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Determination of the scalar glueball mass in QCD sum rules
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The 011 glueball mass is analyzed in the QCD sum rules. We show that in order to determine the 011

glueball mass by using the QCD sum rules method, it is necessary to clarify the following three ingredients:~1!
to choose the appropriate moment with acceptable parameters which satisfy all of the criteria;~2! to take into
account the radiative corrections;~3! to estimate an additional contribution to the glueball mass from the lowest
lying q̄q resonance. We conclude that the key point is to choose suitable moments to determine the 011

glueball mass; the radiative corrections do not affect it sensitively and the composite resonance has little effect
on it. @S0556-2821~99!01803-2#

PACS number~s!: 12.39.Mk, 11.55.Hx, 12.38.Lg
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I. INTRODUCTION

The self-interaction among gluons is a distinctive feat
in QCD theory. It may lead to bound gluon states, glueba
Thus discovery of the glueball will be a direct test of QC
theory. Although there are several glueball candidates
perimentally, there is no conclusive evidence of the
People recently paid particular attention to two scalar sta
f 0~1500!~J50! @1# and f J~1710! ~J50! @2#, they seem like
glueballs. However, the explicit analyses@3# on them reveal
that neither of them appears to be a pure meson or a
glueball. Most probably they are mixtures of a glueball a

q̄q meson.
The properties of the glueball have been investigated

lattice gauge theory and in many models based on Q
theory. Even in the lattice gauge calculation, there are dif
ent predictions for the 011 glueball@4,5,6#. Some years ago
the mass of the 011 glueball was predicted around 700– 90
MeV. Recently, the IBM group@4# predicted the lightes
011 glueball mass to be (1710663) MeV, and the UK QCD
group@5# gave the estimated mass (1625692) MeV, respec-
tively. The improvement of the determination of the 011

glueball mass originates from the more accurate lattice te
nique; however, at present uncertainty still exists .

Novikov et al. @7# first tried to estimate the scalar glueba
mass by using QCD sum rules@8#, but they only took the
mass to be 700 MeV by hand because of uncontrolled ins
ton contributions. Since then, Pascual and Tarrach@9#, Nari-
son@10# and J. Bordeset al. @11# presented their calculatio
on the scalar glueball mass in the framework of QCD s
rules. They all got a lower mass prediction around 700– 9
MeV when they used the momentsR21 or R0 and neglected
the radiative corrections in their calculation of the corre
tors. Bagan and Steele@12# first took account of the radiative
corrections in the correlator calculation. Choosing appro
ate moments (R0 and R1) for their calculation, they got a
higher glueball mass prediction around 1.7 GeV. It see
0556-2821/99/59~3!/034026~7!/$15.00 59 0340
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that the radiative corrections make a big difference on
prediction of the scalar glueball mass. Obviously, there
some uncertainties in the determination of the scalar glue
mass; in order to give the reliable values in the QCD s
rules reasonably, an analysis of these uncertainties is ne
sary.

In this paper, we first give the criteria to choose the m
ments, which are obtained by the Borel transformation of
correlator weighted by different powers ofq2, according to
application of QCD sum rules. It is important to choose su
able moments to determine the glueball mass@13#. From the
criteria it follows that different moments have different r
sults, but not all of them are reliable. By choosing the app
priate moment, we get the glueball mass without radiat
corrections:;1.71 GeV. When the radiative corrections a
included, glueball mass shifts a little:;1.66 GeV.

Secondly, we consider the effect of mixing between t

lowest-lying 011 glueball andq̄q meson, i.e., the gluonic
currents and quark currents couple both to glueball states

q̄q states. Therefore, there are some exotic form factors to
determined. By using the low-energy theorem, we can c
struct a sum rule for the mixing correlation function~one
gluonic current and one quark current!. Through these rela-
tionships and based on the assumption of two states~lowest-

lying states of glueball andq̄q meson! dominance, we find
the mass for 011 glueball is around 1.9 GeV, which is
little higher than the pure resonance prediction while
mass for 011 meson is around 1.0 GeV, which is a littl
lower than the pure meson state prediction.

