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Kaon electroweak form factors in the light-front quark model

Ho-Meoyng Choi and Chueng-Ryong Ji
Department of Physics, North Carolina State University, Raleigh, North Carolina 27695-8202

~Received 27 July 1998; published 22 December 1998!

We investigate the form factors and decay rates for the semileptonic decays of the kaon(Kl3) using the
light-front quark model. The form factorsf 6(q2) are calculated in theq150 frame and analytically continued
to the timelike region,q2.0. Our numerical results for the physical observablesf 2 / f 1uq25m

l
2520.38, l1

50.025 ~the slope off 1 at q25ml
2!, G(Ke3

0 )5(7.3060.12)3106 s21, andG(Km3
0 )5(4.5760.07)3106 s21

are quite comparable with the experimental data and other theoretical model calculations. The nonvalence
contributions from theq1Þ0 frame are also estimated.@S0556-2821~99!03001-5#

PACS number~s!: 14.40.Aq, 12.39.Ki, 13.10.1q, 13.20.Eb
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I. INTRODUCTION

Even though there have been many analyses of the he
to-heavy and heavy-to-light form factors for weak transitio
from a pseudoscalar meson to another pseudoscalar m
within the light-front quark model~LFQM! @1–8#, the light-
to-light weak form factor analysis such asKl3 has not yet
been studied in the LFQM. However, the analysis of se
leptonic Kl3 decays comparing with the experiment@9# has
been provided by many other theoretical models, e.g., ch
perturbation theory~CPT! @10,11#, the effective chiral La-
grangian approach@12#, vector meson dominance@13#, the
extended Nambu–Jona-Lasinio model@14#, Dyson-
Schwinger approach@15#, and other quark models@16,17#.
Thus, in this work, we use the LFQM to analyze both fo
factors of theKl3 decays, i.e.,f 1 and f 2 , and compare with
the experimental data as well as other theoretical model

In the LFQM calculations presented in Refs.@4–7#, the
q1Þ0 frame has been used to calculate the weak decay
the timelike regionml

2<q2<(Mi2M f)
2, with Mi @ f # andml

being the initial@final# meson mass and the lepton (l ) mass,
respectively. However, when theq1Þ0 frame is used, the
inclusion of the nonvalence contributions arising from qua
antiquark pair creation~‘‘ Z-graph’’! is inevitable and this
inclusion may be very important for heavy-to-light and ligh
to-light decays. Nevertheless, the previous analyses@4–7# in
q1Þ0 frame considered only valence contributions negle
ing nonvalence contributions. In this work, we circumve
this problem by calculating the processes inq150 frame
and analytically continuing to the timelike region. Theq1

50 frame is useful because only valence contributions
needed. However, one needs to calculate the compone
the current other thanJ1 to obtain the form factorf 2(q2).
SinceJ2 is not free from the zero-mode contributions ev
in q150 frame@19,20#, we useJ' instead ofJ2 to obtain
f 2 . The previous works in Refs.@1–3# have considered only
the ‘‘1’’ component of the current which was not sufficie
to obtain the form factorf 2(q2). Furthermore, the light-to-
light decays such asKl3 have not yet been analyzed, eve
though the calculation off 2 for heavy-to-heavy and heavy
to-light decays has been made in Ref.@8# using the disper-
sion formulations. Thus, we analyze both currents ofJ1 and
J' for Kl3 decays usingq150 frame and analytically con
tinue to the timelike region. Our method of changingq' to
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iq' is not only simple to use in practical calculations for t
exclusive processes but also provides the identical res
obtained by the dispersion formulations presented in R
@8#.

The calculation of the form factorf 2(q2) is especially
important for the complete analysis ofKl3 decays, since the
f 2(q2) is prerequisite for the calculation of the physical o
servablesjA5 f 2 / f 1uq25m

l
2 andl2 , the slope off 2(q2) at

q25ml
2 . We also estimate the nonvalence contributio

from q1Þ0 frame by calculating only valence contribution
from q1Þ0 frame and comparing them with those obtain
from q150 frame. Including the lepton mass effects for t
dG/dq2 spectrum ofKl3 , we distinguish the decay rate o
Km3 from that of Ke3 , where the contribution fromf 2 is
found to be appreciable form decays.

