
PHYSICAL REVIEW D, VOLUME 59, 034003
One-particle inclusive semileptonicB decays
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We propose a method for a QCD based calculation of one-particle inclusive decays of the formB→D̄X or

B→D̄* X. It is based on the heavy mass limit and a short distance expansion of the amplitudes, which yield a
power series in the parameter 1/MX

2 for the spectra and inLQCDmb /(mb2mc)
2 for the rates. We study the

leading term of this expansion for the case of the semileptonic decaysB→D̄Xl1n. @S0556-2821~99!05601-5#

PACS number~s!: 13.20.He, 12.39.Hg
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I. INTRODUCTION

Over the past ten years significant progress has been m
in the theoretical description of heavy flavor decays@1#. The
application of the 1/mQ expansion (mQ being the mass of the
heavy quark! allows us to perform QCD based calculation
which in some cases yield model independent results.
additional symmetries of the infinite mass limit, the so cal
heavy quark symmetries@2#, reduce the uncertainties due
unknown hadronic matrix elements significantly, and corr
tions to this infinite mass limit have been studied extensiv
using the framework of heavy quark effective theo
~HQET! @3#.

The heavy mass expansion has been applied to var
classes of decays. As far as exclusive decays are conce
the main progress has been achieved for semi-leptonic
cays, while exclusive non-leptonic decays still have not s
plified through the heavy mass limit.

The other side are the fully inclusive decays, the rates
which can be obtained as a power series in 1/mQ by means of
an operator product expansion~OPE! and subsequent appl
cation of HQET@4#. Here semi-leptonic as well as the no
leptonic processes may be described, allowing us to com
lifetimes and branching ratios. The pattern is well rep
duced by the 1/mQ expansion, although some open proble
remain@5#.

Up to now no attempt has been made to apply sim
methods to one-particle inclusive decays, such asB
→D̄Xl1n or B→D̄X andB→D̄* X. Obviously the standard
method as in the inclusive case does not work in a na
way, since in the final state aD̄ or aD̄* is projected out, and
the same set-up as in the inclusive case will not work.

In the present paper we propose a method which allow
to compute one-particle inclusive rates, based on QCD.
main ingredients are similar as in the fully inclusive case.
the next section we shall describe the method and then
cuss its application to semi-leptonic decays.

II. DESCRIPTION OF THE METHOD

We shall consider first decays of the formB→D̄X ~i.e. a
b̄→ c̄–transition! and thus study the expression

G~M2!5(
X

u^B~pB!uHe f fuD̄~pD̄!X&u2

3~2p!4d4~pB2pD̄2pX! ~1!
0556-2821/98/59~3!/034003~9!/$15.00 59 0340
de

,
e

d

-
y

us
ed
e-
-

f

te
-
s

r

e

us
e

n
is-

where uX& are momentum eigenstates with momentumpX
and He f f the relevant part of the weak Hamiltonian. Th
function G depends on the invariant massM25(pB2pD̄)2

of the stateuX& which ranges between

0<M2<~mB2mD!2, ~2!

where we have neglected the pion mass as well as the le
masses. This functionG is related to the decay rate und
consideration by

dG~B→D̄X!5
1

2mB
dF D̄G~M2! ~3!

wheredF D̄ is the phase space element of the final stateD̄
meson.

The region close toM2'0 is dominated by a few reso
nances~the p and r states in the non-leptonic case!, and
away from this region one can expect duality to hold.
particular, this should be true in the limit in whichmb , mc
→`, since in almost all available phase space we haveM2

@LQCD .
In technical terms this means that we are going to set u

short distance expansion for the quantityG(M2). The pro-
cedure is similar as the one for inclusive decays, we writ

G~M2!5(
X

E d4x^B~pB!uHe f f~x!uD̄~pD̄!X&

3^D̄~pD̄!XuHe f f~0!uB~pB!& ~4!

and make use of the fact thatmc and mb are both large
scales. We make these scales explicit by redefining the he
quark fields inHe f f by

b~x!5bv~x!e2 imbvx, c~x!5cv8~x!e2 imcv8x ~5!

where the velocities are defined aspB5mBv and pD
5mDv8.

