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Meson correlators at finite temperature
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We evaluate equal time point to point spatial correlation functions of mesonic currents at finite temperature.
For this purpose we consider the QCD vacuum structure in terms of quark-antiquark condensates and their
fluctuations in terms of an irreducible four point structure of the vacuum. The temperature dependence of quark
condensates is modeled using chiral perturbation theory for low temperatures and lattice QCD simulations near
the critical temperature. For the four point function, we assume a simpleT dependence so that it vanishes at
TC . We first consider the propagation of quarks in a condensate medium at finite temperature. We then
determine the correlation functions in a hot medium. Parameters such as mass, coupling constant and threshold
energy are deduced from the finite temperature correlators. We find that all of them decrease close to the
critical temperature.@S0556-2821~99!05401-6#

PACS number~s!: 12.38.Gc
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I. INTRODUCTION

The structure of a vacuum in quantum chromodynam
~QCD! is one of the most interesting questions in stro
interaction physics@1#. The evidence for quark and gluo
condensates in a vacuum is a reflection of its complex na
@2#. Determination of correlation functions@3,4# of hadronic
currents in such a vacuum state provides rich informat
regarding interquark interaction as a function of their spa
separation as well as on hadron spectroscopy. These
some of the nonperturbative features of QCD and are of g
value in understanding the ground state structure of
theory of strong interactions@3,4#.

We have earlier studied mesonic and baryonic curr
correlators at zero temperature with a nontrivial structure
the ground state with quark-antiquark condensates@5,6#. It
was shown that the square of the quark propagator does
reproduce the equal time or spatial correlation function
the pion deduced from observations. In order to match
data it was necessary to introduce an irreducible four p
structure for the quarks in the vacuum. This may be look
upon as a combination of two effects—~i! an effective way
of incorporating gluon condensate contributions to the c
relator and~ii ! the existence of explicit four point quar
structure in the vacuum.

As is well known@7# the QCD vacuum state changes wi
temperature. Lattice Monte Carlo simulations suggest
chiral symmetry is restored around 150 MeV. In view of th
the present note is aimed at looking at the behavior of
meson correlation functions at finite temperature. This is
great interest in the context of behavior of hadrons aro
the chiral phase transition associated with quark glu
plasma@8,9#. It may be noted that there is little phenomen
logical information in this regime but there are several th
retical studies@10–13# using operator product expansio
~OPE! and sum rule methods as well as using instanton
uid model for QCD ground states@14,15#. The main objec-
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tive here is to employ a different nonperturbative approa
developed by us@16#. This has been successful at zero te
perature, and its extension to finite temperature is there
of interest. In particular, we will obtain the temperature d
pendence of masses, coupling constants, and threshold
gies for the pion andr mesons.

It is worthwhile pointing out that OPE and our approa
are based on intrinsically different assumptions. The form
is an expansion which separates short distance~Wilson co-
efficients! and long distance~condensates! physics. In our
method we assume an explicit vacuum structure in term
quark condensates~two point function! plus an irreducible
four point function. Having made an ansatz for the vacu
~as above!, we do not make any further approximation in th
evaluation of the correlators. The approach is phenome
logical in the sense that the values of the parameters in
four point function@16# are chosen to reproduce the behav
of the correlators. As emphasized by Shuryak@3# and Scha¨-
fer and Shuryak@14# OPE is able to quantitatively describ
the zero temperature pion correlation functions for smalx
~up to 0.25 fm! but underpredicts it for largex. In our work
@6,16# the agreement is quantitative with experimentally d
duced mesonic correlation function and lattice results@4# for
the whole range. This covers the smallx values, resonance
region, and largex domain where the correlator vanishe
We have, however, more parameters. To the extent that
large x behavior of the pionic correlator depends on glu
condensates in OPE our parametrization would imply an
fective way of including gluon condensate effects. For stu
ing the correlators at finite temperature, we assume that
two point as well as the four point function vanish atT
5TC . The parameters in the four point function are assum
constant at theirT50 values—no additionalT dependence is
given to them.

