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We introduce and study the properties of the “color-straight” four-quark operators containing heavy and
light quark fields. They are of the fornﬁ“bb)(al“qq) where both brackets are color singlets. Their expecta-
tion values include the bulk of the nonfactorizable contributions to the nonleptonic decay widths of heavy
hadrons. The expectation values of the color-straight operators in the heavy hadrons are related to momentum
integrals of the elastic light-quark form factors of the respective heavy hadron. We calculate the asymptotic
behavior of the light-current form factors of heavy hadrons and show that the actual decreag®) & tather
than 16*. The two-loop hybrid anomalous dimensions of the four-quark operators and their rfékisgnt in
the first loop are obtained. Using plausible models for the elastic form factors, we estimate the expectation
values of the color-straight operators in the heavy mesons and baryons. Improved estimates will be possible in
the future with new data on the radiative decays of heavy hadrons. We give the Wilson coefficients of the
four-fermion operators in the i, expansion of the inclusive widths and discuss the numerical predictions for
the lifetime ratios. Estimates of the nonfactorizable expectation values are EB@556-282(99)07601-§

PACS numbsgs): 13.20.He, 13.36-a, 13.40.Gp

[. INTRODUCTION tions implemented in such analyses is not clear, however. As
a result, the expectation values where the factorizable contri-

Heavy quark expansion proved to be useful in describindoutions are absent or suppressed, remain uncertain.
the decay properties df-flavored hadrons. At the level of _ ©On the other hand, the problem of a more reliable evalu-

nonperturbative effects a number of local heavy quark opera2tion of the relevant four-fermion expectation values recently
ii_ttracted a renewed attention since the lifetime ratios of the

tors of increasing dimension appears whose expectation va ifferent b-flavored hadrons have been accurately measured
ues in the h?avy flavor hadr_ons dete_rr_nlne the importance hile data and predictions of the meson lifetimes are non-
preasymptotic effects. The first nontrivial operators, chromo-

icO-—D(i/2 G b and the Kineti @ trivially consistent, the small experimental ratio, /75
magneticoe =b(i/2)r,,,G,,,b and the kinetic operatod, =0.78+0.07[2], if taken literally, seems to be in a conflict

=b(iD)%b have D=5. The expectation value 0Dg iS  yith the expectations based on thenj/expansion.

known directly fron12 the masses offlavored hadrons. The |, the framework of nonrelativistic quark description the

expectation valugu7 of O is not yet known definitely, foyr-fermion expectation values are all expressed via the

although a certain progress has been achieved over the Iaghve function density at origif (0)|2 (for mesons or the

few years in evaluating it foB mesons. _ diquark density[d3y|¥ (0y)|? (for baryons. All expecta-
More operators appear @ =6, in particular, four- tjon values differ then by only simple color and spin factors

fermion operatordI'bgl’'q whereq are light quarks and [1]. For example, irB mesons one has

I',I"’ denote various Lorentz and color structures. In the in-

clusive widths of heavy hadrons such expectation values L(B‘|(Hb)(iu)|8‘)=|‘If(0)|2

govern 1mg corrections. Their effect is still significant, es- 2M '

pecially due to specific accidental suppression of the impact

of the leadingD =5 operators. = /r-l(bi i -\ 2
Unfortunately, the expectation values of the four-fermion ZMB<B |(biysu)(uiysb)|B7) =Nl (0)] @

operators up to now remain rather uncertain. Since the mid- - L

1980s[ 1], the vacuum factorization approximation has bee (color indices are contracted inside each bragkand for

used to estimate the mesonic matrix elements which theR>Y°"s

appear proportional thB. Such factorizable terms are absent 1 - 3 )

in baryons, and a number of simple constituent quark model m(Abeb)(UU)Mb):f dy|¥(0y)|*,

estimates have been employed. The validity of the assump- b

1 S 1
M(Ab|(bu)(ub)|Ab>=§J d®y| W (0y)[?,
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In actual QCD this simple picture does not hold, and thespin-triplet, respectively. The corresponding Dirac structure
naive quantum mechanicQM) relations between different on the heavy side if,=1 andT'y=yys= 0"
expectation values are generally violated. Moreover, the no-
tion itself of the nonrelativistic wave function used in the Th) (A Py e
O, = (bb)(ql'yq), O y=(boyb)(ql' 4
potential description, becomes ambiguous. Even in the per- s-s= (bb)(al'qq) o= (bad)(alqa) (4

turbative domain the expectation values become scaleg hossibleT',-structures are reduced to these operators. In

dependent, and the renormalization is in general different foBur discussion we always assume that the heavy quark is at
different operators. This manifestly goes beyond the poten-

tial description, even extended for the price of introducingreSt'Uﬂz(1’0)’ andv,, denotes the velocity of the-hadron

various light-quark spin wave functions in an attempt to acHb- lSince in tthe; fheav_y ql‘%"’!{k ]!imit the q.léa”.( Sptik? de—_
count for the relativistic bispinor nature of the light quark couples, we start for simplicity from considering the spin-
fields. singlet operator, ;. The straightforward generalization

In this paper we note that there exists nevertheless a natfP" Os-t Will be formulated later.
ral generalization of the notion of the wave function density, T @ héavy meson were a two-body QM system where,
in particular at originthe origin is defined as the position of additionally, the light quark is nonrelativistic as well, the
the heavy quak It is associated with the expectation values EXPectation vaIt;esdei n}elaztsurf the c;nﬁfon_wa\]{e funr(]:tlon
of those four-fermion operators for which th&'b bracket is %ta(t)rrigrs],l“sigrtwii (:I;\Stdi(f)fer e%st{ s)bis nwa\llee\fAL/;rS];gti Ozr@cztx)er
a color singlet. The color flow for such operators is not dis'can enter qln the momentum representation
turbed, and we call them “color-straight” operators. Their '

expectation values in the heavy quark limif,—« are re- 5
lated to the observable transition amplitudes. This fact sug- W(O):f P ‘P(f)) (5)
gests that they are better candidates for the operator basis (2m)3

used to parametrize hadronic expectation values in various
applications. Moreover, they are more suitable also for apfye use the normalization whefelp/(2)3| ¥ (p)|2=1].

plying general bounds of the type discussed[3. Such On the other hand, in such a nonrelativistic system the
QM-type inequalities can be formulated more rigorously forpoyrier transform of the light quark density distribution mea-
these operators in full QCD. sures the elastic transition amplitutferm factop of the me-

Knowledge of the light-quark current elastic form factors son associated with the scattering on the light quark:
of heavy hadrons would allow one to determine the color-

straight expectation values. Unfortunately, they are practi- _ 1 . .. L -
cally unknown yet. Nevertheless, employing reasonable as?—"(q)EN<B(q)|qq(o)|B(o)):f dBXW (X)W * (x)e 19X,
sumptions about theig? dependence allows more definite B 6)
estimates of the expectation values. As the most conservative

a_ttitud_e, they can be viewed as educated dimgngipnal analyne following relation then obviously holds:

sis, with the added bonus of being free of ambiguities related

to ad hocpowers of 27 inherent in various naive dimen- &a 1

sional estimates. Such numerically significant uncertainties f q F(q)=|¥(0)|?= =—(B|(bb)(qq)(0)|B).
often cause controversy in the resulting expectations leading J (2m)3 2Mg

sometimes to rather surprising phenomenological conclu- (7)
sions. We also think that the derived relations can be used

for an alternative, simple evaluation of the color-straight ex-Integrating the transition amplitude over glyields the local
pectation values in the lattice heavy quark simulations. four-fermion expectation value we are interested in. Since
we study a transition induced by scattering on the light
quark, the scale of the transferred momentum is the typical
bound-state momentum and is much smaller thgn

In actual QCD the simple nonrelativistic picture does not

Our main object of interest is the expectation values of theapply. The light quark is certainly relativistic. Additionally, a
color-straight operators of the generic type two-body potential descriptiofgenerally, any fixed-parton
wave function can only be approximately correct, with
priori unknown accuracy.

It appears, however, that in spite of the fact that neither
Egs. (1) nor (6) can be rigorously written in QCD, the final
whereT'y,,I'y are arbitrary matrices contracting Lorentz in- relation between the momentum integral of tetastig tran-
dices [y can be also a matrix in the light flavor spacend  sition amplitudes and the color-straight expectation values
i,j are color indices. We will consider the heavy quark limit holds exactly, up to corrections vanishing whag— . Itis
m,— assuming that the normalization poiatof the op-  not difficult to see, for example, that proceeding from a two-
erators or currents is set much smaller tinan In this case body nonrelativistic meson to a three-body nonrelativistic
there are two nonvanishing types of operators transformingparyon does not modify the relation. We do not illustrate it
under rotations of the heavy quark spin as spin-singlet antiere, and instead give a general field-theoretic proof.

Il. COLOR-STRAIGHT OPERATORS AND LIGHT
CURRENT AMPLITUDES

bT,b'q;lyq’ 3)
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Let us start with the operatc@s_fgbal“q and consider Here we have used the equations of motion for lhigeld.

the corresponding light quark current and its transition am-The anomalous terms are included in the last tésee, e.g.,
plitude: [5], Sec. ). Therefore, we arrive at

1 - . - oA /7 i [d32(qz)bb(2)
T (Fo(@)]Ir(0)| Hp(0)) = Ar(q). (Hp(a)|Ir(0)|Hp(0))=(Hp(0) |4 Jr(0)[H,(0)).
Hy (15

® The heavy quark limit leads to further simplifications: the
The current does not need to be scalar; any particular coomumber of heavy quarks becomes fixed éritself becomes
ponent can even be considered separately. Likewise, the tragtatic. Then in the singlb- sector the following identity
sition amplitude may not be a true scalar. The initial andholds:
final states may differ. The following relation holds:

Ip(x)=qrq(x);

g/ F2i@bbia) - f d®z¢" @bb(2). (16)

1 . dq .
H(0)|bbgl'q(0)|H,(0 =J A .
2MHb< b(0)|bbal’q(0)[H(0)) (2m)° r(d)
9 Indeed, in the singlé- sector any product of the statle
o quark bilinears is very simple:
To prove this relation, we write explicitly the statg (q)
with non-zero momentum as a result of the Lorentz boost (ba1b)(2y) . . .(bob)(Z,)

from rest to the velocity = /Mg,

L
M A,
. (o are arbitrary spin matricgsUsing this, we obtain
WhereU[L(q/Mgb)] is the corresponding Lorentz boost uni-
tary operator. This operator is given p4]

=6%21-2y) . . . 82y 1~ 21)

[Hp(q))=U [H(0)), (10) Xboy ... 0b(z)]singleb (17)

U X .
gld Zf(z)bb(z)zgo mf &z, ... Pz,f(zy) ... F(zy)

-

UIL(@)]=€e"Ke,  sinto=|s], A=—: (11)

H xbb(z;) . . .bb(z,)
the boogt generatorﬁ can be expressed in terms of the _ 2 EJ' Pz f'(2)bb(3)
symmetric energy-momentum tensby, : n=o0 n!
K= f d*x(x' TO0—x0T%) 12 = f d*z¢"“bb(2). (189

[x° s fixed in Eq.(10) and can be put to zefoSinceq does  Taking (Z) = Gz we rewrite Eq.(15) in the desired form:
not scale withm,,, we actually need to retain only the linear
in v terms, which leads to simplifications. For example, the (Fin(a)|Ir(0)|Hp(0))
polarization degrees of freedom i, (if any) do not change
under the boost. — 3509Zph( 5

The whole energy-momentum tensor consists of two <Hb(0)|f ze%b(2)Jr(0)[Hy(0)). (19
parts:

ot Equation (19) provides the discussed quantum field-

T, =T+ T2 theory generalization of the notion of the light-quark density
gl'q at arbitrary separation; one can define, for example,

T T -
=T} 2b[ 7,(iD),+ 7,(iD) ,— (D), 7,— (iD) .7, b,

| Iz—f Pa_gix_L Ho(6)|Ir(0)[Hp(0
(13) F(X) Hb_ (27T)3 ZMHb< b(q) F( ) b( )>

where T)9" is the usual QCD energy-momentum tensor in- (20)
cluding only light fields; it is free of the large parametey.

In the heavy quark limit we need to retain only the part of [N what follows we are interested in local heavy quark
T, which is proportional tan,: operators, that is when the light field operators enter at the

same point as thé quark field. It is these operators that
appear in the heavy quark expansion. Integrating @&§)

K= f d*xx TUx)=m, f dexxbb(x)+O(md). (14) overd we get
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Q

[

(Fp(0)|bb(0)I-(0)|Hp(0))

k

&g - -
:f(277)3<Hb(Q)|JF(O)|Hb(0)>- (21)

This is our master equation. We see that, in principle, it is
even more general than was stated earlig(0) can be an
arbitrary gauge-invariant operator composed of the light_&
fields, and not necessarily a light-quark bilinear. Besides, this
relation holds not only for the truly forward transition matrix
elements. The initial and final state hadrons can be different
Generally, they can even have different momenta; however
it must be assumed that these momenta are small compare d
to my, — say, of the typical light hadron mass scale. Since this
equation involves the integration over all transferred mo- F|G. 1. Diagrams for the renormalization of the four-fermion
menta, varying the relative momentum of the final and initialoperators.
hadrons have no effect whatsoever, as it should be.

Informative relations emerge, on the other hand, if wesame hyperfine multiplet differing, at most, by the heavy
vary the heavy flavor statd,) (or |H,,)) within the corre-  quark spin alignment i§ is not a unit matrix survive in the
sponding heavy-spin multiplet. Since tiequark spin de- sum: all excited transition amplitudes generated by the heavy
couples, this yields similar relations for the color-straight g ark currentbsb(O) are either proportional to iy, or to
spin-triplet operators containifgob, that is, with the axial- velocity v=q/m, of the heavy hadron statm(q)) [6].
vectorb-quark current. In particular, Moreover, sincev—0 the elastic amplitude is unity up to

corrections~q2/m§ we neglect. Thus, Eq21) is repro-

O
Lol

O
Z.

