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Implications of exact SUSY gauge couplings for QCD
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The phase structure of SUSY gauge theories can be very different from their nonsupersymmetric counter-
parts. Nonetheless, there is interesting information which might be gleaned from a detailed investigation of
these theories. In particular, we study the precise meaning of the strong interaction scaleL. We ask whether
one can meaningfully apply naive dimensional analysis and also ask whether the study of supersymmetric
theories can shed light on the apparent discrepancy between the perturbative scaleLQCD and the ‘‘chiral
Lagrangian’’ scaleLx . We show that inN51 supersymmetric Yang-Mills theory, ‘‘naive dimensional analy-
sis’’ seems to work well, withLx consistently equal to the scale at which the perturbatively evolved physical
coupling becomes of order 4p. We turn toN52 theories to understand better the effect of instantons in
accounting for the QCD discrepancy between scales. InN52 supersymmetricSU(2) the instanton corrections
are known to all orders from the Seiberg-Witten solution and give rise to a finite scale ratio between the scale
at which the perturbatively evolved and ‘‘nonperturbatively evolved’’ couplings blow up. Correspondingly,
instanton effects are important even when the associated perturbatively evolved gauge coupling only givesa of
order 1 ~rather than 4p!. We compare theN52 result to instanton-induced corrections in QCD, evaluated
using lattice data and the instanton liquid model, and find a remarkably similar behavior.
@S0556-2821~99!02201-8#
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I. INTRODUCTION

One usually employs the notion of a ‘‘chiral Lagrangian
or sigma model to describe the low-energy degrees of f
dom of a strongly interacting gauge theory below a sc
which we will refer to asLNDA , whereLNDA sets the scale
for the cutoff and the suppression of higher derivative int
actions, with coefficients determined by ‘‘naive dimension
analysis’’~NDA! @1#. Although there is a potential ambiguit
in its precise definition, one would expectLNDA to be the
point where the original perturbative formulation of the fie
theory becomes impossible, so that perturbation theory
quires the use of effective degrees of freedom and effec
Lagrangians. The well-studied example of this phenome
is QCD, where the cutoff scale for the chiral Lagrangian is
order 1 GeV.

It can be argued that theLNDA scale should be the scale
which perturbation theory fails completely in the sense tha
coupling is of order 4p so that a loop expansion is no long
possible@2#. However, in QCD this higher scale is myste
ous, as the running QCD coupling should be of ordera
;4p at theLNDA scale of order 1 GeV. According to th
perturbative evolution, this is manifestly not the case. R
lated to this puzzle is the question of why the 1 GeV scal
relevant at all, in light of the fact that both scales at whi
the coupling blows up (Lpert) and the confinement scale
(Lcon f) are of order 250 MeV. Although one might take th
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position that order of magnitude estimates might not lead
a better understanding, the whole point of naive dimensio
analysis is to include as well as possible any large factors~of
order 4p! which can be readily identified. We will discus
some exact results in supersymmetric~SUSY! theories to see
whether they give some insight into this discrepancy
tween scales. This might seem absurd in that the phase s
ture of supersymmetric theories can differ qualitatively fro
a nonsupersymmetric theory. However, there are some q
tions which one has about QCD that can be meaningfu
asked about solvable supersymmetric theories. These inc
the question of whether or not there can exist two disti
meaningful physical scales, whether or not the coupling
comes nonperturbative at one or the other of these sca
and which nonperturbative effects are significant at a
given scale.

We will show that in N51 super Yang-Mills~SYM!
theory the scale at which the perturbative expansion bre
down according to the all order beta function is;(8p2N)1/3

bigger than the scale at which the holomorphic coupl
blows up. We will show that the larger scale is in qualitati
agreement with the NDA scale as determined from the ex
gluino condensate. The basic conclusion is that there is
scale which determines the physics. This scale is the N
scale. However, the fact that the perturbatively evalua
coupling blows up at the NDA scale is not the same as
behavior of QCD, where the NDA scale is not associa
©1999 The American Physical Society05-1
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with the perturbative blowup of the coupling. It does ho
ever suggest that NDA is a reliable tool that can be reas
ably applied to estimate Kahler potential terms in pheno
enological applications of strongly coupled supersymme
theories.

