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Determination of the Newtonian gravitational constantG with a nonlinear fitting method
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The Newtonian gravitational constantG is determined by means of a high-Q torsion pendulum and the
time-of-swing method, in which the period of the pendulum is altered by the presence of two 6.25-kg stainless
steel cylinders. The nonlinear fitting method is used to extract the frequencies from the angle-time data of the
pendulum. The resulting value ofG is (6.669960.0007)310211 m3 kg21 s22. @S0556-2821~98!06924-0#

PACS number~s!: 04.80.Cc, 02.60.Ed, 06.20.Jr
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I. INTRODUCTION

Improvements in our knowledge of the absolute value
the Newtonian gravitational constantG have come very
slowly over the years@1#, and G is still the least precisely
determined fundamental constant and some recent re
have a fractional discrepancy as large as 631023 @2–5#. In
the experiments measuringG, the torsion pendulum is a
mainstay instrument, and the time-of-swing method h
commonly been used@6,7# although some other method
have also been employed and proposed@3,8,9#. This is be-
cause the time-of-swing method, as compared with the di
deflection method, is not so sensitive to the drift of the eq
librium position of the pendulum and the quantities to
measured are all stationary values. Because of the ad
tages stated above, we have also determined the Newto
gravitational constantG by the time-of-swing method with a
high-Q torsion pendulum recently. For a study of nonline
effect, the torsion pendulum system was designed to be
sitive to the inhomogenous gravitational fields produced
both the surrounding bodies and the attracting masses in
experiment, and then the nonlinear fitting method was e
ployed to extract the frequencies from the angle-time dat
the pendulum.

The time-of-swing method is based on detecting
change in torsional oscillation frequency at different config
rations of attracting masses. In their absence, the squa
free oscillation frequenciesv0 is related to the momentI and
fiber torsion constantK f by

v0
25K f /I . ~1!

The ‘‘gravitational torsion constant’’ contributed by the in
teraction gravitational potential energy of the pendulum a
attracting masses,Vg(w), can be expressed as

Kg~w!5
]2Vg~w!

]w2 [Cg~w!G, ~2!
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wherew is the angle between the axes of the pendulum be
and the attracting masses, andCg(w) is calculated from the
geometry, positions, and densities of the pendulum and
tracting masses. Therefore, the frequency of small oscilla
of the pendulum is

vg0
2 ~w!5@K f1Kg~w!#/I . ~3!

Most time-of-swing method experiments are selected w
the near position configuration when the pendulum is in l
with the source masses (w50) and far position (w5p/2)
configuration@13#. Because the gravitational force cannot
screened, the inhomogenous background gravitational fi
produced by the surrounding masses also contributes a g
tational torsion constantKb(w): therefore, Eqs.~1! and ~3!
should be rewritten as

v0
2~w!5@K f1Kb~w!#/I , ~4!

vg0
2 ~w!5@K f1Kb~w!1Kg~w!#/I , ~5!

where Kb(w) cannot be precisely calculated and it is al
very difficult to keep it as a constant both at near posit
and far position configurations. For example, any asymme
and inhomogeneity of the rotary table will lead to a syste
atic error if the experiment was designed to measure
frequency difference between the attracting masses at
and far positions. In our experiment,D(v0

2)5vg0
2 2v0

2 is
determined by measuring the frequencies of the torsion p
dulum with and without the attracting masses in positio
and the systematic error due to the asymmetry and inho
geneity of the table can be avoided because the table is a
during the experiment. The gravitational constantG is there-
fore given by

G5~vg0
2 2v0

2!I /Cg . ~6!