We organize the paper as follows. In Sec. II we discu
the quark condensate at finite temperature to fix the par
eter appearing in the ansatz of the ground state of QCD.
then discuss in Sec. III the quark propagation in the therm
vacuum. In Sec. IV we calculate meson correlation functio
at finite temperature. Finally we discuss the results in Sec
©1998 The American Physical Society01-1
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II. QUARK CONDENSATE AT FINITE TEMPERATURE

To calculate the correlators at finite temperature we n
the expression for the equal time propagator for the inter
ing quark field operators. We have earlier developed@5# a
model of vacuum structure in terms of quark-antiquark c
densates with a condensate functionh(k). The equal time
propagator could then be calculated in terms of the cond
sate function@6#. One can generalize this to finite temper
ture using the method of thermofield dynamics. Here
thermal average is obtained as an expectation value of
operator over the thermal vacuum@17#. This leads to

^ca
i ~xW !cb

j †~0W !&T5
d i j

~2p!3 E eikW•xWL1ab~kW ,T!dkW ,

^ca
i†~xW !cb

j ~0W !&T5
d i j

~2p!3 E e2 ikW•xWL2ba~kW ,T!dkW . ~1!

The thermal vacuum is obtained from the zero tempera
vacuum by a thermal Bogoliubov transformation in an e
tended Hilbert space involving extra field operators~thermal
doubling of operators! @17#. The functionsL6 @Eq. ~1!# for
the case of two flavor massless quarks are given as~with k

5ukW u)

L6~kW ,T!5
1

2
@16cos 2u„g0sin 2h~k!1aW • k̂ cos 2h~k!…#.

~2!

In the aboveh(k) is the condensate function@5,6,16# corre-
sponding to the Bogoliubov transformation to include a co
densate structure in the vacuum. The functionu is associated
with the thermal Bogoliubov transformation and is related
the distribution function as@17#

sin2u~k!5
1

exp@be~k!#11
, ~3!

b being the inverse temperature. Furthere(k) is the single
particle energy given ase(k)5Ak21m(k)2. In the presence
of condensate the dynamical mass is given
m(k)5m1k tan 2h(k), m being a possible current quar
mass@5#.

We had earlier taken a Gaussian ansatz for the conden
function sin 2h(k)5e2R2k2/2. In order to determine the pa
rameterR, we had taken a value ofR consistent with had-
ronic correlator phenomenology. We choose a similar str
ture for the condensate function at finite temperatu
namely, sin 2h(k)5e2R(T)2k2/2 with R(T) now being tem-
perature dependent.

In order to determineR(T) or equivalently the ratio
S(T)5R(T50)/R(T), we first evaluate our expression o
the order parameter~the condensate value! at finite tempera-
ture. In terms of the dimensionless variableh5Rk, this is
given as
03450
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^q̄q&T

^q̄q&T50
5S~T!3F122A2

p E e2h2/2sin2~z,h!h2dhG ,
~4!

where sin2u(z,h)51/eze(h)11, with z5b/R(T) and e(h)
5h/cos 2h(h).

We can obtainS(T)5R(T50)/R(T) if we know the
temperature dependence of the order parameter on the
hand side of Eq.~4!. As there are no phenomenological in
puts for this, we shall consider the results from chiral pert
bation theory~CHPT! which is expected to be valid at lea
for small temperatures. For higher temperatures near
critical temperature, lattice simulations seem to yield the u
versal behavior@7# with a large correlation length associate
with a second order phase transition for two flavor mass
QCD. We shall use such a critical behavior to consider
temperature dependence of the order parameter near the
cal temperature.

We quote here the results of CHPT obtained by Ger
and Leutwyler@18#. The condensate ratio at small temper
tures compared to the pion mass is given as

^q̄q&T

^q̄q&T50
511

c

F2 F3

2
T4h0814pT4~a8h1

212ah1h18!

1pT8~h8beff1beff8 h!G , ~5!

where the functionsh are defined as

h05H4~m!/~3p2!, h0852H2~m!/~2p2T2!,

h15H2~m!/~2p2!, h1852H0~m!/~4p2T2!,

h53h0@h01m2h1#, h853h08@h01m2h1#

13h0@h081h1 /T21m2h18#, ~6!

with m5Mp /T. Also beff5b2(0.6T/p3F4Mp),

beff8 521/p3F4Mp
2 @ 5

16 2(0.3T/Mp)#, and a85(2a/mp
2 )

1(3/32pF2)@12(35mp
2 /32p2F2)#. The constantc.0.9

andFp /F51.05760.012 withFp593 MeV @18#. The con-
stantsa and b are related to theS-wave andD-wave p-p
scattering lengths, respectively@18#. Finally the functions
Hn(m) are given as@19#

Hn~m!5E
0

` xndx

Ax21m2

1

e
Ax21m2

21
. ~7!