We then argue that the mismatch of scales in QCD co
be due to nonperturbative corrections. That these effects
be large even when the perturbative coupling is relativ
small will be shown using the exact results fromN52 SU~2!
in Sec. III. In Sec. IV we will veer from exact results back
QCD. We use the instanton-induced corrections to the ef
tive charge defined by Callan, Dashen and Gross~CDG! @3#,
which includes integrating out instantons of sizes less t
somermax. Those integrals are done using available latt
data for SU~2!, SU~3! pure gauge theories as well as t
instanton liquid model~fitted to QCD!. The results display
remarkable similarity to the behavior of theN52 theory,
which indicates the potential significance of instanton
fects.

II. N51 SUPERSYMMETRIC YANG-MILLS THEORY

In this section, we will considerN51 SYM theory for
which the exactb function is known. We will demonstrate
that the exact coupling reproduces the assumptions und
ing NDA. In particular, we will show that two relevant scale
can be defined, the first at which the holomorphic coupl
blows up and the second higher scale at which the true ph
cal coupling becomes non-perturbative. The crucial disti
tion @4# is between the holomorphic~or ‘‘Wilsonian’’ ! cou-
pling, which runs only at one-loop, and the ‘‘physical’’ on
particle irreducible~1PI! coupling which receives correction
at all orders in perturbation theory. We will argue that t
true scale of the strong interactions is the latter.

We first define the different scales. The quantity which
generally used to construct the holomorphic superpotenti
defined by

LDS5me28p2/b0gh
2
~m! ~1!

wheregh
2 is the Wilsonian coupling constant, defined as t

coefficient of the gauge kinetic operator in the Lagrang
when written in a manifestly holomorphic form. Notice th
althoughgh is scheme dependent,LDS is not. This is because
the overall coefficient in Eq.~1!, which we take to be 1 in
dimensional reduction (DR) @5#, also changes accordingly.

Another useful scale to define isL` , which we define as
the scale at which the physical coupling becomes n
perturbative according to the exact Novikov-Shifma
Vainshtein-Zakharov~NSVZ! b function

L`5mS 8p2

g2~m!ND 1/3

e28p2/b0g2~m!5S 8p2

N D 1/3

LDS ~2!

where we have used the relation between the holomor
and physical 1PI coupling@6# in the last equality. Notice tha
according to NSVZ evolution the coupling constant nev
blows up. Instead it reaches a maximum atm.(1.39)L`

where Ng2/8p251 and where perturbation theory brea
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down. Notice also that the scaleL2-loop , defined by truncat-
ing the renormalization group~RG! beyond two loops
~where it is anyway scheme dependent!, differs from L`

only by a factor (11g2N/8p2)1/3.
This relation between the Wilsonian and 1PI couplin

was originally obtained by NSVZ@6# by considering the
SU(N) SYM instanton amplitude, which is proportional to

Ainst5m3N
e28p2/g2~m!

g2N~m!
[m3Ne28p2/gh

2
~m!5LDS

3N . ~3!

The relation betweengh
2 and g2 is also simply obtained by

considering the nontrivial Jacobian which occurs when go
from holomorphic to canonical gauge fields@7#. The Jaco-
bian can be evaluated by using the Konishi anomaly toge
with the known fact that the beta function vanishes beyo
1-loop in N52 SYM theory.

The important thing to notice in the two scales we ha
defined is that they differ by a reasonable factor, nam
(8p2/N)1/3, which is about 3 for lowN.

