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Quarkonium production through hard comover scattering

Paul Hoyer and Ste´phane Peigne´*
Nordita, Blegdamsvej 17, DK-2100 Copenhagen, Denmark

~Received 13 July 1998; published 8 January 1999!

We propose a qualitatively new mechanism for quarkonium production, motivated by the global features of
the experimental data and by the successes or failures of existing models. In QCD, heavy quarks are created in
conjunction with a bremsstrahlung color field emitted by the colliding partons. We study the effects of per-
turbative gluon exchange between the quark pair and a comoving color field. Such scattering can flip the spin
and color of the quarks to create a nonvanishing overlap with the wave function of physical quarkonium.
Several observed features that are difficult to understand in current models find simple explanations. Trans-
verse gluon exchange produces unpolarizedJ/c ’s, thexc1 andxc2 states are produced at similar rates, and the
anomalous dependence of theJ/c cross section on the nuclear target size can be qualitatively understood.
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PACS number~s!: 13.85.Ni, 14.40.Gx, 24.85.1p, 25.75.Dw
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I. INTRODUCTION AND SUMMARY

A. Introduction

Quarkonium production has turned out to be a challe
as well as an inspiration for our understanding of hard Q
processes@1–7#. In the case of standard inclusive process
the theoretical framework is uniquely defined by the QC
factorization theorem@8#. This theorem allows a physica
cross sections to be expressed as a product of univer
parton distribution and fragmentation functions multiplied
a subprocess cross sectionŝ, which is calculable in pertur-
bative QCD~PQCD!. The factorization theorem relies on
completeness sum over the final state and does not app
the quarkonium cross section, which constitutes only a sm
fraction of the total heavy quark production cross section

While a theoretical description of quarkonium producti
is thus more model dependent, it can potentially reveal m
about the dynamics of hard processes than can be lea
from, e.g., the total heavy quark cross section. In particu
it is intuitively plausible that the quarkonium cross section
sensitive to reinteractions with partons created along with
heavy quark pair. Thus quarkonium production can serve
a ‘‘thermometer’’ of the environment, as has been rec
nized in the search for a quark-gluon plasma in heavy
collisions@9#. In this paper we wish to explore the possibili
that rescattering of the heavy quarks causes the puzz
anomalies seen in quarkonium hadroproduction.

There is independent evidence that the environmen
charm hadroproduction is rather ‘‘hot.’’ Inp2N→DD̄1X
the observed spread in relative azimuthal angle of
D-mesons requires an average intrinsic transverse mom
tum of the incoming partonŝk'

2 &.1 GeV2 @10#. The ‘‘lead-
ing particle’’ asymmetry betweenD2 andD1 is larger than
expected from PQCD, and persists forD mesons produced
with k'

2 &10 GeV2 @11#. Both effects are weaker for photo
produced charm@10,12#.

*On leave from L.A.P.T.H., ‘‘Laboratoire d’Annecy-Le-Vieux d
Physique The´orique,’’ L.A.P.P., Chemin de Bellevue, B.P. 11
F-74941 Annecy-le-Vieux Cedex, France.
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We shall study the effects of perturbative gluon exchan
between the heavy quark pair and a comoving@13# color
field. The interaction is assumed to occur at an early sta
before the pair has expanded to the size of physical qua
nium. Hence only comovers which are created~via brems-
strahlung! in the hard process itself are relevant, where
interactions with beam fragments at typical hadronic d
tances; 1 fm are ignored. In this sense our approach diffe
from that of the ‘‘color evaporation model’’~CEM! @14,15#,
which only considers late, non-perturbative interactions
the heavy quarks. On the other hand, similarly to the CE
our quark pairs are produced near threshold. Hence man
the phenomenological successes of the CEM concerning
dependence of quarkonium cross sections on various k
matical variables are incorporated in our model. The ‘‘co
octet model’’ ~COM! @16#, also considers late interaction
through an expansion in powers of the relative velocityv of
the bound quarks as specified by nonrelativistic QC
~NRQCD! @17#. This expansion is general and should ho
for any description of quarkonium production, includin
ours. The higher order (v/c)n terms need not, however, giv
a dominant contribution to the cross section. To our kno
edge, the COM assumption that the heavy quark pair is
affected by earlier reinteractions with its environment h
not been proven.

Data on charmonium and bottomonium production
available for a wide variety of beams, targets and kinemat
conditions. Comparisons with the COM and CEM a
proaches have met with some successes, but also with d
culties @1–7#. The data suggests a production dynam
which in some respects differs from the late and soft rein
action scheme of the CEM and COM. In particular,~A! the
heavy quark pair turns color singlet at an early stage, wh
the pair is still compact~i.e., small compared to the size o
the quarkonium wave function!, ~B! in hadroproduction there
is at least one secondary gluon exchange after the prim
heavy quark production vertex, and~C! the ‘‘anomalies’’ of
quarkonium production depend only weakly on the qua
massm, on the c.m. energy and on the transverse momen
p' .
©1999 The American Physical Society11-1
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We discuss the experimental basis for these feature
Sec. II and then develop our QCD scenario in Sec. III. T
scenario applies to quarkonium production at both mode
and large transverse momentum. However, we shall limit
discussion and the calculations presented in Sec. IV to
total quarkonium cross section, i.e., moderatexF and p'

;m. In the rest of the present section we summarize
results. Conclusions and an outlook are presented in Se

B. Summary

The basic color singlet mechanism~CSM! @18#, which is
known to grossly underestimate theJ/c hadroproduction
cross section, is shown in Fig. 1~a!. The gluon emission take
place in a~proper! time t;1/m, simultaneously with the
heavy quark production process. This is compatible with f
ture ~A!, but since there are no relevant later interactions
CSM does not agree with~B!. The situation is qualitatively
the same for loop corrections to the CSM@Fig. 1~b!#, since
the space-time scale of the loop is 1/m.

Prior to the heavy quark production vertex the collidi
partons radiate gluons as part of the normal QCD struc
function evolution. The space-time scale of this proces
determined by the virtualityk2 of the partons which couple
to the heavy quark line. As is characteristic of evoluti
processes, thek2 distribution as(k

2)dk2/k2 is logarithmic
between a lower cutoff determined by the~perturbative! fac-
torization scale and an upper limit given by the heavy qu
massm. Thus the effective value ofuk2u is given by a per-
turbative scale which we denote bym2. This scale grows
with m2 but satisfiesm2!m2. We will investigate the effects
of rescattering at this hardness scalem.