We have extracted the temperature dependence of the
densate as in Eq.~5! for low temperatures. For temperature
close toTc , the critical behavior is that of O~4! spin model
in three dimension@20# and has also been seen in latti
QCD simulations@21#. The order parameter here is given
^q̄q&T /^q̄q&T505@12(T/Tc)#b, where b50.39 @7#. We
have takenTc5150 MeV @7#. The two regions are joined
smoothly and the result is shown in Fig. 1~a!. This result is
fitted with Eq.~4! to determineS(T)5R(0)/R(T), which is
plotted in Fig. 1~b!. We shall use it to calculate the quar
propagator and the hadronic correlation functions. Note t
1-2
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MESON CORRELATORS AT FINITE TEMPERATURE PHYSICAL REVIEW D59 034501
in this framework we are unable to explicitly include gluo
condensate effects at finite temperature. However, as
cussed later we have included an irreducible four point str
ture for the quarks.

In the OPE studies, different models are considered
the behavior of a vacuum at finite temperature by Ada
et al. @11#. These include lattice simulation, instanton liqu
models, and string models. Further, the Wilson coefficie
are temperature dependent. In a later work Hatsudaet al.
@13# argue that theT dependence in the Wilson coefficien
is due to an erroneous mixing of short and long dista
physics. These authors@13# also stress the crucial importanc
of retaining Lorentz nonscalar operators in OPE because
special choice of frame to define thermal equilibrium. A d
lute pion gas model is used to define the thermal vacuum
this @13# work. Later we compare our findings with those
Hatusdaet al. @13#.

FIG. 1. ~a! shows quark condensates at finite temperature n
malized to that at zero temperature obtained from CHPT and
tice. ~b! showsR(0)/R(T) as determined from~a!.
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III. QUARK PROPAGATION IN THERMAL VACUUM

In the calculation of correlators, quark propagators en
in a direct manner and hence it is instructive to study asp
of the interacting propagator in some detail@6#. The equal
time interacting quark Feynman propagator in the conden

vacuum is given asSab(xW )5^ 1
2 @ca

i (xW ),c̄b
i (0)#&, which at

finite temperature reduces to

S~xW ,T!5
1

2

d i j

~2p!3 E eikW .xWcos 2u @sin 2h2gW • k̂ cos 2h#dkW

~8!

5
i

4p2

gW •xW

x2 @ I 1~x!2I 2~x!#1
1

4p2

I 3~x!

x
, ~9!

where

I 1~x!5E
0

`

kS coskx2
sin kx

kx D cos 2udk, ~10!

I 3~x!5E
0

`

k sin kx cos 2ue2R2~T!k2
dk, ~11!

I 2~x!5E
0

`

kS coskx2
sin kx

kx D
3cos 2u

e2R2~T!k2

11~12e2R2~T!k2
!1/2

dk, ~12!

with x5uxW u, k5ukW u.
The free massive propagator, which can be derived fr

S(xW ,T) by the substitutions sin 2f (k)5mq /e and
cos 2f (k)5k/e, is given as

r-
t-
S0~mq ,xW ,T!5
1

~2p!2

1

x Fmq„mqK1~mqx!22I 5~x!…2 i
gW •xW

x
„mq

2K2~mqx!12I 6~u!…G , ~13!

where

I 5~x!5E
0

` k

e
sin~kx!sin2 udk, I 6~x!5E

0

` k2

e S coskx2
sin kx

kx D sin2udk.
an
vior
eV,
-
tent
um
nd
tor
We
K1(mqx) andK2(mqx) are the first and second order mod
fied Bessel functions of the second kind, respectively.

