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Can induced gravity isotropize Bianchi type I, V, or IX universes?
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We analyze if Bianchi type I, V, and IX models in the induced gravity~IG! theory can evolve to a
Friedmann-Roberson-Walker~FRW! expansion due to the nonminimal coupling of gravity and the scalar field.
The analytical results that we find for the Brans-Dicke~BD! theory are now applied to the IG theory which has
v!1 ~v being the square ratio of the Higgs boson to Planck mass! in a cosmological era in which the IG
potential is not significant. We find that the isotropization mechanism crucially depends on the value ofv. Its
smallness also permits inflationary solutions. For the Bianchi type V model, inflation due to the Higgs potential
takes place afterwards, and subsequently spontaneous symmetry breaking ends with an effective FRW evolu-
tion. The ordinary tests of successful cosmology are well satisfied.@S0556-2821~98!06624-7#
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I. INTRODUCTION

One of the main problems of modern cosmology is to fi
a satisfactory explanation to both the small-scale inhomo
neity of matter distribution and the large-scale degree of is
ropy measured in the cosmic microwave background ra
tion ~CMBR! by the Cosmic Background Explorer~COBE!
satellite@1,2#. Accordingly, one desires to construct a gene
model that explains both, antagonistic, properties of our U
verse. In order to find such a solution, it is interesting
investigate if homogeneous, anisotropic~Bianchi! models
can predict the level of isotropy detected by the COBE s
ellite and, at the same time, reproduce the local characte
our Universe. There have been various attempts to solve
problem ~for instance, see Ref.@3#!, but inflationary cos-
mologies are still the most appealing since they provide
planations to some other problems, as well. Accordingly
at its outset the Universe was neither homogeneous nor
tropic, then because of a de Sitter stage, it would tend
homogeneity and isotropy. Inflationary models, howev
still assume some fine-tuned initial conditions and most
them have assumed a Friedmann-Robertson-Walker~FRW!
symmetry from the outset: This is the first fine-tuning o
invokes in doing cosmology, since from all possible sets
initial conditions, a FRW universe selects a very special
of homogeneous and isotropic space-time geometries. T
by considering more general space-time symmetries
question arises as to whether inhomogeneous and/or a
tropic cosmological models help to understand the natu
ness of inflation. In general relativity~GR! within aniso-
tropic, Bianchi-type models it is claimed that a positi
cosmological constant provides an effective means of iso
pizing homogeneous universes@4#. The idea behind is that o
the cosmic no-hair conjecture which states that in the p
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ence of a cosmological constant the universe evolves in
de Sitter space-time@5#, at least locally@6#. The no-hair
property ensures that all inhomogeneities will be smooth
out in a region of the event horizon. The conjecture has b
proved for a number of models@7#, where it was realized tha
it is highly related to the homogenization and isotropizati
of cosmological models. The initial conditions for inflatio
have been reviewed in Ref.@8# and the situation is that in
homogeneous, anisotropic models with negative curva
satisfy the conjecture as well, but big initial inhomogeneit
lead to the formation of black holes in some regions@9#;
however, in other regions inflation is possible, achieving
physical scenario in which inflating regions are surround
by black holes@10#. This resembles the chaotic scenario
initial conditions@11#.

In general, it is suggested that a patch of the Unive
should be at some level homogeneous to consider it as a
model where inflation can take place; otherwise, inflation c
be prevented. Accordingly, before one regards inflation o
should analyze the properties of the Universe, and se
some set of initial conditions will bring our Universe to
sufficient smooth patch to start the inflationary expansi
This has motivated us to analyze if homogeneous, an
tropic models with a nonminimal coupling tend to lose
hairs. Most of the results above apply to GR with perfe
fluids minimally coupled~for nonperfect fluids see Ref
@12#!, and for nonminimally coupled fields see Refs.@13–
15#, where the no-hair conjecture has been proved for so
scalar tensor theories, including some particular potent
and various nonminimal couplings. By trying to tackle th
problem, we have shown that Bianchi-type models~I, V, and
IX ! in Brans-Dicke~BD! theory @16# tend to isotropize as
time goes on@17#. These models show an asymptotic FR
behavior, but only few with an inflationary stage. Howeve
inflation turns out to be an important, desirable feature
solve the above-mentioned problems. Thus, in order to
tain an inflationary model with a graceful exit, one usua
introduces a potential term. Therefore, in the present inv
©1998 The American Physical Society01-1
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tigation we consider an induced gravity~IG! theory that in-
cludes a nonminimal coupling with gravity~in the manner of
BD! and a potential associated with the scalar field, which
our case is identified with a Higgs field. Within this theo
our cosmological scenario begins with an anisotropic exp
sion of Bianchi type I, V, or IX, but only type V evolution to
a FRW model is consistent with imposed restrictions. In t
way one achieves a sufficiently smooth patch in the U
verse, preparing the ‘‘system’’ to be able to inflate; i.e.,
physical fields present isotropize. The isotropization mec
nism occurs in a similar way as in BD theory@17# where no
potential exists. However, in the present theory the iso
pization process is inflationary, whereas in BD theory this
not necessarily the case; see Ref.@18#. The effective equiva-
lence of both theories is possible because, during the tim
isotropization, the potential term in the IG theory will n
contribute significantly as a stress energy to the dynam
equations, in our scenario.1 Afterwards, because of the Higg
potential of the theory, during the spontaneous symme
breaking~SSB! of the Higgs field, a second inflationary e
follows. Finally, after inflation a FRW behavior is dominan