The approach presented in Sec. III is based on a pe
bative reinteraction of momentum transferl;m between the

FIG. 1. Basic processes forJ/c hadroproduction in the CSM
@~a! and ~b!# and in our model@~c!#.
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heavy quarks and a classical color fieldG @Fig. 1~c!#. This
field is assumed to originate from gluon bremsstrahlung
the gg→QQ̄ subprocess. The reinteraction can occur lo
after the heavy quarks are created provided the fieldG is
comoving with the quark pair. Hence we shall assumeG to
be isotropic in the pair rest frame. The scalem of the sec-
ondary interaction is smaller than the quark mass scalem of
the CSM but larger than the bound state scaleasm of the
COM.1 The existence of the comoving color fieldG in ha-
droproduction is our main postulate, motivated by the da
There should be no corresponding field in the current fr
mentation region of photo- and leptoproduction, since p
tons do not radiate gluons~at lowest order!.

Our quarkonium hadroproduction amplitude is essentia
given by the perturbative diagram of Fig. 2~together with the
diagram corresponding to rescattering of the antiquark!. Here
F is the~color octet! wave function of the heavy quark pa
produced in the fusion processgg→QQ̄ andC is the~color
singlet! quarkonium wave function.

As we shall see, there are two production mechanisms
spin triplet S-wave quarkonia such as theJ/c. In the gg

→QQ̄ subprocess the quark pair can either be produce
an S5L50 state, followed by a spin-flip interaction with
transverse gluon from the color fieldG, or the pair can be
produced withS5L51, followed by a spin-conserving in
teraction with a longitudinal gluon. The first contributio
gives unpolarized quarkonia, since the quark pair is produ
with total angular momentumJ50 and the color fieldG is
isotropic. The second contribution turns out to give quark
nia with a transverse polarization. The striking experimen
fact @19–21# that theJ/c and c8 are produced unpolarize
~at moderatep') thus implies that the former mechanis
dominates, i.e., that the gluons inG are transversely polar
ized.

The P-wave quarkonium statesxJ are produced from
quark pairs withS50, L51 followed by a spin-flip interac-
tion with a transverse gluon fromG. The calculated cross
section ratios(x1)/s(x2)53/5, in agreement with the ratio

1For the charmonium system, some of these scales are num
cally similar, but should be distinguished for reasons of princip
The scales do differ for bottomonium.

FIG. 2. A perturbative interaction between the quark pair an

gluon from the color fieldG creates an overlap between theQQ̄

wave functionF from the gg→QQ̄ process with the physica
quarkonium wave functionC. There is a second diagram where th
gluon attaches to the antiquark.
1-2
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QUARKONIUM PRODUCTION THROUGH HARD COMOVER . . . PHYSICAL REVIEW D 59 034011
measured in pN collisions for charmonium, 0.660.3
@22,23#. We also find that due to the indirectxcJ→J/c1g
contributions the totalJ/c polarization is slightly longitudi-
nal, l520.14 @cf. Eq. ~36!#. Taking into account also the
CSM mechanism, which dominantly producesxc2’s with
Jz562 that decay into transversely polarizedJ/c ’s @24#,
the expected ratios(x1)/s(x2),3/5 andl.20.14. This is
compatible with data as long as the CSM does not domin
the rescattering mechanism~Fig. 2! for x2 production.

The xJ wave functionC ~Fig. 2! vanishes at the origin
which suppresses its overlap with small sized (;1/m) heavy
quark pairs. Thus in the CSM the relative production rate
P- andS-wave charmonium states is governed by the sm
ratio uRx8(0)/2mu2/uRc(0)u2.0.01 @25#. In our approach the
initially compact quark pair expands, with velocity;m/m,
before the gluon exchange in Fig. 2 gives the quark pair
bound state quantum numbers. The wave functionF is thus
an expanded version of the quark pair wave function crea
in thegg→QQ̄ subprocess. We model this by a scale fac
r, which we fit to the measureds(xcJ)/sdir(J/c) cross sec-
tion ratio. We find that we needr.3, suggesting significan
expansion of the quark pair before reinteraction inxcJ pro-
duction.

Our approach can also be applied to quarkonium prod
tion at highp'@m, where the dominant production mech
nism is gluon fragmentation@26#. The fragmenting gluon is
initially highly virtual and radiates gluons with hardne
ranging from the factorization scale up top' . The gluons of
relatively small hardness;m can form a color field comov-
ing with the quark pair. We plan to study the detailed p
dictions of our scenario for highp' quarkonium production
in a future publication.

We shall also not discuss here the special features
quarkonium production which appear at highxF , and may
be related to intrinsic charm@27# and scattering from light
constituents@28#. Thus our discussion is limited to the bu
of the charmonium cross section only, which~at fixed target
energies! originates from partons with^x&;0.1 and
^p'&;m.

II. QUALITATIVE FEATURES OF THE DATA

The data on quarkonium production shows many inter
ing features and regularities. Several of them are left un
plained ~some are even contradicted! by the dynamics as
sumed in the color octet model~COM! and the color
evaporation model~CEM!. Here we wish to make the phe
nomenological case for the three general features@~A!–~C!#
of the production dynamics that we listed in Sec. I.

A. Early color neutralization

Heavy quarks are produced inQQ̄ pairs of ~transverse!
size ;1/m, where m is the quark mass. The pair is thu
initially much smaller than the Bohr radius of quarkoniu
bound states, which is of order 1/(asm). If the quark pair
ceases to interact with its surroundings~in particular, turns
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color singlet! while it is still in such a compact configuratio
then the production rates of allnSstates are proportional to
uRn(0)u2, the square of their wave functions at the orig
Analogous proportionality holds for the other2S11LJ
quarkonium states.

The above argument requires no assumption about
the compact pair is produced. The ‘‘R(0) proportionality
test’’ is thus a good indication of whether the color neutr
ization occurs early or late, as measured by the size of
quark pair. This test should moreover be quite sensitive si
the higher radial excitations have a mass near open fla
threshold. Late scattering of thecc̄ system will thus affect
thec8 ~44 MeV belowDD̄ threshold! more than thec ~630
MeV below threshold!. This is supported by the observatio
that thes(c8)/s(J/c) ratio is significantlyreducedin cen-
tral nucleus-nucleus~SU! collisions @29#, as would be ex-
pected due to late interactions with comoving nuclear fr
ments~or plasma!.