Inserting this yields
©1998 The American Physical Society03-1



CHRISTOPHER BALZEREIT AND THOMAS MANNEL PHYSICAL REVIEW D59 034003
FIG. 1. Illustration of the short distance expansion of Eq.~6!.
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G~M2!5(
X

E d4xe2 i ~mbv2mcv8!x

3^B~v !uH̃e f f~x!uD̄~v8!X&

3^D̄~v8!XuH̃e f f~0!uB~v !&, ~6!

where H̃e f f is obtained fromHe f f by the replacementsb
→bv andc→cv8 . Equation~6! shows that the large momen
tum entering the game ismbv2mcv8.

The next step is a short distance expansion of the ma
element appearing in Eq.~6! yielding a power series in in
verse powers of the large momentumM5mbv2mcv8:

G~M2!5 (
n50

`

(
i

Ci
~n!~m!^B~pB!uO i

~n!uB~pB!&um . ~7!

The operatorsO i
(n) depend on the final stateD̄-meson and

are the analogue of the production operators as they ap
in heavy quarkonia production@6# or in one-particle inclu-
sive production ine1e2 annihilation@7#. They are local and
have the generic structure

O i
~n!5(

X
@ c̄v8Gbv#uD̄~v8!X&^D̄~v8!Xu@ b̄vG8cv8#, ~8!

whereG (8) denotes a combination of Dirac matrices and c
variant derivatives.

The matrix elements of theO i
(n) between staticB meson

states are universal functions of the velocity productv•v8.
We shall not give a detailed proof of factorization of th
matrix elements into long and short distance contributio
rather we are aiming at a phenomenological analysis of
one-particle inclusive semi-leptonic decays. We remark t
the method is not as rigorous as in the case of fully inclus
decays, where the heavy mass expansion is derived b
operator product expansion. However, Fig. 1 makes the
gument plausible. ForM2 large enough the large momentu
flows through the stateuX& and we assume that parton
hadron duality holds for this part of the diagram, and hen
we can compute this part in perturbative QCD.

The dimension ofO i
(n) in ~7! is n16 and hence

Ci
(n)/Ci

(n11) is of the orderM. The leading term of the ex
03400
ix

ear

-

s,
e

at
e
an
r-

e

pansion involves dimension 6 operators and we shall disc
in the present paper only this contribution. If we consid
only this leading term, we may even replace the operatorsbv
andcc8 by static HQET quarks. In the following this replace
ment is understood.

The corrections to be expected can easily be estima
Since the full momentum transfer isQ5M1k wherek is the
sum of the residual momenta of the heavyb andc quark, the
corrections to the leading term originate typically from

Q25M212M•k1O~LQCD
2 !5M2S 11

2M•k

M2
1••• D

~9!

and hence the corrections involve typically matrix eleme
of the form

(
X

^B~v !u@ c̄v8Gbv#uD̄~v8!X&^D̄~v8!Xu

3~M• iD !@ b̄vG†cv8#uB~v !& ~10!

where D is the covariant derivative of QCD. This matri
element will be of orderM•vLQCD and consequently the
method works as long as

2M•v

M2
LQCD!1. ~11!

M2 andM•v are not independent variables, since they b
can be expressed in terms of the velocity productv•v8.
Eliminating M•v one obtains

LQCD

mb
S mb

22mc
2

M2
11D !1, ~12!

and hence it is obvious that the expansion breaks down
very smallM2. Here again a similar situation occurs as
the inclusive semi-leptonic decays, where the endpoint
gion may be described in terms of a shape function.

On the other hand one may ask whether the short dista
expansion works at all, and thus it is instructive to insert
maximal value forM2 which is possible in a decay. On
finds that the parameter
3-2
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2LQCD

mb2mc

should be small compared to unity. Inserting the pessimi
value LQCD5500 MeV one finds that this parameter
about 1/3, which justifies our approach for the spectra at le
close to maximalM2. In order to get the total rates an inte
gration over the phase space of theD̄ meson has to be per
formed. The details depend on the process under cons
ation, but the typical size of the corrections can be estima
by computing some arbitrary phase space average. Choo
a phase space measure as

dF̄52mbdp̃
M2

A@~mc1mb!22M2#@~mc2mb!22M2#
~13!

which yields very simple integrals we find

LQCDK M•v

M2 L 5LQCD

E dF̄
M•v

M2

E dF̄

5
mbLQCD

~mb2mc!
2
'

1

4

~14!

justifying the short distance expansion also for the rates.
The second type of corrections are the QCD radiative c

rections which can be computed systematically. They will
of the orderas(M2) and hence will be small enough to b
treated perturbatively. As usual, the logarithm
as(M2)ln(M2) can be resummed by renormalization gro
methods; for the leading terms this will be done in Sec.