The time-of-swing method has many advantages and
widely used in the determination of the Newtonian gravi
tional constant, but it has some shortcomings at the sa
time. First, in this method there are the important nonlin
effects in the motion of the pendulum itself, independent
any defect in a detector, caused by the finite amplitude of
swing and the inhomogeneities of both the gravitational fi
©1998 The American Physical Society01-1
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of the attracting masses and the background gravitatio
field. The nonlinear effect can be reduced at small am
tudes, but the smaller the amplitude, the lower the precis
of measurement of the period. The nonlinear effect due to
attracting masses can also be reduced through an optim
positioning of the pendulum and attracting masses@10,11#,
but it is difficult to reduce the nonlinear effect due to t
local inhomogeneity of the background gravitational fie
So the pendulum will mainly oscillate at the fundamen
frequency and also with high-order harmonic frequenc
This means that a nonlinear fitting method should be use
data processing. Second, Kuroda@12# pointed out that the
time-of-swing method may have a systematic bias due
torsion fiber anelasticity, and this upward fractional b
should be 1/pQ. Bagley and Luther@13# tested this hypoth-
esis recently. Therefore, a high-Q torsion pendulum is used
in our experiment to decrease this systematic bias.

II. TORSION PENDULUM SYSTEM

A schematic diagram of the apparatus is shown in Fig
and the corresponding dimensions and masses are liste
Table I. The two separated cylindrical attracting mass
markedMA andMB , are fabricated from nonmagnetic stai
less steel and have been used by Chenet al. in the Cavendish
laboratory of Cambridge@14#. They are located on opposit
sides of the copper spherical test massm1 , which hangs
from one end of the aluminum beam by a 25-mm tungsten
wire about 435 mm long. The counterweightm2 is fixed on
the other end of the beam. The torsion pendulum is s
pended by a 25-mm tungsten wire about 513 mm long an
enclosed in a stainless vacuum vessel maintained a
vacuum of 231025 Pa by an ion pump near the suspens
point of the wire. The height and direction of the pendulu
can be adjusted by a vacuum feedthrough.

The construction of an aluminum bench used to hold
attracting masses is also shown in Fig. 1. The bench
manufactured very carefully with consideration of its sy

FIG. 1. Schematic of the apparatus used in the determinatio
G.
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metries about central lines and the residual strain. T
U-shaped notches, which are perpendicular to each other
at different levels, were milled on the upper surface of t
bench. One of them is used to hold the cylinders in positio
and the other is used to install the gauge blocks. There
hole in the vertical direction at the symmetrical center of t
bench, which is used to fix the bench with the rotary tab
The separation of the cylindrical massesMA and MB is ad-
justed and measured against two equal-gauge blocks.
length of each gauge block is 60.240 mm with an uncertai
of 0.001 mm, and so the uncertainty of separation betw
the opposite face ofMA andMB was less than 0.002 mm. A
a result of the precisely machined U-shaped notch, the a
of the attracting masses are coincident in the range of
than 131025 rad. The rotary table can be located at a
angle by means of a stepper motor and servocontrol sys
and 72000 steps will drive the table to make one revoluti
We can use this system to make the coaxial line of the
tracting masses perpendicular to the beam of the pendu
The experiments showed that the coaxial line of the mas
was perpendicular to the beam with uncertainty less t
a05531023 rad, which is at least partly due to imperfe
tion of the rotary table. The rotary table was installed on
massive displacement device, which can be adjusted
cisely in two horizontal coordinates. In order to ensure t
m1 is centered between the attracting masses, we can d
the changes of equilibrium point of the pendulum with a
without the attracting masses in places, and then adjust
displacement device. The position uncertainties ofm1 in the
center between attracting masses in the horizontal direct

of

TABLE I. Dimensions and masses of attracting cylinders a
pendulum.

Parameter Value

Length ofMA (LA) ~100.00760.001! mm
Length ofMB (LB) ~100.00060.001! mm
Diameter ofMA ~100.00360.001! mm
Diameter ofMB ~99.99860.001! mm
Mass ofMA ~6.2513 360.00001! kg
Mass ofMB ~6.2505 660.00001! kg
Separation betweenMA andMB (2d) ~60.24060.002! mm
Mass of spherem1 ~32.256060.0005! g
Mass of spherem2 ~32.285860.0005! g
Horizontal distance betweenm1 or m2 ~200.00060.001! mm
and the suspension point~b!