This work is organized as follows: In Sec. II we prese
the IG theory, pointing out some differences among it a
BD and GR theories. In Sec. III the cosmological field equ
tions are analyzed in view of the isotropization of the so
tions, employing some results for BD theory that turn out
be valid for this theory, as well. In Sec. IV we present t
above-mentioned physical scenario. Finally, the conclusi
are written in Sec. V.

II. IG, BD, AND GR THEORIES

We have investigated two viable IG models of inflatio
one using the SU~5! Higgs field @19# and, the other, the
SU~2! Higgs field @20#, both coupled nonminimally to
gravity. The Lagrangian for both theories has the same m
ematical form, and therefore, the qualitative behaviors of
cosmological models are very similar. In the present wo
we consider the specific physical scenario using the SU~5!
Higgs-field–gravity theory, fully discussed in Refs.@19,21#;
however, most of the conclusions are valid also for the SU~2!
Higgs-field–gravity model. The Lagrangian of the IG theo
is, with signature~1,–,–,–!,

L5F 1

8v
tr F†FR1

1

2
tr DmF†DmF2V~ trF†F!1LM GA2g,

~1!

where greek indices denote space-time components,R is the
Ricci scalar, andF is the SU~5! isotensorial Higgs field. The
symbol Dm means the covariant gauge derivative with
spect to all gauged groups:DmF5F um1 ig5@Am ,F#, where

1One can alternatively prepare the ‘‘system’’ in such a way t
the potential term is at the very beginning the dominant contribu
to the dynamical equations and, therefore, inflation occurs direc
This is the ordinary scenario within which inflation takes automa
cally place and the no-hair conjecture is satisfied.
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Am5Am
ata are the gauge fields of the inner symmet

group,ta are its generators, andg5 is the coupling constan
of the gauge group (um means the usual partial derivative!. v
is a dimensionless, coupling constant parameter that re
lates the strength of gravitation andLM contains only the
fermionic and massless bosonic fields, which belong to
inner gauge group SU~5!, and the Higgs potential is given b

V~ tr F†F!5
m2

2
tr F†F1

l

4!
~ tr F†F!21

3

2

m4

l

5
l

24S tr F†F16
m2

l D 2

, ~2!

where we added a constant term to prevent a negative
mological constant after the SSB.2 Because of the presenc
of mass terms in Eq.~2!, the Lagrangian~1! is not confor-
mally invariant with GR~cf. @23#!; this is important to men-
tion because there are a number of results using confor
transformations among different theories demanding
same physics, but in our case such transformations are
conformally invariant.

The field (2p/v)tr F†F plays the role of the inverse o
Newton’s gravitational constant (G21), and after a SSB pro-
cess, when theF field becomes a constant, trF†F5
26m2/l, the potential vanishes. In this way, after the SS
this theory becomeseffectivelyGR. Further, some fermion
and boson fields that become massive after the breaking
pear as a source’s contribution to the right hand side of E
stein equations; for details see Refs.@20,21#.

From Eq.~1!, the gravity field equations are

Rmn2
1

2
Rgmn52

4v

tr F†F
@Tmn1V~ tr F†F!gmn#

2
4v

tr F†F
F tr D (mF†Dn)F

2
1

2
tr DlF†DlFgmnG

2
1

tr F†F
@~ tr F†F! umuun

2~ tr F†F! uul
ul gmn#, ~3!

t
n
y.
-

2From the particle physics point of view, it is not suggested to a
a cosmological constant, but neither is this forbidden@22#; this con-
stant isL512pGm4/l;1021 GeV2. However, in cosmology fit-
ting the dynamics of cluster of galaxies suggests~in GR! that VL

;O(1) @2#, that is,L;10283 GeV2; this is the heart of the cos
mological constant problem.
1-2
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where Tmn is the energy-momentum tensor belonging
LMA2g in Eq. ~1! alone,uum is the usual covariant deriva
tive, and the Higgs field equation is

~DlF! uul1
dV

dF†
2

1

4v
RF52

dLM

dF†
50, ~4!

where the contraction of the double covariant derivative
(DlF) uul5DlDlF1Gml

lDmF. If there were any Yukawa
couplings, this equation would not be equal to zero~this is
actually the case for the standard model of particle phys
see Ref.@20#!.

