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Determination of the Newtonian gravitational constantG with a nonlinear fitting method
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The Newtonian gravitational constaft is determined by means of a hightorsion pendulum and the
time-of-swing method, in which the period of the pendulum is altered by the presence of two 6.25-kg stainless
steel cylinders. The nonlinear fitting method is used to extract the frequencies from the angle-time data of the
pendulum. The resulting value & is (6.66990.0007)x 10" ! m® kg ! s 2 [S0556-282(198)06924-

PACS numbg(s): 04.80.Cc, 02.60.Ed, 06.20.Jr

[. INTRODUCTION whereg is the angle between the axes of the pendulum beam
and the attracting masses, a8¢(¢) is calculated from the
Improvements in our knowledge of the absolute value ofgeometry, positions, and densities of the pendulum and at-
the Newtonian gravitational consta®@ have come very tracting masses. Therefore, the frequency of small oscillation
slowly over the year$l], and G is still the least precisely of the pendulum is
determined fundamental constant and some recent results )
have a fractional discrepancy as large as1® 3 [2—5]. In wgole) =[Ki+Kg(e) /1. ©)
the experiments measurin@, the torsion pendulum is a . . . .
mainstay instrument, and the time-of-swing method has Most time-of-swing method experiments are selected with
commonly been usei6,7] although some other methods th_e near position configuration when the p(_andulum is in line
have also been employed and propof&,d. This is be- with the source massegpE0) and far position ¢ = /2)

cause the time-of-swing method, as compared with the dire&onfiguratior{13]. Because the gravitational force cannot be

deflection method, is not so sensitive to the drift of the equi-SCT€ened, the inhomogenous background gravitational field
librium position of the pendulum and the quantities to beprqduced by_ the surrounding masses also contributes a gravi-
measured are all stationary values. Because of the advaftional torsion constari,(¢): therefore, Eqs(1) and (3)
tages stated above, we have also determined the Newtonighould be rewritten as
gravitational constan® by the time-of-swing method with a 20 \—
high-Q torsion pendulum recently. For a study of nonlinear @o( @) =[Ke T Kp(@)]/1, @)
effect, the torsion pendulum system was designed to be sen- 2 _
sitive to the inhomogenous gravitational fields produced by @go(¢) = [Kr+Kp(@) +Kg(e) 11, ®)
both the surrounding bodies and the attracting masses in oy

) . - here K
experiment, and then the nonlinear fitting method was em;

ployed to extract the frequencies from the angle-time data o nd far position configurations. For example, any asymmetry

the pendulum. : : .
. . . . and inhomogeneity of the rotary table will lead to a system-
The time-of-swing method is based on detecting the e error if the experiment was designed to measure the
change in torsional oscillation frequency at different conflgu-]cr quency difference between the attracting masses at near
rations of attracting masses. In their absence, the square - ; 2y_ 2 _ 2
free oscillation frequencies, is related to the mometand dhd far positions. In our experiment,(w) = wgo— wp IS
fiber torsion constank. b 0 determined by measuring the frequencies of the torsion pen-
' ! r oy dulum with and without the attracting masses in position,
and the systematic error due to the asymmetry and inhomo-
wgz K/l ) geneity of the table can be avoided because the table is at rest
during the experiment. The gravitational const@ns there-

o . ) ~ fore given by
The *“gravitational torsion constant” contributed by the in-

teraction gravitational potential energy of the pendulum and Gz(wgo—wé)llcg. (6)
attracting masses/4(¢), can be expressed as

p(¢) cannot be precisely calculated and it is also
ery difficult to keep it as a constant both at near position

The time-of-swing method has many advantages and was
widely used in the determination of the Newtonian gravita-