(Hp(0)|bayb(0)Jr(0)[H(0)) duced.
. Let us illustrate the validity of relatiof21) diagrammati-
_ f d°q H 3:(0)[Hp(0 29 cally, in respect to the perturbative corrections. Relevant
(27 )3<Sk ()] I (0)] ). (22) order«g corrections to the expectation value of the four-

fermion operator are drawn in Figs. 1 whereas Fig. 2 show
the corrections to the form factor. The gluon exchanges in-
volving only light quarks merely renormalize the current in
question, and we do not consider them. The corrections
dressing the heavy-quark part vanish due to conservation of
the b-quark current(we consider gluon momenta much
smaller thanm,,).

In the nonrelativistic approximation for the light quark the
and applying relationg16),(17) generalized to include the “crossed” diagrams are suppressed, and the remaining dia-
b-quark spin matrices. Alternatively, it follows merely from grams Figs. (a) and Xb) have obvious counterparts in the
the heavy-spin symmetry relation between matrix elementgorresponding diagrams in Fig. 2. Going beyond a simple
of the operatorbbJr(x) andbobJr(x). potential approximatiofie.g., atk’> mg), however brings in

It is worthwhile to give a less rigorous but a transparentdiagrams Figs. (t) and Xd) as well. In fact, one should keep
QM derivation of the master equation EQ1). Let us rep- in mind that in Eqg.(21) the integration of the formfactor is

resent the expectation value of the color-straight operatoperformed only over the spacelike componentsqofThls

bsbJ-(0) (s is either the unit or a spin matjbby the sUm  fixes the spacelike separation of te andqT'q currents to

over possible intermediate states: be zero, howeveper sedoes not specify the timelike sepa-
- ration of the vertices which is actually determined by the
(Hp[bsb(0)Jr(0)[Hp)

whereS/2 is theb-quark spin operator. Formally one obtains
this by using, for example, the representation

|SHp) = j d*xboyb(x)|Hp)

A
¥

g . — .
—En: fm(Hbleb(O)ln(q»

X(n(q)|Ir(0)[Hp)- 23)

"5
1 q
|

The state#n(ﬁ)) are hadrons with a single quark. In the
effective theory the integral over momenta must converge at
a hadronic scale which is much smaller thag. Then only FIG. 2. Diagrams contributing to the light quark form factor of

the elastic transitiori.e., whereH, and In) belong to the a heavy hadron.

a b
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heavy quark propagators. In reality, a single diagram Figviolet cutoff in respect to the light degrees of freedom. The
2(a) corresponds to the sum of diagratasand(c) in Fig. 1,  second way the dependence on the UV cutoff can enter is via
and likewise with diagramgb). In the coordinate represen- the divergence of the integral over the momentum of the
tation, the heavy quark propagator in Figajlis 9(—Xo) final state. Indeed, in the effective theory with the cutaff
and in Fig. 1c) it is ¥(Xo) thus yielding unity in the sum the perturbative states with momenta abqueare absent,
(unity means absence of any propagation, as in Fig. 2 while the form factors withq|<pu coincide with those in

Let us illustrate it in the usual momentum representation o, :
Denoting the gluon momentum in Fig. 1 by we keep the full QCD. Therefore, if in full QCD the integral of the am

spacelike components d fixed and consider the integral Plitude in Eqs.(21),(22) does not converge @~ Aqcp but
over w=Kk,. The diagramga) and (c) are given, respec- has a log behavior in the hybrid domain, this leads to the
tively, by logarithmic dependence of the matrix elementon

In practice we are interested in vector or axial vector cur-
rents of light quarks. They are conserved and their anoma-
lous dimensions vaniskifor the flavor-singlet axial-vector
current there is an anomalous dimension in higher orders in

where A(E,w) generica”y denotes the “|ight” part of the &s related to the axial triangle anomé&lyl'herefore we will

1 ~ 1 _
— - A(k,w) and ——- A(k,w), (29
w—Ile

—w—le

diagram(including the gluon propagatprSince phrase our discussion neglecting this type of renormaliza-
tion.
1 1 The asymptotics of the actual light quark current form

=2mi (), factors of the heavy flavor hadrons is given by the perturba-
tive diagrams where hard gluons transfer the high momen-
the integration Ho/27i of the sum of Figs. @8 and 1c) tum from the light quark to the heavy one. The tree-level
amounts merely to settinky,=0 in the rest of the diagram. orderug diagrams are shown in Figs(a&2 and 2b). By vir-
(This is a special case of the more general relations given itue of the relations Eq921),(22) they determineone-loop
Appendix A) Then it exactly coincides with Fig.(8) if K is renormalization (_)f the four_-fermion _operators._ It is easy to
identified with the gluon momentuinin the latter. Although ~ S€€ that these diagrams yield amplitudes fading out at least

> > R4 5 5
the gluon momentum transféris not generally equal tq @S 14" (the odd powers ofg do not contribute to the

but can differ by a primordial momentum in the bound statejntegra)." In principle, depending on the particular form of

integration over all is equivalent to integration ovefl I, the asymptotics of these diagrams may have the|*/
Similarly, the sum of the diagrams in Figs(bl and ¥d)  term—itis given by
yields the integral of Fig. ®) overq.

It is clear that this proof is generalized for an arbitrary 47a, 1 . _
number of gluon exchanges between the “light” and ‘heavy’ —=;— W("'b(oﬂbtabQ( Yol —T'a%0)t*q(0)|H(0))
parts of the diagrams, or the case of the akiguark current q Hp
(see Appendix A It is imperative, however, that tHequark (25)
current is color-singlet.

—+ -
—w—le w—le

(bt®b— bot?b for the spin-flip transitions The matrix ele-

Il APPLICATIONS ment may not vanish fdo-flavored hadrons with nonvanish-
We now turn to some applications of the relatidi24), ing spin of light degrees of freedortfiet us recall thatg
(22). =0). However, in this matrix element both hadrons are at
rest, therefore any such|(ii!3 term vanishes upon integrating
A. Perturbative renormalization over the direction of]. The fact of vanishing of the leading-

of the color-straight operators order hybrid anomalous dimension for the operators of the

In general, the composite heavy-quark operators depenfdrm (bb)(qv,.(s)q) was noted in8] already in the mid
on the renormalization point which is assumed to satisfy 1980s as a result of simple calculations of the one-loop dia-
the “hybrid” hierarchy conditionA ocp<pu<mj,. The most  grams. Our relation gives it an alternative interpretation.
interesting is the logarithmic renormalization. This “hybrid” A closer look reveals, however, that the cancellation of

renormalization was first considered[in-9] where the one- the leadin ]@3 asvmptotics does not hold already at the
loop hybrid anomalous dimensions were calculated for the 9 ymp ; Y

- : one-loop level. The asymptotics has actually the form
quark bilinears and four-fermion operators.

2:v/1A13 i i i
In the expressions of the matrix elements of the color-~@s(d)/|a|* which emerges from the diagrams shown in
straight operatord(o)bgl’'q via the integral of the transi- Figs. 3 (other diagrams decrease faster in the Feynman
tion matrix element of the light quarks current, the
normalization-point dependence can appear in two ways:

first, as au-dependence of the light-quark current itself. This Similar quark counting rules in heavy mesons figf<m, have
is a usual, “ultraviolet” renormalization since is an ultra-  been applied, e.g., ifiL0].

034012-5
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a b c

FIG. 3. Ordere? diagrams determining the asymptotics of the light quark form factor of a heavy hadron. Similar diagrams with the
twisted gluon lines are not shown.

gauge. This leads to a nonzero anomalous dimension of the )2
color-straight operators at ordeuﬁ and their mixing with v =47 1 (4_5) +O(a§),
color-octet operators. In particular, the evaluation of the one- 7

loop amplitudes leads to

4 ag 2 3
Y= 4N 1——2 7] T0@)
7T2 2
o
.20 1\ (Hy/bbal'q|Hy) 2
Ar(q): _>3|: 2 oM ¥ :7T2N 1_i 1_i E +O(a3)
|q| Ng Hy 21 c Ng NE . s)s
Hy|bt?bql't?q|H
N, 1__( oDt altq[Hy) | 26
N2 2My, 722=3Ne7— +C’)(a (29

We note that sincey;;, y12, and y,; vanish to orderag,
these two-loop anomalous dimensions do not depend on the
renormalization scheme. Fox,, the second-order terms de-
pend on the scheme and we do not consider them.

Additional terms are present for the flavor-singlet opera-
tors: for the vector current only,, is modified, y,,— v,
—3n¢(ad4m). If the operator has the flavor-singlet axial
current then only the diagonal anomalous dimension for the
color-straight ~ operator  changes, y11— y11—6n¢(N¢
— 1N (agldm)?.

It is interesting that, althougly;;, y12, and y,; already
appear in the second loop, they are universal. In particular,
and likewise for the spin-triplet operators. they are the same for both timelike and spacelike compo-

A direct calculation of the two-loop anomalous dimen- nents of the light quark currenta. priori this does not need
sions confirms this. The computational details are describetb hold. We expect that this universality will be violated in
in Appendix B. Here we only quote the result. Let us defote the next order in.

The two-loop anomalous dimensions are enhanced, they
contain a large factorr?. Neglecting them introduces a nu-
d/o" /O merical uncertainty in the running of operators. We can es-
M@( Ti ) = 7( T ) (28 timate it by simply setting In¢'/x) to unity. The correspond-
ing corrections ateg=1 constitute about 15 to 30%. This
provides additional justification for the standard choice of
Then as(u)=1 as the low(hadronig normalization scale.
We point out that the naive estimate of the power of the

asymptotics ﬂ“ of the light current form factors existing in

5 the literature[10] is not correct: the actual fall off is only

The anomalous dimensions of the operators are often define 3
with the opposite sign. We prefer to use this convention where thilIQI as shown in Eq(26), which, however, is generated
meaning of the anomalous and canonical dimensions are the sanfdly by the exchange of two gluons with momeﬁiq (The
That is, the scaling properties of the operators are given by the surodification for the spin-triplet operators is obvigu$his
(rather than differengeof their canonical and anomalous dimen- asymptotics can be easily RG improved using relations Egs.
sions. (21),(22). To the NLO it amounts to adding the factor

Equation(21) then yields for the UV part of the four-fermion
operator

a2

Os—s:f

4\ _
1- ﬁ) bt?bql't?q

C

1\ —
( 1- m) bbgl'q+ N,

c

Aw oo
X InT +finite piece , (27

034012-6



FOUR-FERMION HEAVY QUARK OPERATORS AR . .. PHYSICAL REVIEW D 59 034012

[as(d)/as(ﬂ)]—3NC/ZBo (Or [as(d)/as(ﬂ)](_3NC+4/3nf)/2ﬁo For Ab'baryons we denote
for the flavor-singlet vector currenin front of the color-

octet o'perator, withu the normalizatio_n point of t.he opera- i bl Ov|Ap)y =X\, %<Ab|TV|Ab>: _ g)\r;
tors. Since the gap between the typical hadronic mass Ay Ap

andm, is not too large in the logarithmic scale, this obser- (36)
vation has, probably, rather theoretical than practical signifi-

cance. in the valence approximation’=\. The values of\ for u

It turns out that in the relativistic system the Coulombandd quarks are equal, likewise for'. These valence ex-
interaction is still strong enough to make the wave functionpectation values will be normally used without flavor index.
density not approaching a literal constant at zero separation A remark is appropriate to conclude the discussion of the
but having the small logarithmic dependence on distanc@erturbative renormalization. Strictly speaking, the flavor-
which appears only at the level of loop corrections, at ordesinglet operators can be renormalized in somewhat different
~a2 ways depending on the prescription to treat the tadpole-type

Based on the application to the lifetimes of heavy hadronglosed loops. The free quark Ioop by dimensional counting
(first of all, in B mesons and routine application of factor- Scales with the UV cutoff. like 1%, and describes a possible
ization, a standard choice for the basis for four-fermion op-fower mixing with theD =3 “unit” heavy-quark operator
erators ascending to the original papers on the subject wdsb already at order?. Although for practically relevant
(11,12 operators such a “bare” mixing vanishes for the usual way

_ _ _ _ to regulate the light quark loop, one can raise the question
Osing= (BT'™Ma)(aT' @),  Oge= (bt V) (qt?T ?'b) where this freedom is reflected in relatio(®l),(22) for a
(30) generic I'. The resolution is rather straightforward: the
flavor-singlet currengl’q also requires regularization of the
closed fermion loop an@ priori admits mixing with the unit
Qperator(the tadpole graph This operator does not lead to
any phyS|caI transition aj# 0 but to the forward amplitude

with q 0. A formally defined currenql“q may thus lead to

(t2=\?%2\? are the usual Gell-Mann color matrigethat is
the s-channel color-singlet and color-octet operators. It ap-
pears, however, that a better choice is to classify the oper
tors according to the color structure in thehannel:

O=(biT'Vgh) (auI @b) - 5 &; an additional term proportional t6%(q) in the transition
(o)l eaea amplitudeA(ﬁ), which would reproduce the tadpole term in
T=(bI'Vg))(q®b') - tit; . (31  the expectation value.