It has been pointed out@30# that due to the moderate mas
of the charm quark the wave function of charmonium
probed beyond its origin. In particular, since the diffracti
QQ̄ photoproduction amplitude is proportional to the squa
of the transverseQQ̄ separation, the overlap integral be
tween the quark pair and the bound state wave functions
a negative contribution beyond the first node in the rad
wave function of the c8. The predicted @30# ratio
s(c8)/s(J/c)50.17 is thus smaller than theuR(0)u2 ratio
and agrees with a recent measurement at the DESYep col-
lider 0.15060.02760.01860.011@31#.

The s(c8)/s(J/c) ratio is remarkably universal in in
elastic hadroproduction processes, being nearly indepen
of the nature of the beam hadron and the target nucleus,
also of the energy and ofxF @24,29,32#. This also holds for
Y(nS) states. The measured ratio for the directly produc
J/c cross section~from which decay contributions have bee
subtracted! moreover is consistent with@24#

s~c8!

sdir~J/c!
5

G~c8→e1e2!

G~J/c→e1e2!

MJ/c
3

Mc8
3 .0.24. ~1!

The hadroproduction ratio~1! is somewhat larger than th
one measured in diffractive photoproduction, indicating th
in hadroproduction the inelastic cross section is more clos
proportional to the wave function at the origin.2

Interesting subtleties aside, the data clearly suggests
relevance of the perturbativeQQ̄ wave function for quarko-
nium photo- and hadroproduction. In the COM and CE
approaches, on the other hand, the heavy quark pair t

2In the approach discussed in this paper, the scattering ampli

is proportional only to thefirst power of theQQ̄ separation. There
is also highp' data from the Tevatron@3# which indicates that the
s(c8)/s(J/c) ratio is still larger than in Eq.~1!. This may imply
an even more pointlike production dynamics at largep' .
1-3
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PAUL HOYER AND STÉPHANE PEIGNÉ PHYSICAL REVIEW D 59 034011
into a color singlet only after it has expanded to a size co
parable to that of the bound state. There is then no reaso
expect the cross section ratio to satisfy Eq.~1! ~although this
value is also not excluded by those models!. We believe that
the agreement of the quarkonium cross section ratios w
expectations based on the wave function of the quarks
ated in the hard subprocess is not an accident. This imp
that the pair decouples from its environment while it is s
compact~except in the presence of nuclear comovers@13#!.

B. Reinteraction with a color field

Quarkonium data provides two indications that a resc
tering of the heavy quark pair with a comoving color field
important in hadroproduction.

1. Photoproduction

Photons do not radiate gluons.3 At the early stages o
heavy quark creation through thegg→QQ̄ subprocess we
should therefore expectno comoving color field in the pho-
ton fragmentation region. With the rescattering process
Fig. 1~c! thus eliminated, the production process should
dominated by the color singlet mechanism~CSM! of Fig.
1~a!. It is indeed one of the remarkable facts of quarkoniu
production that the CSM works very well for inelasticJ/c
photoproduction@33–35#, whereas the same model undere
timates the hadroproduction cross section by an orde
magnitude@2–4#. This suggests that hadroproduction dyna
ics is coupled to initial parton bremsstrahlung.

The COM parameters which fitJ/c hadroproduction tend
to overestimate the photoproduction cross section@7,34,35#,
although it is possible that the discrepancy could be due
higher order effects@36#.

2. Nuclear target dependence

Cross sections of hard incoherent processes on nuc
targetsA are expected to scale like the atomic number of
target,s(A)}Aa, with a.1. Modifications due to theA-
dependence of the quark structure functions are minor in
presently relevant kinematic range. This is verified by h
mass lepton pair production~the Drell-Yan process!, for
which a.1.00 is observed@29#.

Charm quark pairs produced in the beam fragmenta
region have large Lorentz factors and expand only after le
ing the nucleus. While compact, the uncertainty in the ene
of the cc̄ pairs is large and they couple both to open cha
(DD̄,D̄Lc ,...) and toquarkonium (J/c,c8,...) channels. In
the absence of effects due to partons comoving with the
one should therefore expect the sameA-dependence for ope
and hidden charm, witha.1.

Data shows thata51.0260.0360.02 for D/D̄ produc-
tion at ^xF&50.031 @37#, whereasa50.9260.01 for J/c
andc8 @29#. The deviation ofa from unity for charmonium
appears to be independent ofECM , and increases with the

3Except via higher order resolved processes which are unim
tant here.
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charmonium momentum fractionxF . This, and the similar
A-dependence ofJ/c andc8, indicates that the nuclear sup
pression is not due to an expansion of thecc̄ inside the
target. A plausible explanation is that a further interactio
beyond the nucleus, between the heavy quark pair and
moving gluons is required for charmonium formation.

Based on the measuredA-dependence of charmonium
production an effective ‘‘absorption’’ cross sectionsabs
.7.360.6 mb was obtained@38# in a Glauber framework.
This cross section is too large for a compactcc̄ pair
@29,39,40# and should, in the present framework, be inte
preted as the joint cross section of thecc̄ pair and the co-
moving gluon field. The size ofsabs is then reasonable
since the gluons are at a relatively large distance;1/m from
the quark pair. An analogous interpretation of the nucl
suppression, albeit in a different dynamical picture, was e
lier put forward in Ref.@41#.

There is no evidence for a nuclear target suppression
inelastic J/c photo- and leptoproduction. On the contrary
there is an indication@42# of a slight nuclearenhancementat
xF.0.7 (a51.0560.03), in stark contrast to the stron
nuclear suppression seen at thisxF in hadroproduction@29#.
Due to the absence of comoving gluons and the validity
the CSM we expecta.1. The enhancement may signal
slight antishadowing of the nuclear gluon distribution@43#.

The COM and CEM assume that the process which tu
the color octetQQ̄ into physical quarkonium is independe
of the nature of the beam and target. Both models exp
photo- and hadroproduction of charmonium to have the sa
target A-dependence, which should moreover equal that
open charm.

C. Dependence onm, ECM and p'

The available data shows that the ‘‘anomalies’’ of quark
nium production are rather insensitive to the quark massm
5mc , mb and to variations in kinematic variables such
the total energyECM and the quarkonium transverse mome
tum p' .