Mathematically, IG and BD theories are equal except
the potential and the meaning of covariant derivatives. T
can be seen by identifyingf5(2p/v)tr F†F, wheref is
the BD field. Indeed, BD and IG theories are related. T
idea to induce gravity by a Higgs field has been alrea
discussed elsewhere@24#, and the motivation for us is tha
the field coupled to the matter content of the Universe, in
manner of Brans and Dicke@16#, is the same that produce
their masses, i.e., a Higgs field. Then, the identification
both scalar fields is very appealing; see Refs.@25,19#.
Though this identification is quite simple, the resulting
theory presented above is more intricate than BD theo
Accordingly, in the IG theory theF field is a Higgs field
with its associated potential. Then, a matter content app
explicitly with its corresponding energy scales. In fact, the
are three energy scales to deal with: the Planck, the H
boson, and theX boson masses. The Higgs mass energy
given through Eq.~4! @see also Eq.~6! below#, MH5
2@4v/(312v)#m2, and it determines the dynamical beha
ior of the F field once the SSB begins to occur. A seco
energy scale is given by theX ~the same as theY) boson
mass,MX5A10pg5m/Al'1015 GeV. Finally, the Planck
energy scale is given throughM Pl[A2G. After the SSB
(2p/v)tr F†F51/G, implying that the coupling constan
must bev5(26p/l)(m/M Pl)

2'1026, which is very small
because one is forcing two energies scales given by
Planck and boson masses through the nonminimal coup
in Eq. ~1! to match.

In contrast to what happens in the IG theory, in BD theo
there is no potential and nor is GR induced after a S
process. Therefore, thef field in BD theory should be nowa
days a cosmic, scalar function, and to fit well the theory w
the experimental data the coupling constant must hav
great value@26#, v.500, making BD and GR theories ver
similar.

In Sec. IV, we will present a cosmological scenario in t
IG theory, yet employing some results found for BD theo
which turn out to be also valid for the IG theory. As pointe
out above, both theories have the same mathematical f
when the potential term plays no significant role in the fie
equations. Therefore, in order to translate analytic BD res
to the IG theory and to clarify when this situation is corre
we put the above equations in terms of the BD fieldf
5(2p/v)tr F†F, which in our case represents the excit
Higgs field. Then, the IG gravity equations are now
04350
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Rmn2
1

2
Rgmn52

8p

f
@ T̂mn1V~f!gmn#

2
v

f2Ff umf un2
1

2
f ulf ulgmnG

2
1

f
@f umuun2f uul

ul gmn#, ~5!

and the Higgs field equation is

f ul
uul2

4v

312v
~f2G21!5

8p

312v
T̂, ~6!

whereT̂ is the trace of theeffectiveenergy-momentum ten
sor, T̂mn , given by

T̂mn5Tmn1
G

4p
fMab

2 S Am
aAn

b2
1

2
gmn Al

aAblD , ~7!

whereMab
2 is the gauge boson mass square matrix, stemm

from the covariant gauge derivatives@see discussion afte
Eq. ~1!#.

The continuity equation~energy-momentum conservatio
law! reads

T̂m
n

uun50, ~8!

and in the present particle physics theory, SU~5! grand uni-
fied theory~GUT!, all the fermions remain massless after t
first symmetry breaking and no baryonic matter is origina
in this way. This is the reason to have Eq.~4! equal to zero,
too.

The source term in Eq.~6! is important for reheating,
since the Higgs field remains coupled toT̂, i.e., to gauge
boson fields. In Ref.@27# is claimed that there are no cou
plings between the Higgs field and other fermionic
bosonic fields, but in our induced gravity approach there
deed exist bosonic field couplings.

Equations~5!,~6!,~7!,~8! are the field equations for the IG
theory written in terms of the BD field. These equatio
would describe BD theory if the potential in Eq.~5! van-
ishes, implying that the second term on the left hand side
Eq. ~6! vanishes, and if the second term on the right ha
side of Eq.~7! vanishes, as well. Then, by bringing BD an
lytic results to the IG theory, one has to be sure that th
conditions apply.

The above equations reduce to the GR equations once
SSB takes place, when thef field becomes a constant an
the potential vanishes.

Next, we consider anisotropic universes and study th
asymptotic behavior.