Similarly, strictly speaking one could have chosen an ar-
bitrary convention for the phases of the stdﬂag(ﬁ)) with
different momentay. This would redefine the phase of the

1 1 1 transition amplitude4(q). In our relations such a freedom
Osing= 2T+~ O Ooct= ( __z)O_N_T (32 was eliminated by adopting Eqél1),(12),(14) which en-
Ne ¢ sures, for example, the proper analytic properties of the tran-
sition amplitudes.
io In the purely perturbative calculations one can, in prin-
N, ot ciple, consider not only the actual physical amplitudes, but
(33  also similar transition amplitude induced by the light quark
currents carrying color. Applying to them relations similar to
Thet-channel octet operatofisalso diagonalize the one-loop Eg. (21) and (22) one would need to consider the color-
anomalous dimension matrix; its value depends on the typaonsinglet quarkn or out states. This case requires certain

In the largeN_ limit these two bases coincidep to permu-
tation):

1
N2

C

1
1=

2 Osingl -

1
O=204t+ N Osinglr T=
c

of the current, flavor-singlet or octg8]. care since such amplitudes may have additiofggluge-
We parametrize these generic expectation values encoudependentinfrared singularities.
tered in actual weak decays as It is worth reiterating that in our analysis it is assumed

that all heavy quark operators are renormalized at a scale
well belowmy, which implies a nontrivial—even if finite—
renormalization when passing from the full QCD fields. In
particular, the vectobb and axialbab currents both do not
renormalize in this domain; however, they run differently

when evolved down from the scale m,. While Hyob
(39 —bb is not renormalized, the short-distance renormalization
The parameters, 7 have dimensiom?® and are constants in ©f Pv«ysb—Dbao b slightly suppresses it:
the heavy quark limit. They can be valence or nonvalence;

the flavor of the light quark in the operator will be indicated -
as a superscript. 37

1 1
NB<B|OV|B>:‘”V’ NB<B|TV|B>:TV (34)

1 1
M<B|OA|B>:“’A’ M<B|TA|B>:TA-

9
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(thg ;econd-order correction has been _also calcu[ér&:l). . dF (g?) 1 T'(Beye—BY)
This is not, however, the only short-distance contribution >l ™ 22 (2.J+1)e—3 (39
differentiating the renormalization which, in general, de- dg® 977 8aQ%exc K|

pends on the exact form of the operators. We will not further T .
dwell on these corrections in our numerical analysis. where the sum runs over excitationsiiwith spinJ andQ

is the light quark charge in units ef(a similar relation holds

for baryons as we)] and the nonresonant contributions are

B. Estimates of the color-straight expectation neglected. This slope is not yet known experimentally well
values in B mesons enough.

Relations(21),(22) open up a possibility for an alternative _ Relations following from Eq(38) can be used in the lat-
evaluation of the expectation values of the color-straight oplice Simulations to evaluate the expectation values, by mea-

erators. This requires knowledge of the light-quark-currenfUring the transition formfactors in a few kinematic points
formfactors of heavy hadrons. The direct experimental infor-2nd interpolating between them. This type of lattice measure-
mation about them is scarce. Therefore, we have to assumd2ents can be simpler than for the heavy-quark current tran-
reasonable model. Our general strategy for all expectatiofiltions, since the heavy quarks remain at rest and the mo-
values of interest is the same: decompose the transition afi?€nta involved in the process do not scale with. This
plitude into the invariant formfactors, and adopt a model formakes the static approximation rather straightforward.
the formfactors satisfying known constraints. _ If we represent the form factor as a sum over singularities

For the family of A, baryons, the number of possible In thet-channel
amplitudes is limited due to the fact that the light degrees of

freedom are spinless—one can construct only scalar, vector F(q2)=2 C”Mﬁ (40)
and tensor currents while pseudoscalar and axial amplitudes n Mﬁ—qz’
vanish. There are no axial analogues of the expectation val-
ues in Eq.(36). For mesons all amplitudes are possible. Ourthe integral Eq(38) takes the form
main attention will be devoted to the vector and axial cur- .
rents, due to the chiral invariance of phenomenologically rel- d’q 1 3.
evant four-fermion operators. We do not consider the tensor f (2m)3 F(99)=— E; CaMp; (42)
current, and only briefly comment on the scalar one.
There is only one formfactor for the vector currdir we have an additional constraint
each flavor conteptfor both B and A, describing the only
nonvanishing timelike component: 2 chﬁ=0 (42)
n

(B(a)[3,,/B(0))=—v,Fg(d?)
following from the fact that the transition amplitudes de-
- _ 2101 o crease faster thandy.
(M@l A6(00) =0, Fa(@u(v:s )u(v,(z)Y.) It is natural to consider the simplest model of saturation
containing only two lowest-lying 1 states with appropriate
One important constraint on the formfactors is their value aisospin quantum numbers. For example, fof 12 We use
q2=0. The values of g , (0) are fixed by the correspond- %h(770) andp(1450) p With fixed nqrmahzaﬂon a =0 and i}
Ay e constrain{42) this model predicts the value of the inte
ing charge of the hadron: it is 1 for the current of a valencegral in terms of the two masses. It is worth noting that such
quark, and zero for a “sea” light flavotFor the amplitude  a model would obviously lead to equal expectation values of
in Egs.(37) the integration oveq yields the operators iB andA . Imposing an additional constraint
from the slope of the form factors would allow one to fix all
dgﬁ v . residues in a three-pole model as well, which can be hoped
Uﬂf 3F(q2):_/i2f dtVtF(—t). (39 o yield a more accurate estimate. _ _

(2) 47<Jo A word of reservation is in order at this point. Such a
saturation of the nucleon form factors by two lowest
cﬁhannel resonances is known to provide a good approxima-
>y he i formf he sl 2 tion for moderatey®> where the experimental form factors are
nonzerog®. For the isovector formfactor the slope & described by the double-pole expressions. There is no gen-

=0 (re!ated to the corre_spondlng charge ragiicen b_e_ esti-  eral theoretical justification for such a coincidence, and more
mated in terms of experimentally observable quantities by aasonances are expected to play a role for lacderin par-

analogue of the Cabibbo-Radicati sum rule for heavy had'EicuIar, at—qg?>1 Ge\? the form factor can decrease faster.

rons(14] Because of the phase space factor the role of the domain of
largeq? is enhanced. The contribution of higher states, while
affecting a little the formfactors nea’=0, still can signifi-
3We adopt the convention wheBemesons have the quark content cantly change the integréf1). We will return to this point
ba. later.

The valence form factors are expected to decrease f
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It is clear that since the asymptotics of the amplitudes has (1 GeV)=130 MeV. The mass of the barydd, has
an odd power of 16|, their representation by a finite num- not been yet measured; the above estimate used the predic-
ber of thet-channel resonances is not possible. The trudion Mz =5805.7-8.1 MeV [16]. The normalization point
spectrum of the-channel states must extend to arbitrary highdependence ofng in these relations reproduces the depen-
masses. It applies even if there were no typical for QCDgdence of the scalar current.
log-like dependence of the asymptotic$ﬁ:].?. It does not In what follows we will apply the described strategy to
affect our estimates since we evaluate the operators in thiie evaluation of a few expectation values of operators with
effective theory where the high-momentum component othe vector and axial light quark currents. First, however, we

the hadrons is peeled off. make a few qualitative observations.
Addressing the color-straight operators containing the In the case of thévalence vector current we have(0)
axial light-quark currenfwhich does not vanish iB me-  =1. It is usually believed thaF (q?)|<1 at spacelike. Let

song we note that its matrix elements are generally de-us further assume th&t(q?) is small enough above a certain
scribed by two form factors, just as in the well-known casescaleu, so that we can neglect it there:
of spin+ fermions. These are analogues of the axial-charge
and weak magnetism terms. Spontaneous breaking of the F(g?>)=0 at —q®>pu?. (45)
chiral symmetry modifies the value of the axial-charge form
factor from its symmetric limit of 1 ag®>=0. Nevertheless, Then we get an upper bound
for the isovector current, its conservatiop], s(x) =0 in the
chiral limit leads to a relation between the form factors, so 3
fchat only one, the axial-charge form factor is in.depeno_lent, as |_<Hb|H),Mbaqu| Hp)l <’U“_2:0_017 GeV (46)
in the case of the vector current. AZ=0 this relation 2Mg 6m
equates the axial-charge form factor to 8#B# couplingg
(the heavy-quark analogue of the Goldberger-Treiman relafor =1 GeV. This bound is of the type discussed3f the
tion). Given the value of, therefore, one can evaluate the numerical coefficient coincides with the one given there.
expectation value exactly as outlined for the vector currents. A possible justification for the assumption, Ed45), can
For the isosinglet axial current, one has to take into conbe given as follows. In the effective theory with the normal-
sideration the anomalous term, the topological charge derization pointu the momenta of fields exceeding are ab-
sity Q: sent, whether or not the full theory yields a logarithmic
. “tail” at large momenta. For example, it is not possible to
3, 352(x) = 2igmgysq(x) +nQ(X), exchange a gluon with momentum|> . in such a theory.
The exact shape of the formfactor would depend on the con-
as = B crete realization of the effective theory. The amplitude may
Q(x)= 7 _TrGapG*"(x) (43 not vanish exactly due to multiple gluon exchanges with
|g| <, however would then decrease exponentially.
with m, the light quark mass matrix. The matrix elements of A literal steplike formfactor saturating the bour4b) is
Q over theB meson states are not known, and the abovelearly unrealistic. Therefore, we can assume instead that
relation appears to be less constraining. In the [&tgdimit )
the difference between singlet and nonsinglet formfactors is |F(q2)|<e*q2’“2, (47)
expected to disappear; however, the practical validity of this
approximation for the anomalous term is questionable. Thesgnhich results in
problems are addressed in the next section.
Let us briefly mention the case of the scalar current. Al- 3
though the corresponding formfactor is not fixedjat= 0, its |L<H lby,bg- B \P
¢ ' M b0y, bay,alHp)|< 35— 0.022 GeV (48)
value for the valence quarks can be obtained fron&hé3) B 8
mass splittings:
with the same value fop as in Eq.(46). Moreover, the

1 = L Mg, — MB~ exponential ansatz @ /#* for the formfactor withu? ad-
m@ |uu(0)|B™)= m =0.7, justed to reproduce the “charge” radius, seems a reasonable
model for the possible behavior of the valence form factor of
1 — MEb_ MAb purely soft degrees of freedom. As expected, in this model
2M <Ab|uu(0)|Ab>2T:1-4- the momentum integrals of the formfactors are noticeably
b smaller than in the two-pole ansatz with the same slope at
(44  g?=0:
This estimate is obtained with the help of the Zweig rule in a 1 M2ZM2 | 32
similar way as done irf15] to extract the value of the —~ (H.bv bav alH>=F(0 172
pUob (Hp|by,bay,q/Hp)=F(0) |
nucleono-term from theSU(3) splittings in the baryon oc-  2Mg 872\ M2+ M3
tet. We neglected here the light quark massgs and took (49
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IV. NUMERICAL ESTIMATES

M= M§+ M2 In this section we estimate the expectation values of the
color-straight four-fermion operators relevant for the life-

. . imes of b-flavored hadrons. The light quark fields are left-
The above discussed bounds rely on the assumption th [;nded; the Penguin diagrams bring in the right-handed

2 . . . -
IF(g*)|<1. It always holds in the nonrelativistic QM and fields as well. Nevertheless, the chiral structure of the cur-

usually is taken for granted. However, we do not know a . . .

X . rents admits only the vector or axial vector light quark cur-
general rigorous proof in QCD. Nevertheless, there are somg : L ) .
. . : : rents. Since the coefficient functions can include the momen-
indirect arguments that it must hold, which we outline here.

For the isovector current one can employ the equal—timéum of the decaying hadron(its velocity), the timelike and

. . a Spacelike components enter, in general, with different
commutation  relation IZ can be both the vectoV, weights; the three-dimensional rotation invariance is still

=qy,37°q or the axial currenfA? =qy,,vs37°q) preserved. Finally, since the forward matrix elements are
considered, only the parity-conservirithree-dimensional
[Jg(i),ga(g)] = 5602_)7)2\/8()2) (50)  scalar expectation values survive. Therefore, we need to con-

sider the operators

to represent +|F(g?)|? at q?<0 as a difference of two == = —
sums of the distinct transition probabilities: Ov=(bb)(ayoa) = (by,b)(ay,q).

i 0a=—(bab)(ayysq)=(by,¥sb)(q7,¥59).
F@)P=1-{ 2 [Fa =2 [Fal?). (5D (53
As was mentioned, the expectation value of the oper@or

Here |F|2,|F-|? schematically denote the transition prob- IN A vanishes.
abilities in, sayB™ meson induced by the currenty,d and
dyou with the momentum transfe}, respectively(and simi-

larly for Ay). In the second sum only the states witad ~ We first consider the case & mesons. Assuming only
contribute. Since there are no vaIerEquarks inB~, in the isospin symmetry, we define the isovector and isoscalar four-

largeN. limit the last term with the wrong sign would van- quark matrix elements by
ish. Additionally, in this limit the isoscalar meson form fac- 1 L
tor is expected to coincide with the isovector one. Therefore, N(Bi|byﬂbqr""yﬂq| Bj)=V37j]
the largeN; arguments allow to establish such a QM bound B
for all form factors of interest. 1 - -
The situation seems different for the ax(plseudo_sca_lar W<Bi|b7ub > q7,4|Bj)=V13; . (54)
formfactors. They do not have a natural normalization at B q=ud
small momentum. Moreover, the amplitudes generally have, =~ =~ ) , i i
an enhancement due to the pion péllee effect absent in The indicesi,j label the respective state in the isospin dou-

nonrelativistic QM. However, the domaig2~m?Z yields a  Plet i=(E,—_U). Accordingly, we introduce the isospin-
very small contribution to the integrétee, e.g., Eq4)].  UiPlet and singlet vector form factors

The significant contribution can originate only from mo- 1 o

menta=1 va where one gxpec'ts. the effects of ch_iral sym- W<Bi(q)|q7a7;tq|Bj(0)>:vﬂf3(q2)7ie}

metry breaking to become insignificant. The equal-time com- B

mutation relation(50) can still be used to derive a sum rule 1

of the type(51) for the matrix elements of the axial isovector B.(a . B.(0))=—v  F.(Q2) &
current. Its explicit form is similar to Eq51) and reads 2ME;< I(Q)|q=§t},d A70[8;(0))= v, F2(a%) 8,

A. Vector current

(59

1G1(q?)|2=1—| X, |G |2~ |G|2 (52)  with the normalization conditiong;(0)=F5(0)=1. Using
n m the two-pole ansatz saturated pf770) andp(1450) for the
nonsinglet curren;, we get from Eqs(40)—(42)
with G,(q?) defined below in Eq(68) and|G ! |?,|G,,|? are

the analogues of thi,, amplitudes for transitions induced by Vae 1 Mim3 0,045 GeV 56
the axial vector current acting onBxmeson. Atgq?=0 this T 4An MM, ev. (56)

sum rule is just the familiar Adler-Weisberger sum rule and

the amplitudesG,, are related to pion couplings between thelt is natural to saturate thie=0 form factorF; by the states
ground and excited states. The explicit form of these sumw(782) andw(1420). It then leads to almost the same nu-
rules for heavy mesons and baryons can be foudld4nl7.  merical estimate fow, as forV3. The reason is obviously an
Thus, we expect the type of boun@k), (48) to hold for the  almost exact degeneracy of the vector states in the isovector
axial vector current expectation values as well. and isosinglet channels. Although it perfectly fits the large-
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N, picture, we cannot be sure what is the actual accuracy ofacuum contribution for the color-straight operators is

such a conclusion. Nevertheless, in view of such a suppreg9(N?), similar to other meson states. This is in contrast to

sion of the difference, we will take the two different combi- the case of thé-channel octet operators where the vacuum

nations of the expectation values which actually parametrizgtate isN.-enhanced. Therefore, the factorization estimate is

the valence and nonvalence contributions: not expected to give an accurate result. For the valence ex-
pectation value one has

V-V 1 -
5 :W<B |by,buy,ulB™)=—0.044 GeV
B 1 —_ 1.
(57) M<Bi|b7,ubu7,uu|87>factor=_4_NCfZB(M)MB (60)
Vi+V 1 _
12 3=2—(B_|by#bdyﬂd|B‘)zO(lo_“ Ge\A). .
Mg (the nonvalence value vanisheblerefg denotes the annihi-

dation constant oB for the by, ysu current normalized at a
low point u where factorization must be appli¢d,8], in
contrast to the physicdk defined for the current normalized
at u> my:

The last number, clearly, is at best an order of magnitud
estimate.