The measured cross section ofY(3S), which presumably
is directly produced, exceeds the CSM prediction by an or
of magnitude @3,44#, in analogy to the original ‘‘c8
anomaly.’’ TheY(1S) and Y(2S) cross sections are mor
compatible with the CSM, which predicts them to origina
almost exclusively fromP-wave decays. The situation is thu
similar to that of the charmonium system before theP-wave
contributions were experimentally separated and found no

r-

FIG. 3. Notation for the CM amplitudeF(p). The spin projec-

tions l1,2561 andl, l̄561/2 all refer to thez-axis, taken as the
direction ofk1 . Only one of three contributing Feynman diagram
is shown.
1-4
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TABLE I. The amplitudeF@8# of the gg→QQ̄ process to first order inupu/m.

(F@8#)LLz

SSz S50 S51

Sz50 Sz561

L50 l1dabcdl1

2l2 0 0

L51 Lz50
upu
3m

l1i f abcdl1

2l2
upu
3m

dabcdl1

2l2 0

Lz561 0 0 2
upu
3m

dabc~dl1

Lzdl2

Sz1dl1

Szdl2

Lz!
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account for the bulk of theJ/c cross section. It would obvi-
ously be very important to measure the directly produc
fractions of theY states.

All Y(nS) states have similar nuclear targ
A-dependence, witha50.96260.014@45#. The nuclear sup-
pression is thus smaller than that for charmonium discus
in Sec. II B2, but still significant compared to the Drell-Ya
case. In our approach, the smaller suppression for botto
nium is related to the effective distance;1/m between the
comoving gluon field and the heavy quarks, which decrea
as the inverse of the quark mass.

TheY(3S) total cross section anomaly has been obser
at both fixed target@45,46# and collider energies@44#, i.e., for
4.2&ECM /MY&190. Similarly, the nuclear target suppre
sion of charmonium production seems to be independen
the projectile type~p or p! and energy~for 150 GeV
,ELAB,800 GeV) @19,29#. The discrepancy between th
CSM and data on directJ/c production is somewhat large
at high transverse momentum (p'@m) than for the total
cross section. The relative contribution ofP-wave decays to
J/c production is roughly independent ofp' @3#.

The above features suggest that the anomalies observ
quarkonium production are ‘‘leading twist’’ in the quar
massm, in the total energyECM and inp' , in the sense tha
the effects do not vanish as inverse powers of any of th
variables.

In the COM, the color octet contributions which accou
for directJ/c andc8 production scale by a factorv2 relative
to the contributions fromP-wave decays, and thus are rel
tively less important for bottomonia than for charmon
Thus P-wave decay contributions dominateY(nS) produc-
tion in the COM. In particular,Y(3S) production can only
be understood by assuming@46,47# that it results from the
decay of an~as yet undetected! higher lyingP-wave state.

III. A HARD RESCATTERING SCENARIO

In this section we address how the features@~A!–~C!# of
quarkonium production, mentioned in Sec. I and discusse
more detail in Sec. II, can be understood in a QCD fram
work. We put forward a scenario which is consistent w
those features, and which forms the basis for the exp
model studied in Sec. IV.
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A. The basic heavy quark creation process

The hadroproduction of heavy quarks proceeds mainly

the gluon fusion subprocess4 gg→QQ̄. In our approach~as
well as in that of COM and CEM, but not of CSM! color
neutralization occurs at a time scale which is large compa
to the time scale 1/m of the gluon fusion process. This im
plies that the heavy quarks are produced~nearly! on their
mass shell.

A basic building block of our rescattering process of F

2 is thus the amplitudeF@8# of the gg→QQ̄ fusion process
shown in Fig. 3, evaluated at leading order in the hea
quark momentump in the c.m. frame, and with the quar
pair in a color octet state.

This amplitude is given in Table I in terms of the spin~S!

and angular momentum~L! of theQQ̄ pair @see Sec. IV, Eqs.
~6! and ~7! for definitions#.

The gluon fusion amplitudeF@1# for QQ̄ pairs in a color
singlet state, which is relevant for the CSM, can be obtain
from Table I by the substitutionsf abc→0, dabcTi j

c

→dabd i j /Nc . It has two parts, with spin and angular m
mentum S5L50 and S5L51, respectively. The forme
can directly form1S0(h) quarkonia, while the latter couple
to 3P0,2(x0,2) states. Thex1 decouples since forS5L51
the amplitude is symmetric inLz and Sz , whereas the
Clebsch-Gordan coefficients for the corresponding (J51,
Jz) state are antisymmetric inLz andSz ~Yang’s theorem!.

The color octet amplitudeF@8# of Table I has contribu-
tions from S5L50, S5L51 and S50, L51. The near-
threshold heavy quark cross section is dominantlyS5L
50. In the CEM@14# theS50 quark pair is assumed to tur
into physicalS51 quarkonia through soft, nonperturbativ
gluon interactions. This contradicts the conservation
heavy quark spin in soft interactions, which is believed to
a general feature of QCD and follows from the nonpertur
tive concept of heavy quark symmetry@48#.

In the COM@16# the suppression of heavy quark spin-fl
appears as extra powers of the velocityv;as of the bound

4We neglect light quark fusionqq̄→QQ̄, which is unimportant
for the total cross section. Similarly, higher order ‘‘gluon fragme
tation’’ diagrams@26# are irrelevant for quarkonia produced wit
p'&m.
1-5
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quarks. COM production of3S1 states is suppressed byv4 in
the cross section, compared to the CSM.

B. Scenario for perturbative rescattering

For the quarks to form a quarkonium bound state th
relative momentum must be of ordervm!m. In current
quarkonium production models the quarks are created
rectly in the gluon fusion process with a relative moment
of this magnitude. It is thus implicitly assumed that all lat
interactions are soft, commensurate with the bound state
mentum scale.

Here we shall consider reinteractions with moment
transfers ofO~m!, related to the hardness scale of the brem
strahlung field in the fusion subprocess. Sincev!m/m!1
the relative momentum of the quarks created in the fus
process is fairly large. The rescattering is hard and allo
perturbative spin-flip interactions.

It might at first appear that the rescattering physics
have in mind is contained in the loop correction@Fig. 1~b!# to
the CSM lowest order process of Fig. 1~a!. However, the
logarithmic enhancements which favor collinear and w
gluon bremsstrahlung are absent in the loop.5 Consequently,
the loop momentum is of orderm and the spatial size of th
loop is of order 1/m. The loop should be thought of as
vertex correction to the primary process, not as the resca
ing envisioned in point~B! of Sec. I.