III. ANISOTROPIC MODELS
AND ASYMPTOTIC BEHAVIOR

We consider homogeneous, anisotropic Bianchi ty
models that could experience, at least in principle, an iso
pization mechanism evolving to a FRW model. Therefo
1-3
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we study the dynamics of Bianchi type I, V, and IX spac
time symmetries in a synchronous coordinate frame; a g
eral discussion of Bianchi models is found in Ref.@28#.

In order to translate the results of Ref.@17# to IG theory,
we will put the cosmological field equations in terms of t
following scaled variables and definitions: the scaled Hig
field c[fa3(12n), a new cosmic time parameterdh
[a23ndt, ()8[d/dh, the ‘‘volume’’ a3[a1a2a3 , and the
Hubble parametersHi[ai8/ai corresponding to the scal
factorsai5ai(h) for i 51,2,3. One can assume a barotrop
equation of state for the perfect fluid represented
T̂mn , p5nr, with n a constant. Using these definitions a
the above-mentioned metrics, one obtains the cosmolog
equations from Eqs.~5!–~8!:

~cHi !82ca6nCi j

5
8pa3~11n!

312v F @11~12n!v#r1~312v!V1
dV

G G
for i 51,2,3, ~9!

H1H21H1H31H2H31@11~12n!v#~H11H21H3!
c8

c

2~12n!@11v~12n!/2#~H11H21H3!2

2
v

2 S c8

c D 2

2
Cj

2
a6n58p

a3~11n!

c
@r1V#, ~10!

c91~n21!a6nCjc

5
8pa3~11n!

312v F @2~223n!13~12n!2v#r

13~12n!~312v!V1~123n!
dV

G G , ~11!

and

ra3~11n!5const[M n , ~12!

wheredV[(]V/]c)]c/]f andCj[S iCi j is the curvature
corresponding to differentj-Bianchi models (j 5I, V, or IX !.
The subscripti 51,2,3 refers to the three scale factors. A
cordingly, one has that

Ci j [

I V IX

0
2

a1
2

a1
42a2

42a3
412a2

2a3
2

22a6

0
2

a1
2

a2
42a3

42a1
412a1

2a3
2

22a6

0
2

a1
2

a3
42a1

42a2
412a1

2a2
2

22a6
.

~13!

Equations~9!, ~10!, ~11!, ~12! form the complete set o
equations to be integrated. For the Bianchi type V mo
there is additionally the following constriction:
04350
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H21H352H1 , ~14!

implying that a2 and a3 are inverse proportional functions
a2a35a1

2 .
We study in the following only the anisotropic charact

of the solutions, and not the influence of the potential of
theory. Otherwise, the potential term will automatically pr
duce an inflationary stage from its outset~see footnote I; cf.
Ref. @4#!, and what we desire is to have a model in whi
inflation takes place only after the isotropization process
almost concluded, up to some extent at least. This wo
guarantee that anisotropic stresses decrease with time,
the case in GR@4,7#. We want to investigate the dynamic
before inflation occurs to see if the model dynamically ten
to a FRW model. If this were the case, any physical pert
bation ~hairs! present will experience an isotropizatio
mechanism, resulting in the smoothing of any patch of
Universe. For instance, let us assume there exist addition
other fields~dilaton, matter fields, etc.!, whose stress ener
gies do not contribute significantly to the dynamical pr
cesses, at least for some time interval.3 Then, the Universe
dynamics governed by thef field will isotropize all these
extra fields. Thus, thinking in a chaotic scenario where
initial conditions for inflation imply that the region, and th
inflaton field itself, should be sufficiently homogeneous a
isotropic, then, after such an isotropization process it is m
likely that inflation takes place successfully. Therefore,
isotropization mechanism can be important in p
inflationary dynamics.

Inflation is a nice feature to solve the problems of sta
dard model of cosmology, but most realistic models of infl
tion @2,29,30# are fine-tuned. For instance, a fact that is us
ally omitted is that to achieve enoughe-foldings of
expansion new inflationary models demand the initial infl
ton field ~say, w) to have very small values, aboutw0
,1025v, wherev is the true vacuum value of thew field.
This fact can be understood with the help of the slow ro
over conditions:2V9,9H2 and (V8/V)2,48pG, which in
turn imply, respectively, thatv*M Pl and w/v,v/M Pl .
Typically, GUT theories havev;1014215 GeV; then, the
second condition implies very small initial values forw,
whereas the first condition is a severe impediment~or incon-
sistency with realistic particle physics! to have enough
e-foldings of expansion and, hence, to solve the horizon
flatness problems of cosmology. Another fine-tunning asp
or, to say precisely, inconsistency relies on the fact thal
,10212 @l coming from a potential similar to Eq.~2!# to fit
well the temperature fluctuations measured by the CO
satellite @1#. Yet from particle physics one expects thatl
;1 ~in any case not that small as required above!. Further,
such smallness ofl works in an opposite sense as for pr

