaking of supersymmetry. I
want to preserve the advantages of supersymmetry for l
energy physics, for instance for the hierarchy problem, we
not wish to break supersymmetry already in the pre-big-b
era. Therefore we now look for vacuum states with unbrok
supersymmetry. The above results suggest that, in orde
find supersymmetric solutions, the effect of Fermi fiel
must be switched on, which means that we must consider
effect of nonvanishing fermion condensates. We have fo
a particularly simple and appealing solution assuming t
the only nonvanishing fermion bilinear is the mixe
gravitino-dilatino condensate,̂l̄cM&. Let us definevM

52(A2/8)^l̄cM&. It is a composite vector field and in gen
eral in a cosmological setting it depends on time~note that
while in global supersymmetry the fermion condensates
space-time independent@6#, this is not the case with loca
supersymmetry!. Furthermore, we look for solutions with
HMNP50. In this case the equationŝdl&50, ^dcM&50
give

gM~]Mf28vM !h50, ~5!

DMh2S 8vM1
1

2
gM

N vNDh50. ~6!

The integrability condition of Eq.~6! is

@RMNPQgPQ22vAvB~gABgMN1gANgBM2gBMgAN!

232f MN12~gMADNvA2gNADMvA!#h50, ~7!

wheref MN5]MvN2]NvM andDMvA5]MvA1GMB
A vB . For

the metric we make an isotropic ansatz,ds252dt2

1a2(t)dxidxi , with i 51, . . . ,9, and wedefine as usual the
Hubble parameterH(t)5ȧ/a. Our strategy is to find a field
configurationf(t),H(t),vM(t) such that Eqs.~5! and~7! are
identically satisfied, without requiring any condition onh.
This is because Eq.~7! is only the integrability condition for
Eq. ~6!, and as such it is a necessary but not sufficient c
dition for unbroken supersymmetry. If it is satisfied for an
h we still have the freedom to chooseh so that also Eq.~6!
is satisfied.

Examining Eqs.~5! and ~7! we see that this is possibl
only if v i(t)50, i 51, . . . ,9.DenotingvM50(t)[s(t), Eq.
~5! becomes simplyḟ58s. Equation~7!, for M50, N5 i ,
becomesḢ2ṡ1H(H2s)50, while for M5 i , N5 j we
get (H2s)250. We see that these equations are identica
satisfied by H(t)5s(t). We now ask whetherH(t)
5s(t), ḟ(t)58s(t) is a solution of the equations of mo
tion, as we expect for a supersymmetric configuration. T
7-2
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equations of motion obtained with a variation with respec
fermionic fields are automatically satisfied when we take
expectation value over the vacuum, and we only need
check the variation with respect to bosonic fields. We int
duce the shifted dilatonf̄5f2db, whereb5 loga and d
59 is the number of spatial dimensions, and we also re
the lapse functionN in the metric, so thatds252N2dt2

1e2bdxidxi . Restricting to homogeneous fields, the relev
part of the action can be written as

S52
1

2k2E dte2f̄
1

NF2dḃ21 ḟ̄212S 2
A2

8
l̄c0D ḟ̄

12dS 2
A2

8
l̄c0D ḃ28SA2

8
l̄c0D 2G . ~8!

The last term in the action~8! comes from the term
(l̄gABCl)(c̄MgABCcM) in Eq. ~1!, making use of the Fierz
identity (l̄gABCl)(c̄MgABCcM)596(l̄cM)(l̄cM) ~see,
e.g., the appendix of Ref.@4#!. Instead, the terms
(l̄gABCl)(c̄MgMABcC) and (l̄gABCl)(c̄AgBcC) in the ac-
tion ~1! are independent from (l̄cM)(l̄cM) and their con-
densates can be consistently set to zero. We now variate
action with respect toN,f̄,b and then take the expectatio
value of the termsl̄c0 ,(l̄c0)2 over the vacuum. We get th
equations

d

dt
@e2f̄~H2s!#50,

ḟ̄229H212sḟ̄118sH28K SA2

8
l̄c0D 2L 50, ~9!

2~ f̈̄1ṡ !22ḟ̄~ ḟ̄1s!29H21 ḟ̄2

12sḟ̄118sH28K SA2

8
l̄c0D 2L 50.

~10!

For the configurationH5s,ḟ58s ~and thereforeḟ̄5ḟ
29H52s) we see that the equations of motion are iden
cally satisfied if ^(l̄c0)2&5^l̄c0&

2. Consistency therefore
requires that supersymmetry enforces this relation betw
the condensates. In general, it is well known that relation
this kind are indeed enforced by supersymmetry; for
stance, the relationu^x̄x&u25^ux̄xu2& holds for the gaugino
condensate in the case of super-Yang-Mills theories@6# and
in supergravity coupled to super-Yang-Mills@7# theory.