In the present paper we study only the leading term of
expansion and focus on applications to weak interactions
this case we need to consider a matrix element o
dimension-six operator involving the left handed currents

We consider the leptonic case in some detail; inserting
well known effective Hamiltonian for semi-leptonic deca
we find

G~M2!5
GF

2

2
uVcbu2Pmn~M !

3(
X

^B~v !u@ c̄v8g
m~12g5!bv#uD̄~v8!X&

3^D̄~v8!Xu@ b̄vgn~12g5!cv8#uB~v !&, ~15!

wherePmn is a tensor originating from contracting the lepto
fields in the effective Hamiltonian. This tensor only depen
on the vectorM and hence has the form

Pmn~M !5A~M2!~M2gmn2MmM n!1B~M2!MmM n.
~16!

Neglecting the lepton masses, we obtain, at the tree leve

A~M2!52
1

3p
Q~M2! andB~M2!50. ~17!
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Using

b̄vM” ~12g5!cv85~mb2mc!b̄vcv82~mb1mc!b̄vg5cv8
~18!

we can write the leading order contribution as

G~M2!5
GF

2

6p
uVcbu24mBmD@~mB2mD!2hS~v•v8!

1~mB1mD!2hP~v•v8!

2M2
„hV~v•v8!1hA~v•v8!…# ~19!

where we have defined non-perturbative matrix elements

4mBmDhS~v•v8!5(
X

^B~v !u@ c̄v8bv#uD̄~v8!X&

3^D̄~v8!Xu@ b̄vcv8#uB~v !& ~20!

24mBmDhP~v•v8!5(
X

^B~v !u@ c̄v8g5bv#uD̄~v8!X&

3^D̄~v8!Xu@ b̄vg5cv8#uB~v !&

4mBmDhV~v•v8!5(
X

^B~v !u@ c̄v8g
mbv#uD̄~v8!X&

3^D̄~v8!Xu@ b̄vgmcv8#uB~v !&

4mBmDhA~v•v8!5(
X

^B~v !u@ c̄v8g
mg5bv#uD̄~v8!X&

3^D̄~v8!Xu@ b̄vgmg5cv8#uB~v !&.

Once radiative corrections are taken into account, these
erators mix with the corresponding operators where theb and
the c quark are coupled to a color octet:

4mBmDrS~v•v8!5(
X

^B~v !u@ c̄v8T
abv#uD̄~v8!X&

3^D̄~v8!Xu@ b̄vTacv8#uB~v !& ~21!

24mBmDrP~v•v8!5(
X

^B~v !u@ c̄v8g5Tabv#uD̄~v8!X&

3^D̄~v8!Xu@ b̄vg5Tacv8#uB~v !&

4mBmDrV~v•v8!5(
X

^B~v !u@ c̄v8g
mTabv#uD̄~v8!X&

3^D̄~v8!Xu@ b̄vgmTacv8#uB~v !&

4mBmDrA~v•v8!5(
X

^B~v !u@ c̄v8g
mg5Tabv#uD̄~v8!X&

3^D̄~v8!Xu@ b̄vgmg5Tacv8#uB~v !&.
3-3



t

t

E
s
p
le
e
e

n
op

b

ha
th
he

ap
di
th
av

s

man
a
al

rtie

e

a-
cor-

CHRISTOPHER BALZEREIT AND THOMAS MANNEL PHYSICAL REVIEW D59 034003
Note that we are using parton-hadron duality and thusuX& is
expressed in terms of QCD degrees of freedom and thus
matrix elementsr i are nonvanishing.