Now we turn to naive dimensional analysis, which w
applied to supersymmetric theories in Ref.@2# and applied in
various model-building studies@8–13# to estimate non-
perturbative contributions to the Ka¨hler potential. According
to NDA, operators composed of fields which are noncano
cally normalized~with a coefficient of their kinetic term
1/g2! are expected to have expectation values which sc
according to the power ofLNDA given by the dimension of
the operator, with no additional factors of 4p. This can be
derived by requiring that all orders in the loop expansi
~with a cutoff! give comparable contributions to operato
@1# or directly by rescaling fields in a suitably defined Wilso
effective action@2#. Notice that in a supersymmetric theor
the loop expansion is not a power series in the holomorp
coupling gh

2 ~there are lngh
2 terms!. It is the physical 1PI

coupling which controls the loop expansion and which w
turn out to be of order 4p at the NDA scale. So, in order to
use the picture of the second of Ref.@2#, it is more appropri-
ate to use a scheme for the Wilson effective action where
gauge coupling is not holomorphic~see for example Ref
@7#!. The interesting thing in supersymmetric theories is t
the scaleL which determines the overall coefficient o
higher dimension operators~up to factors of order unity! can
actually be determined. This is because there is anexact
result to determine the scale, namely the gaugino conden

In Refs. @15,16,5#, the gaugino condensate in SUS
SU(N) was obtained by considering first the theory withN
21 flavors broken through the Higgs mechanism far o
along a flat direction. The theory is then weakly interacti
and a reliable calculation of the superpotential from inst
tons can be performed. Once this superpotential is obtai
theN21 flavors are given a large mass, and the gluino c
densate in the low-energy SYM theory is evaluated via
Konishi anomaly. The result is

^lala&532p2LDS
3 ~4!
5-2
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IMPLICATIONS OF EXACT SUSY GAUGE COUPLINGS . . . PHYSICAL REVIEW D 59 035005
wherel is noncanonically normalized, with coefficient of i
kinetic term 1/g2(m), and LDS agrees with our definition
above ifg(m) is the (DR) coupling.1

On the other hand, according to NDA, the gaugino co
densate should be

^lala&;LNDA
3 . ~5!

It should be noted that NDA does not usually incorpor
largeN factors, but it can be easily done. In the noncanon
normalization, the gauge propagator is;g2(p)/p2. By
NDA, the condensate is going to be saturated by loop m
menta of orderLNDA , so that

^lala&;N2E p2dp2

16p2

g2~p!

p
;

N2g2~LNDA!LNDA
3

16p2 ~6!

5NLNDA
3 . ~7!

The qualitative scaling of Eq.~7! is also reproduced with the
use of gap equations@14#.

By comparing the above to the exact result in Eq.~4! one
gets

LNDA5S 32p2

N D 1/3

LDS , ~8!

which, within anO~1! factor, coincides withL` . This is
precisely what one would want to find;LNDA corresponds to
the scale at which the physical coupling becomes nonpe
bative and the description of the theory must change. Ind
accounting also forlarge N factors, the loop expansion pa
rameter of SYM theory should bex;Ng2/(4p)2. Thus, by
Eq. ~2! we have thatLNDA , at whichx;1, essentially coin-
cides withL` . In other words, we find out that NDA repro
duces both the 4p’s and largeN behavior of the instanton
calculation at weak coupling. Given that it was the physi
g(m) which appeared in the propagator, it was natural
expect the loop counting parameter to be the 1PI rather
Wilsonian coupling. Notice indeed that the Wilsonian expa
sion parameter at the NDA scale is roughly

NgW
2

8p2 ;
1

11 ln~8p2/N!
~9!

which for smallN may look perturbative.
As an aside, we comment on the well-known fact@6,17,5#

that the direct calculation of̂ll& in pure, strongly coupled
SYM theory disagrees with the weak coupling result cal
lated in the Higgs phase. In particular even the largeN be-
havior is different,

1In Ref. @5#, the scheme independent factor 1/g2N was never ex-
plicitly displayed; if included, it would combine together with th
g(m) in the exponent to give the instanton amplitudes in terms
gh

2 .
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^ll&strong5
1

N
^ll&weak, ~10!