In Fig. 2 we plot the two components TrS(xW ,T)
and Tr(g• x̂)S(xW ,T) of the propagator for massless intera
ing quarks given by Eq.~9! at T50 MeV, T5100 MeV,
and T5135 MeV, corresponding to the chirality flip an
nonflip components considered by Shuryak and Verba
schot @22#. The normalization is discussed in our earli
work @6#.
r-

To compare with the constituent quark models with
effective constituent mass, we have also plotted the beha
of free massive quark propagators with masses 100 M
200 MeV, and 300 MeV. In the chirality flip part, the propa
gator in the condensate medium starts from zero, consis
with zero quark mass at small distances, attains a maxim
value of about 250 MeV at a distance of about 0.9 fm a
then falls off gradually. Further the interacting propaga
overshoots the massive propagators after about 0.6 fm.
1-3
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SHEEL, MISHRA, AND PARIKH PHYSICAL REVIEW D59 034501
also see that with increasing temperature, the chirality
component has a lower peak and the position of the p
shifts towards higher distances indicating the decrease o
dynamical mass with temperature.

In the chirality nonflip part, the interacting propagat
starts from 1, again consistent with the behavior expec
from asymptotic freedom. But at a larger separation it fa
rather fast indicative of an effective mass of the order of 1
MeV. These features are qualitatively similar to that of t
quark propagator at zero temperature@6,22#, though quanti-
tatively there are differences. Also, the nonflip compon
falls faster with an increase of temperature.

Clearly therefore, the situation is similar to the one at z
temperature. We find that a constituent quark descriptio
adequate to describe the behavior of the chirality nonflip p
of the propagator, but it is not able to do so for the chiral
flip part. We would like to mention that forT50 the leading
behavior of the propagator in our model@6# is identical to the
OPE result.

IV. MESON CORRELATION FUNCTIONS

In our earlier work, we noted that phenomenology of c
relation functions necessitated the introduction of an irred
ible four point structure~or fluctuations of the condensa
fields! in the vacuum@16#. In fact, the meson correlatio
functions were different from the square of the tw
point function~propagator! and the difference could be ex
pressed in terms of the four point function. The expression
the meson correlation function at zero temperature define
our earlier work@16# can be extended to finite temperatur
as

R~xW ,T!5Tr @S~xW ,T!G8S~2xW ,T!G#

1Tr ^u@S~xW !G8S~2xW !G#u&T , ~14!

FIG. 2. The two components of the thermal quark propaga
~a! Tr~S! and ~b! Tr@(gW • x̂)S# versus the distancex ~in fm!. The
three lines, dot, short dash-long dash, and solid correspond
massless quark interacting propagatorS(x,T) at temperatures of 0
100, and 135 MeV, respectively. The three lines, short dashed,
short dashed, and long dashed correspond to a massive free p
gator with a mass of 100, 200, and 300 MeV, respectively, aT
5135 MeV.
03450
p
k

he

d
s
0

t

o
is
rt

-
-

f
in

where J(x)5c̄a
i (x)Gabcb

j (x) is a generic meson curren
with G being a 434 matrix (1,g5 ,gm or gmg5); x is a four
vector; a and b are spinor indices; andi and j are flavor
indices. The fieldS(xW ) is the condensate fluctuation fiel
introduced in Ref.@16# to include four point irreducible
structures in QCD vacuum.

Thus, at finite temperature the correlator@Eq. ~14!# is now
the square of the interacting equal timethermal propagator
plus the four point contribution at finite temperature. T
thermal quark propagator was obtained in an earlier sect
We keep the structure of the fieldsS(x,T) the same as for
zero temperature@16#:

Sab~xW !5Sab
V ~xW !1Sab

S ~xW !, ~15!

5m1
2~g ig j !abe i jkfk~xW !1m2

2dabf~xW !, ~16!

where the first term corresponds to vector fluctuatio
and the second to scalar fluctuations.m1 andm2 in the above
equations are dimensional parameters which give
strength of the fluctuations andfk(xW ) and f(xW ) are vector
and scalar fields such that, withuV& as the ground state o
QCD, we have

^Vuf i~xW !f j~0!uV&5d i j gV~xW !;
~17!

^Vuf~xW !f~0!uV&5gS~xW !.

At finite temperature, the functionsgV and gS will be
temperature dependent. We do not know how to calculat
except for a general property that the effect of the fo
point structure should decrease with temperature. We t
here a simple ansatz for the temperature dependence ogV
andgS :

gS,V~x,T!5S ^q̄q&T

^q̄q&T50
D 2

gS,V~x,T50!. ~18!

The parametersm i are chosen to have the values obtain
earlier @16# while fitting the mesonic and baryonic correla
tors atT50.