III. RENORMALIZATION GROUP IMPROVEMENT

Under renormalization the matrix elements~20!,~21! be-
come scale dependent quantitiesh i(v•v8,m),r i(v•v8,m).
We chose to construct the short distance expansion a
intermediate scalem̄51/2(mb1mc), where both theb andc
quark are treated as static fields described by the HQ
However, the typical scale of the hadronic matrix element
a low hadronic scalem5L. Using the renormalization grou
the matrix elements can be scaled from the matching scam̄
down to the low scaleL. In our numerical analysis we us
as(L)51, whereas(m) is the one loop expression for th
running coupling constant.

To this end one has to renormalize the operators1

O i
~1!5(

X
@ c̄v8G ibv#uD̄~v8!X&^D̄~v8!Xu@ b̄vG icv8#

O i
~8!

5(
X

@ c̄v8G iT
abv#uD̄~v8!X&^D̄~v8!Xu@ b̄vG iT

acv8#

~23!

where G i51,g5 ,gm ,gmg5 . Because of heavy quark spi
symmetry mixing occurs only between singlet and octet
erators corresponding to one specific Dirac structureG i .
That means a basis closing under renormalization is given
O i

(1) andO i
(8) for every individuali.

The mixing properties of the operators translate into t
of their matrix elements. Therefore we can formulate
renormalization group equation directly in terms of t
h i(v•v8,m) andr i(v•v8,m) as follows:

d

dlnm
h i~v•v8,m!5g11h i~v•v8,m!1g18r i~v•v8,m!

~24!

d

dlnm
r i~v•v8,m!5g81h i~v•v8,m!1g88r i~v•v8,m!

Since we restrict ourselves to the leading logarithmic
proximation, it suffices to know the one loop anomalous
mensions. These are given by the divergent parts of
Feynman diagrams shown in Fig. 2 supplemented by w

1Note that at least to one loop order the renormalization prope
of these operators are identical to those of the operators

O i
~1!5@ c̄v8G ibv#@ b̄vG icv8#,

O i
~8!5@ c̄v8G iT

abv#@ b̄vG iT
acv8# ~22!

since the UV behavior is independent of the states, including thD̄
appearing in the final state.
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function renormalization of the heavy quark fields

g115S as

p D S Nc2
1

Nc
DK~v•v8!,

g1852S as

p D2K~v•v8!

g815S as

p D1

2S 1

Nc
2

21D K~v•v8!,

g885S as

p D 1

Nc
K~v•v8! ~25!

whereNc53 is the number of colors and

K~v•v8!512v•v8Re@r ~v•v8!#, r ~z!5
ln~z1Az221!

Az221
.

~26!

The function r (v•v8) typically appears in the anomalou
dimensions of velocity changing heavy quark currents@3#.

In our case only the real part ofr (v•v8) shows up in the
anomalous dimensions, since the corresponding Feyn
amplitudes contribute to the forward matrix element of
Hermitian operator which has to be real. Note that individu
Feynman diagrams develop imaginary parts@8,9# which drop
out in the sum.

Solving Eq.~24! we express the matrix elementsh i ,r i at
the scalem̄ in terms of their value at an arbitrary scalem:

Ei~v•v8!5h i~v•v8,m̄!5C11~v•v8,m!h i~v•v8,m!

1C18~v•v8,m!r i~v•v8,m!

Ri~v•v8!5r i~v•v8,m̄!5C81~v•v8,m!h i~v•v8,m!

1C88~v•v8,m!r i~v•v8,m!. ~27!

s

FIG. 2. Feynman diagrams contributing to the one loop anom
lous dimensions. The blob represents generically the operators
responding to theh i andr i .
3-4
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ONE-PARTICLE INCLUSIVE SEMILEPTONICB DECAYS PHYSICAL REVIEW D59 034003
The coefficient functionsCi j (v•v8,m) are given by

C11~v•v8,m!5
1

Nc
2

1S 12
1

Nc
2D z~v•v8,m!

C18~v•v8,m!5
2

Nc
„12z~v•v8,m!… ~28!

C81~v•v8,m!5
1

2Nc
S 1

Nc
2

21D „z~v•v8,m!21…

C88~v•v8,m!511
1

Nc
2
„z~v•v8,m!21…

where

z~v•v8,m!5S as~m!

as~m̄!
D ~Nc/2b0!K~v•v8!

with b05(3322Nf)/12 andNf53 for three active quark
flavors.

Note that in the case of semi-leptonic decays only
functionsEi(v•v8) are needed, since in leading log appro
mation ~LLA ! there are no octet contributions at the matc
ing scale.