We can try to estimate the violation of ti8U(3) flavor
symmetry considering the expectation valuégf bsy,s in
B; mesons. For this we saturate the form factor with the
vector ss states¢(1020) and$(1680), which corresponds
to the “ideal” mixing in the w — ¢ system[18]. In this case
we would get

ag(p) |~ 2IBo

a(my) 61

?B(M):fB

1 L The physical value of fg lies, probably, around
N(lebyﬂbsnﬂ B,)=—0.085 GeV, (58) 160 MeV. However, to the leading order inndf we work -

B in, it is more consistent to use the asymptotic value which
differs from the physical one by i, and nonlogarithmic

i.e., almost twice larger than the first estim&s&). ; 4 )
A closer look reveals. however. that the above expectatiou‘?erturbat've corrections. These decrease the physical value
’ ’ of fg by about 20%[20], so that we use in the right-hand

values are saturated at rather high momenta. Half of the “va-_d RHS) of Eq. (61 921200 MeV. Theref
lence” value comes fronjq|>1.5 GeV, and from even side (RHS) of Eq. (61) f5™= ev. Therefore, we

higher momenta irB;. For this reason these estimates ex-2d0Ptfg=160 MeV foray(w)=1, yielding

ceed the bound&16),(48) discussed in the previous section,

for a reasonable scaje=1 GeV. Adopting the exponential 1 _

ansatz for the form factor we get m(B’lby#bumwB*)facmrz —0.011 GeV, (62

1 = = _
2|\/|B<B [by,buy,ulB")=-0.007 GeV which is significantly lower than Eq57).

The fact that the corrections to factorization can be sig-
1 . nificant, is expected. Unfortunately, there are good reasons to
W<Bs|bmb37#5| By=—-0.015 GeV. (59  question the accuracy of the alternative estin{&® either,
B and a too largeSU(3) breaking is another indication. We

A somewhat unexpected result of these simple estimatd§ink that it is justified to consider the estimafs?) for the
is the apparently large amount &U(3) breaking in Egs. valence expectation v_alue rather as an upper bound, while
(57),(58). While it is not clear to what extent this is an arti- the number obtained in the equnentlal an;atz a reasonable
fact of our use of the simple two-pole ansatz for the form/OWer bound. A conservative estimate then is
factors over a wide domain ajf?, it is worth noting that a
simple mechanism exists which could account for it. It is 1 .
well-known that the isovector charge radius of a hadron di- W(B_IbyﬂbumulB_F —(0.025:0.015 Ge\®
verges in the chiral limif19]. This indicates that the contri- B
bution of the low-momentum region in the integral over the
form factor(38) is more suppressed in nonstrange B mesons 1 _
compared to the Bcase. Since the two-pole model does not 5y, —(B"[by,bdy,d|B")~0O(5x 107* Ge\®). (63
capture the origin of this phenomendthe contribution of B
the two-bodyw 7 intermediate state in thechanne), it is
conceivable that the magnitude 8fU(3) violation in the  Similar estimates can be adopted for strange quarlgin
matrix elements does exceed a few percent. Next we turn to baryons. Under the light flav&iJ(3)

It is interesting to compare the above estimates with thegroup theA, and E, states transform as an antitripl&t
evaluation based on vacuum factorization. Both types of es= Eg,—Eg ,Ap). In the limit of SU(3) symmetry there are
timates have the sam@(N°) scaling inN,. However, the only two independent form factors, which can be defined as
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1 Lo B. Operators with axial current
—(T; A8 T.(0 — —
ZMAb< (@1ar",alT;(0) The expectation value of the operatory, ysbqy,ysq
vanishes in thé\ , baryon family, and we consider it only for

=0, F3(@)N;u(v,s")u(v,s) B mesons employing the relation E@2). In this case
1 - — (Soe)[B(@))=|B*(q,€)), §b=f d*xbyysb(x).
T, T.(0
20y ¢ (@l 2 a7.alTi0) -
:v#]-“l‘(qz)éijﬂ(v,s')u(v,s), (64) Since the light degrees of freedom carry spinthe axial

current is parametrized by two form factors; the third pos-
sible structure has wrong parity and vanishes. This is an
gxact analogue of the absence of the second-class currents in
B-decays of light baryons. Thus one has

The normalization at?=0 is 7 (0)=2, F5(0)=—1. Us-
ing a similar model for the formfactors as in the meson cas
we get the same expectation valuep to the sigh for the
valence matrix elements, and strongly suppressed nonva-

1 . _
lence contributions: W<BT(Q,6)| > 97,7s54(0)|B;(0))
B g=u,d,s
ZI\j (Aplby,buy,ulAy) ={€:G(a") ~ (¢*a)q,Gy(7)} 5,
Ay

1 L
— o= (B (a,e)lan?y,,v5a(0)|B;(0))
:WAb(Ablbmbdmde) B

={€:,G1(9%) — (¢*0)q,Go(q*) N} (68)
0.007 GeV (exponentigl _ o
= v ) (65  Absence of the structuree{q)v , is easy to show explicitly
0.045 GeV  (two-pole (note that in any case the timelike component of the axial

current does not enter the four-fermion opergtddsing Eq.

For the same reasons as before it is natural to consider th(gn and the fact thaéb commutes with all light-quark field
two-pole value as an upper bound. The expectation values Q;perators we get an equality

the nonstrange operators in thg states emerge the same as

in (65), whereag E,|by,bsy,s|E,) again literally appears (B*(ﬁ,2)|JM5(O)|B(0))* =(B(6)|JM5(0)|B*((3,§)>
twice larger than in th&U(3) limit. As discussed in th& . .
meson case, such a large symmetry violation can be sus- =(B*(0,€")[J,5(0)|B(q)).

pected to be, at least partially, an artifact of the two-pole . .
model. Inserting here the form factor decompositidiés) for these

It is worth noting that in the case of heavy baryons thematrix elem_ents _and taking into account the fact Bagre
light quark form factors have anomalous Landau thresholg&@! from Tt'hnva”a”ie’ one f'”d?hth?;‘v thgdstruc:L:;TquvM it
: . — .. . . appears with opposite signs on the two sides of the equality.
asso_m_ated Wlth thal NB triangle dlagrqms. It is well known Hence its coefficient must vanish.
that it is such singularities that determine the low-momentum

behavior of the form factors and, in particular, the large We thus get
charge radius of weakly-bound states like deutd&tj. For 1 o o .
the A, form factor the anomalous singularity starts at N<Bflbm75b(um75u—dy,msd)lBW
B
(M2 —MZ—M3)? 1 (=
to=aM?| 1- — N TP )35 Ge. -~ | wiGe-v+ea-n) @9

2np2
4AMgM{
(66 and a similar expression for the singlet matrix elements.

. . . . In the chiral limit, which will be assumed in what follows,
In this system, however, the corresponding mass lies highgf,« isovector form factoB,; atq?=0 is related to th&B* 7
than the states we use to saturate the form factors. Moreove(goup”ng:

there is no reason to expect the residues to be signifitant

example, they are W, suppressed Therefore, we believe G,(0)=g. (70)
that these singularities do not play a role in the expectation

values we study. In any case, a refined estimate will be posFhe nonrelativistic quark model predicgs= —0.75. How-
sible with a better knowledge of the form factors, say usingever, QCD sum rules estimates yield lower val{22—25.
the determination of the slope based on an application of th&he most recent analyses predict — 0.3 [23,24] which is
Cabibbo-Radicati sum rule to the radiative decays of excitedonsistent with the existing experimental bourgfs=0.09
baryons. —0.5 [26]. Moreover, the equation of motiod,J, s=0
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leads t0q°G,(q?) = G,(g?) at all g2, therefore for the non-
singlet expectation value E¢69) takes the form

1 _ _ _
M@‘Ibm%b(uvwsu—dvﬂsd)lB_>

1 ©
_2_772J0 dt\tG,(—t). (71)

The only nonvanishing contribution 8, from the pseu-

doscalar states in the isovector channel comes from the

massless pion. Tha”¢=1"" states contribute to bot&,
andGy:

9nM
Gy(t)=
(=2 yEur
g On
Go(t)=— +
oft) 7 ;Mﬁ—t

(72

with the conditionX,,g,=g replacing the zero momentum-

PHYSICAL REVIEW D 59 034012

As explained above, we have adopted in this estimate the
valueg= —0.3[23,24. For the exponential form factor one
obtains a smaller value

1 _ _ _
M<Bi|b3’ﬂ’5b(u3’m’5u_d?’ﬂ’sdﬂBi)
3/2

Mim3
M2+M3

_ 9
47T3/2

=0.015 GeV. (76)

In a completely analogous way one can estimate the ma-
trix element of thel =0 octet axial current with the flavor
content of ». With the mass of the statiy (1285) close to
mass ofa; and assuming a similar degeneracy for the second
excitation we do not get appreciab®&U(3) violation and,
therefore, obtain for

TTRGE (by,¥sh) (U, ysu+dy, ysd—25y,755)|B7)

the same value as in Eq9.6) and (75).
In the case of the singlet axial vector current we need to

transfer normalization of the vector formfactor. A faster tha”account for the presence of the anomalous term in its diver-

1/q? fall-off of the transition amplitude requires additionally
2, gM7=0, (73

which is analogous to the second constraint in &g§) for
the vector current.

gence,

(0)( ) — _ O =
3,3,5(X)=n:Q(x), Q(X) 4WGG(X)-

For simplicity, we will assume the exa8tU(3) chiral limit.
The value of the isosinglet axial form factor at smafl is

In the numerical estimates for the isotriplet current wegiven by the matrix element of the anomalous divergence

will consider both a two-pole ansatz f&;(g%) and the ex-
ponential ansatz

Gi(g?)=ge ¥/,

2np2
172

M2+M3

e fiz//tz

Go(gY)=g——— with u®= (74

Such a choice ofx ensures that the two arza have the
same behavior at smaif.
In the 1,J°¢=1,1"" channel only the lowest-lying state

Q(x):

We used here the fact that there are no massless particles in
the singlet channel and consequer@{f’(0) is finite. The
contribution of the pseudoscalar states to the form factor
G does not vanish and is determined by their coupling to
Q(x),(n|Q(0)|0). Similarly, theG{® andG{* form factors

at arbitraryq? are not directly related to each other, but the

a,(1260) has been observed. For the numerical estimates V\fﬁfferencei(G(lo)—qugo)) equals to the matrix element of

will need also the mass of its first radial excitatiaf. This
has been extracted [27] from an analysis of the Weinberg
sum rules. The value obtained[ia7] for the mass of they;
resonance is 1869 MeV, which is what we will use in our
estimates.

First, with the two-pole ansatz we obtain

1 _ _ _
WB(B*Ibmysb(u“yﬂsu—d7ﬂsd)|B*>

g MiM;

=— E m20084 Ge\?

(79

n:Q(x). Very little is known directly about these flavor-

singlet expectation values &* B coupling.

Nevertheless, for estimates one usually employs an ap-
proximation in which the matrix elements §f(x) are satu-
rated by then' pole. Moreover, the couplings of the whole
nonet of the pseudoscalar mesonK,n,n’ are assumed
SU(3)-symmetric. This assumption is incorporated in the
simple o-models proved to be successful in describing the
properties of light hadrons. This moded8,29 naively has
an U(3)XU(3) chiral symmetry; theU(1) problem is
solved by adding the anomalous term wi@lix) and assum-
ing the nonvanishingn the quenched approximation, that is,
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in QCD without light flavor$ value of the zero-momentum 1 o _ -
correlator of the topological charge densit@6x) m(B |b3’u75bq:;d . av,.7sd|B™)
. 2 M2 2 4 p2
xﬁifﬁﬂmnﬁquwonmnf@ (78 oo MM 1 MIMY o

277 Mf+Mf’ 2M r+M 7(1293

. . 1 1 7 n
which leads, basically, to the nonzero anomalous masg of o
mesonmf],z)\“/ff,. Adopting such a model, we also have ~—(0.29+0.054G{”(0) GeV?