3Remember that any field, governed by its field equation, has
inherent typical time determined by its mass scale or by some c
stant of nature involved in its field equation. Normally, if there a
many fields present, one expects every field to be significant for
evolution in some characteristic time scale.
1-4
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ducing a high reheating temperature (TRH) after inflation,
since typically TRH;l1/4v. Then, the baryon asymmetr
could not be attained, unless very fine-tuning initial con
tions are chosen. Therefore, it is interesting to investig
models that achieve a successful inflationary stage when
do not start with standard, inflationary initial conditions. A
cordingly, our motivation is to study cosmological scenar
in scalar tensor theories with a particle physics content,
to consider more general initial conditions to understa
some of thead hocassumptions or problems of inflationa
cosmologies. An important issue is naturally the study
cosmological isotropization processes.

We return to our model in which the isotropizatio
mechanism occurs before inflation. Accordingly, one m
guarantee that potential terms in Eqs.~9!,~10!,~11! are less
significant than the perfect fluid term~given throughr).
These conditions imply respectively that

@11~12n!v#r

.
312v

16p
MH

2 M Pl
2 @~312v!~fG21!212~fG21!#,

~15!
04350
-
te
ey

s
d

d

f

t

r.V~f!5
312v

16p
MH

2 M Pl
2 ~fG21!2,

~123n!r.2
312v

4p
MH

2 M Pl
2 ~fG21!.

The first condition is the most restrictive, but it suffices
haver*MH

2 M Pl
2 for4 fG.1, which is not a severe condi

tion at all. Under these assumptions the IG cosmolog
equations areeffectivelyequivalent to the BD cosmologica
equations. Therefore, we are able to employ the analytic
lutions found for the Bianchi type I, V, and IX models in BD
theory @17# on the IG theory. These solutions are valid du
ing the time interval the above inequalities apply, say, fro
the initial timeh0 to h1 .

In order to analyze the anisotropic character of the so
tions, we have constructed the following ‘‘constraint’’ equ
tion @17# using BD equations analogous to Eqs.~9!,~10!,
~11!, valid from the timeh0 to h1 :
pic scale

onstants
s~h![2~H12H2!22~H22H3!22~H32H1!25
3

2~12n!S c9

c D2
1

~12n!2S c8

c D 2

2
~123n!

~12n!2 S ~123n!mnh1h0

c D S c8

c D

1

F223n1
3

2
v~12n!2G

~12n!2 S ~123n!mnh1h0

c D 2

1
3@21v~12n!~113n!#mn

2~12n!c
. ~16!

s is the anisotropic shear.s50 is a necessary condition to obtain a FRW cosmology since it impliesH15H25H3 ; cf. Ref.
@31#. If the sum of the squared differences of the Hubble expansion rates tends to zero, it would mean that the anisotro
factors tend to a single function of time which is, certainly, the scale factor of the FRW models.

We have shown elsewhere@17# thatc5Ajh
21Bjh1Cj is a solution for the homogeneous, anisotropic models, whereAj ,

Bj , andCj are some constants depending on thej-Bianchi type. The Hubble expansion rates are given through

H11H21H35
1

~12n!

F2Aj2
8pM n

312v
~123n!Gh1Bj2h0

c
,

Hi5
1

3
~H11H21H3!1

hi

c
, ~17!

where thehi ’s are functions that determine the anisotropic character of the solutions and are intimately related to the c
Aj , Bj , andCj as follows@33,17#:

Bianchi type I:

AI5F223n1
3

2
v~12n!2Gmn , ~18!

4Note thatfG.1 is equivalent to trF†F.26m2/l.
1-5
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CI5

23~12n!2~h1
21h2

21h3
2!/21~123n!h0B

I
1B

I

22F223n1
3

2
v~12n!2Gh0

2

3mn~12n!2~312v!
,

r.

en-

on

lu-
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an
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the
where thehi are constants andB
I

remians a free paramete
Bianchi type V:

AV52
~123n!2

113n
mn ,

BV522
123n

113n
h0 ,

CV5
21

mn~113n!

3F ~113n!2~h1
21h2

21h3
2!

18n1v~113n!2
1h0

2G ,

whereh150 in accordance with Eq.~14!, andh2 (52h3) is
a constant.