The paper is organized as follows. In Sec. II, a brief
view about the calculation of the mass of a physical st
from QCD sum rules is given. In Sec. III, we discuss t
criteria of choosing the moments and the effect of the rad
tive corrections. The mixing effect of the glueball with th
meson state is studied in Sec. IV. Finally, the last section
reserved for a summary.
©1999 The American Physical Society26-1
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II. QCD SUM RULES AND MOMENTS

Let us consider the correlator

P~q2!5 i E eiqx^0uT$ j ~x!, j ~0!%u0&dx, ~1!

where j (x) is the current with definite quantum numbers.
In the deep Euclidean domain (2q2→`), it is suitable to

carry out an operator product expansion~OPE!

P~q2!5(
n

Cn~q2!On , ~2!

where theCn(q2) are Wilson coefficients. Then, the co
relator can be expressed in terms of vacuum expectation
ues of the local operatorsOn .

On the other hand, the imaginary part ofP(q2) in the
Minkowski domain ~at positive values ofq2), which is
called the spectral density, is relevant with the physical
servables. Therefore, we can extract some information of
hadrons from QCD calculation by using the dispersion re
tion

P~q2!5
~q2!n

p E Im P~s!

sn~s2q2!
ds1 (

k50

n21

ak~q2!k, ~3!

whereak are some subtraction constants originating from
facial divergence ofP(q2). In order to keep control of the
convergence of the OPE series and enhance the contrib
of the lowest lying resonance to the spectral density,
standard Borel transformation is used. However, in pract
it may be more convenient to use the momentsRk instead,
which are defined by

Rk~t,s0!5
1

t
L̂ @~q2!k$P~Q2!2P~0!%#

2
1

p
E

s0

1`

ske2st Im P$pert%~s!ds

5
1

p
E

0

s0
ske2st Im P~s!ds, ~4!

whereL̂ is the Borel transformation andt is the Borel trans-
formation parameter;s0 is the starting point of the con
tinuum threshold. Using the higher rank moments, one
enchance the perturbative contribution and suppress r
nance contribution. In the following, we will see the role
Rk in our analysis.

III. CRITERIA OF CHOOSING THE MOMENTS

In this paper, the 011 gluonic current is defined as

j ~x!5asGmn
a Gmn

a ~x!, ~5!

where Gmn
a in Eq. ~5! stands for the gluon field strengt

tensor andas is the quark-gluon coupling constant. The cu
03402
al-

-
e
-

e

ion
e
e,

n
o-

rent j (x) is the gauge-invariant and nonrenormalization~to
two loops order! current in pure QCD.

Through the operator product expansion, the correla
without radiative corrections becomes

P~q2!5a0~Q2!2 ln~Q2/n2!1b0^asG
2&

1c0

^gG3&

Q2
1d0

^as
2G4&

~Q2!2
, ~6!

with Q252q2.0, and

a0522S as

p D 2

, b054as ,

c058as
2, d058pas .

For the nonperturbative condensates the following notati
and estimates are used:

^asG
2&5^asGmn

a Gmn
a &,

^gG3&5^g fabcGmn
a Gnr

b Grm
c &,

^as
2G4&514̂ ~asf abcGmr

a Grn!2&2^~asf abcGmn
a Grl

b !2&.

Now, we can apply the standard dispersion representation
the correlator

P~Q2!5P~0!2P8~0!1
~Q2!2

p E
0

1` Im P~s!

s2~s1Q2!
ds ~7!

to connect the QCD calculation with the resonance phys
From the low energy theorem@7# it follows that

P~0!5
32p

11
^asG

2&. ~8!

For the physical spectral density ImP(s), one can divide
it into two parts: low energy part and high energy part.
high-energy behavior is known as trivial,

Im P~s!→
2

p
s2as

2~s!, ~9!

while at low energy region, ImP(s) can be expressed in th
single narrow width approximation. The single resonan
model for ImP(s) leads to

Im P~s!5p f 2M4d~s2M2!, ~10!

whereM, f are the glueball mass and coupling of the glu
current to the glueball. Thus we can proceed with the follo
ing calculation.