NDA gives a result in agreement with weak coupling me
ods. The origin of the discrepancy is not yet established. O
possibility is that while at weak coupling instantons presu
ably saturate the condensate, there are new effects, other
instantons, in the strong coupling regime. Quite interesting
as a result of the space-time independence of theN-point ll
correlator, these effects should be important even at s
distance in the strong coupling regime. However, since
scale at which the theory became nonperturbative was
equately accounted for in perturbation theory, both inst
tons and these additional nonperturbative effects seem i
evant to establishing the NDA scale. Finally, anoth
possibility, recently proposed by Kovner and Shifman, is t
there exists a chirally symmetric phase of SYM theory@18#.
In this way the strong coupling result, interpreted as
weighted average over chirally symmetric and asymme
vacua, is bound to be the lower.

The obvious question now is how to extrapolate the
lessons to real QCD. In QCD, we know that a 2 loop calcu-
lation, although it goes in the right direction, does not chan
the QCD scale sufficiently to account for NDA. In fact, th
relation between scales in this case is given as

L2-loop.S 3.2p2

g2 D 0.33

L1-loop ~11!

where 5 flavors have been assumed~but the result is rather
independent of that!. By running fromm5MZ , the above
equation changes the one-loop QCD scale of about 100 M
to its two-loop value of about 250 MeV. This is still about
times smaller than the ‘‘observed’’ NDA scale of QCD. A
we said before, higher loop effects, or scheme depende
in the perturbative definition ofLNDA could amount to an
O~1! factor. So the ‘‘big’’ factor in QCD is puzzling. In the
next section we will argue that additional corrections cou
come from instantons. This gives rise to the obvious ques
of why the instanton effects do not affect the ‘‘exact’’ co
pling of N51 SYM theory. We will address this issue in th
concluding section. The discussion of this section seem
suggest that additional effects, if present, are not very imp
tant in determining the strong scale, as the condensate is
estimated perturbatively.

Finally we briefly comment on the relation, suggested
NDA, between the hadron masses and their sizes, as d
mined by the confinement scale. Consider for instance
elastic scattering of a spin zero glueballS of mass;LNDA .
By NDA we expect the quartic coupling to beO(16p2), so
that the elastic cross section is;4p(4p/LNDA)2. This re-
sult can be interpreted as due to the collision of two h
objects of radius 4p/LNDA . This remains true also at larg
N though there the mesons are weakly interacting, and
suitable factor ofN must be factored out in the cross sectio
It should be noted that from this point of view, the coinc
dence ofLQCD , the scale at which the perturbative gau
coupling blows up, and the confinement scale, 250 M
'2LNDA/4p, is merely coincidental. The first scale seem
f

5-3
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L. RANDALL, R. RATTAZZI, AND E. SHURYAK PHYSICAL REVIEW D 59 035005
to have no physical meaning, though it can of course
defined from the two-loopb-function.

What we have learned about NDA in SYM theory can
useful in particle physics models where the strong interac
scaleL itself depends on some modulusX. In the models of
Refs. @11–13# X gives mass to allSU(N) flavors, so that
below the scaleX the effective gauge theory is just SYM
theory. The strong dynamics then generates a superpote
for X via gaugino condensation. In Refs.@11,12# the effec-
tive superpotential isWe f f5LDS

3 (X)5L2X, whereLDS(X)
and L are respectively the holomorphic scales in the lo
and high-energy theories. The resulting potential is very fl
and an estimate of the non-perturbative Ka¨hler potential can
be crucial. The only way we can do that at the moment is
NDA. In Ref. @12# X is the inflaton so that the size and sig
of these corrections can have a crucial impact on the s
roll. We have argued that NDA should apply for SYM. D
noting byLNDA(X) andLDS(X) the scales of the low energ
theory the effective Lagrangian is@13#

Le f f5
1

16p2 S E d4uc1LNDA~X!†LNDA~X! ~12!

1E d2uLNDA~X!31H.c.D ~13!

wherec1 is expected to beO(1). By writing the above in
terms of the original holomorphicL we have that the correc
tion to the Kähler metric is

dKXX†5
c1

9 S 1

4p D 2/3S L

X D 4/3

. ~14!