Length ofA ~403.99860.004! mm
Diameter ofA ~4.93060.001! mm
Length ofB ~19.99160.001! mm
Diameter ofB ~5.95160.001! mm
Mass ofA andB ~together! ~21.946160.0005! g
Height of C ~22.80260.001! mm
Diameter ofC ~14.10460.001! mm
Height of D ~10.99760.001! mm
Diameter ofD ~5.99660.001! mm
Mass ofC andD ~together! ~9.685960.0005! g
1-2
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DETERMINATION OF THE NEWTONIAN . . . PHYSICAL REVIEW D 59 042001
were less than 0.01 mm and in the vertical direction w
less than 0.5 mm.

The detailed structure of the torsion pendulum is shown
Fig. 2. The aluminum torsion pendulum beam consists
five parts, markedA, B, C, D, andM, respectively. The di-
ameter of partA of the pendulum beam is about 1 mm thi
ner than that of the center part markedB of the beam: so the
long beam can go through the cylindrical hole on the cyl
derC more easily. A very small hole was pierced through t
center of top cylinderD, and a tungsten fiber of 25mm in
diameter can just pass through it. Then the fiber was tied
twisted a knot with a short length of thin copper wire. PartD
was taper fit with partC, as shown in Fig. 2. The cylinderC
was cut into two small pieces on both sides for attaching
reflection mirrorsM. The test massesm1 andm2 are hung by
the tungsten fibers of 50mm in diameter through the sma
V-shaped notches on the two ends of beam. The dimens
of beam are also listed in Table I. The lengths and diame
were measured by the micrometers and an improved A
Comparator.

The rotation of the torsion pendulum is detected by
optical lever in which the light beam from a He-Ne laser
2.5 mW passes through a chopper with a frequency of
Hz and is reflected by the mirrorM and then falls on a
position-sensitive photocell~SD-1166-21-11-391, made b
Silicon Detector Corporation, Newbury Park!, which is
placed about 2 m far from the mirror. The difference signa
voltage from the position sensor goes through a lock-in a
plifier ~128A, EG&G Company, Princeton!, and then it is
plotted by anX-Y chart recorder~type 3033, made by Si
chuan No. 4 Instrument Factory, Chongqing, China! in ana-
log form continuously and is digitized by a 586 microcom
puter each second. The square wave signal of 100
output from a high-stability quartz oscillator~EE1610A,
made by Nanjing Telecommunication Instruments Facto
Nanjing, China! was divided to 1 Hz by means of
transistor-transistor-logic~TTL! frequency-division circuit. It
was considered as a standard clock reference and use
control the computer sampling and save the data output f
the analog-to-digital~A/D! converter. The clock referenc
was checked by a Universal Time Interval Counter~SR620,
made by Stanford Research Systems Company, Sunnyv!,
and its frequency stability reaches in the order of
31029/day. The amplitude of the rotation of the pendulu

FIG. 2. Detail structure of the torsion pendulum.
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was about 231023 rad. Long-term observations have show
that the linear drift of the fiber, which has been suspended
2 yr, was approximately 231026 rad/day. The correspond
ing period drifts of the pendulum were about 74 ms/day a
57 ms/day when the attracting masses were on and off p
tions, respectively.

The apparatus was located in a mu-metal shielded ro
of 5 m33 m33.5 m in dimension, and all materials used
the experiment such as the pendulum beam, the attrac
and counterweight masses as well as the attracting cylin
were either diamagnetic or paramagnetic, which can gre
reduce the possible effects due to the magnetic fields
order to test for magnetic effects, a small coil was set cl
to the vacuum tube near the test mass and the equilibr
point of the torsion pendulum was measured@15#. The result
showed that the magnetic effect could be neglected in
experiment. The room is installed on a shock-proof platfo
that weighs about 24 tons, and the platform is supported
16 thick springs. The natural frequency of this system
about 2 Hz. Under the ground of our laboratory about 3
deep, there is a ground net connected with thick cop
plates and wires. The laboratory is located in the cente
Yu-Jia Mountain, which is in north of our campus~HUST!.
The least thickness of the cover on the laboratory is m
than 40 m, and the exit is at the foot of the mountain and 1
m away from the laboratory. The daily change of tempe
ture in the shielding room of our cave laboratory is less th
0.005 °C@16#.