Similar to the calculations at zero temperature, we eva
ate~for TÞ0) the ratio of the physical correlation function t
that of massless noninteracting quarks at zero tempera
given as

R0~x!5Tr @S0~x!G8S0~2x!G#. ~19a!

The normalized correlation functions thus defined as

C~xW ,T!5
R~xW ,T!

R0~xW !
~19b!

are plotted in Fig. 3 for the pseudoscalar and vector ch
nels.

As expected~on physical grounds! the amplitude of the
correlator decreases with increasing temperature. The p
of the vector correlator shifts towards the right aft
T50.9Tc . We might remind ourselves that the position

r,

to

ot-
pa-
1-4
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MESON CORRELATORS AT FINITE TEMPERATURE PHYSICAL REVIEW D59 034501
the peak of the correlator is inversely proportional to t
mass of the particle in the relevant channel@4#.

The spatial hadronic correlators have been used to ex
the hadronic screening masses and widths at finite temp
ture @9#. To extract the hadronic properties at finite tempe
ture, we use a phenomenological parametrization as is
ally done in sum rule calculations@11,13#. We may note here
however, that the phenomenological inputs are not availa

FIG. 3. The ratio of the meson correlation functions at fin
temperature to the correlation functions for noninteracting mass
quarks at zero temperatureR(x,T)/R0(x,T50) vs distancex ~in
fm!. The solid, dashed, dotted, and dot-dashed lines corresp
to temperatures T50 MeV, T5130 MeV,T5140 MeV, and
T5148 MeV, respectively.

FIG. 4. The temperature dependence of mass, threshold (S0),
and coupling for the pseudoscalar channel. The vertical lines re
sent the errors obtained while fitting.
03450
ct
ra-
-
u-

le

at finite temperature. Consequently, the correlators are
rametrized using the spectral density function with t
mass, decay width, and the coupling of the particle to
vacuum, all three parameters being temperature depen
We first express the correlator in terms of spectral den
function:

Rph~xW !5E
0

`

ds
As

4p2x
K1~Asx!r~s!. ~20!

Then we use the following phenomenological parametri
tion for the spectral density function@11,13#:

rV~s!53lr
2d~s2M r

2!1
3s

4p2 tanhFAs

4TGu~s2so!

1T2Srd~s!, ~21!

rP~s!5lp
2 d~s2Mp

2 !1
3s

8p2 tanhFAs

4TGu~s2so!, ~22!

wherel is the coupling of the bound state to the current,M
is mass of the bound state, ands0 is the threshold for con-
tinuum contributions. The last term in Eq.~21! is the scatter-
ing term for soft thermal dissociations~mainly through
pions!, which exists only at finite temperature@11#. This term
is given as

ss

nd

e-

FIG. 5. The temperature dependence of mass, threshold (S0),
and coupling for the vector channel. The vertical lines represent
errors obtained while fitting.
1-5



SHEEL, MISHRA, AND PARIKH PHYSICAL REVIEW D59 034501
TABLE I. Fitted parameters.

Channel Temp.~MeV! M ~GeV! l As0(GeV)

Vector 0 0.78060.005 (0.42060.041 GeV)2 2.07060.035
100 0.77160.001 (0.41160.062 GeV)2 1.89760.033
130 0.77460.001 (0.40260.061 GeV)2 1.67260.027
134 0.76260.001 (0.39160.061 GeV)2 1.58660.026
138 0.74160.001 (0.37560.061 GeV)2 1.46860.024
140 0.72660.001 (0.36360.062 GeV)2 1.39360.024
142 0.70660.001 (0.34760.063 GeV)2 1.30360.024
144 0.67960.001 (0.32560.064 GeV)2 1.19260.024

Pseudoscalar 0 0.13660.00014 (0.47360.021 GeV)2 2.11060.152
100 0.13660.00014 (0.45760.021 GeV)2 1.97460.118
130 0.13660.00014 (0.40260.018 GeV)2 1.57460.052
134 0.13660.00014 (0.38060.017 GeV)2 1.44560.038
138 0.13660.00014 (0.35160.016 GeV)2 1.28460.025
140 0.13660.00014 (0.33260.015 GeV)2 1.19060.020
142 0.13660.00014 (0.31060.014 GeV)2 1.08460.014
144 0.13660.00014 (0.28260.013 GeV)2 0.96560.011
148 0.13660.00014 (0.20160.009 GeV)2 0.97060.020
150 0.13660.00014 (0.13160.006 GeV)2 0.77760.020
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Sr5 lim
upW u→0

1

2p E
0

upW u2
dv2E

v

`

x2XnS upW ux2v

2T D2nS upW ux1v

2T D C.
~23!