This scaling with 4p can also be established by a dire
diagrammatic analysis. For this purpose it is useful to para
etrizeX5^X&1dX, where^X& is thec-number vacuum ex-
pectation value~VEV!. Below the scalêX&, where the mes-
sengers are integrated out,dX couples effectively to the
SYM theory via a one-loop effect

1

8p2 E d2u
dX

^X&
WaWa1¯ . ~15!

At second order in this interaction, we get a quantum corr
tion to thedX wave function

dKXX†5S 1

8p2D 3E
0

^X&2

dp2
g4~p2!

^X&2 ~16!

where two powers of 1/8p2 come from insertions of Eq
~15!. For large^X& the leading contribution to Eq.~16! is
perturbative,;g4(^X&)/(4p)6, and comes from integration
at p;^X&. Non-perturbative effects are estimated via ND
by the contribution atp;LNDA to Eq.~16!. The result agrees
with the estimate in Eq.~14!. This effect becomes rapidly
important when̂ X& is decreased.

It would be interesting to have information on the sign
this correction. Notice thatdKXX† is proportional to the cor-
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relatorGl5^(ll)(l̄l̄)& at zero momentum.2 It is useful to
consider the dispersive Ka¨llen-Lehman representation fo
Gl :

Gl~p2!5E
0

`

dm2
m2s~m2!

p22m2 ~17!

wheres(m2) is a positive definite function.3 Our basic point
is that we can perform an operator product expansion~OPE!
for Gl in the Euclidean2p2@LNDA

2 region. The lowest
power correction corresponds to^GG&/p4;LNDA

4 /p4. It is
reasonable to expect that the corrections tos(m2@LNDA

2 )
scale in the same way. If that is the case, the leading n
perturbative contribution todKXX†}Gl(p250) comes only
from the region of integration atm2;LNDA

2 . This gives
more justification to the NDA estimate we did above. Th
also suggests that it is probably not unreasonable to ass
that the effect is well described by summing just over t
lowest resonances ins. Under that assumption we conclud
thatc1.0 in Eq.~14!. This result has important implication
for the models of Refs.@11,12#. There the correction with
c1.0 creates a potential that ‘‘pushes’’ theX field towards
the origin. This is not problematic for the inflationary mode
of Ref. @12#, but it can destabilize the local vacuum of th
gauge mediated scenarios of Ref.@11#. The condition to
avoid the latter problem has already been discussed in
@11#: it requires the scaleX to be above 109– 1010 GeV.

III. N52 SUSY SU„2…

For N52 SUSY QCD the effective Lagrangian to leadin
order in a momentum expansion was derived in an ex
solution by Seiberg and Witten@20#. Although the dynamics
and physical fields are very different from QCD, one c
nonetheless observe a similar puzzle; the effective coup
blows up at the point where according to the one-loop b
function one would getg2/(4p)5a50.76. This might have
been thought to be a safely perturbative region, but in f
the instanton effects become large at this point; they induc
very strong interaction and make the use of the original f
mulation of the theory impossible.

This is seen from the exact result for the effective co
pling

8p

g2~u!
5

K~A12k2!

K~k!
~18!

whereK is elliptic integral and the argument

2dKXX† can be obtained by focusing on the correction toFXFX
†

and by noticing thatFX couples just toll in Eq. ~15!.
3Notice thats;g4(m2), at m@LNDA , giving an apparent qua

dratic divergence. This is regulated by performing suitable mat
ing to the above theory at the scale^X&. Above this scale there is
just the logarithmic divergence of theX wave function.
5-4
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k25
u2Au224L4

u1Au224L4
~19!

is a function of the gauge invariant vacuum expectation
the squared scalar field,

u5
1

2
^f2&5

a2

2
1

L4

a2 1¯, ~20!

anda is just its VEV. For largea there is a weak coupling
expansion which includes instanton effects4

8p

g2~u!
5

2

p F logS 2a2

L2 D2
3L4

a4 1¯ G . ~21!