Ky(g)= ’72\/9(‘»0) =Cy(¢)G ?) tional constant, but it has some shortcomings at the same
9 dp? g ' time. First, in this method there are the important nonlinear
effects in the motion of the pendulum itself, independent of
any defect in a detector, caused by the finite amplitude of the
*Email address: jluo@blue.hust.edu.cn swing and the inhomogeneities of both the gravitational field
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TABLE I. Dimensions and masses of attracting cylinders and
vacuum lead

pendulum.
vacuum putnp [}
Parameter Value
Topper - e ] Length of M, (La) (100.007-0.00) mm
Length ofMg (Lg) (100.000:0.00) mm
[oosion somer - Tockom amplfier || chateecorder ] D!ameter ofM 4 (100.003-0.00) mm
Diameter ofMg (99.998+0.00) mm
[_A/D converter | microcomputer | Mass ofM , (6.2513 3:0.00002 kg
UL e Mass 0fM g (6.2505 6:0.00001 kg
[quartz oscillator {-|frequency-division| Separation betweel , andMg (2d) (60.240:0.002 mm
Mass of spheren; (32.2560:0.0009 g
Mass of spheren, (32.2858-0.0009 g

rotary table
: Horizontal distance betwean; or m, (200.000:0.00) mm

and the suspension poifit)

Length of A (403.998-0.009 mm
Diameter ofA (4.930+0.000) mm
FIG. 1. Schematic of the apparatus used in the determination QIength ofB (19.991+0.00) mm
G. Diameter ofB (5.951+0.001) mm
Mass ofA andB (togethey (21.94610.0009 g
of the attracting masses and the background gravitationgdeignt of C (22.802-0.00) mm
field. The nonlinear effect can be reduced at small amplipigmeter ofC (14.104-0.00) mm
tudes, but the smaller the amplitude, the lower the precisiopeignt of (10.997-0.001 mm
of measurement of the period. The nonlinear effect due to thg);; eter ofd (5.996+0.001 mm
attracting masses can also be reduced through an optimugp. << tc andD (togethey (9.6859+0.0005 g

positioning of the pendulum and attracting masigk3 11],
but it is difficult to reduce the nonlinear effect due to the
local inhomogeneity of the background gravitational field. ) , . .
So the pendulum will mainly oscillate at the fundamentalMetries about centrall lines and the_ residual strain. Two
frequency and also with high-order harmonic frequenciesY-Shaped notches, which are perpendicular to each other, but
This means that a nonlinear fitting method should be used iat different levels, were milled on the upper surface of the
data processing. Second, Kurofe?] pointed out that the bench. One of them is used to hold the cylinders in positions,
time-of-swing method may have a systematic bias due t@nd the other is used to install the gauge blocks. There is a
torsion fiber anelasticity, and this upward fractional biashole in the vertical direction at the symmetrical center of the
should be 1#Q. Bagley and Luthef13] tested this hypoth- bench, which is used to fix the bench with the rotary table.
esis recently. Therefore, a hightorsion pendulum is used The separation of the cylindrical masdds, and Mg is ad-
in our experiment to decrease this systematic bias. justed and measured against two equal-gauge blocks. The
length of each gauge block is 60.240 mm with an uncertainty
of 0.001 mm, and so the uncertainty of separation between
the opposite face dfl , andMy was less than 0.002 mm. As

A schematic diagram of the apparatus is shown in Fig. 1@ result of the precisely machined U-shaped notch, the axes
and the corresponding dimensions and masses are listed @f the attracting masses are coincident in the range of less
Table 1. The two separated cylindrical attracting massesthan 1x10°° rad. The rotary table can be located at any
markedM , andMg, are fabricated from nonmagnetic stain- angle by means of a stepper motor and servocontrol system,
less steel and have been used by Céteal. in the Cavendish and 72000 steps will drive the table to make one revolution.
laboratory of Cambridgél4]. They are located on opposite We can use this system to make the coaxial line of the at-
sides of the copper spherical test masg, which hangs tracting masses perpendicular to the beam of the pendulum.
from one end of the aluminum beam by a 2Bt tungsten The experiments showed that the coaxial line of the masses
wire about 435 mm long. The counterweighs is fixed on  was perpendicular to the beam with uncertainty less than
the other end of the beam. The torsion pendulum is suse,=5x10"3 rad, which is at least partly due to imperfec-
pended by a 2%m tungsten wire about 513 mm long and tion of the rotary table. The rotary table was installed on a
enclosed in a stainless vacuum vessel maintained at massive displacement device, which can be adjusted pre-
vacuum of 2X 10 ° Pa by an ion pump near the suspensioncisely in two horizontal coordinates. In order to ensure that
point of the wire. The height and direction of the pendulumm; is centered between the attracting masses, we can detect
can be adjusted by a vacuum feedthrough. the changes of equilibrium point of the pendulum with and