Bianchi type IX: In this case thehi are functions,hi
5hi(h), obeying the equation

hi85a6bcCi IX1
2AIX2@2~223b!13~12b!2v#mb

3~12b!
,

i 51,2,3, ~19!

subject to the condition

h1
21h2

21h3
2[K252

v3

2~12b!2@Ph21Qh1S#, ~20!

where the constantsP, Q, andS, given in terms ofAIX, BIX,
andCIX, stand for

P5XAIX2@4AIX2Y#~123b!2mb ,

Q5XBIX2@4AIXh022Ymbh012~123b!B
IX

#

3~123b!mb ,

S5XCIX2@2D12~123b!mbh0BIX2Ymb
2h0

2#,

X[3~113b!~12b!2vmb16~12b!mb

22~113b!AIX,

Y[2~223b!13~12b!2v. ~21!

The hi ’s can be further given as

h15 2F k214k11

3~k21k11!G K, ~22!
04350
h25F2k212k12

3~k21k11! G K, ~23!

and

h35F 2k212k21

3~k21k11!G K, ~24!

where k is an unknown function ofh. Unfortunately, we
have not achieved yet to obtain the explicit functional dep
dence ofk5k(h). The axisymmetric case (a15a2Þa3),
assuming a quadratic function forc, gives the closed FRW
solution, implying thatBIX5CIX50.

The above-presented Bianchi models obey the conditi

h11h21h350; ~25!

then, the shear, Eq.~16!, becomes

s~h!52
3~h1

21h2
21h3

2!

c2
. ~26!

This equation admits solutions such thats→0 ash→` ~or
t→`); that is, one has time asymptotic isotropization so
tions, similar to the solutions found for Bianchi models
GR ~see Ref.@32#!. In fact, one does not need to impose
asymptotic, infinity condition, but just thath@h* , where
h* is yet some arbitrary value, to warrant thats can be
bounded from above. For the Bianchi type IX model,h1

2

1h2
21h3

2 , given by Eq.~20!, is not a constant but a qua
dratic function ofh; however, the denominator of Eq.~26! is
a quartic polynomial inh, and therefore, an asymptotic iso
tropic behavior, similar to the other models, is also expect

The analytic flat, open and closed FRW solutions are
tained if hi50, for the Bianchi type I, V and IX models
respectively. In this case, it implies thatBj5Cj50 for all
the Bianchi models considered here.

IV. PHYSICAL SCENARIO

We consider in the following a scenario in which th
isotropization process can occur from the very beginni
h0 , until the timeh* , corresponding to a time scale befo
inflation happens. That is, one has thath* <h1 , whereh1 is
the time when inflation starts because the potential st
energy begins to be the major contribution to Eqs.~9!,~10!,
~11!. In this way, the isotropization of hairs is guarante
indeed before the de Sitter stage occurs.

The integration of Eq.~17! to get explicitly the scale fac-
tor functions is straightforward, and was reported in Re
@33,17#. The solutions are characterized by the sign of
discriminant,D j[Bj

224AjCj , which implies two different
1-6
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FIG. 1. The Hubble parameters as a functi
of the timeh. For these plots we have takenn
50, v51026, and h25h05m051, where the
choice of the latter parameters is arbitrary; th
are related to the initial conditions. In this cas
one has thatH10.0, H30.0, and H20,0. The
latter condition implies an initial contracting
scale factor (a2); however, after some evolution
it expands.
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behaviors depending on it being positive or not. The so
tions D.0 are restricted to be valid in a specific tim
interval5 and, additionally, they are asymptotically anis
tropic. The solutionsD<0 are valid during the whole cosmi
time (h) interval. Independent of the initial value the Hubb
parameters may have~including Hi,0), because of Eq
~26!, ash→h* , s→smin'0, where the value ofh* is fixed
by the degree of isotropy (smin) at that time in each Bianch
model.

We analyze the conditions for this scenario to be via
on the Bianchi type I, V, and IX models.

Bianchi I: The discriminant of this model is given by@33#

D I5BI
224AICI5BI

22

4F223n1
3

2
v~12n!2G

3~12n!2~312v!

3FBI
21~123n!h0BI2

3

2
~12n!2~h1

21h2
21h3

2!

2S 223n1
3

2
v~12n!2Dh0

2G . ~27!

In our case,v!1, andD I is always positive. Therefore, her
the isotropization is not possible, and the physical scen
fails.

5The solutions withD.0 are qualitativelyai;earctanh h valid for
21,h,1, whereas the solutions withD,0 areai;earctan h valid
for 2`,h,1`.
04350
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io

Bianchi V: The discriminant of this model is given b
@17#

DV5BV
224AVCV5

28~123n!2

18n1~113n!2v
h2

2 , ~28!

which impliesDV,0. In this case, the solutions isotropiz
and the scenario is successfully achieved.