The exact coupling blows up atu52L2, which means that
the factor between the exact strong interaction scale and
perturbative one is in this theoryL`523/2LDS . Actually this
is the ratio of the scaleAu to the scalea at which the per-
turbatively evolved coupling~one-loop! blows up. If one
were to account for the next term in the expansion ofu, the
ratio of scales is reduced to&A21&. The fact that instan-
ton effects can be important at such a high scale was an
pated in Ref.@3# and is presumably due to the significance
the prefactor in instanton calculations.

The behavior is shown in Fig. 1, where we have includ
both a curve which shows the full coupling~thick solid line!,
as well as a curve which illustrates only the one-instan

4It should be noted that the first terms in this expansion have b
explicitly verified in instanton calculations@21#.

FIG. 1. The effective chargebge f f
2 (m)/8p2 (b is the coefficient

of the one-loop beta function! versus normalization scalem ~in units
of its value at which the one-loop charge blows up!. The thick solid
line corresponds to exact solution@20# for the N52 SYM theory;
the thick dashed line shows the one-instanton correction. Lines
symbols~as indicated on figure! stand forN50 QCD-like theories,
SU~2! and SU~3! pure gauge ones and QCD itself. Thin lon
dashed and short-dashed lines are one- and two-loop results.
03500
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correction~thick dashed one!. Because we will want to com
pare the running of the coupling in different theories, w
have plottedbg2/8p2 (b54 in this case is the one-loop co
efficient of the beta function! and measure all quantities i
units ofLDS , so that the one-loop charge blows out at 1. T
meaning of the scale can therefore be determined by w
enters in the logarithm. We have plotted the exact res
againstf rather thana.

Note the very rapid change of the coupling induced
instantons. It is also of interest that the full multi-instant
sum makes the rise in the coupling even more radical t
with only the one-instanton correction incorporated. It is a
interesting to observe that at the scale where the true c
pling blows up, the perturbatively evolved coupling is st
not very large. Individually, the perturbative logarithmic an
instanton corrections are well defined at this region: ho
ever, they cancel each other in the inverse charge. Thi
encouraging from the point of view of developing a cons
tent expansion for the instanton corrections. The rapid ris
the coupling is also encouraging in that it ensures that p
turbation theory is valid almost to the point where it blow
up. For a consistent picture of QCD, in which perturbati
theory still appears to be applicable at thec-quark scale,
while the theory is nonperturbative at 1 GeV, such a d
matic effect is essential.

So the basic lessons seems to be, first, that instantons
lead to a discrepancy between the scales at which the pe
bative evolution of the coupling blows up and the nonpert
bative coupling blows up. Second, the rise in the coupling
very dramatic. Third, the coincidence betweenf p andLQCD
seems to be just that. Fourth, even though we are in a w
coupling regime where the instantons should be dilute, th
is a notable difference between the rise in the coupling du
one instanton and due to the full instanton sum; mu
instantons are also important.

IV. QCD

Having learned what we can from exact SUSY results,
now turn to ordinary QCD. We know that naive dimension
analysis appears to work, but with the dimensional sc
which sets the cutoff and which suppresses higher dim
sional operators set by 1 GeV. As the theory is not sup
symmetric, we cannot derive this dimensional scale as
did with the gluino condensate. Nonetheless, sum rules@22#
and lattice simulations@23# yield, consistently, a quark con
densatê q̄q&;(250 MeV)3. On the other hand, NDA sug
gests

^q̄q&5
LNDA

3

16p2Z~LNDA!
;

~1 GeV!3

16p2Z~LNDA!
~22!

whereZ is the multiplicative renormalization of the compo
ite operatorq̄q. Equation~22! agrees with the phenomeno
logical value of the condensate ifZ(LNDA);1. This require-
ment is not inconsistent asZ does not run very fast.

The question then is where this scale arises in terms of
theory of the fundamental fields, the quarks and gluons.
know that the parton model is limited from below by the

en

th
5-5
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L. RANDALL, R. RATTAZZI, AND E. SHURYAK PHYSICAL REVIEW D 59 035005
GeV scale, but perturbative QCD seems well-behaved at
scale. For theN51 coupling, we know we can estimate th
dimensional analysis scale using only the leading two te
in perturbation theory. We also know this is inadequate
QCD, as the subleading term changes the QCD scale f
about 100 MeV to 250 MeV; higher order terms should n
change this substantially.