The construction of an aluminum bench used to hold thewithout the attracting masses in places, and then adjust the
attracting masses is also shown in Fig. 1. The bench wadisplacement device. The position uncertaintiesngfin the
manufactured very carefully with consideration of its sym-center between attracting masses in the horizontal directions

Il. TORSION PENDULUM SYSTEM
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was about X 10 3 rad. Long-term observations have shown
that the linear drift of the fiber, which has been suspended for
2 yr, was approximately 106 rad/day. The correspond-
ing period drifts of the pendulum were about 74 ms/day and
57 ms/day when the attracting masses were on and off posi-
tions, respectively.

The apparatus was located in a mu-metal shielded room
of 5 mX3 mXx3.5 m in dimension, and all materials used in
the experiment such as the pendulum beam, the attracted,
and counterweight masses as well as the attracting cylinders
were either diamagnetic or paramagnetic, which can greatly

L EM reduce the possible effects due to the magnetic fields. In
order to test for magnetic effects, a small coil was set close
FIG. 2. Detail structure of the torsion pendulum. to the vacuum tube near the test mass and the equilibrium

point of the torsion pendulum was measuf&#8]. The result

were less than 0.01 mm and in the vertical direction wereshowed that the magnetic effect could be neglected in our
less than 0.5 mm. experiment. The room is installed on a shock-proof platform

The detailed structure of the torsion pendulum is shown irthat weighs about 24 tons, and the platform is supported by
Fig. 2. The aluminum torsion pendulum beam consists ofl6 thick springs. The natural frequency of this system is
five parts, marked\, B, C, D, and M, respectively. The di- about 2 Hz. Under the ground of our laboratory about 3 m
ameter of parfA of the pendulum beam is about 1 mm thin- deep, there is a ground net connected with thick copper
ner than that of the center part markBaf the beam: so the plates and wires. The laboratory is located in the center of
long beam can go through the cylindrical hole on the cylin-Yu-Jia Mountain, which is in north of our campUdUST).
derC more easily. A very small hole was pierced through theThe least thickness of the cover on the laboratory is more
center of top cylindeD, and a tungsten fiber of 2am in  than 40 m, and the exit is at the foot of the mountain and 150
diameter can just pass through it. Then the fiber was tied angh away from the laboratory. The daily change of tempera-
twisted a knot with a short length of thin copper wire. Fart ture in the shielding room of our cave laboratory is less than
was taper fit with parC, as shown in Fig. 2. The cylindé&  0.005 °C[16].
was cut into two small pieces on both sides for attaching the
reflection mirrorsM. The test masses; andm, are hung by [II. NONLINEAR FITTING PERIOD
the tungsten fibers of 5am in diameter through the small
V-shaped notches on the two ends of beam. The dimensiorh's4
of beam are also listed in Table I. The lengths and diameterg

were measured by the micrometers and an improved Abb 7%. Another advantage of this configuration is that the rela-

CO;I‘hF;arr%ttC;rt-ion of the torsion pendulum is detected b antive uncertainty due to the limitation of measuring dimen-
. : . : p Y @%ions of the beam and mirror will be reduced because of the
optical lever in which the light beam from a He-Ne laser of