Our model parameters summarized in Table I were
tained from our previous analysis of quark potential mo
@18#, which provided a good agreement with the experime
tal data of various electromagnetic properties of mesons s
as f p , f K , charge radii ofp and K, and rates for radiative
meson decays etc. As shown in Ref.@18#, the Gaussian radia
wave function f(x,k') for our LF wave function
Clq ,l q̄

JJz (x,k')5f(x,k')R lq ,l q̄

JJz (x,k') is given by

f~x,k'!5A]kz

]x S 1

p3/2b3D 1/2

exp~2k2/2b2!, ~1!

where]kz /]x is the Jacobian of the variable transformati
$x,k'%→k5(kn ,k'). The spin-orbit wave function
R lq ,l q̄

JJz (x,k') is obtained by the interaction-independe

Melosh transformation. The detailed description for the sp
orbit wave function can also be found in previous literatu
@1–3,5–7,18#.

The paper is organized as follows. In Sec. II, we obta
the form factors ofKl3 decays inq150 frame and analyti-

TABLE I. Quark massesmq ~GeV! and Gaussian parametersb
~GeV! used in our analysis.q5u andd.

mq ms bqq̄ bss̄ bqs̄

Set 1 0.25 0.48 0.3194 0.3681 0.3419
Set 2 0.22 0.45 0.3659 0.4128 0.3886
©1998 The American Physical Society01-1
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cally continue to the timelikeq2.0 region by changingq'

to iq' in the form factors. In Sec. III, our numerical resul
of the observables forKl3 decays are presented and co
pared with the experimental data as well as other theore
results. Summary and discussion of our main results fol
in Sec. IV. In the Appendix A, we show the derivation of th
matrix element of the weak vector current forKl3 decays in
the standardq150 frame. In the Appendix B, the valenc
contribution inq1Þ0 frame is formulated.

II. WEAK FORM FACTORS IN DRELL-YAN FRAME

The matrix element of the hadronic current forKl3 can be
parametrized in terms of two hadronic form factors as f
lows:

^puūgmsuK&5 f 1~q2!~PK1Pp!m1 f 2~q2!~PK2Pp!m,

5 f 1~q2!F ~PK1Pp!m2
MK

2 2Mp
2

q2 qmG
1 f 0~q2!

MK
2 2Mp

2

q2 qm, ~2!

whereqm5(PK2Pp)m is the four-momentum transfer to th
leptons andml

2<q2<(MK2Mp)2. The form factorsf 1 and
f 0 are related to the exchange of 12 and 01, respectively,
and satisfy the following relations:

f 1~0!5 f 0~0!, f 0~q2!5 f 1~q2!1
q2

MK
2 2Mp

2 f 2~q2!.

~3!

Since the lepton mass is small except in the case of tht
lepton, one may safely neglect the lepton mass in the de
rate calculation of the heavy-to-heavy and heavy-to-li
transitions. However, forKl3 decays, the muon~m! mass is
not negligible, even though electron mass can be neglec
Thus, including nonzero lepton mass, the formula for
decay rate ofKl3 is given by@21#

dG~Kl3!

dq2 5
GF

2

24p3 uVusu2K f~q2!S 12
ml

2

q2 D 2

3H @K f~q2!#2S 11
ml

2

2q2D u f 1~q2!u2

1MK
2 S 12

Mp
2

MK
2 D 2 3

8

ml
2

q2 u f 0~q2!u2J , ~4!

whereGF is the Fermi constant,Vq1q̄2
is the element of the

Cabbibo-Kobayashi-Maskawa mixing matrix and the fac
K f(q

2) is given by

K f~q2!5
1

2MK
@~MK

2 1Mp
2 2q2!224MK

2 Mp
2 #1/2. ~5!

Since our analysis will be performed in the isospin symme
(mu5md) but SUf(3) breaking (msÞmu(d)) limit, we do
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not discriminate between the charged and neutral kaon w

decays, i.e.,f 6
K0

5 f 6
K1

. For Kl3 decays, the three form facto
parameters, i.e.,l1 , l0 andjA , have been measured usin
the following linear parametrization@9#:

f 6~q2!5 f 6~q25ml
2!S 11l6

q2

Mp1
2 D , ~6!

wherel6,0 is the slope off 6,0 evaluated atq25ml
2 andjA

5 f 2 / f 1uq25m
l
2.