To construct the sum rules, we use the momentsRk de-
fined above, then the standard dispersion relation is tra
formed into

Rk~t,s0!5
1

pE0

s0
ske2st Im P~s!ds, ~11!
6-2
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and from Eq.~4! we have~for k>21)

Rk~t,s0!5S 2
]

]t D k11

R21~t,s0!. ~12!

Renormalization-group improvement of the sum ru
amounts to the substitution

n2→
1

t
,

^gG3&→F as

as~n2!
G 7/11

^gG3&.

R21(t,s0) without radiative corrections can be obtain
from Eq. ~6!.

If we had a complete knowledge of resonances and Q
we would be able to fix the glueball mass, then differe
momentsRk would give the same result definitely, but w
are far from this goal. In practice, we cannot calculate
infinite terms in OPE. Therefore, the result will depend
the choice of the moments. So there should be certain crit
to choose some suitable moments at appropriates0 . As
shown in Ref. @12#, the R21 sum rule leads to a muc
smaller mass scale due to the anomalously large contribu
of the low-energy part@P(0)# to the sum rule and it violate
asymptotic freedom at the large energy region. They claim
that R21 was not reliable to predict the 011 glueball mass
and employed theR0 and R1 moments to predict the 011

glueball mass by fitting the stability criteria with the radi
tive corrections considered. Their approach showed that
R0 andR1 sum rules with the radiative corrections result in
higher mass scale compared to previous mass determina
They did not analyze how reliable these momentsRk are for
determining the glueball mass. After analyzing the differe
moments with the criteria of QCD sum rules, one can fi
thatR0 is not reliable also for the calculation of 011 glueball
in the single narrow width resonance approximation. In or
to determine which moment is more suitable and give a
liable mass prediction, we reexamine theRk sum rules.

To improve the convergence of the asymptotic series,
study the ratioRk11 /Rk , such asR0 /R21 andR1 /R0 . In the
narrow width approximation, we have

M2k14f 2 exp~2tM2!5Rk~t,s0!,

and ~with k>21)

M2~t,s0!5
Rk11~t,s0!

Rk
. ~13!

To proceed with the calculation, we choose the followi
parameters:
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^asG
2&50.06 GeV4,

^gG3&5~0.27 GeV2!^asG
2&,

^as
2G4&5

9

16
^asG

2&2,

LMS̄5200 MeV,

as5
24p

11 ln~tLMS̄
2

!
.

There are some uncertainties arising from the uncertaintie
evaluating various gluon condensates, but they affect
mass prediction little. The value ofLMS̄ has little effect on
the mass determination also.

M2 and f 2 are the functions ofs0 , s0.M2. Since the
glueball massM in Eq. ~13! depends ont ands0 , we take
the stationary point ofM2 versust at an appropriates0 as
the square of the glueball mass.

To determine the suitable moment and the appropriates0 ,
the following criteria are employed.~1! The moments should
be chosen to have a balance between the perturbative an
lowest lying resonance contribution to the sum rule, wh
means that both the perturbative contribution and the low
resonance contribution to the sum rule are dominant in
sum rules. Besides, the contribution of the highest dimens
operator in the sum rule should be suppressed less tha
percent.~2! s0 should be a little higher than the physic
mass and approach it as near as possible due to the
tinuum threshold hypothesis and the narrow width appro
mation.~3! The choice of moments and a suitables0 should
lead to not only the widest flat portions of the plots ofM2