25 mW th h h ith a f t 73y0Nnger beam. But as is well known, this configuration will
- MYV passes through a chopper with a irequency o duce serious nonlinear effects due to the long torsion beam
Hz and is reflected by the mirravl and then falls on a

e . and different height of the attracted masses in the inhomoge-
g(.)rsnmn—[s)e?sntlve ghotocetl!sD-1|3166—§1—11|;3:i\,mrpar?e. bY heous gravitational fields. To consider the nonlinear effect,
ficon Deteclor Lorporation, Newbury Farkwhich 1S .o equation of torsion pendulum motion should be written
placed abou2 m far from the mirror. The difference signal

voltage from the position sensor goes through a lock-in am-

plifier (128A, EG&G Company, Princetpnand then it is 1 9+ky 6+ k, 02+ ks63=0, @)
plotted by anX-Y chart recordeftype 3033, made by Si-

chuan No. 4 Instrument Factory, Chonggqing, Chimaana-  where k;=K;+Ky+Ky or k;=K+Kj, in the case of at-
log form continuously and is digitized by a 586 microcom- tracting masses on or off positionk; and k; are usually
puter each second. The square wave signal of 100 kHmuch smaller thak,. The approximate solution of E¢7) is
output from a high-stability quartz oscillataEE1610A,

made by Nanjing Telecommunication Instruments Factory,a ﬁ ﬁ
Nanjing, China was divided to 1 Hz by means of a 6k, 32,
transistor-transistor-logi€T TL) frequency-division circuit. It (8)
was considered as a standard clock reference and used t% o is th ilati litude. The f .
control the computer sampling and save the data output fromy 1€ Po IS the osciiation amp'% €. 1he frequenay s

the analog-to-digitalA/D) converter. The clock reference shifted from its unperturbed valusg=k; /I by

was checked by a Universal Time Interval Count®R620, w2= w3[1+3k30§/(4k1)]. 9)
made by Stanford Research Systems Company, Sunnyvale

and its frequency stability reaches in the order of 2 Data were taken alternately with and without the attract-
X 10~ %/day. The amplitude of the rotation of the penduluming cylindrical masses in position, and each set of runs which

In our experiment, the periods of pendulum were about
41 s and 3484 s with and without the attracting masses in
ositions, respectively, and the period change was about

(t)~ 6, sin wt— 65(cos wt+3)— 63 sin 3ot,
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TABLE Il. A(w2) determined by the nonlinear fitting method

for different sets.
Set No. Duration of rurthour/day/month  A(w3) (X106 s7?)
On: 09:00/04/Aug.—08:15/06/Aug. N
1 Off: 09:20/07/Aug.—09:25/09/Aug. —1.250654 3
On: 10:12/25/Aug.—15:40/27/Aug. =
2 Off: 16:10/28/Aug.—16:50/30/Aug. —1.250632 %‘
On: 07:00/31/Aug.—08:30/02/Sept. ©
3 Off: 23:40/02/Sept.—23:15/04/Sept.  —1.250625
On: 11:10/13/Sept.—10:30/15/Sept. N S 00 U O R S
4 Off: 11:30/16/Sept.—12:00/18/Sept.  —1.250508 0. AR
3
On: 10:30/23/Sept.—07:10/25/Sept. 8 _é ;1 2 0 2 4 6 8
5 Off: 23:00/25/Sept.—12:30/27/Sept.  —1.250585 Displacement of the position sensor (mm)
On: 13:40/01/0ct.—15:20/03/Oct.
6 Off: 14:05/04/Oct.~-18:45/06/Oct. —1.250688 FIG. 3. Output transfer characteristic of the position sensor.
On: 16:00/08/0ct.—05:30/11/Oct.
7 Off: 15:35/12/Oct.—06:25/15/0ct.  —1.250813 B ) 3
Average 1950644 V(X)=bx+byx“+bsx°+ b, (12
Uncertainty 0.000094

to fit the data of the output transfer characteristic of the po-
sition sensor, and obtained,/b;=5.41x10"° mm1,
lasted about a week was correspondingly separated into twg/b;=3.99<10™* mm~2. However, these results only set
groups. The frequencies for each of the individual gro@@s an upper limit on the nonlinearity of the position sensor be-
or 3 day$ were extracted from the angle-time data of thecause the accuracy of the Abbe Comparator is abouml
pendulum by the nonlinear least-squares fitting method. Wénd the relative uncertainty in a displacement measurement

used the following function: of a few millimeters is on the order of I0. If these results
were considered as the nonlinearity of the detector, the ratio
O(t)=a, sin(wt+ ¢q)+a, Sin(2wt+ ¢,) as/a, should be about 0.006. But as we have indicated, the
results of fitting data showed that;/a; was about 1.08
+ag sin(3wt+ ¢3) +bt+by (100 x107° and 1.8 10" ° when attracting masses were off and