III. NONLINEAR FITTING PERIOD

In our experiment, the periods of pendulum were ab
4441 s and 3484 s with and without the attracting masse
positions, respectively, and the period change was ab
27%. Another advantage of this configuration is that the re
tive uncertainty due to the limitation of measuring dime
sions of the beam and mirror will be reduced because of
longer beam. But as is well known, this configuration w
induce serious nonlinear effects due to the long torsion be
and different height of the attracted masses in the inhomo
neous gravitational fields. To consider the nonlinear effe
the equation of torsion pendulum motion should be writt
as

I ü1k1u1k2u21k3u350, ~7!

where k15K f1Kg1Kb or k15K f1Kb in the case of at-
tracting masses on or off positions;k2 and k3 are usually
much smaller thank1 . The approximate solution of Eq.~7! is

u~ t !'u0 sin vt2
k2

6k1
u0

2~cos 2vt13!2
k3

32k1
u0

3 sin 3vt,

~8!

where u0 is the oscillation amplitude. The frequencyv is
shifted from its unperturbed valuev0

25k1 /I by

v25v0
2@113k3u0

2/~4k1!#. ~9!

Data were taken alternately with and without the attra
ing cylindrical masses in position, and each set of runs wh
1-3
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lasted about a week was correspondingly separated into
groups. The frequencies for each of the individual groups~2
or 3 days! were extracted from the angle-time data of t
pendulum by the nonlinear least-squares fitting method.
used the following function:

u~ t !5a1 sin~vt1w1!1a2 sin~2vt1w2!

1a3 sin~3vt1w3!1bt1b0 ~10!

to fit the raw data. A similar nonlinear fitting method h
been used in testing the equivalence principle by Gundl
et al. @17#. The results of fitting data showed thatw3 was
about 3 timesw1 , which is consistent with the theoretica
result. This means that if we select the initial time asw1 /v,
Eq. ~10! can be simplified as Eq.~8!. From Eqs.~8!, ~9!, and
~10!, we can obtain

v0
25v2/~1224a3 /a1!. ~11!

The results of fitting data also showed thata3 /a1 were about
1.0831025 and 1.8131025 when attracting masses were o
and on positions; sov0

2/v2 was about 1.000259 an
1.000434 in those two cases, and the upward fractional
in G due to this was about 21.0 ppm. This bias was mai
contributed by the nonlinearity in the torque contribution
the attracting masses, which is about 13 ppm in theoret
calculation and may be partly contributed by the other s
tematic error sources, such as the nonlinearities of the p
tion sensor and the background gravitational field. Table
lists theD(v0

2) determined by the nonlinear fitting method
The nonlinearity of the position sensor was measu

through changing its position stably and slowly by means
the Abbe Comparator while the light beam of the laser w
fixed. Figure 3 showed the output transfer characteristic
the position sensor. We also used the function

TABLE II. D(v0
2) determined by the nonlinear fitting metho

for different sets.

Set No. Duration of run~hour/day/month! D(v0
2) (31026 s22)

On: 09:00/04/Aug.–08:15/06/Aug.
1 Off: 09:20/07/Aug.–09:25/09/Aug. 21.250654

On: 10:12/25/Aug.–15:40/27/Aug.
2 Off: 16:10/28/Aug.–16:50/30/Aug. 21.250632

On: 07:00/31/Aug.–08:30/02/Sept.
3 Off: 23:40/02/Sept.–23:15/04/Sept. 21.250625

On: 11:10/13/Sept.–10:30/15/Sept.
4 Off: 11:30/16/Sept.–12:00/18/Sept. 21.250508

On: 10:30/23/Sept.–07:10/25/Sept.
5 Off: 23:00/25/Sept.–12:30/27/Sept. 21.250585

On: 13:40/01/Oct.–15:20/03/Oct.
6 Off: 14:05/04/Oct.–18:45/06/Oct. 21.250688

On: 16:00/08/Oct.–05:30/11/Oct.
7 Off: 15:35/12/Oct.–06:25/15/Oct. 21.250813

Average 21.250644
Uncertainty 0.000094
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V~x!5b1x1b2x21b3x31b0 , ~12!