versust but also an appropriate parameter region oft with
the parameter region compatible to the value of the glue
mass. Here we should give some comments on these t
points. On one hand, a good sum rule needs a large pe
bative contribution~which hints at good convergence o
OPE!; on the other hand, a large perturbative contributi
means a large uncertainty from the excited states~continuum
state! and it is dangerous. So a balance between the pe
bative contribution and the lowest resonance contribution
the sum rule is necessary. Since the perturbative part of
correlator is not equal to the continuum part in the sum ru
and especially since they have different percentages in
ferent moments, it is possible to obtain the balance when
choose suitable moments. Althoughs0 varies in a certain
region according to the criteria and the uncertainty result
from the varying ofs0 is obvious because of our little knowl
edge of the continuum states, we expect the glueball ma
not sensitive to it. In the case of glueball, when thes0 is set
as a free parameter~larger than the mass square!, there is an
error for the glueball mass with the varying ofs0 , but the
upper and lower bound of the glueball mass are limited a
the error is about 10– 20%.

Let us begin our analysis through theRk sum rules with-
out radiative corrections. It is known that different momen
have different suppressions to the nonperturbative contr
6-3
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tion and the lowest resonance contribution, moments w
higher rank enhance the perturbative contribution and s
press the lowest resonance contribution to the sum rules

In the sum rule of the momentsR21 , although there is a
platform for mass prediction~see Fig. 1!, the perturbative
contribution inR21 is less than 30%, which does not fit th
criteria ~1!, so it is not acceptable.

Using the momentR0 , one can obtain a balance betwe
the perturbative and the lowest resonance contribution to
sum rules; however there is no platform for mass predict
~see Fig. 2!. It does not satisfy the criteria~3!, so this mo-
ment is not suitable for the mass prediction either. All t
previous calculations without radiative corrections we
based on either momentR21 or momentR0 , so the results
are not very reliable .

The momentR1 gives an excellent platform in the regio
3.0 GeV2,s0,4.3 GeV2; the result for the bests0 at 3.6
GeV2 is shown in Fig. 3. In the meanwhile, we can find
balance between the perturbative and the lowest reson
contribution to it, i.e., the ratio of the nonperturbative part
the perturbative part is less than 30– 40 % and the ratio of
continuum part to the momentR1 is less than 30– 40 % too
Besides, the highest order term~four gluon condensate! con-
tribution to theR1 is less than 10% in the parameter regi

FIG. 1. R0 /R21 versust at s053.6 GeV2 without radiative
corrections.

FIG. 2. R1 /R0 versust at s053.6 GeV2 without radiative cor-
rections.
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of t where there is a broad mass platform, so OPE is w
convergent. Therefore, the momentR1 satisfies all of the
criteria and is reliable for the glueball mass determinati
The curve shows that the 011 glueball mass is;1710 MeV.
In the acceptable region ofs0 , the 011 glueball mass is
17106110 MeV.

The moments with higher rank cannot stress the low
resonance contribution in the sum rule since the higher
mension condensates will not be negligible~we have little
knowledge about higher dimension condensates at pres!.
Therefore, we have no way to proceed with our predict
from Rk with k.2.

After taking into account radiative corrections, the co
relator is@12#

P~q2!5„a01a1 ln~Q2/n2!…~Q2!2 ln~Q2/n2!

1„b01b1 ln~Q2/n2!…^asG
2&

1„c01c1 ln~Q2/n2!…
^gG3&

Q2
1d0

as
2G4

~Q2!2
, ~14!

where

a0522S as

p D 2S 11
51

4

as

p D ,

b054asS 11
49

12

as

p D ,

c058as
2 , d058pas ,

a15
11

2 S as

p D 3

, b15211
as

2

p
, c15258as

3 .

The predicted mass from ratioR2 /R1 is ;1.66 GeV~see
Fig. 4!. The value is a little lower than the one without r
diative corrections.

In this section, we show how the predicted glueball ma
depends on the choice of the moment. We give the crite
on choosing suitable moments ands0 to calculate the glue-

FIG. 3. R2 /R1 versust at s053.6 GeV2 without radiative cor-
rections.
6-4
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ball mass in QCD sum rules. From the criteria, onlyR1 are
reliable for determination of the 011 glueball mass and the
result is;1.71 GeV. The radiative corrections do not affe
the mass determination sensitively; they shift the glueb
mass a little lower:;1.66 GeV.