The derivation of the above expression is slightly tricky a
we have given it in the Appendix. Following Ref.@11# we
takeSr'T2/9.

The mass, threshold and coupling are then extracted s
that the correlators as obtained from Eq.~20! agree with the
normalized correlation functions as calculated by us~Fig. 3!
@16#. This is done for each temperature. The results
plotted in Fig. 4 for the pseudoscalar channel and
Fig. 5 for the vector channel. The results are also shown
Table I.

V. SUMMARY AND CONCLUSIONS

As can be seen from Fig. 3, with increase in temperatu
the correlation functions have a lower peak indicating lack
correlations with temperature. In the vector channel the m
of the r meson appears to decrease beyond 120 MeV.
threshold for the continuum also decreases around the s
temperature. The behavior with the temperature of th
quantities is qualitatively similar to that found by Hatsu
et al. @13#. We have also plotted the temperature depende
of the coupling of the bound state to the current which
creases with temperature but rather slowly as compare
mass or the threshold for the continuum. The tempera
dependence of these parameters can be used to calcula
lepton pair production rate fromr in the context of ultrarela-
tivistic heavy ion collision experiments to estimate vec
meson mass shift in the medium.

We see that our results are broadly in agreement w
those of Hatsudaet al. @13#. All the same, it is not possible to
carry out a term by term comparison of our results with O
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results. This is because the assumptions are different in
two approaches. We recall that Hatsudaet al. @13# attribute
the decrease in ther mass to contributions coming from fou
point function. They also find variation in the gluon conde
sates to be less than 5% over the temperature region
considered. In our work we do not include the gluon cond
sates and the four point structure vanishes asT→TC . This is
not the case for gluon condensates (^GG&) in lattice calcu-
lations or in the dilute pion gas model of Ref.@13#. Conse-
quently, we may be tempted to infer that the decrease ir
mass in our model is due to ‘‘genuine’’ four point functio
effects~as in Hatsudaet al. @13#! and not from the ‘‘effec-
tive’’ gluon condensate contribution. One, however, has
be very cautious. This is because in the present work
parameters in the four point function were kept constan
their T50 values. It should be recalled that these valu
were determined so as to correctly describe the behavio
the correlators~in particular pion! at T50. Hence the param
eters do reflect some effective gluon condensate effects.
results at finite temperature would certainly be modified
these parameters are given significantT dependence. Ou
parametrization is such that if the parameters decrease wT
then the contribution to the correlator will decrease. The c
cial question, however, still remains as to the behavior
^GG& for T,TC . If it varies very little in this range then ou
assumption that the parameters remain constant would
reasonable.

In the pseudoscalar channel the mass remains almost
stant until the critical temperature, whereas the threshold
the coupling decrease with the temperature. We have fo
that in the pseudoscalar channel, the contribution to the
relation function mostly comes from the fluctuating field
Further, the temperature behavior as taken in Eq.~18! essen-
tially does not shift the position of the peak, whereas
magnitude of the correlator decreases. That is reflected in
1-6
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above behavior of the parameters in the pseudoscalar c
nel. We may note here that a similar behavior of t
pion mass becoming almost insensitive to temperature be
the critical temperature was also observed in Ref.@23#,
where correlation functions were calculated in a QCD mo
vated effective theory, namely, the Nambu–Jona-Las
model.

We would like to add here that the present analysis w
be valid for temperatures below the critical temperatu
Above the critical temperature there have been calculat
essentially using finite temperature perturbative QCD in r
dom phase approximations~RPA! @24#. However, in the re-
gion aboveTC , nonperturbative features have been known
exist from studies in lattice QCD simulations@7#. In view of
this, one may have to carry out a hard thermal loop calcu
tion where a partial resummation is done@25#. Alternatively,
one may use other nonperturbative approaches such as
sum rules at finite temperature@26# or RPA approach in an
instanton liquid model for the QCD vacuum@15#.
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APPENDIX

Here we shall derive the scattering termSr . This may be
calculated by considering the imaginary part of the longi
dinal correlator for spacelike four momenta and can be w
ten as

r l
s~v,pW !5

ImP00

upW 2u
, ~A1!

which is explicitly written as@27#

r l
s~v,pW !523

~2p!4

upW 2u E d3k1

2E1~2p!3

d3k2

2E2~2p!3

3u^p~kW1!uJ0up~kW2!&u2 ~A2!