®(0)~
Gi (0)=Ca(0). o ~0.1 GeV? atGL(0)=—0.3. (80)

A possible justification for such a picture lies in the large-

. . . e a2

N, approximation. However, in this limin’,=1/N; and the  |n the numerical estimate we used the equaG{’(0)
anomalousJ(1) symmetry effectively restores, which seems = G,(0)=g which holds in the larg®, limit, as discussed
not be close to actual world where the anomalous masg of apove.
is numerically large and the octet-singlet mixing in pseudo- We present also a calculation of the matrix elem@a
scalars is small. It is probable that there exists a deeper demploying the exponential ansatz. This is constructed in the
namic reason explaining the practical validity of such ansame way as for the axial charge form factor. For the topo-
approximation. logical charge form factor we use an exponential normalized

The model with a singlep’ state in the pseudoscalar at q?=0 by the same valu&{?(0) and vary the slope pa-

channel which merely shifts the pole in the nonsinglet am'rameter,ué from Mé:mz =0.92 GeV [corresponding to
7' :

plitudes fromg?=0 to mf},, while describing reasonably ¢ pole dominance by’ alond to 0.59 Ge\? [correspond-
well the low-q? matrix elements of the topological charge ing to the two-pole model, see E9)]. This yields the
density, leads to their too mild suppression at lagde In following numerical estimate:

reality they are expected to decrease very fast above a typical

momentum scale of the nonperturbative vacuum configura- 1 o — B

tions. In order to mimic this behavior, we have to employ at NB(B |b7u7’5bq=§u:d s 97, ¥sd|B™)

least two pseudoscalar states saturating the correlatd@s of o

and we take the statg’ with a mass oM, =1295 MeV as ) M2 M2 17
=0~ " [ i G17(0) f ] 1

the second pole. One expects Hif=0""SU(3) singlet in - N Iy
this mass region, accompanying the observed octet of pseu- 4737 Mf21+ M, 270
doscalars containingr(1300),7(1295). In reality, the wide !
“gluonium” states can give a significant contribution. Prob- = —(0.053+(0.010 to 0.02D)G{V(0) Ge\?
ably, an exponential ansatz is a better approximation here.

In principle, the spectrum of the axial-vector singlet states =(0.02t0 0.023 GeV? (81)

has no direct relation to the anomaly and thél) problem. . )

Hence we take for the corresponding masses the experimeiith the same value f06;7°(0) as before. One could fry to
tal values, namely,;(1285) and its first radial excitatior{, ~ €stimate the effects BU(3) breaking by accounting for the
neglecting their mixing with the octet statefs(1285) lies known shifts in masses and mixing. We think, however,_ that
close to the isotriplet stag, (1260), indicating smallness of such models are too crude to capture correctly details of

the annihilation effects. Therefore we will take for the massS U(3) violation, and we do not attempt it here.
of the first radial excitatiorM ;=M =1870 MeV in the Combining the above results for the octet and singlet ex-
1 1

ical estimates bel Inthe t | del h pectation values, we get the following estimates for the va-
numerical estimates below. In the two-pole model We NavVe€|ance and nonvalence axial expectation values:

2
M? M5,
1N

(M7~ 0*)(M{,~q?)

1 _ _
—(B7|b bu u/lB7)=0.018 GeV (82
Gg-O)(qZ):GS-O)(O) 2MB< | YuYsPUY, Y5 | > ( )

0.09 Ge\
GgO)(qZ)_QZGE)O)(qZ) 1 B B
m(s—|byﬂ5bdyﬂ5d|3—>zo.ooz GeV (83

2 2
:Ggo)(o) > M ”’M 772’(1295 (79)
2 2\ "
(M3 =09 (M7 (1205 = 0%) 0.007 GeV
The last equation replaces the second of E@2). where the uppeflower) value corresponds to the exponential

As a result, the difference in the estimates compared tétwo-pole form factor model.
the isotriplet current lies basically in the anomalous term, We note that the effect of the axial anomaly can be nu-
and is not too significant. Numerically, we get for the two- merically important, although it is formally of orderNy{. In
pole ansatz the approximations considered here, it makes a contribution
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of about 15% of the total singlet expectation val@@® and ~ ag(u')|\ B2k 11 2
(81), respectively, and it can dominate the nonvalence matrix(@sOp) /= () (@0p)y,  Bo=75 Ne= 3N
elements. s\p 88)

Finally, we quote also the factorization approximation es-

timate for the valence expectation value of the axial vector )
current. We obtain to a large extent offsets the apparent scale dependence in the

evaluation of(Op) via p3 due to theu-dependence ofrg
(or, similarly, the scale dependence of the factorization esti-

2M B<B |b7“75bu7“75u|8 Jtactor mate ofp% in B mesong According to the standard practice
3 we use for our estimates the scale correspondingg{a:)
———F2(41)M=0.034 GeV. gy L
4N, a(wMe &9 A recent discussion of the status of the sum rule evalua-

_ o tion of p3 in B mesons can be found in the revi¢88], Sec.
Just as for the color-straight operators containing the vecto/ The corresponding value is in a reasonable agreement
current, we do not expect the factorization approximation tayjth the factorization estimatdsee Appendix C, EqC7)].
be accurate. However, it is interesting that the factorization  gjnce the straightforward factorization cannot be used for
value for the axial operators is less suppressed compared Baryons, we will apply the fourth sum rule to evaluate the

the case of the vector current, and appears to be closer to t%%erato@ i A The fourth sum rule for it takes the form
estimates given above. D b

. Estimates from the fourth | 1 p
C stimates from the fourth sum rule <Ab|277asoD|Ab>:_3§ E§|O_(n)|2. (89)

One of the color-octet operators, the flavor-singlet vector 2MAb
four-fermion operator can be estimated in an alternative way.

This operatoiOp The states appearing in the RHS are orbital excitations of the
A, baryon with quantum numbers of the light degrees of

Op= (by,t%b)(qy,t%q) (85) freedoms'=1". Their excitation energies at&, and ("
q=u.ds are the corresponding oscillator strengths describing semi-

_ L ) : ._leptonic decays of\, to the analogous excitations of the,
is the QCD generalization of the Darwin term in atomic baryon; they are defined as [|86].

physics[31,5,32: The first excited states appearing in this sum rule have
1 1 been identified as the doublet of negative-parity baryons
~ + —+ .
W<Hb|27TasOD|Hb>: - W(Hb|OD|Hb> .1\01(259.3) a.ndACl.(2625). Unfortunately no -e.xperlmer]tal
Hp Hp information is available to date on the transition amplitude

86) o) governing the decays df}, into both of them, although
it will be ultimately measured.

On the other hand, it determines the third moment of the The important piece of information would be the slope
small velocity (SV) structure function, the so-called fourth PAy of the elastic IW function in, . This quantity is more

N .. . . 1 . .
sum rule, and is related to quantities measurable in the semiccessible than™ and will be measured in the near future

:_(Pg)Hb-

the resonant approximation takes the fdi32] rule (Voloshin’s “optical” sum rulg [37] for KAszAb
1 —my=M,_—m;. As discussed in33] (for earlier applica-
§p%=Ei’/2| 712+ 2B 7392+ - - -, (87)  tion see alsd32,3§), we can estimate? using just the

excitation energy of the first states. We simply tadig «
Cc

where 7; are so-called “oscillator strengths” which deter- =2.615 GeV and the first excitation energy,
mine the small velocity transition amplitudes into the excited=330 MeV. Assuming Ag=600 MeV and, therefore,
p-wave states with spin of light degrees of freedpnThe Ap, =900 MeV, we then have
excitation energies of these states with respect to the ground
states-wave mesons are denoted wig (for a recent dis- 3
cussion see revie\33]). 3y a2

It should be noted that the literal application of the fourth (PD)a,~5A1A4,~0.15 GeV. (%0
sum rule requires a specific regularization scheme for the
operators. In view of the tentative nature of our estimateswe ] ) -
neglect these subtleties here. Some of them were discusskdY Similar estimate f7), =3A;1A, =0.45 GeV agrees
in [5] and more recently ifi34] and[35]. We only mention  well with the mass relations39,12 for charm and beauty in
that the large negative logarithmic anomalous dimension othe meson and baryon sectdid/e note in passing that, most
the Darwin operatof1] probably, the large mass of the heavy baryon implying larger
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TABLE I. Estimated valence expectation valuesBimnd Ay, in Ge\P; factorized contributions assume

T5=160 MeV.
Wy A Tv TA Ay Ay (P%)B (P3D)Ab
Secs. IVA-IVB —0.020 0.045 0.020
Factorization -0.011 0.034 —0.015 0.045 0.10
4th sum rule —0.028 0.018 0.18 0.15
A compared toB meson is due to larger slopé ; the fa(w)Mpg 1
. . . b w=————|1——|=-0.015 GeV (93
higher-dimension operators, therefore, can be even smaller 8 N2
than in mesons.
The sum of the expectation values for all three light fla- 72
N ; 3fg(u)Mg 1
vors 2\ +\ is related to the expectation value of the Dar- A= ——g—| 1— — | =0.045 GeV.
win operator[31]: 8 Ng
(94

’ ’ 3 3
2\ +)\S=Fas(pD)Ab.

Hence, we estimate th8U(3)-singlet color-octet expecta-
tion value inA, as

3
?\ﬂ+d+s%E(P%)Ab~0-036 GeV (91

with uncertainty about 30-40%. The estimatengfcan be

obtained if we neglect the small contribution of the nonva-

lence strange quarks:

3
N =N)= %(p%)Ab20.018 GeV. (92

It is interesting to note that the leading\L/corrections to
the factorization approximation can be estimated in a phe-
nomenological approach. For this the expectation value of
the color singleOgjng in (33) is written as

(Hp|(bTq)(aT'b)|Hp)=(Hy|bI'q|0)(0|qTb|Hy)

+2 (Hp|bTq|n)(n|qTb|Hy).

(99

The leading corrections to the vacuum factorization approxi-
mation are of order 1 and come from one-particle intermedi-
ate states liker(7,7’),p(w),a; for B mesons, or light bary-

ons for Ay . The corresponding transition amplitudes have

We note that we get a reasonable agreement with the quatleen evaluated in the QCD sum ruldgl] and lattice simu-
model relation\’ ~\ between the straight and octet expec-lations with an accuracy sufficient for determining the scale
tation values inA}, for our central estimates, E¢65). It is  of the effects. Alternatively, they can be approximately ob-
interesting that the corresponding value of the diquark dentained from the corresponding decays of charmed particles.
sity at origin appears close to our central estimate for mesons LargeN. argumentper sedo not ensure that the vacuum
— wy (but larger than the alternative analogud ¥f(0)|? in  factorization approximation works in the case of the color-

mesonsf2Mg/12). It also exceeds the estimates obtained irstraight operators, for the nonfactorizable contribution ap-

the QCD sum rule$40] or quoted from bag modelgti];
these analyses determined the combinafan—:\ which
generally emerged in the ball park of 0.004 GeV

V. NONFACTORIZABLE PIECES IN THE MATRIX
ELEMENTS OF THE FOUR-QUARK OPERATORS

As was mentioned earlier, there are four operaftos a
given light quark flavor determining the corrections to the
mesons widths. These are color-strai@hand color-octef.
Each of these can contain either timelikectorO,,,Ty) or
spacelike (axial O,,T,) components of light and heavy
quark currents.

pears at the same order My, as the factorizable one. Their
Wilson coefficients are not suppressed compared to those of
the color-octet operator$ (see Table ), and they can be
important even if their expectation values are formally sub-
leading in 1N.. Moreover, the factorizable part of the ex-
pectation values has only a specific Lorentz structure which
is subject to the strong chirality suppressiemZ/mZ in the
effects of weak annihilatiofWA) in mesons. Nonfactoriz-
able contributions there can be dominght,12,.
Nonfactorizable effects also appear as expectation values
of the nonconstituent quark operators. Although they do not
split the widths ofB* and B?, they can differentiate the
meson vs baryon lifetimes. Numerically they seem to be

The color-octet expectation valuesin general can be strongly suppressed, with a possible exception of the Darwin
estimated using vacuum factorization, since the operators operator which will be discussed below.
coincide with the operators colorless in teehannel up to The nonfactorizable effects iB mesons were first dis-
1/N, terms[see Eq(33)]. For such operators vacuum factor- cussed in the framework of them/expansion if11] where
ization is expected to work up toN{ corrections. This gives the parametrization
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1 _ _ definiteness the charg&imeson; the corresponding param-
sz (BIbY.(1=75)aqy,(1- ys)b|B) eters are then defined by Eq96),(97) with g=u. Although
B wy and w, are not precisely evaluated, we still observe a
"f‘2B|V|B clear tendency to cancellationsgg and, therefore, suppres-
=T(vsvﬂvy— 9s9,.0) (96) sion of the effects of WA. Say, for the exponential ansatz we
get
1 — — v v
o (BIbY,. (1= y9)t*agy, (1= y5)t°b|B) vg~-0.07, gy’~0.004. (104
B
72 2M For the two-pole ansatz representing the upper limit in our

——(UOU v, = 0909,,) (97) estimates, we get

W~0.4, g¢g)~0.05. 10
was suggested motivated by the analysis of the WA effects: Yo + Yo (109

neglecting thec quark mass WA is governed lgy, andgs.
(In the factorization approximationg=1 andv,=g,=0s
=0.) These parameters are relatedator in the following
way:

The nonfactorizable octet parameters seem to emerge sup-

pressed. In particular, the expectation value of the operator

responsible for WA is very small. The color-singlet expecta-

tion valuegg was not estimated in the literature. It is natural

to think [12] that the scale of); does not exceed that gf, .

(98)  The above estimates then illustrate the degree of suppression
of the effects of WA when the quark mass is neglected.

It is appropriate to note at this point that there is convinc-
ing experimental evidence that WA is indeed strongly sup-
pressed in heavy mesons. The width difference betvizen

(99  andD?is very sensitive to WA. Even though the literatri/
expansion in charmed particles is hardly applicable at the

7§MBUS=——w s wpa— 41yt 5

3N 37

~ 1 1 2
fBMBgs:_N Wy~ 3N, g WA 27Ty~ 37

o B 1 1 1 guantitative level, the significance of such effects would
feMpuo=—| 1— N2 wyt 3| 1= N2 ©A have led to a largep —7po difference. Barring accidental
¢ ¢ cancellations one gets a typical estimpié]
2 2
J’_ —_— —_— -
Ne V™ 3N, A (100 90,94/ =1072.
- 1 1 1 1 We note, therefore, that our estimates, whatever tentative
fZBMBgO= 3 1-—|oy— 3 1-—jwa they are, indicate a strong enough suppression. It is interest-
Ne Ne ing that the QCD sum rule estimates of the parameters
1 1 made in 1992 by V. Bradhyielded close values, a few units
+ N—TV+ 3N, A" (102) X 10" 2. Later evaluations gawe,~0.05,9,~=0.05[30], and
C C

vo=0.1,0,=0.03 [42]; they were simplified in many as-
pects, though. While the expectation valuevgf generally
emerges of the order of 0.05, our estimatesdgrseem to
predict typically somewhat smaller valuesl0 2, in a bet-
ter agreement with the experimental indications.