IV. LOW ENERGY THEOREM TO THE MIXING
PICTURE

Now we proceed to discuss the mixing effect in the d
termination of the 011 glueball mass. Let us consider th
011 quark current with isospinI 50:

j 2~x!5
1

A2
„ūu~x!1d̄d~x!…. ~15!

Through operator product expansion, the correlator of
j 2(x) is given by@14#

P2~q2!5a08~Q2!2 ln~Q2/n2!1
3

Q2
^mq̄q&

1
1

8pQ2
^asG

2&1
b08

~Q2!2
^q̄q&2, ~16!

whereQ252q2.0, and

a085
3

8p2
S 11

13as

3p
D , b0852

176

27
pas .

The correlator of thej 1(x) without radiative corrections is
not changed.

In order to estimate the vacuum expectation values
higher dimension operators, the vacuum intermediate st
dominance approximation@8# has been employed

FIG. 4. R2 /R1 versust at s053.6 GeV2 with radiative correc-
tions.
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^q̄smnlaqq̄smnlaq&52
16

3
^qq&2,

^q̄gmlaqq̄gmlaq&52
16

9
^qq&2.

To proceed with the numerical calculation, in addition
the parameters we have chosen above, the following par
eters are taken:

^q̄q&52~0.25 GeV!3,

^mq̄q&52~0.1 GeV!4,

as50.28,

where the scale of the running coupling is set at the glue
mass.

Through theRk defined above, we can get the correspon
ing momentsRk andRk8 for P(q2) andP2(q2)

R0~t,s0!52
2a0

t3 b12r2~s0t!c1c0^gG3&1d0^as
2G4&t,

~17!

R1~t,s0!52
6a0

t4 b12r3~s0t!c2d0^as
2G4&, ~18!

R2~t,s0!52
24a0

t5 b12r4~s0t!c, ~19!

R08~t,s0!5
a08

t2 b12r1~s0t!c13^mq̄q&1
1

8p
^asG

2&

1b08t^q̄q&2, ~20!

R18~t,s0!5
2a08

t3 b12r2~s0t!c2b08^q̄q&2, ~21!

where

rk~x![e2x(
j 50

k xj

j !
. ~22!

By using the low-energy theorem@15#, we can construct
another correlator for the quark current with the gluonic c
rent

lim
q→0

i E dxeiqx^0uTF 1

A2
~ ūu1d̄d!,asG

2G u0&5
72A2p

29
^ūu&.

~23!

In order to factorize the spectral density, we define
couplings of the currents to the physical states in the follo
ing way:
6-5



e

th
t
a
te
w
p

ro
s
am
e
o
to
, t

re-
vary
t
lat-
e
son
son-
the
fac-

e
wer

lar
ysics
m-
on-

le

the
ria
are
ble
nd

ow

1.7

it

site
ark

two
the
ark
tate
nd

TAO HUANG, HONGYING JIN, AND AILIN ZHANG PHYSICAL REVIEW D 59 034026
^0u j 1uQ&5 f 12m2 , ^0u j 1uG&5 f 11m1 ,
~24!

^0u j 2uQ&5 f 22m2 , ^0u j 2uG&5 f 21m1 ,

wherem1 andm2 refer to the glueball~including a few parts
of the quark component! mass and theq̄q meson~including
a few parts of the gluon component! mass, anduQ& and uG&
refer to theq̄q meson state and the glueball state, resp
tively.

We indicate that the gluon current couples to both
glueball and quark states, as does the quark current. In
real physical world, the physical state is not pure glueb
state or quark state; the mixing effect should not be omit
without any reasonable argument. After choosing the t
resonances plus the continuum state approximation, the s
tral density of the currents ofj 1(x) and j 2(x) read in follow-
ing, respectively,

Im P1~s!5m2
2f 12

2 d~s2m2
2!1m1

2f 11
2 d~s2m1

2!