In order to have a rescattering which is well separa
from the primary fusion process we must assume that
initial state gluon radiation gives rise to a~classical! color

field G which is comoving with theQQ̄ pair. The compact

color octetQQ̄ will dominantly interact withG as a color
monopole~massive pointlike gluon!. In these relatively soft
interactions the internal structure of the pair is preserved
particular it remains a color octet@49#.

The color structure and spin of the quark pair can, ho
ever, be changed in a harder, color dipole interaction w
the comoving field, as depicted in Fig. 2. Here we consi
only a single such interaction, and evaluate it perturbativ
The main unknown in Fig. 2 is then the postulated color fi
Gm( l ). Quarkonium production in fact offers an opportuni
of detecting whether such fields are created in hard inte
tions.

The physical picture sketched above implies that the c
sical color sourceGm( l ) of gluons with momentuml should
have the following properties.

Since the fieldG originates from bremstrahlung in th
gluon fusion subprocess it is independent of the beam
target.

Since only those components of the radiated field wh
are comoving with the quark pair are relevant, the spa
distribution ofG is isotropic in the rest frame of theQQ̄ pair.

5Leading logarithms in hard processes originate from tree
grams. It is also straightforward to verify the absence of logarith
directly from the loop integral.
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The 3-momentum exchangel is of orderm. For the heavy
quark propagators in Fig. 2 to be nearly on-shell the ene
component satisfiesu l 0u!u lu in the quarkonium rest frame
The field G effectively acts as a time-independent col
source in the rescattering process.

By gauge invariance we havel mGm50. Hence the field
Gm can be expressed in terms of its transverse (l561) and
longitudinal (l50) components as

Gm~ l !5(
l

«l
m~ l !Gl~ l !, ~2!

where«l
m is the gluon polarization vector. As we shall see

Sec. IV, the quarkonium data requires thatuG0( l )u!uG( l )u,
which is equivalent touGl50( l )u!uGl561( l )u since l m«l

m

50 and u l 0u!u lu. Hence data suggests that the transve
componentsG61 of the color field dominate.

Quark pairs that in the gluon fusion process are create
color singlets can evolve directly into1S0 and 3P0,2 quarko-
nia, as in the CSM. The influence of the color fieldG on this
process is disruptive. To first order in the dipole interacti
the pair turns into a color octet, thus losing its overlap w
the quarkonium wave function.

Since the direct CSM process does not require any per
bative rescattering, one might expect that it will dominate
contribution of Fig. 2 for, e.g.,x2 production. However, di-
rect production ofP states is suppressed because the qua
nium wave function vanishes at the origin. In the rescatter
process the quark pair is produced with a comparatively h
relative momentum ofO~m! and the spatial size of its wav
function increases before the rescattering. The expansion
tor r depends on the time interval between the gluon fus
and rescattering processes. Our model can explain the
tive rates ofxc2 , xc1 and J/c production providedr.3.
The expansion will have a smaller effect onS-wave cross
sections as long as the pair stays compact compared to
size of the quarkonium wave function.

In the next section we construct a simple, specific mo
for our scenario and derive its quantitative predictions. W
show how the observed fact that theJ/c and c8 are pro-
duced unpolarized requires the fieldG to be dominantly
transverse. We then have two free parameters, the streng
the transverse fieldG and the spatial expansion parameterr,
which as mentioned above is related to the time inter
between the quark creation and rescattering processes.

IV. QUARKONIUM CROSS SECTIONS
AND POLARIZATION

A. The quarkonium production amplitude

As illustrated in Fig. 2, the production amplitude can
viewed as a transition from a color octetQQ̄ state, created in
the gluon fusion process and described by the wave func
F, to a quarkonium state specified by the wave functionC.
The transition is mediated by a gluon exchangeR with the
color fieldG. The transition amplitude can be expressed as
overlap integral,

-
s
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M5 (
Lz ,Sz

^LLz ;SSzuJJz& (
ll̄,ss̄

E d3p

~2p!3

d3q

~2p!3

3F
ll̄

@8#
~p!Rll̄,ss̄~p,q!C

ss̄

LzSz~q!* ~3!

which can readily be derived starting from the usual Fe
man formulation. We work in a non-relativistic approxim
tion where all quark lines are on-shell and have 3-mome
much smaller than the quark massm. The z-axis is taken
along the direction of the initial gluon momentumk1 in Fig.
2. The orbital angular momentum and spin components
the quarkonium state are denoted byLz andSz , whereasl,l̄
and s,s̄ are the spin projections of theQ and Q̄ along the
z-axis before and after the rescattering, respectively.
relative momentum between theQ andQ̄ is 2p before and 2q
after the rescattering, whilel5Pf2Pi is the momentum of
the exchanged gluon. In the quarkonium rest framePf50
and l52Pi .

1. The gluon fusion amplitudeF

A standard calculation of the gluon fusion processgg

→QQ̄ of Fig. 3 gives theQQ̄ wave function, to first order in
the quark c.m. momentump, as

F
ll̄

@8#
~p!5g2Ti j

c H i S dabc1
pz

m
i f abcD ~«13«2!zdl

2l̄

12ldabc

1

m
@«1•«2 p•e~0!* dl

2l̄

2„«1•p «2•e~2l!*

1«2•p «1•e~2l!* …&dl
l̄#J ~4a!

F
ll̄

@1#
5F

ll̄

@8#
$ f abc→0, dabcTi j

c→dabd i j /Nc%. ~4b!

As indicated, the amplitudeF@1# for a color singlet pair can
be obtained from the color octet amplitudeF@8# by a trivial
substitution. The incoming gluons have colorsa,b, momenta
m(1,0' ,61) and polarization vectors«1 ,«2 . The quarks
Q,Q̄ of colors i,j have momenta (m,6p) and spin projec-
tions l,l̄ along thez-axis. The spin polarization vectore is
defined conventionally by

e~61!5~0,71,2 i ,0!/& ~5a!

e~0!5~0,0,0,1!. ~5b!

Lorentz transforming from thegg→QQ̄ c.m. to the
quarkonium rest frame shifts any four-vector by an amo
of O(u lu/m). In particular, («13«2)z is shifted to («1
3«2)z@11O( l2/m2)#. To the accuracy of our calculation w
can ignore the boost and use the c.m. amplitude~4a! directly
in Eq. ~3!.
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It is instructive to express the amplitudes~4a!,~4b! in
terms of the spinS and orbital angular momentumL of the
QQ̄ pair. The amplitudesFSSz of definite QQ̄ spin are de-
fined by

F0052~F1/2,21/21F21/2,1/2!/& ~6a!