IV. ONE-PARTICLE INCLUSIVE SEMI-LEPTONIC
DECAYS

We shall first try to understand the data on the decayB

→D̄Xl1n. In order to do this we need to have some id
about the matrix elementsh i andr i( i 5S,P,V,A) which are
defined in Eqs.~20! and~21!. We shall work to leading orde
in the 1/M expansion and hence identifymc5mD5mD* and
mb5mB .

We are aiming at the energy spectrum of theD̄ meson in
the one-particle inclusive decays of the typeB→D̄Xl1n.
The rate is obtained by integrating over the phase spac
the D̄. Taking into account renormalization one gets

dG

dy
5

1

2mB
G~M2!

mD
2

4p2
Ay221 ~29!

5
GF

2

12p3
uVcbu2mD

3 Ay221

3@~mB2mD!2ES~y!1~mB1mD!2EP~y!

2M2
„EV~y!1EA~y!…#

wherey5v•v8 and theEi( i 5S,P,V,A) are the renormal-
ization group invariant combinations of theh i andr i

Ei~v•v8!5C11~v•v8,m!h i~v•v8,m!

1C18~v•v8,m!r i~v•v8,m!. ~30!
03400
e
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The Wilson coefficientsC11 andC18 have been given in Eq
~28!.

To get some expression for the functionsh i and r i( i
5S,P,V,A) we first observe that atv•v851 the inclusive
rate is saturated by the exclusive decays into the lowest-ly

spin symmetry doubletD̄ andD̄* . Furthermore, at this poin

only theh i contribute, sinceC18(v•v851)50. TheD̄* sub-

sequently decays intoD̄ mesons and thus atv•v851 the

sum of the exclusive rates forB→D̄l 1n andB→D̄* l 1n is
equal to the one-particle inclusive semi-leptonic rateB

→D̄l 1nX, which is again equal to the fully inclusive rat
B→Xc̄l

1n. In other words, at this point there are no deca

into other charmed hadrons thanD̄ mesons.
Off this point things become more complicated. Howev

as far as the total rates are concerned, still the exclu

decaysB→D̄l 1n and B→D̄* l 1n saturate the fully inclu-

sive rateB→Xc̄l
1n at a level of about 70%. Since theD̄*

decay all intoD̄ mesons, it is certainly a good starting poi
to approximate theh i by something one obtains from th
sum of the exclusive decays. In other words, we shall exp
the h i in terms of the Isgur-Wise function@2#.

The approximation we are going to use corresponds
some kind of factorization assumption formulated f
G(M2). The functionsh i are defined by the matrix elemen
~20! and we shall approximate these matrix elements. Ho
ever, as with the usual factorization, our approximation is
a scale invariant concept, and hence we have to define
which scale it should hold. At a small hadronic scaleL we
replace in~20!

(
X

^B~v !u@ c̄v8G ibv#uD̄~v8!X&

3^D̄~v8!Xu@ b̄vG icv8#uB~v !&um5L

→^B~v !uc̄v8G ibvuD̄~v8!&um5L

3^D̄~v8!ub̄vG icv8uB~v !&um5L

1 (
Y~D̄* !

^B~v !uc̄v8G ibvuD̄~v8!Y~D̄* !&um5L

3^D̄~v8!Y~D̄* !ub̄vG icv8uB~v !&um5L ~31!

whereY(D̄* ) is defined byD̄*→D̄Y(D̄* ), i.e., Y(D̄* ) is

either a pion or a photon originating from aD̄* decay. In the
following we shall call this replacement factorization, sin
it is closely related to the factorization assumption kno
from non-leptonic decays. We get, again schematically
3-5
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(
X

^B~v !u@ c̄v8G ibv#uD̄~v8!X&

3^D̄~v8!Xu@ b̄vG icv8#uB~v !&um5L

→^B~v !uc̄v8G ibvuD̄~v8!&um5L

3^D̄~v8!ub̄vG icv8uB~v !&um5L

1(
Pol

^B~v !uc̄v8G ibvuD̄* ~v8,e!&um5L

3^D̄* ~v8,e!ub̄vG icv8uB~v !&um5L

3Br„D̄*→D̄Y~D̄* !… ~32!

where the sum runs over the polarization states of theD* . In
Eq. ~32! we have used the narrow width approximation f
the D̄* in the intermediate state.