We plot the Hubble parameters as a function of the timeh
for v51026 and n50 ~corresponding to a dust gas o
bosons!. Figure 1 shows how the anisotropic Hubble para
eters evolve with the same slop. This is because the sm
ness ofv causesc to be initially almost a constant, and th
Hi solutions are linear, with different anisotropic paramet
(hi) contributing as different initial ordinates; see Eqs.~17!.
As time elapses the anisotropy becomes almost unobserv
because of the scale~see Fig. 2!, making the difference
among the three rates of expansion always smaller; tha
after some timeh* the solutions become indistinguishab
from the open FRW solution, which is given byH1 ~see Ref.
@17#!. Then, as mentioned in the previous section, the ani
ropy is bounded from above. In Ref.@3# is claimed that the
remaining anisotropy is under the limits imposed by t
COBE satellite on the temperature fluctuations observed
the CMBR @1#.

Note that during the isotropization process, fromh0 to
h* , the solutions are of the formHi'Dh1Di , whereD
andDi are some constants. Not only do the Hubble para
eters not diminish, but they increase with time. This impl
for the scale factors a period of ‘‘strong’’ exponential expa
sion, ai;eDh2/21Dih, causing the isotropization of th
model. Note that this solution is very peculiar and it has
1-7
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FIG. 2. This figure shows the same as Fig.
but now we plot until the time 1000, where on
can already observe that the three scale fact
become almost indistinguishable.
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origin in the smallness ofv. If v were not that small, a
power law solution (Hi'1/h) would be valid.6 It is curious
that we initially aimed to have a model avoiding to beg
with inflationary initial conditions, and because of the sma
ness ofv, we got an even stronger~than de Sitter! inflation-
ary era caused by the Higgs field itself~kinetic1nonminimal
coupling!, but not by the potential of the theory. In this wa
during this time the Universe begins to lose itsanisotropic
hairs because the strong exponential expansion dilutes
perturbation present in a distance smaller than its event
rizon and the no-hair conjecture is then dynamically sa
fied.

In GR the presence of a kinetic term associated to a fi
~say, w), added minimally to the Lagrangian, induces t
field to evolve likew;1/t2; see Ref.@30#. Here, we have the
same behavior forf, but this solution induces an expone
tial universe, regardless of the potential. In this case,
does not have a slow rollover dynamics, but the solut
itself includes an exponential expansion with exit~no grace-
ful exit problem! in a natural, evolutionary way tending to a
effective FRW model. The reason for this is that after so
elapsed time the variablec will be no longer effectively a
constant and the quadratic term inh will dominate and,
therefore, the solution behaves as shown in Fig. 3, tha
with Hi;1/h for i 51,2,3. Figure 4 shows the evolution o
the physical Higgs field.

6This type of solution is also valid for some set of initial cond
tions including any arbitrary value ofv.
04350
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Afterwards, ath5h1>h* inflation due to the potentia
takes place. The initial conditions are such that when in
tion is to start, the system is already almost isotropic. Th
inflation ~due to the potential! begins after the model is to
some degree an open FRW model. The dynamics of
stage is studied in Ref.@19#.

Figures 1, 2, 3, and 4 describe the dynamics dominated
perfect fluid1kinetic terms in early stages, precisely whe
the potential stress energy does not play a significant rol
the evolution. But after some elapsed time~at h1) the poten-
tial enters into the ‘‘game’’ because the density diminish
rapidly as r;1/an with n54 for radiation andn53 for
dust-like matter~boson fields!, whereas the potential is onl
slowly variating. Thus, from the different energy stresses
Eqs. ~9!,~10!,~11! the one which diminishes slower, as tim
elapses, is the potential term, in such a way that it will ev
tually be the major stress energy contribution to the dyna
cal equations. The potential dominance begins7 at the h1
time such thath1>h* in order to guarantee some degree
isotropization of physical processes present before infla
takes place. Therefore, if any perturbation~hairs! is to be
present before that time, it must have experienced some
gree of isotropization, the same as the scale factors.

After inflation when the Higgs field approaches its sym
metry breaking value, trF†F526m2/l, the potential di-
minishes, and begins the high oscillation period of the Hig
field described by Eq.~6! or ~11!. The Higgs oscillations ac

7In this paper we assume a chaotic scenario for the initial con
tions (f0.G21; see footnote IV!; see Refs.@19,20#.
1-8
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FIG. 3. The same as Fig. 1, but now until th
time 105. The three Hubble parameters, here s
perposed, evolve to an open FRW solution giv
by H1 .
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on the scale factors dynamics with a characteristic freque
given by MH , which we have taken equal to 1014 GeV.
This high oscillation period induces a FRW model (ai
;t2/3) @34#, as can be observed in Fig. 5. Then, inflatio
caused by the potential, acts as a transient attractor,
graceful exiting. This result confirms the general theore
proved in Refs.@15# about the no-hair conjecture in scal
tensor theories. Naturally, one cannot expect this solutio
04350
cy

,
en
s

to

be ever trapped in the de Sitter attractor, since the Higgs fi
evolves to its SSB minimum, which is the state of lowe
energy. Then, the no-hair conjecture fails during the h
oscillation period of the Higgs field, as one expects.