As shown in Fig. 1, the quark momentum variables
q1q̄→q2q̄ transitions in the standardq150 frame are given
by

p1
15~12x!P1

1 , pq̄
15xP1

1 ,

p1'5~12x!P1'1k' , pq̄'5xP1'2k' ,

p2
15~12x!P2

1 , pq̄8
15xP2

1 ,

p2'5~12x!P2'1k8' , p8q̄'5xP2'2k8' ,
~7!

which requires thatpq̄
15pq̄8

1 and pq̄'5p8q̄' . Our analysis
for Kl3 decays will be carried out using the frame where t
decaying hadron~kaon! is at rest andq150. Using the ma-
trix element of the ‘‘1’’ component of the current,J1, given
by Eq. ~2!, we obtain the form factorf 1(q'

2 ) as follows:

f 1~q'
2 !5E

0

1

dxE d2k'f2~x,k8'!f1~x,k'!

3
A1A21k'•k8'

AA 1
21k'

2AA 2
21k'8

2
, ~8!

whereq'
2 52q2, Ai5mix1mq̄(12x) andk8'5k'2xq' .

As we discussed in the introduction, we need the ‘‘'’’ com-
ponent of the current,J' , to obtain the form factorf 2(q'

2 )
in Eq. ~2!, viz.,

^P2uq̄2~q'•gW'!q1uP1&5q'
2 @ f 2~q'

2 !2 f 1~q'
2 !#, ~9!

FIG. 1. The form factor calculation inq1Þ0 frame requires
both the usual light-front triangle diagram~a! and the nonvalence
~pair-creation! diagram~b!. The vertical dashed line in~b! indicates
the energy-denominator for the nonvalence contribution. While
white blob represents our LF wave functionClq ,l q̄

JJz (x,k'), the

modeling of black blob has not yet been made.
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KAON ELECTROWEAK FORM FACTORS IN THE LIGHT- . . . PHYSICAL REVIEW D 59 034001
after multiplyingq' on both sides of Eq.~2!. The left-hand
side ~LHS! of Eq. ~9! is given by

^P2uq̄2~q'•gW'!q1uP1&

52E dxd2k'

xf2~x,k8'!f1~x,k'!

2AA 1
21k'

2AA 2
21k'8

2

3Tr@g5~p” 21m2!~q'•gW'!~p” 11m1!g5~p” q̄2mq̄!#.

~10!

Using the quark momentum variables given in Eq.~7!, we
obtain the trace term in Eq.~10! as follows:

Tr@g5~p” 21m2!~q'•gW'!~p” 11m1!g5~p” q̄2mq̄!#

522H ~A 1
21k'

2 !

x~12x!
~k'2q'!•q'1

~A 2
21k'8

2!

x~12x!
k'•q'

1@~m12m2!21q'
2 #k'•q'J . ~11!

The more detailed derivation of Eqs.~8! and ~10! are pre-
sented in Appendix A. Since both sides of Eq.~9! vanish as
q2→0, one has to be cautious for the numerical computa
of f 2 at q250. Thus, for the numerical computation atq2

50, we need to find an analytic formula forf 0 . In order to
obtain the analytic formula for the form factorf 2(0), we
make a lowq'

2 expansion to extract the overallq'
2 from Eq.

~10!. Then, the form factorf 2(0) is obtained as follows:

f 2~0!5 f 1~0!1E
0

1

dxE d2k'

xf2~x,k'!f1~x,k'!

AA 1
21k'

2AA 2
21k'

2

3$@CT1~CJ12CJ21CM1CR!

1CT2#k'
2 cos2f1CT3%, ~12!

where the anglef is defined byk'•q'5uk'uuq'ucosf and
the terms ofC8s are given by

CJi5
2b i

2

~12x!~b1
21b2

2!Mi0
2 F 1

12@~mi
22mq̄

2!/Mi0
2 #2 2

3

4G ,

CM5
1

~12x!~b1
21b2

2!

3F b2
2

M20
2 2~m22mq̄!22

b1
2

M10
2 2~m12mq̄!2G ,

CR5
21

4~12x!~b1
21b2

2!
F S m2

22mq̄
2

M20
2 D 2

2S m1
22mq̄

2

M10
2 D 2G ,

CT15
1

x~12x!
~A 1

21A 2
212k'

2 !1~m12m2!2,
03400
n

CT25
2~b1

22b2
2!