F1052~F1/2,21/22F21/2,1/2!/& ~6b!

F1,6156F61/2,61/2. ~6c!

The angular momentum components are defined via a
tial wave expansion,

FSSz5(
LLz

A4p~2L11!YL
Lz~u,f!&g2Ti j

c FLLz

SSz , ~7!

whereYL
Lz are standard spherical harmonics@50#. The ampli-

tudesFLLz

SSz are given in Table I~see also@47#!.

2. The rescattering kernelR

The rescattering kernelR has two terms, describing gluo
scattering from the quark and from the antiquark,

Rll̄,ss̄~p,q!5~2p!3d3S p2q1
l

2D
3R

ll̄,ss̄

Q
~ l,q!1~2p!3d3S p2q2

l

2D
3R

ll̄,ss̄

Q̄
~ l,q!, ~8!

where

R
ll̄,ss̄

Q
~ l,q!52 ig

Gm~ l!

l2
d

l̄

s̄ 1

2m
ū~q,s!

3gmu~q2 l,l!

R
ll̄,ss̄

Q̄
~ l,q!51 ig

Gm~ l!

l2
dl

s
1

2m
v̄~2q2 l,l̄ !

3gmv~2q,s̄ !. ~9!

To first order inl/m,q/m this reduces to

R
ll̄,s,s̄

Q
~ l,q!5 ig

Gm~ l!

l2
d

l̄

s̄H 2d0
mdl

s1d i
m 1

2m

3@dl
s~ l 22q! i1 i e i jk l jxs

†skxl#J
R

l,l̄,ss̄

Q̄
~ l,q!5 ig

Gm~ l!

l2
dl

sH d0
md

l̄

s̄
1d i

m 1

2m

3@d
l̄

s̄
~2 l 22q! i1 i e i jk l jx

2l̄

†
skx2s̄#J . ~10!
1-7
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Here sk are the Pauli matrices andxl the spinorsx1
†

5(1 0), x2
† 5(0 1).

We note that the rescattering kernelR consists of two
parts. Am50 spin-conserving part which is ofO~1!, and a
m5 i part which also contains spin-flip and is o
O( l/m,q/m).

3. The quarkonium wave functionC

The quarkonium wave functionC in Eq. ~3! is

C
ss̄

LzSz~q!* 5CLLz
* ~q!

1

2m
v̄~2q,s̄ !P̄SSz

~q,2q!u~q,s!,

~11!

whereCLLz
(q) is the usual non-relativistic bound state wa

function and the spin-projection operatorP̄SSz
is given by

@51#

P̄SSz
~p1 ,p2!5

1

2m (
l1 ,l2

^ 1
2 l1 , 1

2 l2uSSz&

3v~p2 ,l2!ū~p1 ,l1!

5
1

2m

p” 22m

Ap2
01m

P̄SSz

g011

2&

p” 11m

Ap1
01m

.
1

~2m!2&
~p” 22m!P̄SSz

~p” 11m! ~12!

P̄SSz
5H 2g5 ~S50!

e” ~Sz!* ~S51!.
~13!

Here we usedp15Pf /21q5(m,q), p25Pf /22q5(m,
2q) and terms of orderq2 were neglected in the last line o
Eq. ~12!. A simple calculation gives for theS51 case

C
ss̄

LzSz~q!* 5CLLz
* ~q!

1

&
e~Sz!* x2s̄

† sxs . ~14!

It is now straightforward to use Eqs.~4!, ~10! and~14! in
Eq. ~3!. We contract over both pairs of indicesl,l̄ ands,s̄,
and work to first order inl/m,q/m. The color structure of the
field G in Eq. ~10! is made explicit by

Gm~ l!→
1

)
Tj 8 i 8

d Gm
d ~ l! ~15!

whered is the color index of the rescattering gluon andi 8, j 8
are the colors of the quark and antiquark just before
rescattering. The factor 1/) is from the color singlet bound
state wave function.

Finally, we use forS-wave states

E d3q

~2p!3 C00* ~q!5
R0

A4pm
03401
e

E d3q

~2p!3 qC00* ~q!50, ~16!

whereR0 is the value of theS-wave function at the origin.
For P-wave states

E d3q

~2p!3 C1Lz
* ~q!50

E d3q

~2p!3 qC1Lz
* ~q!5 iA 3

4pm
R18e~Lz!* , ~17!

where R18 is the derivative of theP-wave function at the
origin.

B. The 3S1 quarkonium cross section

We find for the 3S1 quarkonium production amplitude

M~3S1 ,Sz!5Dd
2ig3R0

A6pm3

1

l2
$ il1dl1

2l2Gd~ l!3 l•e~Sz!*

1G0
d~ l!@2dl1

2l2l zdSz

0 1e~l1!• ldSz

l2

1e~l2!• ldSz

l1#%, ~18!

where the color factor is proportional todabc ,

Dd5
1

2
dabcTi j

c Tj 8 i 8
d , ~19!

andl1 ,l2 are thez-components of the spins of the incomin
gluons (l1,2561). As can be readily inferred from the form
of Eqs.~4! and ~10! the 1st and 2nd term of Eq.~18! corre-
spond, respectively, to the production of theQQ̄ pair in an
S5L50 state, followed by a spin-flip interaction with
gluon from the color fieldG, and the production of the pair in
an S5L51 state, followed by a spin-conserving interactio
with a gluon from the color fieldG0.

The result for the amplitude squared, summed over
quark color indicesi,j and averaged overi 8, j 8 and the gluon
spin componentsl1 ,l2561, is for a given spin componen
Sz of the quarkonium

( uM~3S1 ,Sz!u25
2

3

N224

2N3

g6R0
2

6pm3

1

l4

3$uGd~ l!3 lu21c~Sz!l
2uG0

d~ l!u2%,

~20!

where c(Sz50)51 and c(Sz561)53. We have used

DdDd85dd
d8(N224)/2N and the fact that the color fieldG is

isotropically distributed. Thus, for instance,

„Gd~ l!3 l…x„Gd~ l!3 l…y→0

u„Gd~ l!3 l…zu2→
1

3
uGd~ l!3 lu2. ~21!
1-8
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The fixed target data@19–21# shows that the polarization
of both theJ/c and thec8 is small and consistent with zero
We see from Eq.~20! that the condition for the~directly
produced! 3S1 quarkonium states to be unpolarized is

uG0
d~ l!u!uGd~ l!3 l̂u. ~22!