3d~v2E11E2!d~3!~pW 2k11k2!~n22n1!.
~A3!

Here E15AkW1
21mp

2 ; E25AkW2
21mp

2 and ni[n(Ei) is the
Bose distribution function for pions.

In general the expectation of a vector current with resp
to a pion state is given as@28#

^p~k1!uJmup~k2!&5~k11k2!mGp~p!, ~A4!

where p5k12k2 and Gp(p) is the pion form factor with
Gp(0)51. Substituting this in Eq.~A3! and integrating over
k2 we obtain
03450
an-

w

-
o

ll
.

ns
-

o

-

CD

s

t

t

-
t-

ct

Sr~v,pW !523
2

~2p!2 4upW 2u E d3k1

E1
„Gp~p!…2

3d~v2E11E22!~2E12v!2~n22n1!, ~A5!

with kW25pW 2kW1 . Next, since thed function above contrib-
utes to the spacelike (p2,0) region we write it as

d~v2E11E2!52E2d„~v2E1!22E2
2
…u~2p2!.

To simplify further, we may change the integratio
over three momentumkW1 to the integration over energyE1
and the angle cosupW,kW . Performing the integration ove
angles restricts the lower limit of the energy integralE1 as
E1 min5

1
2(v1upWuv), where v5@12(4mp

2 /p2)#1/2. Thus we
have

r l
s~v,pW !5

1

4p
upW u3E

Emin

`

Gp
2 ~p!~2E12v!2~n22n1!, ~A6!

with E22E12v. Next, defining the variablex throughE1
5 1

2 (v1upW ux)1/2 leads to

r l
s~v,pW !5

1

8p E
v

`

dxx2nS upW ux2v

2T D
3Gp

2 ~p!~2E12v!2~n22n1!. ~A7!

We shall consider the longitudinal form factorSr(v,pW ) in a
frame which is at rest with respect to the medium whi
implies thatpW→0. In this limit the constraint 0,v,pW 2 also
forcesv to approach zero. However the above integral b
comes increasingly large aspW→0 such that the integrate
quantity of Sr(v,pW ) within the phase space forv remains
finite. Thus we first integrate over this region withpW finite
and then take the limitpW→0. Thus let

I 5 lim
upW u→0

E
0

upW u2
dv2r l

s~v,pW !5
Sr

2p
, ~A8!

so thatr l
s(v,pW ) effectively becomes ad function. Thus the

spectral density reduces to

lim
upW u→0

r l
s~v,pW !5d~v2!

Sr

2p
. ~A9!

We also note that there arises no ambiguity from the p
form factor asGp(p50)51. Now the integralI can be writ-
ten as

I 5
1

8p
lim

upW u→0
E

0

upW u2
dv2E

v

`

dxx2

3@n„~ upW ux2v!/2T…2n„~ upW ux1v!/2T…#. ~A10!
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We change the integration variables@29# by putting v
5upW ul and x5A11@y2/upW u2(12l2)#. Hence the spectra
density function can be written as

I 5
1

4p
lim

upW u→0
E

0

1

dllE
2mp

` xydy

~12l2!2

3FnS upW ux2v

2T D2nS upW ux1v

2T D G ~A11!

In the limit of upW u→0, we may Taylor expand the differenc
of the distribution functions in the square bracket of E
~A11! and have
r-

l.

ys

un

t.

ys

y

03450
.

FnS upW ux2v

2T D2nS upW x1v

2T D G'2
2xupW u2~12l2!2

y2

dn

dl
.

Substituting back in Eq.~A11! and performing an integration
by parts fordl integration we have

I 5
1

2p E
0

1

dlE
2mp

`

dynS y

2TA12l2D y. ~A12!

In the limit of vanishing pion mass we haveI 52pT2/9 so
that Sr5T2/9.
ra-
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