~12x!~b1
21b2

2!
, CT35

xb1
2

b1
21b2

2 CT12
A 1

21k'
2

x~12x!
,

~13!

with

Mi0
2 5

k'
2 1mi

2

12x
1

k'
2 1mq̄

2

x
. ~14!

The form factorsf 1 and f 2 can be analytically continued to
the timelikeq2.0 region1 by replacingq' by iq' in Eqs.
~8! and ~9!. Since f 2(0) in Eq. ~12! is exactly zero in the
SUf(3) symmetry @15#, i.e., mu(d)5ms and bud̄5bus̄

5bss̄, one can getf 1(q'
2 )5Fp(q'

2 ) for the p1→p0 weak
decay (pe3), whereFp(q'

2 ) is the electromagnetic form fac
tor of pion, andf 2(q2)50 because of the isospin symmetr
For comparison, we briefly discuss in Appendix B the for
factors inq1Þ0 frame.

III. NUMERICAL RESULTS

As we discussed in the Introduction, we used the sa
quark model parameters (mu(d) ,ms ,bud̄ ,bus̄) as in Ref.@18#
to predict various observables forKl3 decays. These param
eters are summarized in Table I. Sets 1 and 2 in this ta
represent the model parameters obtained by the harm
oscillator and linear confinement potentials, respectively
LFQM @18#.

Our predictions of the parameters forKl3 decays inq1

50 frame, i.e., f 1(0), l1 , l0 , ^r 2&Kp56 f 18 (0)/ f 1(0)
56l1 /Mp1

2 , and jA5 f 2 / f 1uq25m
l
2, are summarized in

Table II. We do not distinguishKe3 from Km3 in the calcu-
lation of the above parameters since the slopes off 6 are
almost constant in the range ofme

2<q2<mm
2 . However, the

decay rates should be different due to the phase space fa
given by Eq.~4! and our numerical results forG(Ke3) and
G(Km3) in q150 frame are also presented in Table II. O
results for the form factorf 1 at zero momentum transfer
f 1(0)50.961@0.962# for set 1@set 2#, are consistent with the
Ademollo-Gatto theorem@22# and also coincides with the
result of chiral perturbation theory@10#, f 1(0)50.961
60.008. Our results for other observables such asl1 , jA ,
andG(Kl3) are overall in a good agreement with the expe
mental data@9#. We have also investigated the sensitivity
our results by varying quark masses. For instance,
results2 obtained by changing the strange quark mass fr

1We note that our numerical results off 1 obtained by the method
of replacing q' by iq' in Eq. ~8! for any P→P(P
5Pseudoscalar) semileptonic decays are identical to those obta
from dispersion formulation in Ref.@8#.

2Even though we show the results only for the set 1, we find
similar variations for the set 2; i.e., the positive sign ofl0 can be
obtained whenms /mu<1.8 for both sets 1 and 2. In addition to th
observables in this work, our predictions forf K , r K1

2 , and r K0
2 in

@18# are changed to 108 MeV~1% change!, 0.385 fm2 ~0.3%
change!, and20.077 fm2 ~15%!, respectively.
1-3
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TABLE II. Model predictions for the parameters ofKl3 decay form factors obtained fromq150 frame. The charge radiusr pK is
obtained bŷ r 2&pK56 f 18 (q250)/ f 1(0). As asensitivity check, we include the results in square brackets by changingms50.48 to 0.43
GeV for the parameter set 1. The CKM matrix used in the calculation of the decay width~in units of 106 s21! is uVusu50.220560.0018@9#.