The nonvalence expectation values are probably even fur-
ther suppressed Our estimates ylelde@””)~(0 5to
2)x 102 and g{"™)~—(0.25to 1)x 10"2, with the domi-
nant part coming from the axial current via the anomalous

The inverse relations expressing and 7 via v and g are
given in Appendix C.

The color counting rules suggest thay ,~N, while
Wy A~ N . The factorization estimates fof; 4 in the large-
N, limit are expected to hold with the M/ accuracy. There-
fore knowledge of the color-straight operators allows to es-
timate the leading, N, terms inv, andg,:

terms.
o= _M_ (valence (102 For baryonic expectation values there is no vacuum fac-
3fgMg  2Nc torization approximation. This does not mean, of course, that
they are suppressed. The color-straight expectation values
3wyt wp were estimated in the preceding sections to vary from 0.007
Jo="— TMB' (103 to 0.045 GeV; the interval above 0.03 GéVseems im-
B

probable, though. The estimate of the color-oatgt based

[The term— 1/(2N,) is absent for non-valence expectation on the evaluation of the Darwin operator yielded about
values] 0.018 GeV.

Since the nonvalence expectation values appear to be sup-
pressed, we only consider the valence matrix elements ge-
nerically denoted by the superscript)( Let us consider for ~ “Private communication to N. Uraltsev.
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A different parametrization of the valence expectation
values was used i3]

1 _ _
M<B_|(bm(1— ys)U)(Uy,(1—ys)b)|B)

f2(uw)M
:#Blw) (106)
1 _ _
f2(uw)M
SLLILLEY (107

1 _ _
o= (BT 10y, (1= y5)tu)(Uy,(1- 5)t?b)[B7)
B

T3(uMg
== —ex(p) (108
1 —1(h( a N\ (11/( a -
s (BT ({1 y5)tPu)(U(L+ y)t°b)[B7)
B
T3(1Mg
=—— &an) (109
These parameters are related as follows:
~ ~ 2
fgMgB1=fgMg(vs—4gs) =4(1y+ 7a) + N_(wv+ wa)
C
(110

TaMgB,=TaMg(vs—gs)=—2(7y— 7a) —

N_(wv_ wp)

o aw

?éM 581:~fZBM 8(vo—40,)

(oy+wa)

1
_N_C(Tv+TA)+ 1_ﬁ

C

(112

TaMpe,=T3Mg(vo—0o)

1 1 1
:N_C(Tv_ TA)_E 1- N_g (woy—wp).

(113
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For convenience, we give in Table | the central estimates
of the four-fermion expectation values discussed abow in
mesons py a,7v a) and inAy(N,\’ for a fixed flavor,u or
d). Since the nonvalence expectation values are strongly
suppressed, we do not quote them here.

Concluding this section, we note that there are two exact
positivity constraints on the expectation values of the
channel colorless operatonss—gs>1 (vs—gs>0 for non-
valence andg,>0.

The first inequality follows from inserting a complete set

of intermediate state) in the matrix elementB|(by°(1
—75)a)(ay°(1~ ¥5)b)[B). We obtain

0014 S [ dumlinlay’(1-yeblB)P1,
B n

(115

where ge(n) stands for the phase space. ThiEl¢éontribu-
tions in the RHS come when the intermediate stateme
m,p,a1, etc. For nonvalence quarks the vacuum factoriza-
tion contribution 1 in the RHS explicitly showingn)=|0)
vanishes. In terms of the parametem, ,¢;, the constraint
(115 readsB,> 1. Estimates of42] give values foB; com-
patible with 1.

The second inequality is obtained by taking spacejike
=yp=i in Eq. (96). Summing ovei yields

+
F2
fB

S [ de [nlav(a-yoplB)>0.
(116)

9= 372 M2

(For theB parameters this iB,>B;.)
A similar inequality can be obtained for the baryonic ma-
trix elements:

1
NN E | aumlnfaa+ voplag o
(117
where we used the identity
(Ap|(b(1—¥5)a)(G(1+ ¥s5)b)|Ap)
1
=~ on (AblOvIAL) = (A Ty[Ap). (118
Cc

In the constituent quark model the bounds ®rmesons
become equalities; the relation E({.17) merely expresses
the fact that the diquark wave function at origin is positive. It
does not seem to be very restrictive for our estimates. There
is an additional constraint on the expectation values of the

The above estimates for the octet expectation values neglec(%p erators with chirality flip for light quarks, however we are

ing 1N2 terms read foe , as
g1~—0.0851t00.17, £,~—0.071t00.33, (119

while the QCD sum rule calculations giwe,=—0.15,¢,
=0 [30] ande;=—0.04+0.02,,=0.06+0.03[42].

These inequalities assume a physical regularization scheme for
composite operators in which, for example, there is a power mixing
of the four-fermion operators with the unit ori#y(0). For arecent
discussion, see e.{33,35.
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not interested in them. The above bounds can be refined andg the corrections to the inclusive W|deH of the beauty
even actual approximate estimates can be obtained evalufagronH, :

ing the contributions of a few lowest intermediate states in

the hadronic saturation Eq&l15—(117).

1
AT = (H |AT|HL). (119
VI. CORRECTIONS TO THE DECAY WIDTHS 2My

In this section we give the expressions for the corrections

to the widths in terms of the effective four-fermion operators|n what follows we neglect the effects generated in the KM

normalized at a low scale. These expressions were originallguppressed decays which have a faq¥ar,/Vepl?, and by

derived in[1]. We present them here for completeness anghenguin operators ity AB=1) at the scalen,.

book-keeping purposes, in a more convenient form. Without accounting for the perturbative QCD effects in
Let us introduce the notatiohl” for the operator describ- the domaink<m, one has

AF:G%mE’
2

2
Vol 2(1—y)?) | ci+c5+ — N C1C2)[OV+OA]+4C1C2[TV+TA]

|Vcb| 1- y

2 2 2
cit+c5+ —CiCy
N¢

2
F
4

d’ 1 d’
X[ (1+y)Oy +§(1—y)OA

+2(2¢,C,+ NcC2) (1+y)T§’,’ (1-y)TY

GF 2 2 ;1 , ;1 :
|Vcb| V1—4 [ 01+Cz+N clcz) O\S,+§(1—4y)OZ +2(2clcz+Ncc§) T\S,+§(1—4y)TZ ]
C
GZm 2¢c,C n A TS
el (c§+c§+ NlC2+2|\I| 0§+ = Al 42| 2¢,0,+ N2+ 2) TS+ 3A (120

We denoted herg= mﬁ/mﬁ andd’ =dcos.+ssiné., s'=scosh.—dsind,. Them.-dependence for the operators with external
c quark legs is completely neglecteéventually they will lead only to penguin-type operators which are estimated, basically,
in the leading-log approximationWe included the contribution from the semileptonic decays with 2 species of light
leptons(the 7 contribution is suppressed by phase spaSce numericallynﬁ/m§~ Mhad! Mp s keepingmﬁ/mﬁ corrections
apparently is not legitimate in practice at all. We retain these terms only for getting an idea of the scale of time, finite-
corrections in the coefficient functions.

The perturbative evolution belom, in the LLA is particularly simple in this basis: the color-straight operaf@mo not
renormalize. The color-octet operatdrsenormalize in a universal way withy= 3N, , except for the flavor singlet vectorlike
operator similar toOp which has anomalous dimensiogs=3N.—2n; where n; is the number of open flavorsyf

=—2N,). At the scale below the charm mass the operators withrctheark fields merely vanish. As a result, at the low
normalization pointu we have

N G 2 +y o, o1-y ., N1-4y , (1-4y)%?
2 2 2 2, & u u__ d _ d’ _ S S
A ebl? (1=y)? ci+c5+ Ncclcz) Oy+03——— 0y ———O4 2(1_)/)20\, iy’ o)
e A V1-—4y (1 4y)3? Op
+2(1-y)2 4c,Co(TU+TY) — (2¢,C,4+ NC2) | (1+y)TY + T T TS| |+ 2mcy —1 ,
{(1=y)?| 4c1Ca(Ty+Ta) = (2¢1C2+ NeCo) | (1+Y) Ty 3 Iat 1y 3(1 2 A oy
(122)
where
m.) | 3Nc/(280-4/3) 3N¢/28, 11
:<a's( c)) (M) . Bo=—=N.—2=9. (122
a's(mb) a’s(mc) 3

We wrote the contribution of the Darwin operator separately although it is related to th'é{}sﬂm‘\jﬁ Ty . In this formcp
emerges from the penguin-type diagrams while the other terms do not include the annihilation diagrams.
The coefficientcy of the Darwin operator Eq86) takes the following LLA form:
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TABLE Il. Values of Wilson coefficients for the total width.

asmy)  AYx A A AR AL BUa By By BiA B}
0.3 0.98 —0.53 —0.48 —0.15 —-0.11 =21 0.70 0.64 0.20 0.15
0.2 0.98 —0.53 —0.48 -0.15 —-0.11 —2.6 0.84 0.77 0.24 0.18
ag(mp) 27Cp BY BY B
0.3 —0.80 -1.3 15 1.4
0.2 —0.56 —-2.0 1.4 1.3
1 Lé—1D V1-4y
Cp=—=—{ (1— 4c,C,—(2¢,Co+NC3)| 1+y+
0= 2rad) g[( y) ( ne et || 400 (et NG| YT
77(§—1) 2 n
_ZWT 2c,Cr+NCi+ E , (123
|
where c;=1.13, c,=-0.29, (126)
:(as(mc))z(nf+l)/(3ﬁ°2) :( as(/’«) )(an/3,80). di t M-)=0.118. Thi .
a(my) ) —as(mc) ; corresponding taxg(M,)=0.118. This gives
ne=3. (124) , o, 2 ,
cit+co+ N—clc2:1.15, Z,c,+ Nc5=—0.40,
C

In principle, there is another source of the Darwin term in
the width which comes from the iy, expansion of the ex-

pectation value obb and from the nonlogarithmic terms in 4ciCp=—1.3, 2,C,+NCi=3.2. (127

the expansion of the transition operator. They were calcu-

lated for the case of the semileptonic width[#b] and[46].

We can estimate this correction to the LLA by neglecting theWith this input the resulting values for the coefficients\ii
deviation of the Wilson coefficients;,c, from their bare are given in Table II. To illustrate the uncertainty associated
values 1 and 0, respectively, and neglecting the mass of th&ith the LLA we quote two sets of values corresponding to
quarks (leptong produced by the virtuaW boson. In this ~ USing as(m,)=0.3 and toas(m,) =0.2 (the former option
approximation the possible effect from tHd(?s) loop can- can represent the choice of thlescheme strong coupling in

cels and we can use the calculations for the semileptomH}:a LLAf(faxpressmns which siems more appropriate jo us
widths. This yields to the leading order i, The coefficientsh andB are defined as

2Ng+n Al'= G'2:mg|v b|2(AVOV+AVOd +ASOS +AY0Y
SCp= 57°&T2' (77— 88y + 24y?— 8y®— 5y*+ 36y2Iny). ‘
(125 +Ad0Y +AS0% +BYUTY+BITY +BYTS +BUTY
The overall nonlog term ity appears to be of the opposite + Bf\Tﬂ/ + BZTj’ + 27TCD(2)—D (128

sign to the LLA result and is roughly a half of it in magni-
tude. We conclude that the LLA estimate is accurate within a

factor of 2 being, probably, on the upper side. We use thgj e, using the “redundant” basis including the Darwin op-

LLA expressions for numerical estimates below. ~ erator to show explicitly the loop contributionsWe also
At the next-to-leading order thAB=1 weak decay Wil- quote the values @Y, ~B§’, andB given by

son coefficients, (my),c,(mp) areé

in the simple LLA if one uses the more physicdischemeay
Note that these NLO values af , are immediately reproduced coupling[47].
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For numerical estimates we use the values of the running

BY=BY—27a.c , Bd=Bd—27a.c ,
VoY b vy P low-scale massesn,=4.6 GeVm,=1.25 GeV and nor-

~B\5/: BS—27aCp. (129 ma_lize_the vyidth correctioner to the semilepto_nic width
which is reliably evaluated in the OP#or a review, see
The Cabibbo mixing is neglected here. [33]). The final estimates for these corrections then read as

Alw, 1 Alw, . (O Al (09) AS (OV) Al (On) Al (03)
I's  BRy Iy, V0.02 GeV  '0.02 Ge\?  '0.02 GeV?  10.02 GeV¥  0.02 Ge\?