During inflation ~due to the potential! perturbations
of the Higgs field exit the Hubble horizon (H21), and they
will later reenter to form the seeds of galaxy formation w
a magnitude@27,35,19#
FIG. 4. The Higgs fieldf as a function of
time, for the same parameters as in Fig. 1.
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FIG. 5. The scale factor evolution during and after inflation until the timet5102MH
21 , whereMH is the Higgs boson mass. One not

that the inflation time is approximatelyt52310237 s; later on, the Universe is ‘‘dark’’ matter dominated byf bosons, perhaps until today
if reheating did not take away the coherent Higgs oscillations. The track imprinted by the Higgs coherent oscillations in the sca
evolution at that time scale can be seen; afterwards, this influence will be imperceptible.
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h2
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A11
3a

4p

H
df

ḟ
U

h2

5A 1

6p

MH

M Pl

N~h2!

'10
MH

M Pl

,1025, ~29!

whereh2 is the time when the fluctuations of the scalar fie
leave H21 during inflation andN(h2) is the number of
e-folds of inflation at that time.

The gravitational wave~GW! perturbations considere
normally should also be small@36#,

hGW'
H

M Pl
U

h2

'
MH

M Pl

AGf21

2
U

h2

;1025, ~30!

which also lies within the experimental limits.
The spectral index of the scalar perturbations,ns , serves

as a test for models of the very early Universe, independe
of the magnitude of the perturbations. It can be calcula
using the slow roll approximation up to second order@37#.
For v!1, however, one can just take the first order to
sufficiently accurate@38#:

ns512
4

2N1v
'12

2

N
; ~31!

for N565, it impliesns'0.97 in accordance with the rece
COBE DMR results@1#.

Bianchi IX: For the Bianchi IX model the constan
AIX,BIX,CIX explicit values are unknown, except for th
04350
ly
d

e

value ofAIX of the isotropic model. To be physical this so
lution needs to havev,22 @39#. Therefore, we expect to
find isotropizing solutions only forv,0, but our IG gravity
requiresv.0 and the scenario is untenable.

V. CONCLUSIONS

Within an IG theory we have analyzed Bianchi type I,
and IX models. Only the Bianchi type V model may isotr
pize by means of the nonminimal coupling of the theo
because the value ofv ~!1! is crucial for its isotropization.
These results, extracted from the analytic solutions in
theory @17#, are here applied to the IG theory in an epo
when the potential stress energy is not significant for
evolution, that is, when both theories are mathematica
equivalent. If this situation would have happened, init
anisotropies were washed out in a universe with Bianch
type initial conditions. On the other side, if the potent
dominates from the very beginning, inflation~because of the
potential! occurs directly and it induces the same effect,
expected.

The isotropization mechanism in type V can be inflatio
ary even before the potential plays a role or, otherwise, of
Hi;1/h type. In the former case, fromh0 to h1 , the models
experience a strong period of exponential expansion, w
the Higgs field evolves asf;1/t2, achieving the isotropiza-
tion of any hairs present~also possibly due to some othe
fields!. After the isotropization mechanism has been co
cluded, because of Eq.~17!, the solution turns away from an
exponential behavior to become effectively a FRW mod
where Hi'H for i 51,2,3. Afterwards, with the Universe
‘‘almost’’ isotropic the potential begins to dominate the d
namical equations, and therefore inflation due to the poten
1-10



un
-
os
d
en

t

e
y

-

chi
V

he

.

CAN INDUCED GRAVITY ISOTROPIZE BIANCHI TYPE I, . . . PHYSICAL REVIEW D59 043501
occurs. Later on, as the Higgs field approaches its gro
state value (trF†F→26m2/l), inflation ends and an effec
tive FRW dynamics is dominant. Thus, our scenario p
sesses two inflationary transient attractors, one produce
the nonminimal coupling and the other by the Higgs pot
tial. The tests of inflation for this theory have been proved
be within the experimental limits in Refs.@19,20#.

In the present work, we looked for conditions und
which isotropization before inflation occurs in a theor
where the value ofv is strictly determined to bev51026.
Otherwise, for arbitraryv values, the mechanism of isotro
e

n-

y,

ys

Jr.

ro
,

04350
d

-
by
-
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r
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pization can also develop before inflation. Here the Bian
model I tends to the flat FRW solution, the Bianchi model
to the open FRW solution, and the Bianchi model IX to t
closed FRW solution.
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