Observables Set 1@ms50.48→0.43# Set 2 Other models Experiment

f 1(0) 0.961@0.974# 0.962 0.96160.008,a 0.952,e 0.98,f 0.93g

l1 0.025@0.029# 0.026 0.031,b 0.033,c 0.025d 0.028660.0022@Ke3
1 #

0.028,e 0.018,f 0.019g

0.030060.0016@Ke3
0 #

l0 20.007@10.0027# 20.009 0.01760.004,b 0.013,c 0.0d 0.00460.007@Km3
1 #

0.0026,e 20.0024,f 20.005g 0.02560.006@Km3
0 #

jA 20.38@20.31# 20.41 20.16460.047,b 20.24,c 20.28d 20.3560.15@Km3
1 #

20.28,e 20.25,f 20.28g 20.1160.09@Km3
0 #

^r &pK(fm) 0.55@0.59# 0.56 0.61,b 0.57,e 0.47,f 0.48g

G(Ke3
0 ) 7.3060.12@7.6060.12# 7.3660.12 7.760.5@Ke3

0 #

G(Km3
0 ) 4.5760.07@4.8460.08# 4.5660.07 5.2560.07@Km3

0 #

aReference@10#.
bReference@11#.
cReference@12#.
dReference@13#.
eReference@14#.
fReference@15#.
gReference@16#.
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ms50.48 GeV to 0.43 GeV~10% change! for the set 1 are
included in Table II. As one can see in Table II, our mod
predictions are quite stable for the variation ofms exceptl0 ,
which changes its sign from20.007 to10.0027. The large
variation ofl0 is mainly due to the rather large sensitivity
f 2(0) ~18% change! to the variation ofms . Similar obser-
vation regarding on the large sensitivity forl0 compared to
other observables has also been reported in Ref.@14# for the
variation of quark masses. As discussed in Refs.@15# and
@17#, f 2(0) is sensitive to the nonperturbative enhancem
of the SU~3! symmetry breaking mass differencems
2mu(d) since f 2(0) depends on the ratio ofms andmu(d) .

Of special interest, we also observed that the nonvale
contributions fromq1Þ0 frame are clearly visible forl1 ,
l0 andjA even though it may not be quite significant for th
decay rateG(Kl3). Our predictions with only the valenc
contributions in q1Þ0 frame are f 1(0)50.961@0.962#,
l150.081@0.083#, l0520.014@20.017#, jA521.12
@21.10#, G(Ke3)5(8.02@7.83#60.13)3106 s21 and
G(Km3)5(4.49@4.36#60.13)3106 s21 for the set 1@set 2#.
Even though the form factorf 1(0) in q1Þ0 frame is free
from the nonvalence contributions, its derivative atq250,
i.e., l1 , receives the nonvalence contributions. Moreov
the form factorf 2(q2) in q1Þ0 frame is not immune to the
nonvalence contributions even atq250 @19#. Unless one in-
cludes the nonvalence contributions in theq1Þ0 frame, one
cannot really obtain reliable predictions for the observab
such asl1 , l0 andjA for Kl3 decays.

In Fig. 2, we show the form factorsf 1 obtained from both
q150 and q1Þ0 frames for 0<q2<(MK2Mp)2 region.
As one can see in Fig. 2, the form factorsf 1 obtained from
q150 frame ~solid lines! for both parameter sets 1 and
appear to be linear functions ofq2 justifying Eq. ~6! usually
03400
l

t

ce

r,

s

employed in the analysis of experimental data@9#. Note,
however, that the curves without the nonvalence contri
tions in q1Þ0 frame~dotted lines! do not exhibit the same
behavior. In Fig. 3, we showdG/dq2 spectra forKe3 ~solid
line! and Km3 ~dotted line! obtained fromq150 frame.
While the term proportional tof 0 in Eq. ~4! is negligible for
Ke3 decay rate, its contribution forKm3 decay rate is quite
substantial~dot-dashed line!. Also, we show in Fig. 4 the
form factorsf 1(q2) ~solid and dotted lines for the sets 1 an

FIG. 2. The form factorsf 1(q2) for the K→p transition in
timelike momentum transferq2.0. The solid and dotted lines ar
the results from theq150 andq1Þ0 frames for the parameter se
1 and 2 given in Table I, respectively. The differences of the res
between the two frames are the measure of the nonvalence co
butions fromq1Þ0 frame.
1-4
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2, respectively! at spacelike momentum transfer region a
compare with the theoretical prediction from Ref.@14# ~dot-
dashed line!. The measurement of this observable inq2,0
region is anticipated from TJNAF@14#.