L O T T T T, ()
A0.02 Ge? V0.02 GeV  '0.02 Ge¥ '0.02 Ge 10.02 GeV¥  "0.02 GeV

(T3) P (0Y) (09) (0%)
s_ AL 108 (2mCp)—2—|=0.36 AU +Ad FAS
20.02 GeV (2mco 0.1 Ge\? V0.02 GeV?  V0.02 GeV?  '0.02 GeV

o OV e 00 o 00 e TV (V) e (T
20.02 GeV?  "0.02 Ge? 10.02 GeV¥ '0.02 Ge¥ '0.02 GeV?  '0.02 GeV
(00 e OF) . (O0)
20.02 GeV¥ "0.02 GeV¥ 10.02 GeV

) (130

where(Oy) = (1/2My, )(H,|Oy|Hy), etc. We recall that the = sion of the inclusive widths of beauty hadrons. The size of

expectation values iB are denoted by for color-straight —the color-straight operators used to be most uncertaiB in
Operator@ and byT for the octet oneq, Eq (35), for Ab mesons, since the factorization approximatinpriori is not
these are\ and—2\’, Eq. (36). expected to be accurate for them. On the other hand, just
It is interesting to note that, regarding the counting these operators have the most direct meaninzg being ana-
rules one can view the Wilson coefficients of the color-logues of the usual wave function densjty(0)|“. Using
straight operators to b2 while the coefficients of the octet the exact relation of their expectation values to the momen-
operators as N.. This is true if we recall that formally tum integral of the elastic transition amplitudes, we esti-
c,(my) = O(1) while c,(my) = O(1IN,). These are not man- Mated these expectation values employing reasonable as-
datory assumptions for the largé- analysis: smallness of a Sumptions about the behavior of the form factors. We
particular perturbative renormalization can always be comshowed that the actual largg- asymptotics of the light
pensated by large logarithms ®,,/m,; in any case the qua}lrk amplitudes in heavy hadrons is ¢f(** rather than
nonleptonic weak decay coefficients, are external to QCD 1/d” as has been believed based on simple-minded quark
itself and can be taken completely arbitrary. Neverthelesstounting rules. We also calculated the anomalous dimension
their numerical values fit well such a naive assignment. of the color-straight operators and their mixing with the octet
2
Our procedure of evaluating themj corrections to the Operators, the effects absent at ordgr The ordererg cor-
widths then gets justification in thN counting rules: we rections appear to be numerically enhanced. .
take at face value th&l? color-straight expectation values _ !N our estimates of the valence expectation values their
appearing with the coefficientsN®, and take only the lead- SIZ€ obtained from the two-pole ansatz can be considered as
c? . .
ing factorizable values~N; for the color-octet operators an upper bound. A more reasonz_able_ exponential approxima-
which come with the subleading coefficienty/. This for- tion which suppresses the contributions of momenta above
mally sums up all leading correctionsN® in the decay 1 GeV, yields smaller results. We accept it as a typical
c _strai ' -
widths. We can expect therefore that the matrix elements oltféwer bound for the color-straight expectation values. Al

. ; . ough the accuracy of the central estimates cannot be too
the color-straight operators include the dominant nonfactor- e
izable contrib%tiong to the nonleptonic decay widths onOOd’ they probably hold better than within a factor of two.

heavy hadrons Our estimate's, in principle, ir!clude a source for nonva-
' lence expectation values. It is related to a different

q2-behavior of form factors describing different isospin am-
plitudes atg><0. We have it mainly as the different masses
We have considered the expectation values of the fouref the isosinglet resonances saturating the form factors in the
fermion operators which are encountered in thadléxpan-  t-channel, compared to the corresponding flavor nonsinglet

VII. DISCUSSION
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particles(i.e., annihilation shift of massgsExcept for 7', simple models we relied upon. On the other hand, larger
experimentally these splittings are rather small, and our litvalues than quoted in Table | are improbable, at least if the
eral estimates thus yield a strong suppression. We are nobnperturbative dynamics we account for are dominated by
sure if this really applies to the color-straight expectationthe momenta not exceeding 1 GeV.
values; the actual suppression can be softer. The relevance of the latter assumption for the analysis of
We observe a weaker suppression of the nonvalencthe inclusive widths is easy to see, say, on the example of the
color-straight matrix elements for the operators with theeffect of interferencédominant inB mesong The decay rate
E}Xial CUrrent-. It is -relatEd to the nonperturb_ative “annihi-la- of the processbqiiz-}_(cd)q is proportiona| toqzz(pb
tion” effect, in particular, the axial anomaly in QCD and its )2 At k2=0 one hagj?=m?2— 2p,k, and this constitutes
ey LoUEm: e Conleclire e e o ggly about 12 GeW vs ng—21 GeV? aeady for
pseudoscalar state . :
7' while the splitting of the massive resonanc¢isparticu- =1 Gev. At the same time the usual relation of th_mﬂ./
lar, axia) or the effect of the possible difference in the sin- effec.ts via the expectation values of ';he correspondmg four-
glet and triplet couplingsG(0) and G{(0) is smaller. fermion operators assumes thg=mp . Therefore, if [K| _
Then we get a tentative relation becomes as large as taken above, the validity of the leading-
order expressions breaks down. In any case, accounting for
effects like interference in the usual way is legitimate only if

ﬁ(B*|Hyﬂy5bEyM75d+Eyﬂy5b§yﬂy5s|B*) their impact is much smaller than the partonic width of a
particular quark channel. It is worth noting, on the other
G9(0) M2 M2 hand, that the assumption that the nonperturbative contribu-
~_ _A 7' " 7'(1299 (131)  tions to the expectation values come from momenta not ex-
8% M, +M (1205 ceeding 1 GeV is built in the approach of the QCD sum
rules.
This estimate has the correct scaling witiN1/ Numeri- At first sight, WA in mesons and “weak scatteringivs)

cally, the axial nonvalence expectation values appear to bi@ baryons can get enhanced, in contrast to interference, if
suppressed by a factor about 0.1. We note that the numeric#lie quark momenta saturating the expectation values of the
suppressions of various nonvalence effects typically is stroneperators are large. Such a conclusion, even though eventu-
ger than the naive factor 1/3 which would be expected ifally may prove to be correct, cannot be justifeegriori, and
their justification was merely the lardé, approximation. even the sign of the corresponding corrections to the stan-
An interesting indication from our estimates is that thedard expressions is not known. All such effects manifestly
possible nonperturbative vitiation of the chirality suppressiorgo beyond the 1 expansion truncated aftemij terms. For
of WA in B mesons emerges at a rather low lefiglis  this reason, simply assuming large expectation valueB in
governed by the combinations(+ 3w,), (ry+374)]. For  particles does not allow one to boost significantly the life-
the color-straight operatofsvhere the effect priori can be time differences respecting the self-consistency of the sim-
significany, the literal suppression is by more than an orderplest 1m, expansion.
of magnitude, in accord with the evidences from charmed Bearing in mind all reservations made above, we still
mesons. In our approach the origin of the suppression rootguote the central values for the corrections to the inclusive
to the fact that—G,(0)=<1/3. The WA effect of the octet widths stemming from our analysis:
operators can be probed in the difference of the semileptonic

b—u distributions inB* andB° [11]. Te  ag11.-1
The chirality suppression of WA can be eliminated al- ry = €1l 12),
ready in the perturbative evolution of the effective operators.
This does not happen in the LLJ48]. Our NLO calculations 8T go
show that it does not happen at this level as well. It is inter- T =036 0.18,a~1.%), (132
esting to check this property for the two-loop diagonal renor- sl
malization of the color-octet operators. In any case, we ex- ST
b

pect it to be lifted in three loops; also, the nonlogarithmic
gluon corrections ak~m, defining the initial values of the
Wilson coefficients must generate the chirality nonsup-
pressed effect at some level. Here we showed separately the effects of different light fla-
Let us now turn to the phenomenological consequences ofors: of the operatorsbp)(uu) responsible for Pl irB and
our analysis. The estimated expectation values are typicallys in A,, and of pb)(dd) generating WA inB and Pl in
of the order of, or somewhat larger than the factorizationAb_ We singled out the contribution of the Darwin term.
values(when the latter are possiblat fz=160 MeV (the  Even though it may seem to be a computational separation, it
factorization value ofvy, is additionally suppressed, and our is legitimate, for it can be formally carried through the de-
estimates only partially reproduce thiThe actual expecta- pendence on the number of light flavors. Being a flavor sin-
tion values of the color-straight operators can be smaller ifglet, the Darwin operator does not differentiate the lifetimes
for example, the form factors change sign atg? of charged and neutraB [also of Bg to the extent that
=<1 Ge\2. Such subtleties are not properly captured by theSU(3); is a good symmety

T :03a22\/\/s_ 1P|_1D)'
sl

034012-22



FOUR-FERMION HEAVY QUARK OPERATORS AR . .. PHYSICAL REVIEW D 59 034012

The above estimates generally support the original theoaccording to the natural guess about the role of the spectator
retically predicted pattern of the lifetimes. The nonvalencemomentum we mentioned above. Since these effects origi-
effects seem to be strongly suppressed. The main effect isate from the quark decay motie~cud constituting about
destructive Pl irB™, about—4%, while WA is small, at a 60% of the total width, a 25% effect in the lifetime would
half percent level. Moreover, literally we get the effect of signal a more than 50% enhancement of this channel.
WA decreasing the width, the possibility originally discussedClearly, such an effect is not possible for the spectator quark
in [48,11,12 and which may seem to contradict the naive occupying only a small fraction of the total phase space in
interpretation of WA. The overall difference &f(B~) and the decay, and would require a nonconventional composition
F(BO) appears about-4%. The major effect is WS in of the heavy hadron. The standard calculation of theﬁl/
A,,,8.5%, but it is partially offset by interference,3.5%. terms neglecting the effect of finite spectator momenta is not
The difference betweel'(A,) andI'(B°) is literally 6%.  applicable for quantitative description of such large correc-
These estimates fall close to the expectations quoted in tHéons. For example, the expectation values of the Darwin
review [49]. We note that the often discarded Darwin term OPerator would be in general much larger, likewise the mass
(e.g., in[43]) typically decreases the width by about 4%, scaLe governing the size of hlgher—d|menS|pn op.erat.ors. for
although literally we get its effect iB and A, close to each 1/m, and higher-order corrections must be higher in this situ-

other. Including it, the overall decrease in thg lifetime ~ &tion.

from the four-fermion operators at the ordem§/comes out . Note addedWhen this paper was prepared for publica-
. . tion, a new improved QCD sum rule calculation of the four-
only at a percent level whilego increases by 5% antk- by

9%. The overall absolute shift is not too interesting by itselffermlon expectation values appeaf&]; the quoted resuits

: . I correspond tov,=-0.03, g,=0.003, and B;=0.60
I/Cicéltjr?h’ since it depends on the exact definition of the partor] 0.01, B,=0.61+0.01. It can be suspected, however, that

. . . he stated small errors did not adequately reflect the uncer-
It is worth noting that the corrections we addressed do nof_.” >~ " ; S
3 . . . ainties inherent in the determination from the sum rules
formally exhaust the i, terms in the asymptotic expansion per se
of FHb—they come implicitly as well from the expectation

values of the kinetic and chromomagnetic operators which
appear at the level of mﬁ corrections. These expectation
values in the actuab hadrons differ from their asymptotic D.P. would like to acknowledge stimulating discussions
values atm,—oo by terms~1/m, [5]. In particular, these with B. Blok on the subject of this paper. N.U. is grateful to
deviations contain the expectation valpig; of one new lo- V. Petrov, P. Pobylitsa and A. Vainshtein for important com-
cal heavy quark operator, the convection curréot spin- ments regarding the renormalization of heavy quark ampli-
orbital) one. (This operator cannot appear independently intudes, and to I. Bigi for collaborating on related issues. This
the expansion of the transition operator describing the incluwork was supported in part by the NSF under the grant num-
sive width since it is not Lorentz-invariahtThese correc- ber PHY 96-05080 and by RFFI grant 96-15-96764; the
tions do not affeclz- —I'go but, in principle, are present in work of D.P. was supported by the Ministry of Science and
I'g—T,,. Their practical neglection nevertheless is legiti- the Arts of Israel.

mate: such effects are included in the existing uncertainty of
the differences of the expectation valye$ and u3 of the APPENDIX A: COMBINATORIAL RELATIONS
D=5 operators betweeld andA . So far these expectation

values are espmated without considering corre'ct|0ns.to MEseful in calculating the renormalization of amplitudes con-
heavy quark limit; for example, the value ;ufé in Ay is taining static heavy quarks
3 .

nonzero but generally of the order dfgc/m,. All such For any set oN numbersxy, . . . Xy
effects are also expected to be numerically insignificant. Let
us recall that irB mesons the)fs expectation value is sup- N 1 1
pressed to the extent that their two-particle description is > Hﬁ‘zl—J— H}\':kHN— =0 (A1)
applicable[5]. k=0 S —x, S x

Our analysis does not indicate a crucial impact of the =1 =]
nonfactorizable contributions in the low-scale expectation
values on theB lifetimes conjectured if43] or later specu- (it is assumed thaf[:Zzl if n;>n,), and
lations thatI'(B™) can even exceell(B°) by a significant !

ACKNOWLEDGMENTS

Here we quote two general algebraic relations which are

amount. N 1 1
The small expenm_ental lifetime of\, thgs remains a > HJN=k+1 ] H}(=1 =0. (A2)

challenge for the straightforwardriy, expansion. An accu- k=0 D D

rate measurement of the semileptonic width &f [or |5 X = X

BRg(Ap)] would help to shed light on the origin of the prob-
lem. The gap between the experimental value gfand the  The proof will be given below.

theoretical expectations could have been reduced by a sig- The sums of the typ€Al) are reminiscent to those ap-
nificant enhancement of WS and suppression of PAjn pearing in calculating the renormalization of any color-
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Q Q Q case the quark propagators generally become IR singular
when integrated over the gluon momenta, and must be regu-
larized by a small imaginary partie in each heavy quark
denominator. Alternatively, this is done by a shift of the

Wi w2 Wy W4 Wy Wi w2 w3 Wi W external heavy quark energies by an infinitesimal imaginary
a b amount. This regularization translates into the shift ofxall
which, however, is of the opposite sign for the initial-state
and final-state gluons. For example, for the sum in &q.)