So it seems that if the NDA scale of 1 GeV is to have
physical meaning, it is probably due to nonperturbative
fects in the evolution of the coupling. It is possible that i
stantons are the only nonperturbative effect which is subs
tial above the confinement scale. This was the original C
suggestion@3#. For a review of subsequent developments a
phenomenological fits in support of this hypothesis with
lowance for inter-instanton interactions~the ‘‘instanton liq-
uid model’’! one may consult the review@24#.

For the purpose of this discussion we restrict ourselve
the one instanton effect~though for QCD the distribution
allows for instanton interactions!, a single-instanton correc
tion to the effective action of some smooth backgrou
gauge fieldGmn . The external field is supposed to be no
malized at some normalization scalem, and CDG have pro-
posed to include all instantons with sizer,rmax51/m. The
effective charge is then defined as

8p2

ge f f
2 ~m!

5b lnS m

Lpert
D2

4p2

~Nc
221!

3E
0

rmax
dn~r!r4S 8p2

ge f f
2 ~r! D

2

~23!

whereb511Nc/322Nf /3 is the usual one-loop coefficient o
the beta function, anddn(r) is the distribution of instantons
~and anti-instantons! over size.

The instanton density is semiclassically calculable only
small r where it is very small, and therefore for high scal
the instanton correction is tiny,;(L/m)b. At larger r the
instanton size distribution~known from lattice studies and
model-dependent calculations! has a strongly peaked shap
with the peak atr;.2– .3 fm @19#. As soon asrmax51/m
becomes close to the position of the peak, the CDG effec
charge~23! blows up.

Of course in order to establish the magnitude of the eff
of instantons one needs to know the instanton distribution
Fig. 1 we compare three QCD-like theories. The first two
pure gauge SU~2! and SU~3! where the distributions are ob
tained by cooling of lattice configurations from@25# and@26#
respectively. There are other recent lattice works for SU~2!
and SU~3! which we have not included, e.g.@27# and @28#.
For QCD with three light flavors, we use the interacting
stanton liquid model~IILM ! @29# to provide a model distri-
bution.

The two-loop result~shown by the thin short-dashed line!
is the same for any pure gauge theory~with minor modifica-
tions for QCD which are not shown!. As we have mentioned
the two-loop running raises the scale at which the coup
gets big, but does not generate a sufficiently large sc
With instantons present, the coupling blows up at a som
what higher scale, where perturbation theory looks naiv
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still valid. It is perhaps a little surprising that all the theori
including instantons look so similar, and that furthermore
instanton effects are so similar to that forN52 SUSY QCD.
Although this is probably accidental, it does establish t
instantons can generate a somewhat higher scale, and th
theory looks perturbative until almost reaching this sc
~that is the coupling rises very rapidly!. One may further
speculate by analogy to theN52 theory that multi-instanton
effects yield an even more substantial rise in the couplin

V. DISCUSSION AND CONCLUSIONS

In conclusion, we have argued that inN51 pure gauge
theory the analogue of the ‘‘chiral Lagrangian’’ scale corr
sponds to the scale where the physical~1PI! coupling be-
comes of order 4p. We had two benefits from considerin
the supersymmetric theory; the NDA scale isdeterminedby
the gluino condensate and furthermore the exact beta fu
tion is known. Our argument is made by comparing t
known exact value of the gluino condensate to a ‘‘naive
mensional analysis estimate’’ and by evaluating the ex
coupling at this scale. This is a useful conclusion for app
cations to supersymmetric model building@2,8,10–13#. The
lessons for QCD are less obvious. In QCD the chiral L
grangian scaleLNDA is in fact somewhat larger (;1 GeV)
than the scaleLQCD;250 MeV which is associated with th
perturbative coupling. It was pointed out, almost two d
cades ago@3#, that small instantons can lead to a precocio
breakdown of perturbation theory, i.e. at scale wherea/4p is
somewhat less than unity. It is an important question h
instanton effects can be relevant for QCD but not relevent
N51 supersymmetric theories.