The matrix elements appearing in the factorized expr
sion ~32! can all be expressed in terms of the Isgur-W
function:

^B~v !uc̄v8G ibvuD̄~v8!&um

5
1

4
AmBmDTr$g5~11v” !G i~11v” 8!g5%j~v•v8,m!

^B~v !uc̄v8G ibvuD̄* ~v8,e!&um

5
1

4
AmBmD* Tr$g5~11v” !G i~11v” 8!e” %j~v•v8,m!

~33!

From this we get

h i~v•v8,m!5
uX~v•v8!u2

C3
2~v•v8,m!

@ci~v•v8!

1ci* ~v•v8!Br„D̄*→D̄X~D̄* !…# ~34!

where

ci~v•v8!5
1

64
uTr$g5~11v” !G i~11v” 8!g5%u2

ci* ~v•v8!5
1

64(
Pol

uTr$g5~11v” !G i~11v” 8!e” %u2

and X(v•v8) is the renormalization group invariant comb
nation

X~v•v8!5C3~v•v8,m!j~v•v8,m!. ~35!

The Wilson coefficientC3(v•v8,m) renormalizing thebv
→cv8 current is known to two loops, but since we comput
C11 andC18 only to one loop, it is sufficient to insert the on
loop result
03400
s-

C3~v•v8,m!5S as~m!

as~m̄!
D ~1/2b0!ghh~v•v8!

~36!

where

ghh~v•v8!5
1

2S Nc2
1

Nc
D „12v•v8r ~v•v8!…. ~37!

The factorization assumption yields expressions for
matrix elementsh i at the small scaleL, but it does not tell
us anything about the color octet contributionsr i . It is well
known that factorization should hold in the limitNc→`.
This fact is indeed reflected in theNc dependence of the
Wilson coefficients, since

lim
Nc→`

C185 lim
Nc→`

C8150

lim
Nc→`

C8851 ~38!

lim
Nc→`

C115uC3u2

and thus the dimension 6 operators renormalize as prod
of dimension 3 currents and factorization becomes scale
dependent. This does still not tell us much about ther i , but
a natural assumption is that they are of the order 1/NC and
hence we shall taker i to be constant withr i(v•v8,m)
51/NC . This simple ansatz, ignoring a possible depende
on v•v8, does not introduce large uncertainties for the on
particle inclusive semi-leptonic decays, since ther i are only
induced through radiative corrections.

In the following we shall consider the decays of theB1

and theB0, both of which contain ab̄ quark undergoing a
semi-leptonic transitionb̄→ c̄l 1n. In the heavy mass limit
for thec quark the final states involving ac quark (D0 or D1

states! are suppressed, since this would involve acc̄ pair
creation. To leading order in 1/mc the possible decays ar
thus

B1→D̄0l 1nX, B1→D2l 1nX ~39!

B0→D̄0l 1nX, B0→D2l 1nX.

Since many of theD̄ mesons originate fromD̄* decays we
have to take into account the relevant branching ratios of
D̄* mesons into theD̄ mesons of different charge. We us
@10#
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Br~D* 2→D̄0X!'68%, Br~D* 2→D2X!'32%
~40!

Br~D̄* 0→D̄0X!'100%

and hence we can have the following decay chains

B1→D̄* 0l 1n →
Br~D̄* 0→D̄0X!

B1→D̄0l 1nX

B0→D* 2l 1n →
Br~D* 2→D2X!

B0→D2l 1nX ~41!

B0→D* 2l 1n →
Br~D* 2→D̄0X!

B0→D̄0l 1nX,

where the arrow indicates that—in addition to the direct
cay channelB→D̄l 1n—the exclusive mode on the left-han
side ~LHS! contributes to the one-particle inclusive rate
the RHS weighted with the branching ratios~40!.

We shall label theEi for the different decay modes~39!

with a superscript indicating the initialB and the finalD̄
meson. Taking into account theD̄* branching ratios~40! we
arrive at the following expressions for theEi involved in the
B1 decays:

ES
B1D̄0

~y!5
C11~y,L!

C3
2~y,L!

1

4
~y11!2uX~y!u21C18~y,L!