Q Q Q Q
g ; 2 ; % % § g g g xi—X+ie forlsk and x—x—ie forl>k
[and the opposite shift in the sum in E@2)]. This infini-

Wiow2 Wy W4 ws W2 W3 W4 W5 tesimal shift of denominators leads to the fact that the sum of
¢ d all diagrams does not vanish exactly but contains certain
S-functions of combination of energies corresponding to a

FIG. 4. The diagrams combined for the color-straight operatorgertain on-shell heavy quark inside the diagrams. Neverthe-

[(@,(b)] and for the mixing into the color-straight operators |ess this kills some of the integrations overand simplifies
[(c),(d)]. The solid box denotes a color-straight operator, the blob inyq remaining integrals.

the diagramgc) apd(d) stantjs for an arbitrary hgavy quark opera- | ot ys prove the identitieéA1) and (A2). This can be

tor. Only two of six N=5) diagrams to be combined are shown in done most simply by using the following trick. We can con-

both cases. sider the sum as a rational function of the variakjge(for
example, at X, ... Xy_q arbitrary but fixed. If we show

straight operator of the typ;b'olight- The sums similar to f[hat the residue of this function at any potenti_al pole van-
ishes, this would mean that the whole function vanishes

Eq. (A2) emerge in calculations of mixing of an arbitrary identicall
heavy quark operator into the color-straight operators! enticaly. . - . .
For the sum in Eq(A1) this is particularly simple. Pres-

bTb- Ojigni—bb- Ojign WhereT is any color matrix. ence of a pole means that at certasisome of the denomi-
For the color-straight weak vertdab the product of color  nators withj =, vanish, with eitheij <k (to the left of the
Imatrlces ?nhthe helfwy quark line does nhot dlepend on th@eak vertex or jo>k (to the right of if. Let jo<k, for
ocation of the weak vertex in respect to the gluon vertices o _y = ish.
Thekth term in the sum Eq(A1) corresponds to the diagram example, and therefor®, -, ~x =0. Then the same vanish
. > X ing denominator will be present for all diagrams correspond-
where the firsk gluons attach to the initidd quark while the ing to k>jo, and it will change only fok<j,. Moreover
0 =Jo- '

last N—k gluons attach to the final-state qugrk, Figsa) 4 all terms withk> j , will have the common factor
and 4b). We thus do not sum over permutations of gluons

(their time ordering is fixedbut combineN+ 1 possibilities -1 1

to place the weak vertex. The analoguesxpfare w,, the H,-°=1 T
energies of gluons flowing into the quark line. With this E —X
identification the structure of the product of the heavy quark =1

propagators is reproduced. S
In dressing a nonstraight operator the gluon and weak’vﬂ:gﬂ 'Vsatrt'igh%rgdum of the propagators to the left of the one

vertices do not commute and moving the weak vertex would" The remaining factors will be different. but fde=i
change the product of color matrices. However, calculating+1 N their %um exactly reproduces 'Ehe LHS oJfOE
mixing into the color-straight operators amounts to taking(Al’)'f'o'r’the set ofx. y x p(that is. the case oN a-
trace over color indices of the initial and final state quarks." ™ i Jjotlr -+ N o
Then one, instead, can perform a cyclic move of the leftmost™Jo 9luons owing to the on-shellness of ttjg-th propaga-
gluon in the initial state to the latest position in the final tor (the conditionZ{":l—xFO). The induction from the ob-
state, and vice versa, Figsictand 4d). In considering Eq. vious caseN=1 immediately proves EqA1) for arbitrary
(A2) we thus imply combining all graphs obtained by the N.
cyclic permutations of a particular diagram. Both consider- The proof of the identity Eq(A2) is a little more compli-
ations apply for any color representation of the quarks angated. To phrase it, it is convenient to close the heavy quark
gluons. line and map it onto the circle, Figs. 5. The weak vertex can
Taken naively, the relatiofAl) would suggest that the be referred to as North Pole whereas the infinity can be
renormalization of the color-straight operators vanishes to altalled (with some reservationsSouth Pole. Every arc on the
orders(already in the sum of the above groups of diagramscircle can be attributed the corresponding energy denomina-
before actual integration over all gluon momentakewise  tor. Proceeding from thkth arc to thek+ 1-th arc clockwise
the identity(A2) would look like the property that the octet decreases the denominator xy. The values of all denomi-
operators never mix with the straight operators. This is nohators are fixed by the condition that the arc containing the
so, however. The reason is that the identities E44) and  South Polgthe Infinity arg has vanishing denominatfeor-
(A2) apply only if the externab quarks are exactly on shell respondingly, it is excluded from the product of propagators
so that their nonrelativistic energy vanish&=0. In this  in Eq. (A2)].
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consider, the overall one-loop renormalization vanishes. For
the octet operator an additional contribution to the diagonal
renormalization comes from the gluon exchange between the
heavy and light lines.

In order a2 both the renormalization of the color-straight
operators and the straight—octet mixing occur. We do not
consider the(’)(aﬁ) diagonal anomalous dimension of the
octet operators. Since th@(«ag) contribution does not van-
ish, theO(ai) anomalous dimension is scheme-dependent.
For the light-quark currents we are interested in, only non-
factorizable diagrams must be considered where at least one

a b gluon connects the heavy quark line with the light part of the

L ; _ diagram.
FIG. 5. Graphic illustration for the casé=8. The hybrid anomalous dimensions are given kigiagle

With this image it is easy to establish the vanishing of thelogarithmic UV divergence of the diagrams in the limi

residues in the sum E@A2) as well. A pole would appear [k|<mq_ In the Feynman gauge we adopt for compu-

due to the vanishing of the denominator of some other arg:ations, only 18 "‘double exc;hange” diagrams where tyvo
with j=jo; it is indicated by the star in Fig.(8 (the Zero gluons connect light quark line with the heavy quark line

ard. This figure shows the case pf=6 andk=4. It is easy each, yield the Iog.. All other diagrams where there is qnly
to see that the residue is exactly canceled by the configure?—ne gluon vertex either on the heavy quark or on the light

tion with j gk, that is, when the Infinity arc and the Zero duark lines, are finite for symmetry reasons similar to the
arc are interchl’mged 'Eig(tﬁ one-loop case, afin the case of dressing the octet operpator

Indeed, due to vanishing of the denominators at the botP{'eId only 'Fhe octet structure we are not interested in. .
arcs all other denominators in Fig(tB are equal to the cor- Combining the d|§1grams Into groups of three according to
responding denominators in Fig(&. To get the residue one the rules described in Append|x @ll locations of the weak
must merely remove the two vanishing propagators from thd€1€x on the heavy quark line for the color-straight opera-
product and take it with the factor 1 when the Zero arc is tOrs, or cyclic permutations of tiQg vertices for the octet
clockwise from the Infinity arc and with the facterl oth- ~ Operators we get, at fixed values of the gluon momenta
erwise. This cancellation in EGA2) reads as ky,ky the sum of the heavy quark propagators in the form

jo
DN It [ IR S
! J:k+1 ! =1 —277I5(w1+w2)

—X X w1+i€ (,L)2+i€
E=t |2:1 ' (B1)

or —2mi 5((,01"‘ (1)2)

Jo 1
_ NG .
_’(|_%l X')HJ‘JoJr1 ] for the color-straight operators, or
— X
I=jo+1
jo

) 1 _ ;
XH!()le at E —x—0. 2 6(wq+ wy)
J 0 =K+

(1 1
+ 27 Pw—l S wy) —Pw—z 8(wq)

4 1 (.Ol+i€
> X (B2)
=]
Thus, both identitie$Al) and (A2) are proved. (and w;—w,) for the octet operators. In view of the
w——w symmetry of the integration only the structure
_ 2 . . . _
APPENDIX B: TWO-LOOP ANOMALOUS DIMENSIONS 27°8(w4) 8(w,) survives, and the resulting integrals con

tain simple purely three-dimensional expressions given be-
For the ordereg hybrid renormalization of the heavy low . By dimensional counting they all are logarithmic; they
quark operatorQqq the identities discussed in Appendix do not vanish since integrations runs over two spacelike vec-
A say that summing over all attachments of the gluon to thdOrS.
heavy quark line results id(w). Therefore, the integration
over ¢k cannot produce an UV logarithm since it would

require an odd power dt in the integrand. This is not pos-
sible in the simple one-loop diagram. The one loop renor- The six groups of three diagrams in turn fall into three
malization of the straight operators coincides, therefore, witttypes which differ by the location of the gluon vertices on
that of the light quark bilinear, while the octet-to-straight the light quark line, Figs. & —6(c). Each diagram can have
mixing is absent. For the vector or axial vector currents wegluon lines twisted or not. Their expressions are

1. Dressing of color-straight operatorsQQqI'q
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FIG. 6. Diagrams showing the different attachments of gluons to the light quark line.

4

g dky  Bky (ky+ky) (K,
la= fC[meom“yo]f £

(2m)3% (2m)% KiKE(ky+Ky)?

4

g d®k; ok, —(k,) (K ),
b= CLyov.l' %*yo]f =z e

)2 (2m)® KK

(B3)

4

_9s d3k1 ok, (ko) u(k1+k3),
- Clyovuvor,l]

)® (2m)° K3K3(Ky+ky)?

The color factor are

atb atb 1 1 1 a a
Co=[tot"][t° ]h:Z 1‘@ [1]I[1]h_N_c[t 1i[t%]n
i (B4)

C,=[ttP][t°t?],

1 1 N, 2| iia
=17 1_N_§ [1]I[1]h+7 l_N_g [Tt ]n
(BS)
for “twisted” and “nontwisted” diagrams, respectively.
ForI'= vy, or y,7ys, twisted or non-twisted separately, we

have

B, dPky (Ky-Kp)2—K2Kk3
(2m)® (2m)° Kik3(KytKp)®

1 [Adk
_gscrszw'J k- (B6)

|a+|b+|c=—gg‘crf

ForT'=1; or y,vs

- I_1 ACFJ dk,  d’k,
atlpt c_ggs (27)3 (277)3

(k1 Kp)2+ 2(Ky - ko) (K3+K2) + 3K2K>

K3ka(Kq +Kp)?
=gicr 1 [hdk (B7)
9s 3272) Kk

The sum of all diagrams for arbitrady takes the form

2

— : 1 —
QQqI‘q—>(1+aZ 1—F)InA)QQqI‘q

2
Ay
+TNC

4 _
1—ﬁ)lnAQtathal"q. (B8)

C

2. Mixing of octet operators 6taQEtan into color-straight
operators

Taking the trace over the heavy quark color indices we
likewise can combine the 18 diagrams into 6 groups belong-
ing again to the pairs, where each pair has the same location

of theqg vertices but different trace of color matrices along
the heavy line. For example, fdt= y, the projection onto
the straight operator yields

(It 1+ 1 ¢)|straigh= — 9a(Ca+ C4)T
y J Bk, bk, (Kp-Kp)2—k2k3
(2m)% (2m)° K3kA(Ky+ky)?

~gicrear——[E @9

where the color factors are given by

C—lll
3T UANG T N2

(B10)

The same renormalization emerges for other Lorentz struc-
turesI’ as well.
For the flavor-singlet operators additional, annihilation

diagrams are possible where thyq line forms a closed loop.
It is easy to see that for the vector current it does not con-
tribute. If the operator is color-straight, only two gluons can
come out of the quark loop. The analogue of the Furry theo-
rem leads to the cancellation of the two possible diagrams.

For any color-octet operator the sum of the diagrams
where one of the gluons connects the external light and
heavy quark lines yields only the octet operator in analogy
with the one-loop diagrams. All other diagrams can obvi-
ously produce only the octet operators as well.

For the color-straight operator with the axial light quark
current, both gluons must come out of the quark loop. The
expression for the triangle subgraph does not differ from the
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c

1

C

Abelian casg51]. The sum of the diagrams where one of the
gluons is attached to the external light quark and another rAzféMB
ends on the heavy quark line yields only nonlogarithmic con-
tribution. The diagrams when both gluons are absorbed by
the light quark legs describe the two-loop renormalization of 3
the singlet axial current and differ from the classic Abelian 4
result[51] only by the color factoiCg/2.

Using Eqgs. (BB) (B10) and the definition Eq(28), we  We recall that for valence quarkg®®=1 while v =gt
arrive at theO(as) matrix of the anomalous dimensions —gfEiCt 0.

given in EQ.(29) and in the text following it. For the parametrization ¢#3]
~ ~ 2
APPENDIX C: RELATIONS BETWEEN f2MgB1=T2Mpg(vs—40s) = 4(Ty+ 7a) + ~— (@y+ @a)
PARAMETRIZATIONS Ne 9
Here we collect the relations between different parametri-
zations of the expectation values of the four-fermion opera- . 1
tors in B mesons. TaMgB,=TaMp(vs—gs) = —2(7y— TA)_N_C(wV_wA)
The hadronic parameters suggested in REf] are given (C10
by
2 4 ?ZBMBSl:TéMB(Uo_‘lgo)
~f§M BUs= — N—w 3N, —wp— 47yt = 37A (C1 2
=-g (vt 7a) | 1- = (oytwp)
N. 2
~ 1 1 2
fZMBgs: - N o Wy 3N A WA 27'\/ 3 5 TA (Cll)
(€2 féMBSZZféMB(UO_go)
-, 1 1 LN R ~
fBMBUOZ_ 1_W (1)\/+§ 1_m (OFN _NC(TV TA) 2 Ng ((,l)v wA)v
[ Cc
N 2 2 o3 (C12
N, V7 3N, A €3 with the inverse relations
1 1 1 1 f2m = B,— 1 |3+1 (C13
= wy= Bl AN Pl 2 €17 €
fZBMBg():—E(l—m) ov= 5 1_W W BYBlAN, 1 2N, 272
C C )
1 1 7 1 1 1 c
+ Tt aTA- (C4) oa=TeMs| g Bit oy Betzat e (€14
N 3N, .
. . 1 1 1 1
_¥2
The inverse relations read as rv=13Mg 5 1— N_g) Bl_Z( 1— N_ﬁ) B,
[ 1 1 1
F2
wy=fgMg __Uo_go__vs__gs} (CH _i i
| 2 4N, 2N, N, €1+ N, € (C1H
3 3
“A BB 200 g 4N s 2NCgS:| TA:féMB g 1__2 Bl+Z 1 _2) BZ
(Ce) c Ng
i 1 1 16
~ 1 1 1 1 €1 5 €2
_F2 _ g 1= AN 2N
Tv=1gMp 4NCU°+2NCg° 8(1 Ng)vs c c
All these relations hold for each light quark flavor separately.
_% _ iz gsl C7) In the AB=2 transitions B{,—B{; determining the
Ng width splitting in theB-B systems one encounters two four-
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fermion operator§9], both color-nonsinglet in thechannel.
They are naturally parametrized as

(Bqg|bi¥,.(1— v5)0'0; 7,(1— v5)0'[By)

=-2f3(wP,P,—9g,,M3). (€17

PHYSICAL REVIEW D 59 034012

(Bglbi va(1— 75)0'D; ¥4 (1~ v5)9|Bg)

=2

1y F2a12
1+ | BeTaMa. (C18
Cc

The anomalous dimension of this operator equals two times
the anomalous dimensions of theg currents, so thaBg is
renorm-invariant in one loop7,8] (all operators above are
normalized at the low point, not at,). The combination of

the operators corresponding to thestructure also renormal-
izes multiplicatively in one loop; its anomalous dimension

The nonvalence matrix elements vanish. There is a standaiglas calculated irf9]. Power mixing of these operators is

notationBjy for [1/(1+ 1/N.)](v —49):
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