1
2

p
s2as

2u~s2s0!, ~25!

Im P2~s!5m2
2f 22

2 d~s2m2
2!1m1

2f 21
2 d~s2m1

2!

1pa08su~s2s0!. ~26!

Then it is straightforward to get the moments

R05
1

p
$m2

2e2m2
2t f 12

2 1m1
2e2m1

2t f 11
2 %, ~27!

R15
1

p
$m2

4e2m2
2t f 12

2 1m1
4e2m1

2t f 11
2 %, ~28!

R25
1

p
$m2

6e2m2
2t f 12

2 1m1
6e2m1

2t f 11
2 %, ~29!

R085
1

p
$m2

2e2m2
2t f 22

2 1m1
2e2m1

2t f 21
2 %, ~30!

R185
1

p
$m2

4e2m2
2t f 22

2 1m1
4e2m1

2t f 21
2 %. ~31!

In the meanwhile, assuming the statesuG& and uQ& saturate
the left-hand side of Eq.~23!, we can obtain

lim
q→0

i E dxeiqx^0uTF 1

A2
~ ūu1d̄d!,asG

2G u0&

5 f 22f 121 f 21f 11. ~32!

The next step is to equate the QCD side with the had
side one by one, and we get a set of equations about ma
and couplings. Starting from a series of reasonable par
eterss0 andt and after solving this series of equations, w
can get a set of the two states’ masses. We illustrate
result in Fig. 5. In this figure, the solid line corresponds
the glueball and the dotted line corresponds to the meson
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points of the plateau compatible to the parameters are
garded as the mass prediction points. The masses
slightly with thes0 ands053.7 GeV2 is found to be the bes
favorable value for the mass determination. There is no p
form for t above 0.6 GeV22. The mass predictions from th
figure are glueball with mass around 1.9 GeV and me
with mass around 1.0 GeV. The results obtained are rea
able; they are the two lowest-lying states and dominate
spectral density, other excited states are suppressed by a
tor exp(2m2t). The glueball mass is a little higher than th
pure glueball state while the quark state mass is a little lo
than the pure quark state.

V. SUMMARY

In this paper, we analyze the determination of the sca
glueball mass based on the duality among resonance ph
and QCD. The modified Borel transformation has been e
ployed; it makes the calculation more convenient and reas
able.

We first conclude that it is important to choose suitab
moments for the determination of the 011 glueball mass. To
stress the contribution of the lowest resonance and make
perturbative contribution dominant in sum rules, the crite
on the choice of the moment and continuum threshold
given. These criteria make it reliable to choose a suita
moment for the calculation of the glueball mass. We fi
momentsR21 , R0 and Rk with higher rankk.2 are not
suitable for the mass determination in the single narr
width resonance approximation. The momentR1 is most
preferable for the determination of the 011 glueball mass.
The numerical calculation shows that the mass is around
GeV without radiative corrections.

When the radiative correction is taken into account,
shifts to 1.66 GeV.

Secondly, we consider the physical states as compo
resonances, which include both gluon component and qu
component, so we saturate the spectral density with
physical resonances; in this way we consider not only
couplings of gluonic current to both glueball state and qu
state, but also the couplings of quark current to quark s
and glueball state. Employing the low-energy theorem a

FIG. 5. M versust at s053.7 GeV2.
6-6
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different moments, we predict the masses of glueball
normal meson from a set of coupled equations: glueball m
is around 1.9 GeV, which is a little higher than the o
without mixing (;1.7 GeV!, while mass of the quark state
around 1.0 GeV, a little lower than the pure quark sta
(;1.1 GeV!. We conclude that the mixing between the glu
ball and the quark state does not affect their masses larg

When we finished our paper, we found excellent paper
which the author used Monte Carlo to discuss uncertain
0

l.

03402
d
ss

-
ly.
in
s

of determination of the vector mesons and nucleon spec
properties in the QCD sum rule@16#. Our many opinions
already appeared in it.
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