In the following we shall therefore take

G0
d~ l!50 ~23!

which implies@cf. Eq. ~2!# that the color fieldG is made of
transversely polarized gluons~in the QQ̄ rest frame!, and
that QQ̄ pairs that form3S1 quarkonia are created withS
5L50.

We thus have, for3S1 production via gluon fusion,

( uM~3S1 ,Sz!u25
160

243
p2as

3
R0

2

m3

uGd~ l!3 lu2

l4
. ~24!

The cross section will involve an integral of this express
over l. Hence the weighted average

G2[E d3l

~2p!3

uGd~ l!3 lu2

l4
~25!

is the main free parameter of our model, which can be
termined, e.g., using the measured~direct! J/c cross section.
The c8 cross section then satisfies Eq.~1!, as discussed in
Sec. II. As we shall see below, theP-wave production cross
sections are also proportional toG2, but in that case an ad
ditional parameter enters, which is related to the length of
time interval between the gluon fusion and rescattering p
cesses.

Since the color fieldG arises through gluon radiation i
the primary gluon fusion process it should be the same fo
charmonium~as well as open charm! amplitudes. In the pro-
duction of bb̄ pairs, on the other hand, the gluon radiati
and thus also the color field parameter~25! will be different.

C. The P-wave quarkonium cross sections

The P-wave production amplitudes are obtained simila
to theS-wave ones, by substituting Eqs.~4a!, ~4b!, ~10! and
~14! into Eq. ~3!. However, since theP-wave function van-
ishes at the origin it is now important to take into account
spatial expansion of theQQ̄ pair between its creation in th
gluon fusion process and its reinteraction with the color fi
G.

The production amplitude~3! can equivalently be ex
pressed in coordinate space as an overlap between the
function of the quark pair~F! and that of the quarkonium
bound state~C! at thesamespatial separation,
03401
-

e
-

ll

e

d

ave

M5E d3x1d3x2d3x3F~x12x2!

3G~x3!C* ~x12x2!@D~x12x3!1D~x22x3!#

3expF2 i ~Pf2Pi !•
x11x2

2 G . ~26!

Herex1 ,x2 are the positions of the heavy quarks at the re
teraction time, andD stands for the exchanged gluon prop
gator. SinceC(0)50 for P-wave quarkonia the amplitud
~26! is sensitive to the spatial extent of the quark wave fu
tion F(x12x2) at the time of reinteraction.

According to our discussion in Sec. III B, theQQ̄ pair is
created in the gluon fusion process with a size;1/m and a
relative momentum ofO~m!, which is large compared to th
relative momentumq of the quarkonium bound state,m
;u lu@uqu. In the ~proper! time intervalt before the pair re-
interacts withG it thus expands a distance

Duxu.
m

m
t. ~27!

The expansion time must be at least of the order of the s
tial size of the comoving field,t*1/m, henceDuxu*1/m is
comparable to~or even larger than! the initial size of the pair.
We shall parametrize the expansion by a factorr.1, and
rescale the initial coordinate space gluon fusion amplitu
accordingly,

F~x12x2!→
1

r3 FS 1

r
~x12x2! D ~28!

where the factor 1/r3 preserves the normalization of th
squared wave function. In momentum space, the resca
~28! implies

Fll̄~p!→Fll̄~rp! ~29!

in Eqs.~4a!,~4b!.
Intuitively it is clear that the rescaling of the argument

F by r will increase the overlap with theP-wave quarko-
nium wave function by the same factor~and hence result in a
r2 enhancement of the cross section!. Conversely, the effec
for S-waves vanishes in the limit where the quarkoniu
bound state radius@r/m. Formally, the enhancement of th
P-wave amplitude can be seen from Eq.~4a!, where thef abc
part ~which due to charge conjugation invariance contribu
to P-wave production! is linear in p, and thus gets multiplied
by r in the rescaling~29!.

We find for the spin tripletP-wave production amplitude
taking into account Eq.~23!,6

6When Eq.~23! is satisfied, the rescattering kernelR is linear in
the small quantitiesl/m,q/m @see Eq.~10! with the m50 term
removed#. For 3PJ production, the only contributing part inF@8# of
Eq. ~4a! is the term} f abc , which is also linear. The amplitude~30!
thus arises from aquadratic term ;q• l/m2, however ourlinear
approximation inl/m,q/m is perfectly justified.
1-9
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M~3PJ ,Jz!5rFd
22ig3)R18/m

A6pm3

1

l2
il1dl1

2l2@Gd~ l!3 l# i

3 (
LzSz

^LLz ;SSzuJJz&e
z~Lz!* ei~Sz!* , ~30!

where

Fd5
1

2
f abcTi j

c Tj 8 i 8
d . ~31!

Here theQQ̄ pair is created withS50, L51 and experi-
ences a spin-flip interaction with the color fieldG. An ex-
plicit expression for the spin sum in the last factor of E
~30! may be found in Ref.@51#. Thus,

M~3PJ ,Jz!5rFd
2ig3R18/m

A6pm3

1

l2
il1dl1

2l2

35
@Gd~ l!3 l#z ~J50!

2 iA3

2
@e* ~Jz!3„Gd~ l!3 l…#z ~J51!

2)e3i* ~Jz!@Gd~ l!3 l# i ~J52!.

~32!

The polarization tensoremn for a J52 system is given in
Ref. @47#.

The P-wave amplitudeM(3PJ ,Jz) depends on the~iso-
tropic! color field G through the vectorGd( l)3 l. In the am-
plitude squared, averaged over the incoming gluon spins
over the momentum transferl, theG-dependence thus ente
through the same parameter as forS-waves,G2 of Eq. ~25!.
Hence the relative production rates and polarizations of
3PJ quarkonia are predicted, and their cross sections ca
compared to those of the3S1 states in terms of the expansio
parameterr. The ratioss(3PJ ,Jz)/sdir(

3S1) are given in
Table II, wheresdir(

3S1) is the total~unpolarized! 3S1 cross
section calculated in Sec. IV B@cf. Eq. ~24!#. All cross sec-
tions satisfys(3PJ ,Jz)5s(3PJ ,2Jz). The effective param-
eter r of Table II is defined as

r 5
3

5
r2S R18/m

R0
D 2

.H 2.5 1022 r2

6.5 1023 r2

~cc̄!,

~bb̄!,
~33!