to fit the data of the output transfer characteristic of the
sition sensor, and obtainedb2 /b155.4131025 mm21,
b3 /b153.9931024 mm22. However, these results only se
an upper limit on the nonlinearity of the position sensor b
cause the accuracy of the Abbe Comparator is about 1mm
and the relative uncertainty in a displacement measurem
of a few millimeters is on the order of 1024. If these results
were considered as the nonlinearity of the detector, the r
a3 /a1 should be about 0.006. But as we have indicated,
results of fitting data showed thata3 /a1 was about 1.08
31025 and 1.8131025 when attracting masses were off an
on positions. This strongly implies that the detector is mu
more linear than the upper limitation given above.

Because the quality factor of torsion pendulumQ in our
case is approximately 3.63104, it is believed that both fre-
quency changes resulting from the damping and system
bias due to the fiber anelasticity predicted by Kuroda can
neglected@12#.

IV. EXPERIMENTAL RESULTS

In the Cartesian coordinate system~x,y,z! as shown in Fig.
4, the center of the right and left faces of two cylinders c
be expressed as

FIG. 3. Output transfer characteristic of the position senso

FIG. 4. Coordinate system of the pendulum.
1-4
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H xAL5x02d2LA ,
xAR5x02d,
yAL,R5y02b,
zA5z0 ,

H xBL5x01d,
xBR5x01d1LB ,
yBL,R5y02b,
zB5z0 ,

~13!

where (x0 ,y0 ,z0) are uncertainties of the position ofm1 in the center between the attracting masses in the three axes
gravitational torsion constant of a point mass which at point~x,y,z! can be expressed in two parts:

Cgt52mrA@Ct~x2xAL ,RA ,sA!2Ct~x2xAR ,RA ,sA!#x12mrB@Ct~xBL2x,RB ,sB!2Ct~xBR2x,RB ,sB!#x

12mrAF]Ct~x2xAR ,RA ,sA!

]~x2xAR!
2

]Ct~x2xAL ,RA ,sA!

]~x2xAL! Gy222mrBF]Ct~xBR2x,RB ,sB!

]~xBR2x!
2

]Ct~xBL2x,RB ,sB!

]~xBL2x! Gy2

22mrAF]Ct~x2xAR ,RA ,sA!

]sA
2

]Ct~x2xAL ,RA ,sA!

]sA
GxyyAY sA

12mrBF]Ct~xBR2x,RB ,sB!

]sB
2

]Ct~xBL2x,RB ,sB!

]sB
GxyyBY sB , ~14!

Cgr512mrA@Cr~x2xAL ,RA ,sA!2Cr~x2xAR ,RA ,sA!#~x2hA
22yyAsA

2 !/sA
3

22mrB@Cr~xBL2x,RB ,sB!2Cr~xBR2x,RB ,sB!#~x2hB
21yyBsB

2 !/sB
3

12mrAF]Cr~x2xAR ,RA ,sA!

]~x2xAR!
2

]Cr~x2xAL ,RA ,sA!

]~x2xAL! GxyyAY sA

12mrBF]Cr~xBR2x,RB ,sB!

]~xBR2x!
2

]Cr~xBL2x,RB ,sB!

]~xBL2x! GxyyBY sB

22mrAF]Cr~x2xAR ,RA ,sA!

]sA
2

]Cr~x2xAL ,RA ,sA!