Consider, for example,N50 SU~3! with three flavors and
N51 SU~3! with no flavors. These theories have identicalb0
and numerically very similarb1 . Since the perturbative sca
ing is therefore practically the same, we need to underst
whether it is possible that instanton effects can be impor
for the first theory at a scale in which they can be neglec
in the second.

To address this question, we first need to remind o
selves how instantons can affect the coupling. The naive
swer is that they do not since the exact beta function is gi
without including instanton corrections to the running.
essence supersymmetry protects against contributions
small instantons. However, this answer is inadequate s
we already know that the dominant instanton contribut
will only affect the coefficient of a multifermion operato
This only contributes to the renormalization of the gau
coupling in the presence of a nonzero gluino condens
which is only relevant in the infrared and would not be i
cluded in the definition of the beta function.

Now let us compare our two theories in more detail. W
need to determine the normalization by which we will com
pare the theories. This is straightforward as we can take id
tical gauge coupling values in the ultraviolet for the tw
theories in a safely perturbative regime. Subsequently, r
ning down in energy, both couplings will run according
perturbation theory essentially identically. Actually there is
caveat that the coupling we generally use in QCD is
5-6
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modified minimal subtraction (MS) coupling whereas the
(DR) scheme is used in theN51 theory. However, one ca
explicitly check that the difference in couplings is suf
ciently small that it does not affect the argument below.

Now for theN51 theory we know the NDA scale by th
arguments given previously. In fact we know it is the scale
which the coupling blows up, which is about 250 MeV.

Let us consider the fermion condensates and their ev
tion in the two theories~we mean here the condensates of
fields that are canonically normalized at each scale!. At the
scale whereg2;1 the two condensates are roughly the sa
since ^ll&5(LNDA

N51)35(250 MeV)3 and ^q̄q&
5(1 GeV)3/16p2.(250 MeV)3. Now let us compare thei
values at 1 GeV. The gluino condensate scales inverse
the gauge coupling squared and is theref
(250 MeV)3/g2(1 GeV).(250 MeV)3/4p. This is smaller
than the quark condensate which is scaling with the m
anomalous dimension, that is, much more slowly, and
therefore still about (250 MeV)3. That is, the QCD conden
sate is significantly larger. It is therefore not inconsistent
instantons to be significant at 1 GeV in QCD, but not in t
comparable supersymmetric theory. Although this does
establish the importance of instantons for QCD, it is reass
ing.

In order to probe the possible relevance of instanton
fects, we studied the effective gauge coupling in theN52
SU(2) SYM theory. There also we found that instanton
fects lead to a precocious explosion of the coupling. W
compared the effective charge as a function of the adj
VEV in N52 with the effective charge ofN50 gauge theo-
ries obtained by smearing over small instanton effects.
used the instanton liquid model and lattice data to estim
the instanton density. We found a suggestive similarity~see
-
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Fig. 1! between these phenomenological models and the
act N52 case. Furthermore, the generated scales are
close, and for QCD it is not so far from 1 GeV, the rig
phenomenological value. All this seems to support the
stanton scenario of the generation of this scale for QC
although it does not exclude other nonperturbative effect

In summary, we have looked at potential implications
SUSY theories for our understanding of low energy QC
Because the phase structure of supersymmetric theories
different, we restricted our attention to the question of o
taining a consistent picture of the boundary of the pertur
tive domain. We have not addressed the issue of chiral s
metry breaking and confinement~aside from mention of the
geometric relation between the confinement scale and
chiral Lagrangian scale!. We have also not addressed th
possible discrepancies in the effective coupling which c
appear depending on the correlation function at low ener
We have argued that in fact the fundamental QCD scale
the theory is more readily associated with the blowup of
physical coupling, and that this is more likely to be th
higher chiral Lagrangian scale. We also note that the sep
tion of scales due to instantons argues against a stan
large-N interpretation of QCD, for which instantons woul
not be important.
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