In addition, we calculated the electromagnetic form fa
tors Fp(q2) and FK(q2) in the spacelike region using bot
q150 andq1Þ0 frames to estimate the nonvalence con
butions in q1Þ0 frame. As shown in Figs. 5 and 6 fo
Fp(q2) andFK(q2), respectively, our predictions inq150
frame are in a very good agreement with the available d
@23,24# while the results forq1Þ0 frame deviate from the
data significantly. The deviations represent the nonvale
contributions inq1Þ0 frame@see Fig. 1~b!#. However, the

FIG. 3. The decay ratesdG/dq2 of Ke3 ~solid line! and Km3

~dotted line! for the parameter set 1 inq150 frame. The dot-
dashed line is the contribution from the term proportional tof 0 in
Eq. ~4! for Km3 decay. The results for the set 2 are not much d
ferent from those for the set 1.

FIG. 4. The form factorsf 1(q2) for the K→p transition in
spacelike momentum transfer2q2,0. The solid and dotted lines
are the results from the sets 1 and 2, respectively. The dot-da
line is the result from Ref.@14#.
03400
-

-

ta

ce

deviations are clearly reduced forFK(q2) ~see Fig. 6! be-
cause of the large suppression from the energy denomin
shown in Fig. 1 for the nonvalence contribution. The su
pressions are much bigger for the heavier mesons suchD
and B. Especially, for theB meson case, the nonvalenc
contribution is almost negligible up toQ252q2

;10 GeV2.

IV. SUMMARY AND CONCLUSION

In this work, we investigated the weak decays ofKl3 us-
ing the light-front quark model. The form factorsf 6 are
obtained inq150 frame and then analytically continued
the timelike region by changingq' to iq' in the form fac-
tors. The matrix element of the ‘‘'’’ component of the cur-
rent Jm is used to obtain the form factorf 2 , which is nec-

-

ed

FIG. 5. The EM form factor of pion for lowQ252q2 com-
pared with data@23#. The solid and dotted lines are the results fro
the q150 andq1Þ0 frames for the parameter sets 1 and 2,
spectively.

FIG. 6. The EM form factor of kaon compared with data@24#.
The same line code as in Fig. 5 is used.
1-5
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essary for the complete analysis ofKl3 decays. Using the
nonzero lepton mass formula@Eq. ~4!# for the decay rate of
Kl3 , we also distinguishKm3 from Ke3 decay. Especially, for
Km3 decay, the contribution fromf 0 @or f 2# form factor is
not negligible in the calculation of the decay rate. Our the
retical predictions forKl3 weak decays are overall in a goo
agreement with the experimental data. We also confirm
that our analytic continuation method is equivalent to that
Ref. @8# where the form factors are obtained by the disp
sion representations through the~Gaussian! wave functions
of the initial and final mesons. In all of these analyses, it w
crucial to include the nonvalence contributions inq1Þ0
frame. As we have estimated these contributions in vari
observables, their magnitudes are not at all negligible in
light-to-light electroweak form factors. In fact, the nonv
lence contributions were very large for the most of obse
ables such asl1 , l0 , jA , Fp(Q2) andFK(Q2).

Finally, we have also estimated the zero-mode contri
tion by calculating the ‘‘2’’ component of the current. Ou
observation in an exactly solvable scalar field theory w
presented in Ref.@19#. Using the light-front bad currentJ2

in q150 frame, we obtainedf 2(0)512.6@18.6# for the set
1@set 2#. The huge ratio of f 2(0)uJ2 / f 2(0)uJ'

'

236@248# for the set 1@set 2# is consistent with our obser
vation in Ref.@19#. We also found that the zero-mode co
tribution is highly suppressed as the quark mass increa
The detailed analysis of heavy-to-heavy and heavy-to-li
semileptonic decays is currently underway.
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APPENDIX A: DERIVATION OF THE MATRIX
ELEMENT OF THE WEAK VECTOR CURRENT

ŠP2zq̄2gµ„51,'…q1zP1‹ IN q150 FRAME

In this appendix, we show the derivation of the mat
element of the weak vector current^P2uq̄2gmq1uP1& given in
Eq. ~2! for m51 and', respectively.

In the light-front quark model, the matrix element of th
weak vector current can be calculated by the convolution
initial and final light-front wave function of a meson as fo
lows:

^P2uq̄2gmq1uP1&

5 (
l1 ,l2 ,l̄

E dpq̄
1d2k'f2

†~x,k8'!f1~x,k'!R
l2l̄

00†

3~x,k8'!
ū~p2 ,l2!