1

NC

EP
B1D̄0

~y!5
C11~y,L!

C3
2~y,L!

1

4
~y221!uX~y!u21C18~y,L!

1

NC

EV
B1D̄0

~y!5
C11~y,L!

C3
2~y,L!

1

2
~y11!~22y!uX~y!u2

1C18~y,L!
1

NC

EA
B1D̄0

~y!52
C11~y,L!

C3
2~y,L!

1

2
~y12!~y11!

3uX~y!u21C18~y,L!
1

NC
. ~42!

In the B0 decays we have to take into account theD* 2

branching ratios as

ES
B0D̄0

~y!5C18~y,L!
1

NC

EP
B0D̄0

~y!5
C11~y,L!

C3
2~y,L!

Br~D* 2→D̄0X!

3
1

4
~y221!uX~y!u2

1C18~y,L!
1

NC
03400
-

EV
B0D̄0

~y!5
C11~y,L!

C3
2~y,L!

Br~D* 2→D̄0X!

3
1

2
~y221!uX~y!u2

1C18~y,L!
1

NC

EA
B0D̄0

~y!52
C11~y,L!

C3
2~y,L!

Br~D* 2→D̄0X!

3
1

2
~y12!~y11!uX~y!u2

1C18~y,L!
1

NC
~43!

and

ES
B0D2

~y!5
C11~y,L!

C3
2~y,L!

1

4
~y11!2uX~y!u21C18~y,L!

1

NC

~44!

EP
B0D2

~y!5
C11~y,L!

C3
2~y,L!

Br~D* 2→D2X!

3
1

4
~y221!uX~y!u21C18~y,L!

1

NC

EV
B0D2

~y!5
C11~y,L!

C3
2~y,L!

S 1

2
~y11!2Br~D* 2→D2X!

3
1

2
~y221! D uX~y!u21C18~y,L!

1

NC

EA
B0D2

~y!52
C11~y,L!

C3
2~y,L!

Br~D* 2→D2X!

3
1

2
~y12!~y11!uX~y!u21C18~y,L!

1

NC
.

Note that atv•v851 we have simply the sum of the exclu
sive channelsB→D̄l 1n and B→D̄* l 1n, where theD̄*
component is weighted with the appropriateD̄* branching
ratios, since hereC115C351 and C1850. Off the point
v•v851 we still haveC11/(C3)2'1 but there is also an
additional contribution from the octet contributionsr i . As
we shall see, these additional contributions are consis
with the data, despite our crude estimate.

Inserting these lengthy expressions into the master
mula ~29! one obtains expressions for the one-particle inc
sive energy spectra of theD̄ mesons. To leading order in
3-7
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1/mc the energy of theD̄* meson is equal to the energy o
the D̄ meson originating from the decayD̄*→D̄X sinceX is
soft of the order 1/mc .

In order to actually obtain numbers one needs the Is
Wise function as an input. A good fit to the experimen
data is obtained already with a linear function, which is fitt
to the renormalization group invariantX(y)

X~y!512a~y21! with a50.84 @11#. ~45!

In Fig. 3 we plot the spectra of theD meson for the
combined rates

dG

dy
~B→D2l 1nX!5

1

2S dG

dy
~B1→D2 1nX!

1
dG

dy
~B0→D2l 1nX! D

dG

dy
~B→D̄0l 1nX!5

1

2S dG

dy
~B1→D̄0l 1nX!

1
dG

dy
~B0→D̄0l 1nX! D

and compare it to the sum of the exclusive decaysB0

→D2l 1n andB0→D* 2l 1n.
One may also integrate the spectra to obtain a total

for the one-particle inclusive semi-leptonic processes.
Table I we compare the rates we obtain from our appro
with the experimental data from@10#.