]sA
Gx2yA

2Y sA
2

22mrBF]Cr~xBR2x,RB ,sB!

]sB
2

]Cr~xBL2x,RB ,sB!

]sB
Gx2yB

2Y sB
2, ~15!

whererA andrB are the densities of the attracting cylinders, and

H yA5y2yAL,R,
yB5yBL,R2y, HhA5z2zA ,

hB5z2zB , H sA5AyA
21hA

2,

sB5AyB
21hB

2.
~16!

TheCt(x,R,s) andCr(x,R,s) are the function of axial and radial gravitational attracting of a finite cylinder, which are g
in Refs.@18# and @19#, and can be expressed as follows:

Ct~x,R,s!52sp1
R22x22s2

A~R1s!21x2
K~k!1A~R1s!21x2E~k!

1
x2

A~R1s!21x2 FAx21s21R

Ax21s22s
) ~p1 ,k!1

Ax21s22R

Ax21s21s
) ~p2 ,k!G , ~17!

Cr~x,R,s!5
x2

2sA11~R1s!2/x2 H F112
R21s2

x2 GK~k!2F11
~R1s!2

x2 GE~k!2
~R2s!2

x2 ) ~h,k!J , ~18!

where

k5A 4sR

~R1s!21x2, p15
2s

Ax21s22s
, p25

22s

Ax21s21s
, h52

4sR

~R1s!2 ,

042001-5
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and K(k), E(k), and P(p1 ,k) @or P(p2 ,k)# here are the
complete elliptical integrals of the first, second, and th
kinds respectively.

The gravitational torsion constantCg can be calculated by
integratingCgt andCgr over all parts of the pendulum. Whe
selectingx050, y050, z050, andu50, we calculated con-
tributions toCg from the attracted mass, counterweight ma
and pendulum beam with mirrors as253.8673 kg2 m21,
20.0860 kg2 m21, and 0.0136 kg2 m21, respectively. So the
total gravitational torsion constantCg was 253.9397
kg2 m21. For the same reason, we obtained that the rela
uncertainty ofCg due to the position of attracting mass
was 62 ppm, which is listed in the first five rows of Table I
and the relative uncertainties of densities of attracting cy
ders and mass of attracted balls based on the paramete
Table I were 17 ppm and 16 ppm, respectively. These un

TABLE III. Error budget.

Source of uncertainty

Uncertainty
of G

in ppm

Position of the attracting masses
Dd50.002 mm 48
x050.01 mm 4.2
y050.01 mm 25
z050.5 mm 16
a05531023 rad 24

Density of the attracting masses 17
Mass of the attracted masses 16
Moment of inertia of pendulum 31
Nonlinearity of the systematic error sources 8
D(v0

2) 75
Total 105
ns

m

E

04200
,

e

-
in

r-

tainties were contributed to the relative uncertainty ofG di-
rectly as listed in sixth and seventh rows of Table III.

The density of the aluminum beam isrAl5(2.7828
60.0001) g/cm3, and we obtained the moments of the pe
dulum beam with mirrors and the attracted masses as
lows:

I beam5~0.2920360.00003!31023 kg m2, ~19!

I m5~2.5846660.00006!31023 kg m2. ~20!

So the total moment of the pendulum isI 52.87669
31023 kg m2 with relative uncertainty of 31 ppm, which i
listed in the eight row of Table III. The value forG deter-
mined finally is (6.669960.0007)310211 m3 kg21 s22.

The experimental result showed that the nonlinear effe
could be effectively subtracted from the angle-time data
the pendulum by a suitable nonlinear least-squares fit
method, although our torsion pendulum system was desig
to be sensitive to the inhomogenous gravitational fields.
course, further improvement ofG is mainly limited by the
uncertainty of measuring the frequencies of the torsion p
dulum, as shown in Table III, in our experiment. We a
going to design a new torsion pendulum system and emp
the optimum positioning of the the pendulum and attract
masses to reduce the nonlinear effects in the experiment@11#,
and hope to get a value ofG with higher precision.
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