It remains to discuss the dynamics of the condens
s(t). This is a composite field whose dynamics will be go
erned by an effective action which in principle follows fro
the fundamental action~1!. To assume that a condensa
forms is the same as assuming that the fields(t) has an
effective action with a potentialV(s) with the absolute
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minimum at s5s̄Þ0, see Fig. 1. If we choose as initia
condition s→01 as t→2`, s(t) will evolve from s50
toward the positive minimum of the potential, and it w
make damped oscillations arounds5s̄, the damping
mechanism being provided by the expansion of the Unive
and possibly by the creation of particles coupled to thes
field. The qualitative behavior ofs(t) will be therefore of
the form plotted in Fig. 2. For illustrative purposes, we ha
shown in Fig. 2 the evolution ofs obtained assuming an
effective action, in the string frame, of the form

S5E dt e2f̄S 1

2
ṡ22V~s! D , ~11!

whereV(s)52s41(2/3)s6 is the potential shown in Fig
1. ~We use units such that the minimum is ats̄51.) This

gives the equation of motions̈2 ḟ̄ ṡ1V850, with 2 ḟ̄5s
providing the friction term. However, the qualitative beha
ior is independent from these specific choices.

FIG. 1. A symmetry breaking potential for the fields(t).

FIG. 2. The evolution of the fields(t).
7-3
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Since H(t)5s(t) and ḟ58s(t), this solution corre-
sponds to a cosmological model that starts att→2` from
Minkowski space with constant dilaton and vanishing f
mion condensates, i.e., from the string perturbative vacu
and evolves toward a de Sitter metricH5 const, with lin-
early growing dilaton. This is similar to the scenario found
Ref. @8# in the bosonic sector witha8 corrections. In the
present case the scale at which the curvature is regulariz
given by the fermion condensates̄ while in Ref. @8# it was
given by thea8 corrections. However, in the case studied
Ref. @8#, higher ordera8 corrections were not under contro
so that a definite statement about the effectiveness of
regularization mechanism could not be made~see also the
discussion in Ref.@11#!. In the present case, instead, the fa
that s, and thereforeH and ḟ, stops growing follows from
the general requirement that the potentialV(s) be bounded
from below and has a minimum, as we expect for the eff
tive potential derived from any well-defined fundamental a
tion as the action~1!. As in the case studied in Ref.@8#, the
de Sitter solution should finally be matched to a stand
radiation-dominated era. For the matching,O(ef) correc-
tions to the string effective action are probably important@9#,
sinceḟ is positive and therefore at some stageef becomes
large. The so-called graceful exit problem, however, take

different form in our scenario, sinceḟ̄52s is always nega-
tive in our model and no ‘‘branch change’’@10# needs to
occur. Instead, when the gauge coupling;ef becomes
strong, gaugino condensation is also expected to occur,
gesting that the gaugino condensate might play a role
matching the de Sitter phase to a radiation dominated
One might also ask whether, including the gauge sector,
cl
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condensates has an effect on gauginos. However, in min
mal supergravity coupled to super Yang-Mills theory inD
510, the gaugino-gravitino-dilatino coupling is proportion

to terms of the type@4# x̄gABCxc̄MgABCgMl, and the con-

densatê c̄MgABCgMl& is independent from̂c̄Ml&.
It is also interesting to observe that, if at smalls the

potentialV(s) behaves asV(s).2s4/(2c2), with c a posi-
tive constant, then at large negative values of time the s
tion of the equation of motion fors is s(t).c/(2t) and
thereforeH(t).c/(2t), corresponding to a superinflation
ary stage of expansion, as it also happens for the solut
found in Ref.@3# in the bosonic sector of the model.

We conclude stressing that the solution that we have p
sented has more an illustrative rather than a realistic va
For one thing, we have discussed an isotropic t
dimensional solution and we have not touched upon the is
of compactification of the extra dimensions. To obtain
anisotropic cosmological model, in which three spatial
mensions expand and six get compactified, most proba
one must switch on the effect of the three-formHABC @12# or

include the effect of a dilatino condensatel̄gABCl, or a

gravitino condensate such asc̄AgBcC , or a gaugino conden

sate x̄gABCx. They can separate three spatial dimensio
from the remaining six if either all the three indicesA,B,C
belong to the three-dimensional space, or if they are the
lomorfic indices of a six-dimensional complex manifol
Still, the toy solution that we have discussed illustrates
role of fermion condensates in a supersymmetric cosmol
and provides a novel mechanism for the regularization of
singularity of the pre-big-bang cosmological solutions.
tt.
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