Table I and also Fig. 3 exhibit a few interesting featur
First of all the experimental data are well reproduced. F
thermore, although we have used the assumption~32! our
result is not simply the sum of the inclusive decaysB

→D̄l 1n andB→D̄* l 1n, since Eq.~32! is a scale dependen
statement. We assume that Eq.~32! holds at the small scale

FIG. 3. Decay spectra of the one-particle inclusive decays. S

line: B→D2l 1nX; dotted line: B→D̄0l 1nX; dashed line:B

→(D21D̄0) l 1nX, dashed-dotted line:B0→(D21D* 2) l 1n.
03400
r
l

te
n
h

.
r-

L; running up to the matching scalem̄ yields a significant
contribution from gluon exchanges. We interpret these c
tributions asB→D̄** l 1n where D̄** now stands for all
D̄-meson final states, which do not originate fromB
→D̄l 1n or B→D̄* l 1n. Although the ansatz for the octe
matrix elementsr i is extremely simple, we obtain a reaso
able number, namely Br(B→D̄** l 1n)'32%3Br(B
→Xc̄l

1n) where we useBr(B→Xc̄l
1n)5(10.460.4)%

from @10#. From Fig. 3 it is obvious that the
D̄** -contribution vanishes atv•v851 as required by the
heavy quark limit.

The last row of Table I gives the branching ratio for d
cays which do not have aD̄ meson in the final state, rathe
some other charmed hadron. The only other ground s
hadron is aL̄c so this should be the branching ratio forB

→L̄cXl1n for which we obtain Br(B→L̄cXl1n)56%
3Br(B→Xc̄l

1n). This is what one would expect on th
basis of the naive reasoning that a heavy quark hadron
into a baryon with a branching ratio of about ten percent

V. CONCLUSIONS

Exclusive semi-leptonic as well as fully inclusive deca
of heavy hadrons have a well established basis in QC
While in the former case it is the heavy mass limit of QC
formulated as an effective theory~HQET!, in the latter case
it is the heavy mass limit combined with parton-hadron d
ality, formulated as an operator-product expansion.

On the other side there are the exclusive non-leptonic
cays, where no theoretically solid basis for a calculation
branching ratios exists. However, these decays are of pr
interest with respect toCP violation and the determination
of the CKM matrix. In this field the heavy mass limit has n
brought any significant progress.

In this work we have set up a QCD based description
one-particle inclusive decays. The basic ingredients are
heavy mass limit and a short distance expansion. We ob
operators similar to the ones describing heavy quarkonia
duction or one particle inclusive processes. We have form
lated this method for decays of the typeB→D̄X whereX in
principle can be any state.

id

TABLE I. Comparison of our results with data. To get branc

ing ratios, we usedtB15tB051.55 ps. HereD̄** denotes any

final state with aD̄ meson which does not come from the exclusi
decays listed in rows three and four. The last two rows are co
mented on in the text.

Mode Br ~theory! Br ~data from@10#!

B→D2l 1nX 2.2% (2.760.8)%

B→D̄0l 1nX 6.7% (7.061.4)%

B0→D2l 1n (1.560.5)%
B0→D2* l 1n (4.6860.25)%

B→D̄** ln (3.560.6)% (2.760.7)%

B→non-D̄l 1n (0.660.4)%
3-8
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We have applied this method to one-particle inclus
semi-leptonic decays of the formB→D̄Xl1n, studying the
leading order in the operator-product expansion. Higher
der terms are suppressed by inverse powers of a large
related to the heavy quark masses. To leading order, all t
decays are parametrized in terms of eight functionsh i andr i

which depend on the velocities of theB and theD̄ meson.
The main problem is to obtain these non-perturbat

functionsh i andr i and we employed the fact that the incl
sive semi-leptonic decays are dominated by the two chan
B→D̄l 1n andB→D̄* l 1n. Using this as a starting point w
may obtain four of the unknown functions~the h i) in terms
of the Isgur-Wise function with a well motivated factoriz
tion ansatz. The remaining four~the r i) are suppressed b
powers ofas as well as by factors 1/NC .

Estimating the four functionsr i to be of the order 1/NC
we are able to describe the features of the one-particle in
sive semi-leptonic decays. In particular, QCD radiative c
rections induce a relatively large amount of decays wh
M
r
.
.

.

03400
r-
ale
se

e

ls

u-
-
h

originate not from the exclusive modesB→D̄l 1n and B

→D̄* l 1n. This is in accordance with the experimental da
giving us some confidence in our method.

The approach suggested in the present paper opens
door to a QCD based description of one-particle inclus
processes; it is not limited to semi-leptonic decays. In p
ticular, the non-perturbative functionsh i andr i are universal
and should also describe other one-particle inclusive p
cesses.
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