Ap2
1

gm
u~p1 ,l1!

Ap1
1
R

l1l̄

00
~x,k'!, ~A1!
03400
-

d
f
-

s

s
e

-

-

s

es.
t

-
-
c

u-
i

f

where the spin-orbit wave functionR JJz(x,k') for pseudo-
scalar meson (JPC5021) obtained from Melosh transfor
mation is given by

R
l i l̄

00
5

1

&AMi0
2 2~mi2mq̄!2

ū~pi ,l i !g
5v~pq̄ ,l̄ !,

~A2!

and

Mi0
2 5

k'
2 1mi

2

12x
1

k'
2 1mq̄

2

x
. ~A3!

Substituting Eq.~A2! into Eq. ~A1! and using the quark mo
mentum variables given in Eq.~7!, one can easily obtain

^P2uq̄2gmq1uP1&

52E dxd2k'

f2
†~x,k8'!f1~x,k'!

2~12x!P i
2AMi0

2 2~mi2mq̄!2

3Tr@g5~p” 21m2!gm~p” 11m1!g5~p” q̄2mq̄!#, ~A4!

where we used the following completeness relations of
Dirac spinors

(
l1,2

u~p,l!ū~p,l!5p”1m, (
l1,2

v~p,l!v̄~p,l!5p”2m.

~A5!

In the frame where the decaying hadron is at rest andq1

50, the trace terms in Eq.~A4! for the ‘‘1’’ and ‘‘'’’ com-
ponents of the vector currentJm5q̄2gmq1 , respectively, are
obtained as follows:

Tr@g5~p” 21m2!gm~p” 11m1!g5~p” q̄2mq̄!#

524@p1
m~p2•pq̄1m2mq̄!1p2

m~p1•pq̄

1m1mq̄!1pq̄
m~2p1•p21m1m2!#

52
4P1

x
@A1A21k'•k8'#, for m51 ~A6!

522F ~A 1
21k'

2 !

x~12x!
~k'2q'!1

~A 2
21k'8

2!

x~12x!
k'

1@~m12m2!21q'
2 #k'G , for m5' ~A7!

whereAi5mix1mq̄(12x) and k8'5k'2xq' . Our con-
vention of the scalar product,p1•p25(p1

1p2
21p1

2p2
1)/2

2p1'•p2' were used to derive Eqs.~A6! and~A7! from the
second line of the above equation. Substituting Eqs.~A6! and
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~A7! into Eq.~A4!, we now obtain the matrix element of th
weak vector current̂P2uq̄2gmq1uP1& for m51 @see Eq.~8!#
and' @see Eq.~10!# in q150 frame, respectively.

APPENDIX B: VALENCE CONTRIBUTIONS
IN q1Þ0 FRAME

For the purely longitudinal momentum transfer, i.e.,q'

50 andq25q1q2, the relevant quark momentum variabl
are

p1
15~12x!P1

1 , pq̄
15xP1

1 ,

p1'5~12x!P1'1k' , pq̄'5xP1'2k' ,

p2
15~12x8!P2

1 , pq̄8
15x8P2

1 ,

p2'5~12x8!P2'1k8' , p8q̄'5x8P2'2k8' ,
~B1!

wherex(x85x/r ) is the momentum fraction carried by th
spectatorq̄ in the initial~final! state. The fractionr is given in
terms ofq2 as follows@4–7#:
D

a,

B

D

03400
r 65
M2

M1
F S M1

21M2
22q2

2M1M2
D 6AS M1

21M2
22q2

2M1M2
D 2

21G ,

~B2!

where the1~2! signs in Eq.~B2! correspond to the daughte
meson recoiling in the positive~negative! z-direction relative
to the parent meson. In thisq1Þ0 frame, one obtains@4–7#

f 6~q2!56
~17r 2!H~r 1!2~17r 1!H~r 2!

r 12r 2
, ~B3!

where

H~r !5E
0

r

dxE d2k'f2~x8,k'!f1~x,k'!

3
A1A281k'

2

AA 1
21k'

2AA82
21k'

2
, ~B4!

andAi85mix81mq̄(12x8).
p.
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