TABLE II. Relative 3PJ cross sections and inducedJ/c polar-
izations.

Jz

3P0
3P1

3P2

0 1 0 2 1 0

s~3PJ ,Jz!

sdir~
3S1!

r 3
2 r 0 0 3

2 r 2r

l indir(
3S1) 0 2

1

3
1 1 2

1

3 2
3
5

03401
.

nd

ll
be

where the numerical values are from Ref.@25#, with mc
51.5 GeV andmb54.5 GeV. Note that Table II refers onl
to quarkonium hadroproduction through our rescattering p
cess~cf. Fig. 2!. The CSM mechanism may contribute si
nificantly to 3P2 production~see below!. Table II is not rel-
evant for quarkonium photoproduction, to which our proce
does not contribute sinceG50 ~in the photon fragmentation
region! due to the absence of gluon radiation from the be
photon.

As can be seen from Table II, the totalP-wave rates sat-
isfy

s~x0!:s~x1!:s~x2!51:3:5. ~34!

There is no data ons(xc0), but ourxc1 /xc2 ratio is consis-
tent with the value 0.660.3 measured inpN collisions
@22,23#. The experimental ratio allows a CSM contributio
to xc2 production which is about equal to the one given
Table II @s(xc1) is small in the CSM#. There is no experi-
mental information on the polarization of the3PJ states.
Nevertheless, it is interesting to note that we finds(3P2 ,Jz
562)50, contrary to the CSM where only this polarizatio
is produced@24#.

The measured@22# cross section ratio7

s~xc2!

sdir~J/c!
55r .1.860.4 ~35!

implies using Eq.~33! a value r52.7 . . .3.8, where the
lower value corresponds to the CSM contributing 50% of
xc2 rate. The rather large valuer;3 of the expansion pa
rameter is a consequence of the theoretical suppressio
3PJ production due to the vanishing of theP-wave function
at the origin @cf. Eq. ~33!# and the fact that the measure
s(xc1,2) nevertheless are similar tosdir(J/c).

The radiative decaysxc1,2→J/c1g contribute @22,23#
;40% of the totalJ/c cross section. Since thexc states are
polarized the indirectly producedJ/c ’s will in general be
polarized as well. The polarization is conventionally para
etrized in terms of a parameterl in the J/c→m1m2 decay
angular distribution~we use the Gottfried-Jackson fram
where thez-axis in theJ/c rest frame is taken along th
beam direction!:

ds

d cosum
}11l cos2 u

l5
s~Sz511!2s~Sz50!

s~Sz511!1s~Sz50!
. ~36!

As discussed above, the condition~23! implies that the di-
rectly producedJ/c ’s are unpolarized,ldir50. A radiative
decay contributes to the indirect3S1 cross section according
to @52#

7Reference@23# gives a larger value 3.460.960.5 for this ratio.
1-10
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s indir~
3S1 ,Sz!

5Br~3PJ→3S11g!(
Jz

u^JJzu1~Jz2Sz!;1Sz&u2

3s~3PJ ,Jz!. ~37!

We show in Table II theJ/c polarization paramete
l indir(

3S1) induced by the radiative decay of a3PJ state of
given uJzu. It happens that the inducedJ/c polarization is
longitudinal (l,0) for all the 3PJ states which are pro
duced by our mechanism. Using branching fractio
Br(xcJ→J/c1g) of 27.3% and 13.5% for thexc1 andxc2 ,
respectively @50#, we estimate an overall polarizatio
parameter8 l(J/c).20.14. The measurements@19,20# tend
to prefer a value closer to zero. There is thus room for so
xc2 production via the CSM mechanism, which gives ri
to fully transverse (l51) J/c ’s. For sCSM(xc2)
.(1/2)s tot(xc2) the totall(J/c).20.02.

Thec8 is only produced directly and in our mechanism
unpolarized for a color fieldG satisfying Eq.~23!. This is
consistent with the experimental value@21# l(c8)50.02
60.14.

V. CONCLUSIONS

Our motivation for investigating the reinteraction scena
of Fig. 2 for quarkonium hadroproduction was due both
regularities in the data and to shortcomings of alterna
mechanisms, as explained in Sec. II. Here we shall bri
comment on some aspects of our results.

We made several simplifying assumptions, some of wh
may need to be modified in future studies. In particular,~1!
we considered only a single hard reinteraction with the
moving fieldG, ~2! we assumedG to be isotropic and inde
pendent of time, and,~3! we assumed that only the origin o
the quarkonium wave function is relevant in the overlap
tegral ~26!.

These assumptions seem reasonable in a first attem
consider the effects of reinteractions. We believe that furt

8The inclusion of the unpolarizedc8→J/c contribution does not
change the numerical value ofl significantly.
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systematic studies of the environment of partons create
hard collisions are called for. Besides quarkonium prod
tion, the flavor and azimuthal angle correlations as well
the spin dependence of open heavy flavor production sho
be informative.

Our scenario for quarkonium production was based
several striking features of the data, which we interpreted
the properties~A!–~C! listed in Sec. I A. We also built on the
extensive experience gained from previous model studie
quarkonium production. Many of the ‘‘successes’’ of th
present approach were thus built in from the start. Nevert
less, we find it non-trivial and interesting that so many o
served features can be qualitatively understood in a sim
theoretical framework. We also found more detailed con
quences of our model which could not be anticipated. Let
mention two successes and one difficulty.

Thes(xc1)/s(xc2) ratio is consistent with data.This ra-
tio is found to be much too low, compared to data, in bo
the color singlet~CSM! @24# and color octet~COM! @46#
approaches.

The (non-)polarization of the J/c and c8. We find, in
agreement with data, that the directly produced3S1 states are
unpolarized~at moderatexF), provided that the reinteraction
is dominated by transverse gluon exchange; cf. Eq.~22!. In
both the CSM and COM theJ/c ’s are produced with trans
verse polarization@24,46,52#. The color evaporation mode
~CEM! postulates that soft interactions flip the heavy qua
spin, in violation of heavy quark symmetry@48#.

Spatial expansion of the heavy quark pair.The initially
compact pair expands by a factorr before its reinteraction
with the color field creates an overlap with the quarkoniu
wave function. We needr.3 to fit the observed relative
rates ofJ/c and xc2 . Such a large expansion of the qua
pair may be inconsistent with our approximation, which co
siders only the quarkonium wave function at the origin.
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