on positions. This strongly implies that the detector is much
to fit the raw data. A similar nonlinear fitting method has more linear than the upper limitation given above.
been used in testing the equivalence principle by Gundlach Because the quality factor of torsion pendul@rin our
etal. [17]. The results of fitting data showed that was  case is approximately 3:610%, it is believed that both fre-
about 3 timesep,, which is consistent with the theoretical quency changes resulting from the damping and systematic
result. This means that if we select the initial time@sw,  bias due to the fiber anelasticity predicted by Kuroda can be
Eq. (10) can be simplified as E¢8). From Eqs(8), (9), and  neglected 12].
(10), we can obtain
w§=w2/(1—24a3/a1). (11) IV. EXPERIMENTAL RESULTS

In the Cartesian coordinate systéxyy,2 as shown in Fig.
The results of fitting data also showed thgta; were about 4, the center of the right and left faces of two cylinders can
1.08< 10 ° and 1.8 10" ° when attracting masses were off be expressed as
and on positions; sow?/w? was about 1.000259 and
1.000434 in those two cases, and the upward fractional bias
in G due to this was about 21.0 ppm. This bias was mainly
contributed by the nonlinearity in the torque contribution of
the attracting masses, which is about 13 ppm in theoretical
calculation and may be partly contributed by the other sys-
tematic error sources, such as the nonlinearities of the posi-
tion sensor and the background gravitational field. Table I
lists theA(wg) determined by the nonlinear fitting method.

The nonlinearity of the position sensor was measured
through changing its position stably and slowly by means of
the Abbe Comparator while the light beam of the laser was
fixed. Figure 3 showed the output transfer characteristic of
the position sensor. We also used the function FIG. 4. Coordinate system of the pendulum.
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XAL:XO_d_LAI XBL:XO+dI

Xap=Xp—d, Xgr=Xgo+d+Lg,

AR _0 ‘ BR _0 ° B (13)
YaLr=Yo— b, YsL.r=Yo— b,

Zpn=1p, Z3=1y,

where Kq,Yq,2p) are uncertainties of the position of; in the center between the attracting masses in the three axes. The
gravitational torsion constant of a point mass which at p6int,2 can be expressed in two parts:

Cyt=2Mpa[ Ce(X—XaL,Ra,Sa) = Ct(X—XaR,Ra,Sa) IX+2Mpg[ Ci(XgL —X,Rp ,Sg) — Ci(Xgr— X, Rz ,Sp) ]X

[IC(X—Xar,Ra,Sa)  dC{(X—XaL ,Ra,Sp) dCi(Xgr—X,Rg,Sg) JC(XgL—X,Rg,Sp)

+2m - —2m

pA_ I(X—XaR) I(X—XaL) Pe I(Xgr—X) I(XgL—X)
_om -aCt(X_XARiRA’SA)_ IC{(X—XaL,Ra,Sp) « S

PA_ ISn ISn YYa A

+om [ 9Ci(xgr—X,Rg Sg)  9Ci(XgL—X,Rg,Sp)
Ps| 9sg 9sg

nyB/ SB, (14

Cgr=+2mpa[Cr(X—XaL,Ra,Sa) ~ Cr(X—Xar,Ra,Sa) J(X*h2— yYaSh)/ S

—2mpg[ C,(XgL—X,Rg,Sg) — C/(Xgr—X,Rp ,SB)](X2h2|3+ YYBsé)/Sg

+om —acr(X_XARaRAySA)_ dC(X—XaL,Ra,Sa) « S
pA_ IX—XpR) A(X—Xar) Y¥a A
+2m -(?CF(XBR_X1RB vsB) [?CT(XBL_XaRBvSB) X s
pB_ I(Xgr—X) I(XgL—X) Yy B
-acr(x_XAR!RA’SA) IC(X—=XaL:RaSa) 2
—2mpp 35 ISh x? y Sa
[oC (xgr—X,Rg.S8)  9C;(XaL—X,Rg ., Ss)
—2mpg| — 755 755 x?y3 /| s, (15

wherep, and pg are the densities of the attracting cylinders, and

[yA=y— YALRs [ ha=2—2a, [ Sa=\yZ+h3,

16
Ye=YeLr~Y, |he=2—12s, sB=\/yzB+th. (16

The Ci(x,R,s) andC,(x,R,s) are the function of axial and radial gravitational attracting of a finite cylinder, which are given
in Refs.[18] and[19], and can be expressed as follows:

RZ_XZ 2
—— - 2
C:(x,R,s) s+ W K(K)+ V(R+5)%+x°E(K)
x2 VX2+s’+R VX2
P RToTE | e H( 1K)+ P_f “1T (52, k)] (17
C,(x,R,5)= X { 1+2ﬂ}< k)— 1+(R+S)2}E k —(R_S)Z H h,k ) 18
r(xv :S)_zsm X2 ( ) X2 ( ) X2 ( ’ ) 1 ( )

where

k—/ 4sR _ 2s B —-2s he 4sR
(Rts)Zrxz P Vx2+s2—s’ P2 VX2+s2+s’ (R+s)%’
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TABLE llI. Error budget. tainties were contributed to the relative uncertaintyGoéli-
: rectly as listed in sixth and seventh rows of Table IlI.
Uncertainty The density of the aluminum beam is,=(2.7828
. of G +0.0001) g/cm, and we obtained the moments of the pen-
Source of uncertainty in ppm dulum beam with mirrors and the attracted masses as fol-
Position of the attracting masses lows:
Ad=0.002 mm 48 _ -3
=0.01 mm s | pean=(0.29203+ 0.00003 X 10 2 kg n?, (19
yo 0.01 mm 25 | n=(2.58466-0.00006 x 10~2 kg ne. (20)
=0.5mm 16
_ _ CV0=5><1073 rad 24 So the total moment of the pendulum is=2.87669
Density of the attracting masses 17 X 103 kg n? with relative uncertainty of 31 ppm, which is
Mass of the attracted masses 16 listed in the eight row of Table Ill. The value f& deter-
Moment of inertia of pendulum 31 mined finally is (6.6692 0.0007)< 10" * m*kg™'s2
Nonlinearity of the systematic error sources 8 The experimental result showed that the nonlinear effects
A(wd) 75 could be effectively subtracted from the angle-time data of
Total 105 the pendulum by a suitable nonlinear least-squares fitting

method, although our torsion pendulum system was designed
to be sensitive to the inhomogenous gravitational fields. Of
and K(k), E(k), andII(py,k) [or II(p,.k)] here are the course, further improvement @ is mainly limited by the
complete elliptical integrals of the first, second, and thirdyncertainty of measuring the frequencies of the torsion pen-
kinds respectively. dulum, as shown in Table IlI, in our experiment. We are
The gravitational torsion COI”ISta@B can be calculated by going to design a new torsion pendu|um System and emp|0y
integratingCgy, andCy, over all parts of the pendulum. When the optimum positioning of the the pendulum and attracting
selectingxy=0, yo=0, Z,=0, and#=0, we calculated con- masses to reduce the nonlinear effects in the experifaéht
tributions toC, from the attracted mass, counterweight massand hope to get a value & with higher precision.
and pendulum beam with mirrors as53.8673 kém ,
—0.0860 kg m™%, and 0.0136 kgm ™2, respectively. So the
total graV|tat|onaI torsion constanC was —53.9397
kg? m™L. For the same reason, we obtamed that the relative We would like to thank Y. Z. Zhang of the Institute of
uncertainty ofCy due to the position of attracting masses Theory Physics of Academic Sinica and H. T. Hsu of the
was 62 ppm, which is listed in the first five rows of Table I, Institute of Geodesy and Geophysics of Academic Sinica for
and the relative uncertainties of densities of attracting cylintheir valuable discussions. We are also grateful to the Na-
ders and mass of attracted balls based on the parameterstianal Natural Science Foundation of China for Financial
Table | were 17 ppm and 16 ppm, respectively. These unceiSupport, under Grants 19425008 and 19375019.
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